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Abstract: We establish Chen inequality for the invariant §(2,2) on statistical submanifolds in Hessian
manifolds of constant Hessian curvature. Recently, in co-operation with Chen, we proved a Chen
first inequality for such submanifolds. The present authors previously initiated the investigation of
statistical submanifolds in Hessian manifolds of constant Hessian curvature; this paper represents a
development in this topic.
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1. Introduction

In 1985, Amari [1] introduced the notion of a statistical manifold, closely related with information
geometry. At the same time, the geometry of statistical manifolds is not far from affine differential
geometry, because it also involves dual connections (also called conjugate connections). A Hessian
structure is a particular case of a statistical structure.

Opozda, in [2], defined a sectional curvature on a statistical manifold, which cannot be defined in
a standard way (as in Riemannian geometry), because the dual connections are not metric.

The main Riemannian invariants are the curvature invariants, with many important applications,
for example in physics. Among them, the most studied and well known are the sectional curvature,
scalar curvature, and Ricci curvatures.

In submanifold theory, beside the study of the geometric properties of submanifolds,
establishing sharp relationships between intrinsic and extrinsic invariants is another topic of interest.

In 1993 [3], Chen defined a new type of curvature invariants, which he called s-invariants (or Chen
invariants) (see also [4,5]). In the same paper, he proved the Chen first inequality for submanifolds in
Riemannian space forms. The Chen first invariant of an n-dimensional Riemannian manifold M" is
defined by éj;» = T — inf K, where 7 and K are the scalar and sectional curvatures of M", respectively.

Moreover, 6(2,2)(p) = t(p) — inf[K(7r1) + K(712)], where 711 and 71, are mutually orthogonal
plane sections at p € M". Chen and his coworkers studied this invariant for Lagrangian submanifolds
in complex space forms (see [6,7]).

On the other hand, in [8], it is shown that a Hessian manifold of constant Hessian curvature c is
a statistical manifold of null constant curvature and a Riemannian space form of constant sectional
curvature —c/4 (with respect to the sectional curvature defined by the Levi-Civita connection).
The present authors (see [9]) initiated the study of statistical submanifolds in such manifolds. In the
same paper [9], we established a Euler inequality and also a Chen—Ricci inequality.
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The curvature invariants of statistical submanifolds in different ambient spaces were recently
studied by several authors, for example in Kenmotsu statistical manifolds of constant ¢-sectional
curvature (see [10]). Also, a generalized Wintgen inequality for statistical submanifolds was obtained
in [11].

In 2019, Chen and the present authors [12] proved a Chen first inequality for statistical
submanifolds in Hessian manifolds of constant Hessian curvature.

The main goal of this paper is to establish a Chen-like inequality for the invariant §(2,2) on such
submanifolds.

2. Statistical Manifolds and Statistical Submanifolds

A statistical manifold is an m-dimensional Riemannian manifold (M™, ¢) endowed with a pairing
of torsion-free affine connections V and V* satisfying

Z3(X,Y)=3(VzX,Y) +§(X, VyY), 1)

for any X,Y,Z € I['(TM™). One says that the connections V and V* are dual connections (see [1,13,14]);
one has (V*)* = V. The pairing (V, g) is said to be a statistical structure.
The dual connection of a torsion-free affine connection V always exists and is given by

V 4+ VE=2V" )

where VY is the Levi-Civita connection on M".

The curvature tensor fields with respect to the dual connections V and V* are denoted by R and
R*, respectively.

The curvature tensor R? associated with V? is known as the Riemannian curvature tensor.

A statistical structure (V, g) is called of constant curvature e € R [14] if

R(X,Y)Z = e{g(Y,Z)X — g(X,Z)Y}, VX,Y, Z € T(TM™). 3)

If the constant curvature is 0, then it is known as a Hessian structure.
The curvature tensor fields R and R* of the dual connections are related by

¢(R*(X,Y)Z,W) = —¢(Z,R(X,Y)W). 4)

It is clear that if (V, g) is a statistical structure of constant curvature ¢, then (V*, ¢) is also a statistical
structure of constant curvature e (obviously, if (V, g) is Hessian, (V*, g) is also Hessian [8]).
On a Hessian manifold (M™, V), denote by v = V — V°. The tensor field Q of type (1,3) defined by

Q(Xr Y) = [’)/X/ ’)/Y}r X/Y S F(TMm)
is said to be the Hessian curvature tensor for V (see [8], [2]). One has
R(X,Y) +R*(X,Y) = 2R%(X,Y) +2Q(X,Y).

