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Abstract: A predictive model for droplet size and velocity distributions of a pressure swirl 

atomizer has been proposed based on the maximum entropy formalism (MEF). The 

constraint conditions of the MEF model include the conservation laws of mass, momentum, 

and energy. The effects of liquid swirling strength, Weber number, gas-to-liquid axial 

velocity ratio and gas-to-liquid density ratio on the droplet size and velocity distributions of 

a pressure swirl atomizer are investigated. Results show that model based on maximum 

entropy formalism works well to predict droplet size and velocity distributions under 

different spray conditions. Liquid swirling strength, Weber number, gas-to-liquid axial 

velocity ratio and gas-to-liquid density ratio have different effects on droplet size and 

velocity distributions of a pressure swirl atomizer. 

Keywords: droplet size and velocity distributions; maximum entropy formalism; pressure 

swirl atomizers 

 

1. Introduction 

The liquid fuel injection process plays an important role in combustion performance, so the 

distributions of droplet size and velocity in sprays are crucial parameters needed for fundamental 
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analysis of practical spray systems. Some spray applications require narrow size distributions, while 

some need wide ones. Other spray processes require very a few small drops or very few large ones [1]. 

Droplet velocity distribution affects further breakup of droplets. Droplet size and velocity distributions 

are typically described using one of the following four methods: empirical, maximum entropy formalism 

(MEF), discrete probability function method, or stochastic method [2–9]. Of the four available methods, 

former studies indicate that the MEF shows good prediction ability [10–15]. Due to its powerful 

prediction ability, the MEF has been used in many researches to study the size and velocity distribution 

characteristics in all kinds of spray systems [10–15]. 

Pressure swirl atomizers, which have good atomization characteristics, are very common parts of 

present combustion systems such as gas turbine and liquid-propellant rocket engines. Lots of research 

about pressure swirl atomizer spray characteristics has been done by experimental works, numerical 

simulation and theoretical analysis [16–20]. However, there are few reports about the prediction of 

droplet size or velocity distributions of pressure swirl atomizers [21,22]. For pressure swirl atomizers, 

based on maximum entropy formalism, only the effect of injection pressure on droplet size and velocity 

distributions has been reported [22].  

The main objective of this paper is to predict and study droplet size and velocity distributions of a 

pressure swirl atomizer under different spray conditions. Joint probability density function of droplet 

size and velocity is determined by maximum entropy formalism. The constants in the joint probability 

density function are determined by the results of former linear and nonlinear instability analysis of an 

annular swirling viscous liquid sheet. Liquid swirling strength, Weber number, gas-to-liquid axial 

velocity ratio and gas-to-liquid density ratio are changed to study their effects on droplet size and 

velocity distributions of a pressure swirl atomizer. 

2. Mathematical Formulation 

In this paper, the maximum entropy formalism is applied to predict and study droplet size and velocity 

distributions of a pressure swirl atomizer spray under different injection conditions. The entropy was 

defined by Claude Shannon as follows [23]:  


=

−=
n

i
ii ppKS

1

ln  (1)

where S is Shannon entropy. pi is the probability of occurrence of the state i and K is the Boltzmann constant. 

Shannon entropy rests on the hypothesis that correlations among different parts of the system are 

short ranged [24,25]. Figure 1 shows interface deformation of an annular swirling viscous liquid sheet 

issued from a pressure swirl atomizer. The maximum entropy formalism is used in the breakup range of 

the liquid sheet shown in Figure 1. The atomization of liquids is a process involving long range 

correlations, while the breakup range is short. Maximum entropy formalism was successfully adopted 

in the breakup range to get droplet size and velocity distributions of liquid jets and sheets [1,12–14].  

In this study, maximum entropy formalism was adopted to get droplet size and velocity distributions of 

an annular swirling viscous liquid sheet issued from a pressure swirl atomizer.  
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Figure 1. Interface deformation of an annular swirling viscous liquid sheet. (a) Liquid sheet 

interface development profile; (b) Local enlarged liquid sheet interface. 

To apply governing equations and to determine droplet size and velocity distributions, a control 

volume is considered from the initial breakup point where the droplets form from ligaments. The droplet 

formation process in the control volume can be considered as a transformation from one to another 

equilibrium state. According to the thermodynamics laws, during a changing state the mass, momentum 

and energy are conserved while entropy maximization occurs [26]. The liquid sheet thickness and liquid 

axial velocity were used as characteristic length and characteristic velocity to obtain the dimensionless 

conservation equations. The dimensionless conservation equations for the liquid mass, momentum and 

energy can be written as follows:  
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where f is joint probability density function of droplet size and velocity. 
mS , 

mvS , eS  denote the 

dimensionless mass, momentum and energy source terms, respectively. D  and U are dimensionless 

droplet diameter and velocity, respectively. The parameter B is a constant and is related to the surface 
tension through the following relation: 30

2/12 DUB llρσ=  and D30 is mass mean diameter of droplets. 

