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Abstract: We review the exact solutions in modified gravity. It is one of the main problems
of mathematical physics for the gravity theory. One can obtain an exact solution if the field
equations reduce to a system of ordinary differential equations. In this paper we consider
a number of exact solutions obtained by the method of separation of variables. Some
applications to Cosmology and BH entropy are briefly mentioned.
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1. Introduction

Gravitational field equations describing the geometry of space-time play a fundamental role in modern
theoretical physics. Their analysis is an extremely difficult task. However, one can find an exact solution
in some cases, imposing certain additional restrictions. There are several ways to impose constraints on
the space-time, for example, the algebraic classification of the Weyl tensor (of Petrov types) and the Ricci
tensor (Plebanski type), the choice of energy-momentum tensor from physical considerations, presence
of the symmetry groups acting on a manifold, efc.

One can get the exact solution by reducing the system of equations to a system of ordinary differential
equations. This can be done using the method of separation of variables. In essence, the separation
of variables is the only currently known method of structural integration of the field equations. The
purpose of the method consists of classification of all the privileged coordinate systems and external
fields, which is a separation of variables. In the classification we refer to the transfer of all relevant
space-time metrics (non-equivalent with respect to admissible coordinate transformations) satisfying the
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requirement of complete separation of variables in the equations of motion of test particles. In flat
space-time classification is carried out completely.

(From a mathematical point of view, the study of homogeneous spaces and Stdckel metrics is of
special interest. The spaces are united by existence in the space of sets consisting of three geometric
objects (for Stickel spaces—Killing vector and tensor fields, for homogeneous spaces—Killing vector
fields). For both cases the field equations can be reduced to a system of finite (but sufficiently large)
number of ordinary differential equations. There are many methods in mathematical physics for studying
such systems of equations. For example, one can use methods of additional symmetries of the system
of equations, the Hamiltonian formulation of the theory of dynamical systems, efc. Essentially, all
physically interesting cases (FRW cosmology, BH) belong to Stickel and homogeneous spaces.

2. Exact Solutions in Sticke and Homogeneous Spaces
Recall that metric is called the Stédckel one if the Hamilton—Jacobi equation
af _ 2 _
g7 S S =m a,B=1,....n (1)

can be integrated by the method of complete separation of variables. In this case the privileged
co-ordinate set u® exists for which complete integral of Equation (1) can be shown in the form

= ¢i(u', ) 2)
=1

where ); is the essential parameter.

It appears that the other important equations of motion (Klein—Gordon—Fock, Dirac, Weyl) can
be integrated by complete separation of variables only for the metrics belonging to the class of
Stéckel spaces.

That is why the research of this class of spaces belongs to the one of the important problems of the
mathematical physics.

The metrics of the Stdckel spaces can be used for integrating the field equations of General Relativity
and other theories of Gravity. Note that such famous solutions as Schwarzschild, Kerr, NUT, Friedman
and others belong to the class of Stickel spaces. Apparently the first papers devoted to the problem
of classification of the Stickel spaces satisfying the Einstein equations were published by Carter [1].
Later in our paper [2] the complete classification of the special Stickel electrovacuum spaces has been
found. In other words, all Stickel spaces satisfying the Einstein—-Maxwell equations for the case when
potentials A; admit complete separation of variables for Hamilton—Jacobi equation have been found. In
our paper [3] the classification problem has been solved for the case when A; are arbitrary functions and
spaces are null (types N.1). In our paper [4] all electrovacuum spacetimes admitting diagonalization and
complete separation of variables for the Dirac—Fock—Ivanenko equation were found.

One of the complicated problems of the modern mathematical physics is the integration problem of
the Einstein—Dirac equations.

Using spaces for which Equation (1) can be integrated by the complete separation of variables and

separated solutions of the Dirac equation, one can transform Einstein—Dirac equations to the set of



Entropy 2012, 14 1142

functional equations. The first papers devoted to the classification problem for the Einstein—Dirac
equations were done by Bagrov, Obukhov, Sakhapov [5]. The Stickel spaces of type (3.1) for
Einstein—Dirac and Einstein—Weyl equations have been studied. Appropriate solutions have been
obtained. They contain arbitrary functions depending on null variable only.