Then, the Hessian sectional curvatures can be defined on a Hessian manifold using Q More precisely,
if one considers p € M™ and 7t a plane section in T,M™ and an orthonormal basis {X, Y} of 7,
then the Hessian sectional curvature is defined by

K(m) = g(Q(X, Y)Y, X),

independent of the choice of an orthonormal basis.
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A Hessian manifold is of constant Hessian sectional curvature c if and only if (see [8])
. c
QX,Y,Z, W) = S{g(X, Y)g(Z, W) +g(X, W)g(Y, Z)},

for all vector fields on M™.

In [8], it is proved that a Hessian manifold of constant Hessian sectional curvature c is a
Riemannian space form of constant sectional curvature —c/4.

Let (M™, ¢) be a statistical manifold and M" a submanifold of M™ of dimension n. The induced
connections V and V* and the induced metric g define a statistical structure on the submanifold
(M", g). The set of the sections of the normal bundle to M" is denoted by I'(T+M").

The corresponding Gauss formulae for the conjugate connections (see [15]) are

ViY = VLY +15(X,Y), (6)

forany X,Y € T(TM"); h, h* : T(TM") x T(TM") — T'(T+M") are symmetric and bilinear and they

are known as the imbedding curvature tensor of M" in M™ for V and the imbedding curvature tensor of M"

in M™ for V*, respectively. One remarks that (V, ¢) and (V*, ¢) are dual statistical structures on M".
Since h and h* are bilinear, there exist linear transformations Az and A; on TM" defined by

8(A:X,Y) = g(h(X,Y),E), @)
g(AEXr Y) = g(h* (X/ Y), g)r (8)

for any ¢ € I(T+*M") and X,Y € T(TM").
Furthermore, the Weingarten formulae are [15]

Vx& = —A;X + VxE, )
Ve = —A:X + Ve, (10)

for any ¢ € T(T+M") and X € T(TM"). The connections V+ and V** defined by Equations (9) and
(10) are Riemannian dual connections with respect to the induced metric on T'(T+M").

Let {ej,...,en} and {e,+1, ..., em } be orthonormal tangent and normal frames on M, respectively.
Then, the mean curvature vector fields are defined by

=

:\H

1
H——Zh e, e) =
nl:l

i (ihz) ea, hj; = g(h(eir ej)reoc)/

1

n
E Z el/el -

forl1<i,j<mandn+1<a <m.
The Gauss, Codazzi, and Ricci equations for statistical submanifolds, with respect to the dual
connections, were established by Vos [15].

i (Zh > e hij = g(h™ (i, ¢j), €a),

::\»—\

Proposition 1. [15] Let V and V* be dual connections on a statistical manifold M™, and let ¥V be the induced
connection by V on a statistical submanifold M"™. Let R and R be the Riemannian curvature tensors for \V and
V, respectively. Then,
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g(R(X,Y)Z,W) =g(R(X,Y)Z,W) + g(h(X,Z),h*(Y,W)) (11)
—8(h* (X, W), h(Y, 2)),
(R(X,Y)Z)* = Vxh(Y,Z) — h(VxY,Z) — h(Y,VxZ) (12)
—{Vyh(Y,Z) = h(VyX,Z) - h(X,VyZ)},
S(RE(X,Y)&, 1) = g(R(X,Y)E,n) + 8([A:, Ay]X,Y), (13)
where R+ is the Riemannian curvature tensor of V+ on T+M", &n € T(T*M") and
[Az, Ay] = Az Ay — Ay A