In addition to Equations (2)–(4), according to the probability concept, total summation of probabilities 

should be equal to unity:  

1
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min
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U
 (5)

So the problem of determining the joint probability density function f is turned into a constrained 

optimization problem as following: 
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The source terms in Equation (6) are as follows: 

0mS =  

( )2

mv l DS Q W U C∗= −  

( ) Dle CSUWQS 0

3

2

1 ∗−=  

where 21 ( (2 1) / 2)l hU E A∗ = + + , E is liquid swirling strength, S = 2π(2Ah + 1)Lb, CD is drag coefficient, 

Lb is liquid sheet breakup length, Q is gas-to-liquid density ratio, W is gas-to-liquid velocity ratio, 

Breakup length Lb is related to the atomizer injection conditions which are determined by Weber number, 

liquid swirling strength, gas-to-liquid density ratio, gas-to-liquid velocity ratio, et al. In the linear and 

nonlinear theory, the breakup length was computed [27,28]. Table 1 shows the relation between breakup 

length and liquid swirling strength. 

Table 1. The breakup length of an annular swirling liquid sheet under different liquid 

swirling strengths. 

Dimensionless liquid swirling strength 0 0.01 0.02 0.03 0.04 0.05 

Dimensionless breakup length 393 340 105 56 41 22 

Source terms were get under different parameters, including Weber number, etc. The Lagrange 

multipliers method was used to deal with Equations (6). The number-based joint probability density 

function f for droplet size and velocity distributions is solved as Equation (7): 

( )3 3 3 2 2
0 0 1 2 3exp 1f f D D U D U BD = − − Λ − Λ − Λ − Λ +   (7)

where f0 is a prior droplet size probability density function [14]. Λi (i = 0, 1, 2, 3) are Lagrange multipliers 

to be determined by the maximum entropy formalism. Furthermore, the number-based droplet size 

distribution can be obtained by integrating Equation (7) over the velocity space from minimum to 

maximum value. Similarly, the number-based droplet velocity distribution can be obtained by integrating 

Equation (7) over the diameter space from minimum to maximum value. Hence, the number-based 

droplet size and velocity distributions can be expressed as:  
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where erf(X) denotes the error function and:  
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Equations (8) and (9) are solved numerically to obtain the droplet size and velocity distributions of a 

pressure swirl atomizer. In this study, the effects of different dimensionless numbers on droplet size and 

velocity distributions were studied with Equations (8) and (9). The transition to scaling in size 

distribution functions was demonstrated in [29,30].  

The minimum diameter and velocity of droplets could be set to 0. And maximum diameter and 

velocity of droplets could be determined by following equations:  

max 2
30

10

( cos )l j

D
We U Wρ θ

=
−

 

max
30

1 10

cos i

U W
QWe Dθ

 
= +  

 
 

where /j j lU U U=  is the droplet dimensional velocity and We30 is the Weber number of the droplet 

which has average mass. 

3. Results and Discussion 

Joint probability density of droplet size and velocity is computed using Equation (7). Figure 2 shows a 

droplet size and velocity joint probability density distribution obtained with maximum entropy formalism.  

 

Figure 2. Joint probability density distribution of size and velocity of droplets in a spray 

issued from a pressure swirl atomizer.  
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As is seen in Figure 2, the joint probability density distribution of size and velocity of droplets in the 

spray issued from a pressure swirl atomizer can be predicted with the maximum entropy formalism. Then, 

the droplet size distribution and droplet velocity distribution can be computed using Equations (8) and (9). 

The droplet size and velocity distributions computed in this paper will be validated and then a parametric 

variation of input conditions is made to study their effects on droplet size and velocity distributions. 

3.1. Results Validation 

Results of this study are first compared with experimental and calculation results of reference [14] as 

is shown in Figure 3. The comparison shows that the droplet size distribution and droplet velocity 

distribution of this paper accord well with the experiment results of reference [14]. The comparisons 

show that the model based on maximum entropy formalism can predict droplet size and velocity 

distributions well for a pressure swirl atomizer. The sheet thickness at the atomizer exit is 192 µm, the 

gas-to-liquid density ratio is 1.206 × 10−3 and the liquid velocity is 4.2 m/s. 