The problem of classification of Stdckel spaces for other theories of gravity for the first time was
considered in papers [6-9].

We have solved the classification problem for the Einstein—Vaidya equations. Let the stress—energy
tensor have the form

Tup = a(z)lals, [ =0 3)

The solution of this problems, as well as a detailed overview of the theory of Stiickel spaces, can be
found in [10].

Of high interest are homogeneous spaces, which lie at the heart of modern cosmology [11-14]. The
homogeneous spaces are a base for building the Big Bang model, the initial singularity, as well as
the inflationary model. It is of interest to identify the various mechanisms of isotropization of the
universe [15-20]. Homogeneous spaces are also used in a variety of modern theories of gravity for
the study of general regularities in the picture of the universe [21-24]. One can study effects of the
gravitational field to other fields and matter on the background of homogeneous spaces [25-29].

Let us consider the Einstein—Weyl equations. One can show that for all types of Bianchi classification,
a closed self-consistent system of ordinary integrable differential equations can be constructed [30,31].
For example, consider the first type of classification of Bianchi [32]. This is one of the most simple
cases; to construct a general solution for all types is not possible.

All calculations will be carried out in the Newman—Penrose formalism. Einstein equation takes

the form )
(I)OO = GTOOO’O’
(I)Ol = GTOOO’I’
Doz = GToorr
By = Couw + S THE 4)
CI)12 = GTOll/l’
(1)22 = GTlll’l’
1 G /
| A=t

Here H is cosmological constant, (G is corresponds to the gravitational constant, ®,;, are Ricci spinors

and T'ypa/ g/ 1S €nergy-momentum tensor,

Tapcop =ik(EpVapéc +E8Vepéa — eV aplp —EaV epép — o'V apne

(5)
—n8Vepna+neVasnp +naVepns)

and V 4 is spinor derivative.
Ricci spinors are expressed in terms of spin factors as follows

oo = Dp — 6k — p* — 0T — p(e + &) + FT + k(3 + B — ),
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by =Da— 0 —a(p+e—28)—Po+Pe+FN+ Ky —T(E+D),
Doy =D\~ 0T+ N3E—ec—p)—fic —7(T— B+ \) + UK,

By — %[m—mma—zﬁ—a(rw)—5(?+w)+7(s+a

+e(y+7) —Ttm + KV —pp+ ol —aa — BB+ 2a8—
=7(p—p) —elp—m),
Do =07 —AB =1 =@ =) —pr +ov+ev+ By =7 — p) — ak,
oy = 6V — Ap— pi? — I\ — p(y +7) + o — v(r — 38 — @),
6A =2[01 — Ap—pli — oA +T(B —a —7) + p(y +7 + vk]—
=Dy+Ac+da—B+alt+7)+BF+7) —v(e+7)—
=e(y+7)+TT — KV — up+ Ao

Choose a metric in the form

goo =1, Goa =0, gij =—ij

where +;; is the metric of a three-dimensional space with the signature (+, +, +). It is simple to establish
that this space permits a three-parameter Abelian group of motions, and hence is a Steckel space of
type (3.0).

The orthogonal tetrad is chosen in the form

€0)a = <1a07070)7 Ca = (07A7Ba O)
€2)a = (Oa K7 S7 V)7 €B3)a = (07P7 Ma Z)

where A, B,C, R, S,V, P, M, Z are arbitrary functions of the time.
Using this tetrad, we construct the Newman—Penrose tetrad

1 1

Ui = —(ewy +eqy), ni=—=(€ewn)—ean,
\/5( i +eqyi) \/5( (0)i — €(1)i)

1 . L 1 )
m; = E(G(Z)z + 26(3)1')7 m; = ﬁ(e@)l - Z@(g)i)

and obtain the following relations between the spin factors

AN=—-0, V=R, 71=T, 7=—¢

1

a=f, p=—p=n a=5(T=F)

The spinor field of spatial rotation of the tetrad may be diagonalized and made real (one real
component remains). For this case, the energy-momentum tensor takes the form (5).