Proposition 2. [15] Let VV and V* be dual connections on a statistical manifold M™, and let V* be the induced
connection by N* on a statistical submanifold M". Let R* and R* be the Riemannian curvature tensors for V*
and V*, respectively. Then,

g(R*(X,Y)Z,W) = g(R*(X,Y)Z,W) + g(h* (X, Z),h(Y,W)) (14)
—g(h(X,W),h*(Y, Z)),
(R*(X,Y)Z)t = Vith*(Y,Z) —h*(VyY,Z) — h*(Y,V%Z) (15)
— VR (Y, Z) - (V3X,Z) — h*(X,V3Z)},
gR™(X,Y)E, ) = g(R*(X,Y)E, 1) +8([Ag, A;)X,Y), (16)

where R** is the Riemannian curvature tensor of V+* on T*M", &n € T(T*M") and
4,45 = Azay - Ay A;.

3. Chen Inequality for the Chen Invariant §(2,2)

In [9], the present authors proved a Euler inequality and also a Chen-Ricci inequality for
submanifolds in a Hessian manifold of constant Hessian curvature. Recently Chen and the present
authors [12] obtained a Chen first inequality for such submanifolds.

Herein, we establish a Chen inequality for the Chen invariant §(2,2) on statistical submanifolds
in Hessian manifolds of constant Hessian curvature.

We state the following algebraic lemma which is used in the proof of our main result.

Lemma 1. Let n > 4 be an integer and let a1, ..., a, be n real numbers. Then, one has
3 2
n J—
2 aia]- — a4y —a3ay < —/—— <2 al-) .
1<i<j<n 2(n=2) \{H
Moreover, the equality holds if and only if a1 + ay = a3 + a4 = as = ... = ay.

Proof. We shall prove this Lemma by mathematical induction.
For n = 4, the inequality becomes

1
a1as + araq + azas + aray < E(Lll +ap +a3z+ a4)2,

or equivalently 0 < (a1 +ap — a3 — a4)?, with the equality holding if and only if a1 + ay = a3 + a4.
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Let us put
L, = 2 a;jaj — ayay — azdy (17)
1<i<j<n
and assume
2
n—3 2
Pn): L, < — i - 1
(1’1) n = 2(7/1—2) <i_21al> ( 8)
The equality sign of Equation (18) holds if and only if a1 +ay = a3 + a4 = a5 = ... = ay.
By using P(n), we find
Lyty1=Ly+ (a1 + ...+ Cln){ln_H
n—3 2 (19)
S =2 (a1 4 .. +an)” + (a1 + ... +an)a,
On the other hand, obviously one has
n—23 2
—(m+.Fa) + (a1 +a+...+ay)a,
2(n—2) 20)
n—2 5
< —
S 3= (a1 4.+ an+a,1),
because it it equivalent to
[(n—2)ay1 — (a1 + ... +ay)]*> > 0.

Inequalities (18) and (20) imply P(n + 1), with the equality sign holding if and only if we have
equalities in Equations (19) and (20), i.e.,

ay+ay) =az+ a4 = as = ... = dy,

(n—2)ay41 = a1+ ... +ay.
Thus, a,,11 = a, and the proof is complete. O

Let M"™(c) be a Hessian manifold of constant Hessian curvature c. Then, it is flat with respect to
the dual connections V and V*. Moreover, M"(c) is a Riemannian space form of constant sectional
curvature —c/4 (with respect to the Levi-Civita connection V.

Let M" be an n-dimensional statistical submanifold of M™(c) and p € M", and 717 and 71,
mutually orthogonal plane sections at p. Consider orthonormal bases {e1,e;} of 71, {e3,e4} of 7y,
and {ey,...,.en} and {e,1,...,en } orthonormal bases of T, M"and T;—M”, respectively. We denote by
Ky the sectional curvature of the Levi-Civita connection V? on M" and by h° the second fundamental
form of M".

The sectional curvatures K(711) and K(715) of the plane sections 711 and 71y, respectively, are

K(my) = 5[g(R(er, e2)ez,e1) + g(R* (e1, e2)ez, 1) — 28(R%(ey, e2)e2,€1)],

K(m) = 5[g(R(e3, e4)es, 3) + g(R* (e3,e4)e4, €3) — 28(R%(e3,€4)e4, €3)].