As can be seen in Figure 3a, the peak value of droplet size distribution accords well with the 

experimental value. While the corresponding droplet diameter to the peak value of droplet size has little 

deviation. As can be seen in Figure 3b, although the droplet velocity distribution does not accords as 

well as the droplet size distribution, the general shape of the calculation result agree with the 

experimental results basically. Table 2 shows quantitative comparisons of calculation results and 

experimental results. As also can be seen in Figure 3, calculation results of this study accord better than 

earlier calculation results of reference [14], especially for the droplet velocity distribution. The residual 

sums of squares between the calculation results and the experimental results in Figure 3a and 3b are 1.08 

and 1.66, respectively. However, for earlier calculations, those are 2.25 and 3.18, respectively.  
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Figure 3. Results validation by comparison with dimensionless droplet size and  

velocity distributions of reference [14]. (a) Nondimensional droplet size distribution;  

(b) Nondimenaional droplet velocity distribution.  
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Table 2. Quantitative comparisons of calculation results and experimental results of 

reference [14]. 

Results 
Droplet size distribution Droplet velocity distribution 

Calculation Experiment Calculation Experiment 

Nondimensional droplet diameter 
corresponds to peak value 

0.7 0.6 0.72 0.8 

Mean value 0.78 0.72 0.76 0.84 

Standard deviation 0.51 0.54 0.55 0.52 

Liquid swirling strength is the major flow parameter of a pressure swirl atomizer. It has an important 

effect on instability and atomization of sprays of a pressure swirl atomizer which leads to different size 

and velocity distributions of breakup droplets. The liquid axial velocity, which is described by Weber 

number, is related to the aerodynamic effect and the shear force on the liquid surface. In air-blast liquid 

swirl atomizers, high speed axial air flow is used to improve the atomization effect of spray. The gas 

axial velocity, which is described by gas-to-liquid axial velocity ratio, is related to the axial velocity 

difference between liquid and gas also causes shear effect on liquid surface. High density gas 

environment is often used to improve the atomization effect of liquid sprays.  

The droplet size and velocity distributions under different liquid swirling strength, Weber numbers, 

gas-to-liquid axial velocity ratios and gas-to-liquid density ratios will be studied. 

3.2. Effect of Liquid Swirling Strength 

Figure 4 shows the dimensionless droplet size distribution under different liquid swirling strength. 

The results show that as the liquid swirling strength is increased the mean droplet size of the spray 

increases first and then decreases and the distribution curve shifts towards a bigger diameter first and 

then shifts towards a smaller diameter. Furthermore, the maximum size of droplet decreases first and 

then increases. The results show that, for a determined pressure swirl atomizer liquid sheet, there is a 

critical liquid swirling strength value. The liquid swirling strength experiences a stabilizing effect on the 

liquid sheet breakup when the liquid swirling strength value is smaller than the critical liquid swirling 

strength value. While the liquid swirling strength experiences a destabilizing effect on the liquid sheet 

breakup when the liquid swirling strength value is higher than the critical liquid swirling strength value. 

Figure 5 shows the dimensionless droplet velocity distribution under different liquid swirling 

strength. As can be seen in Figure 5, as the liquid swirling strength is increased, the mean droplet velocity 

of the spray increases and the distribution curve shifts towards a bigger velocity. Furthermore, the 

maximum velocity of droplet increases. Results show that the liquid swirling has effects on decreasing 

the number of small-velocity droplets and increasing the number of big-velocity droplets. The increase 

of droplet velocity is helpful to further breakup of droplets. 
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Figure 4. Number density of droplet diameter versus droplet dimensionless diameter under 

different liquid swirling strength. We = 1000, Re = 900, Qi = Qo = 0.001, Ah = 4, Bh = 5,  

Wi = Wo = 0. 
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Figure 5. Number density of droplet velocity versus droplet dimensionless velocity under 

different liquid swirling strength. We = 1000, Re = 900, Qi = Qo = 0.001, Ah = 4, Bh = 5,  

Wi = Wo = 0. 

3.3. Effect of Weber Number 

Liquid swirling velocity and liquid axial velocity are both liquid motion parameters. The effect of 

liquid axial velocity has a simpler effect on liquid droplet size distribution than liquid swirling velocity. 

The liquid axial velocity is characterized by Weber number. Figure 6 shows the dimensionless droplet 

size distribution under different Weber numbers. As can be seen in Figure 6, as the Weber number is 

increased the mean droplet size of the spray decreases and the distribution curve shifts towards a smaller 

diameter. Furthermore, the maximum size of droplet increases. Results show that by increasing the 

Weber number, the spray experiences a destabilizing effect. 
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Figure 6. Number density of droplet diameter versus droplet dimensionless diameter under 

different Weber numbers. Re = 900, E = 0.03, Qi = Qo = 0.001, Ah = 4, Bh = 5, Wi = Wo = 0. 

Figure 7 shows the dimensionless droplet velocity distribution under different Weber numbers.  

As the Weber number is increased the mean droplet velocity of the spray increases slightly and the 

distribution curve moves close to the mean velocity. Furthermore, the maximum velocity of droplet 

increases. Results show that the increase of liquid axial velocity has slightly promoting effect on further 

breakup of droplets. 
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Figure 7. Number density of droplet velocity versus droplet dimensionless velocity under 

different Weber numbers. Re = 900, E = 0.03, Qi = Qo = 0.001, Ah = 4, Bh = 5, Wi = Wo = 0. 