TOO/OOI = 22]{?(1,63(5 — 5), T00/01/ = ik:ang, T01/01/ = —22ka§§0

. 2 . 2 /—
Torn = tka&yk, T =0, Toorrr = tka&y (€ —€), Toine =0

The field equations take the form

p—p?— 06 —2pe —4kR =0 (6)
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G — 2p0 + 206 = 2iyéoio (7)
ko — 2pk + 2Ke = iy&o’k (8)
2é—p+p2+05—2p5—4mﬁ+452:g 9)
p— 1p2+2pg:g (10)
o+ (e=p)& =0 (11

_ d
where = 7

Multiplying Equation (7) by ¢ and Equation (8) by k, we add and subtract the resulting equations and
their conjugate forms. Transformation yields

(Inkk) = —4(c — p)

. (12)
(lnoa) = —4(e — p)
Multiplying Equation (11) by y&y, we obtain
[In (y&?)] = —2(s — p) (13)
One find that
Kk = ky&le™
Y&o ' (14)
o = syése’”
Finally, we obtain the following equation
. 3H
(e=p)+20e—p) = (15)
(1) Consider the case when H = 0. In this case
(e — p)2 _
(e—»)
and thus
——— =2z + const
(€= p)
Incorporating the constant into the definition of =, we write
c—p)=> (16)
E—p)=—
P 2z
Hence | 1 g
w
2 2w YT (1n
where d is a constant of integration. We now find P and e in explicit form
p+§:0:p:f (18)

x
1 1 1/2

5—p:—:>5:—+i:f+/ (19)
2z 2r  x T




Entropy 2012, 14

1145
where f is a constant of integration. The constants of integration satisfy the condition
2f +3f% 4+ d*(s* +4k*) =0
Obviously, this equation has a nontrivial solution.
(2) Similarly, for the case H # 0, we can show that it is not implemented.
To find the tetrad we have to solve the two equations
24 — (K —iP)k — (K +iP)k = A’ (20)
2Ak + (K —iP)o + (K +iP)p = — (K' +iP") (21)

Since

12+ f f
- ) P -
x x
they take the form

1/2 kd . kd _;
a2 e —ipy B e wip M
QA%BM + (K - iP)gdel(QW)(K ”P)% =~ (KHiP)

We multiply the second equation by e~* and make the substitution

{X = Kcosw+ Psinw

Y = Pcosw — K sinw

The inverse transformations are

K =Ycosw+ Xsinw
P=Xcosw—Ysinw

We also introduce the notatlon

Ul

!/

AQF + D) = k(X —iY) = k(X +iY) = —

‘ — (X +14Y) — i (X +1iY
QAR+ 5(X — iV)e + F(X +iv) = — X ) ,“"< +i¥)
w

We make one more substitution

A=We ™™ (X +iY)=(U+iV)e ™

and take into account that
A dAdx dA

W drde  dw
Then the equations take the form

dW
dw

| d
W + s’ “(U —iV) = — (U +iV) —i(U +iV)

W@BF+D)—k[(U+iV)+ (U —-iV)] =
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Ife’“ =a+iB,l =3F + D and o? + 32 = 1, then
( d
Wi —2kU = aw
dw
aUu
2kW + coaU + (sp— 1)V = — -
av
NU — - _
\ (sB+ 1)U — saV 7
One can obtain a third-order equation in V
R VAN ol VAN A VAN 9 9 9
The characteristic equation takes the form
AN = N = \(s® + 4k — 1) + (4k%sa+1(s* — 1)) =0 (22)