3.4. Effect of Gas-to-Liquid Axial Velocity Ratio 

The breakup of liquid sheet is a result of shear effect between liquid and surrounding gas. The gas 

motion has an important effect on liquid droplet size and velocity distributions. The gas motion is 

characterized by gas-to-liquid axial velocity ratio. Figure 8 shows the dimensionless droplet size distribution 

under different gas-to-liquid axial velocity ratios. As can be seen in Figure 8, as the gas-to-liquid axial 

velocity ratio is increased the mean droplet size of the spray increases first and then decreases and the 

distribution curve shifts towards a bigger diameter first and then shifts towards a small diameter. 

Furthermore, the maximum size of droplet decreases first and then increases. The axial velocity 
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difference between gas and liquid causes the shear on the liquid surface. The bigger the axial velocity 

difference between gas and liquid, the more unstable the liquid spray and the smaller the droplet size. 

High speed gas flow is used in some kinds of atomizers, such as air-blast atomizers, to improve the 

atomization effect. 
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Figure 8. Number density of droplet diameter versus droplet dimensionless diameter under 

different gas-to-liquid axial velocity ratios. We = 1000, Re = 900, E = 0.03, Qi = Qo = 0.001, 

Ah = 4, Bh = 5. 

Figure 9 shows the dimensionless droplet velocity distribution under different gas-to-liquid axial 

velocity ratios. As can be seen in Figure 9, as the gas-to-liquid axial velocity ratio is increased the mean 

droplet velocity of the spray increases slightly and the distribution curve shifts towards a bigger velocity. 

The maximum velocity of droplet does not change much. Results show that bigger gas-to-liquid axial 

velocity ratio is helpful to further breakup of liquid droplets. 
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Figure 9. Number density of droplet velocity versus droplet dimensionless velocity under 

different gas-to-liquid axial velocity ratios. We = 1000, Re = 900, E = 0.03, Qi = Qo = 0.001, 

Ah = 4, Bh = 5.  
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3.5. Effect of Gas-to-Liquid Density Ratio 

In practical project applications, the ambient gas where the liquid spray is injected into often has 

different densities. The ambient gas density has an important effect on breakup droplet size and velocity 

distributions. Here the effect of ambient gas density is studied by dimensionless number gas-to-liquid 

density ratio. Figure 10 shows the dimensionless droplet size distribution under different gas-to-liquid 

density ratios. As can be seen in Figure 10, as the gas-to-liquid density is increased the mean droplet size 

of the spray decreases and the distribution curve shifts towards a smaller diameter. Furthermore, the 

maximum size of droplet increases. Results show that by increasing the gas-to-liquid density ratio, the 

spray experiences a destabilizing effect and smaller droplets are generated. 
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Figure 10. Number density of droplet diameter versus droplet dimensionless diameter under 

different gas-to-liquid density ratios. We = 1000, Re = 900, E = 0.03, Ah = 4, Bh = 5,  

Wi = Wo = 0.  
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Figure 11. Number density of droplet velocity versus droplet dimensionless velocity under 

different gas-to-liquid density ratios. We = 1000, Re = 900, E = 0.03, Ah = 4, Bh = 5,  

Wi = Wo = 0.  

Figure 11 shows the dimensionless droplet velocity distribution under different gas-to-liquid density 

ratios. As can be seen in Figure 11, as the gas-to-liquid density ratio is increased the mean droplet 
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velocity of the spray decreases and the distribution curve spreads more over the velocity space. Further, 

the maximum velocity of droplet decreases. Results show that the increase of gas density is helpful to 

improve the atomization effect of an annular swirling viscous liquid sheet from both droplet size 

distributions and velocity distribution views.  

4. Summary and Conclusions 

A predictive model for droplet size and velocity distributions of a pressure swirl atomizer has been 

proposed based on the MEF. The effects of liquid swirling velocity, liquid axial velocity, surrounding 

gas axial velocity and gas density on the droplet size and velocity distributions of a pressure swirl 

atomizer have been investigated with dimensionless numbers such as dimensionless liquid swirling 

strength, Weber number, gas-to-liquid axial velocity ratio and gas-to-liquid density ratio. 

It is found that smaller average sizes and smaller distribution ranges of breakup droplets are obtained 

at higher liquid swirling strength, higher Weber numbers, higher gas-to-liquid axial velocity ratios or 

higher gas-to-liquid density ratios. Furthermore, bigger average velocity values are obtained at higher 

liquid swirling strength, higher gas-to-liquid axial velocity ratios or lower gas-to-liquid density ratios, 

while Weber number affects the average velocity value of breakup droplets only slightly. 
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