(From this it is possible to find three roots Ay, Ao, A3

A — N2 — N(s? +4k* — 1) + (4k?sa + [(s* — 1)) =
>\3 — >\2<)\1 + )\2 + /\3) - /\()\1)\2 + )\1/\3 + )\2)\3) - )\1)\2)\3 = (4k28a + 1(82 - 1))

)\1 —|—)\2+)\3 :l
MAz 4+ Mg+ dods = — (2 +4k% — 1)

)\1)\2)\3 = — (4]{72804 + l(82 — 1))
In all, four cases are possible:

(1) A1, Ao, A3 are pairwise unequal and real. Then
V = 1M 4 cpe? 4 ezt

(2) A isreal, \y = A3

V = c1eMY + 6™ 4 cqe???

(3) Ay, Ay = Az arereal

V =M+ (ep + caw)e

D A=A =A3=A

V = (1 4 cow + czw?)e?™

U_—‘é—g—kbav
R
W:%—(zﬁ—nv

2a(bB + 1)
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Thus, an accurate solution of the Einstein—Weyl equation has been obtained for space-time of Bianchi
type 1. The solution only exists when H = (. The spin coefficients and the Weyl spinor take the form
f 1/2+ f Sd i (oute) kd | 5  d

_ _ _ 7 _ w o
pP=— €= ) 0= —¢ ) R=—€¢", yfo——
X xT X T X

where f, k, s, y, c are constants and w = dInx
On integrating the equations for the tetrad, the functions obtained will depend on the form of
Equation (22). As an example, the functions for the first case, when all the roots are different and

real, are

A= G_Fw |:61€>\1w()\12 _ bQ + 1) + 626)\2w(>\22 _ b2 + 1) + CS€A30.;()\32 _ b2 + 1):|

2a(bB + 1)
(bOé — )\2) Asw (bOé — )\3)
1 G Ty ]

(bOé — )\1)
b3+ 1

P=efv [cle’\l‘“ + e 4 036)‘3‘”]

K =¢fv {clehw + cpet2

where A1, \o, A3 are the roots of Equation (22); F), a, b, ¢y, 2, c3, , 5 are constant.
The other functions specifying the tetrad are of analogous form. The only difference is that another

set of arbitrary constants must be chosen in place of ¢, co, c3.

3. Modified Gravity

In the previous sections a few exact solutions of the classical theory of gravitation were obtained.
However, in recent years, modified gravity theory is very popular. These theories my be studied also
using the methods described above. Typically, solutions with a spatially flat metric depend only on time.
It corresponds to the first type of Bianchi and type (3.1) on the classification of Stickel.

The most popular models are models of modified gravity [33—35], which represents a classical
generalization of general relativity (modifications of the Hilbert—Einstein action by introducing different
functions of the Ricci scalar [34-38] or Gauss—Bonnet invariant [39-45]), should consistently describe
the early-time inflation and late-time acceleration, without the introduction of any other dark component.

In the framework of these theories, a number of cosmological models have been constructed to
adequately describe the current observational data [46-51]. In addition, under this theory there may
be objects such as black holes. The properties of these objects are different from classical ones. For
example the black hole entropy in the model F (R) gravity will have the form [52,53]

A
S =1 (Ro) (23)

where Ay = 47r?,.

As an example of the exact solution in modified theory of gravity. We consider the sixth dimensional
Gauss—Bonnet theory [54,55].

We shall start from the following string-inspired action in six dimensions

S= / B /=G(R + eLap) (24)
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where € is a constant and L g is Gauss—Bonnet invariant
Lo = Ruas R — 4R, R"™ + R?

The metric is the product of the usual metric corresponding to the 4-dimensional FRW universe and a

2-dimensional surface, namely
ds? = —dt* + a2(t)[(dx1)2 + (dx2)2 + (d:vg)Q] + bQ(t)[(dx4)2 + (dx5)2], (25)

the scalar curvature is

R_6_éﬂ+12ab+2_62+6d+4_6
a? ab b2 a b

while the four-dimensional and topologically invariant Gauss—Bonnet Lagrangian, L g, has the form

(26)

48a3b 72420 24424 96aab  24db? +48@2'15 48abb

Lo = 27
“B a®b + a?b? * a? * a?b + ab? a?b + ab? @D
or, equivalently,
24 . . . . ..
Lop = 3—b2(2a3bb + 3ad®b* + a*ab® + 4aadibb + a®ab® + 2aa®bb + 2a*abb) (28)
a

The corresponding equations of motion are obtained by variation of the action with respect to a and
b, which yields

a*b* + daabb + a*b? + 2adb? + 2a%bb + 12¢4*b* + 16eaibd + Seaib® + 8ea®bb + 16eaabb = 0 29)
3aa’b + 3a’ab + 3a%ib + a®b + 12ea®h + 12ea%db + 24eaadb + 12eaq®b = 0

These equations can be easily rewritten in terms of the Hubble rates H = a’/a and h = ' /b, namely

3h% + 4hH + 3H? + 2h + 2H + 16¢h® H + 28¢h*>H? + 16chH®
+16ehhH + SehH? + 8eh?H + 16ehHH = 0

. . (30)
h* + 3hH + 6H* + h+ 3H + 12eh”H? + 36ehH® + 12¢H*
+12¢hH? 4 24ehHH + 12¢H?H = 0
In addition, variation over the metric in the above expressions gives the constraint equation
h* + 6hH + 3H* + 36eh”H* + 24ehH® = 0 (31)

This equation helps to exclude h and /' from Equation (30). As a result, one gets an equation for H only:

V6 4 4G + €(—221/6 + 64G)H? — 24¢%(9v/6 — 52G)H* + 96€>(17+/6 + 12G) HS — 8064+/6¢* H®

H' =31 x V6 — 126(v/6 + 16G) H? + 72€¢2(3v/6 — 32G) H* — 2880/6¢3 H6 + 31104+/6¢* H? G2)
where
G = V1 — 6eH? + 2462 H* (33)
One can check that this last equation obeys the fundamental relation (for € > 0):
P L st (34)

(I = @) (I~ )
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where p, ¢ and r are constants, and the function f(H) < 0.
For ¢ = 0 one does recover (as it should be) an explicit solution. In other cases, only a numerical

analysis can be carried out. In fact, the equations for a, b are

b2a'’? + daba't + a6 + 2ab%a” + 24206 = 0

(35)
3aba’® + 3a2a’ + 3a2ba” + @ =0
and, from here,
3h* +4hH + 3H* + 20’ +2H' =0 a36)
h®+3hH +6H?>+h +3H' =0
from where one gets that
H' = (3+2V6)H? (37)
and the solution is given by
H = ! (38)
C at+ O
being
a=3+2V6 (39)
Moreover, in terms of the scale factors:
a = Cy[+(at + Cy)] 7V
[0t + 1) w0)
b= Cg[ﬂ:(at + Cl)]ﬁ/a
where
B=3+6 (41)

General approach to Stickel spaces of first sections may be applied to such theory as well. However,
this is more complicated in modified gravity.

4. Conclusions

In this article we consider the exact solutions constructed in the classical theory of Stickel spaces and
partially homogeneous spaces. We consider in detail the exact solution of Einstein—Weyl space of the
first type of classification of Bianchi in the Newman—Penrose formalism. As an example we consider
the exact solution for the modified gravity theory of the Gauss—Bonnet for the six-dimensional metric
which depends only on time and has a diagonal form. Thus, we discuss the problem of obtaining exact
solutions in the different theories of gravity. The paper shows how, by use of the method of separation
of variables, can one construct exact solutions of cosmological models, both for space with matter (the
classical theory of gravity) and in the case of the modified theories of gravity (six-dimensional theory of

the Gauss—Bonnet).
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Note that separation of field equations for modified gravity in Stdckel space may be done in analogy

with the method developed at the beginning of this work. However, the corresponding generalization is

very cumbersome technically.
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