Nl—= N
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Using Equations (11) and (14), we get

1. .. .
K(m) = Sl (er e1), hlez e2)) + g (hler,e1), 1 (e, e2))
—2g(h(e1,e2),h*(eq,e2))] — Ko(7r1)
1 L * * *
=5 Z (M1 hay + hiyhyy — 2hi,h1;) — Ko(7p)
a=n+1
1 UL % * * *
=5 Y. (B + hi%) (B, + hys) — hiyh, — hithys
a=n-+1

— (i 35+ (W) + (13)] — Ko((m1)
m
1
= % {2minss — 099)%) - S Ins, — ()]

a=n+1
1 RO, KK *0\ 2
- E[hnhzz — (hiz) }} — Ko(711)-

The equation of Gauss for the Levi-Civita connection implies

1 m
K(m) = E + Ko (1) ) 2 LR
a=n+
| m (21)
) Z 12)2]~
x=n-+
Analogously, we have
c 1 < K 7,0 o \2
K(m2) =5 + Ko(712) — 5 Z [h33his — (M34)7]
a=n+1 (22)

1 ¢ K7, * *
—5 L Ih - ().
a=n-+1

On the other hand, let T be the scalar curvature of M" (with respect to the Hessian curvature
tensor Q). Then, from Equations (11) and (14), we have

1 *
T = E Z [g(R(ej,Ej)e]‘, ei) —|—g(R (ei/ej)ej/ ei) _ Zg(RO(eilej)e]‘, ei)]
1<i<j<n
1 . .
=5 Y ls( (e hiejep) +g(hlei e i (ej,e))
1<i<j<n

- 28( (eirej), ™ (eiej))] — To
2 Y (RS + W — 2hSHS) — 7o

1x n+11<i<j<n o
+ 15)( h”‘4+h’f.’") YRS — e
“;11<§<n 7] L)) w g
= (2 + ()% + () = o
m
=Y Lo ) Simis - )

ii'*jj
a=n+11<i<j<n

1 * * %
E[hiiahjja - (hija)z]} — T0o.
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In addition, the equation of Gauss for the Levi-Civita connection implies

c
T=1+nn—-1)- — 2 Z Z hf‘lh;"] )2]

4
a=n+11<i<j<n
L m (23)
_ E Z Z h*ah*a h*'a)Z}'
a=n+1 1<i<j<
By subtracting Equations (21) and (22) from Equation (23), we obtain
c
(t—K(m) — K(m2)) — (10 — Ko(11) — Ko(72)) > (n* —m —4)1—
1
) Z Z high; — 11 %2 _hg3hi4>
2 a=n+1 <1<z<]<n i (24)
1 - KO KO
S0 B S — g )
a=n+1 \1<i<j<n

Let H and H* denote the mean curvature vectors with respect to the dual connections V and V¥,
respectively. Then, the above lemma implies

2
n—3 ! n%(n —3) 2
Y. hEh — o, — hgghly < =2 (l; h??) = W(H“) ,

1<i<j<n

2
*0 7, % * * n—3 & * nZ(n_3) *00\ 2
Y, R - hThys — haghig < =2 (2 hiia> = W(H “)°

1<i<j<n i=1

By summing the two above relations and substituting the result into Equation (24) , we get

20,
¢ =3) e 1 EP).

T —K(m) — K(1ma) > 1 — Ko (1) — K(7r2) + (n* = n i 4(n—2)

In summery, we may state our main result.

Theorem 1. Let M" (n > 4) be a statistical submanifold in a Hessian manifold M™ (c) of constant Hessian
curvature c. Then, for any p € M" and any plane sections 7t1 and 715 at p, we have

o — Kalmr) — Ko(a) < 7= K(m) = K(r2) + 5 S (UHIP + H0) — o2——0

7

=1 a

where 1y and Ky are the scalar curvature and the sectional curvature of M" with respect to the Riemann
curvature tensor and T and K with respect to the Hessian curvature tensor Q.
Moreover, the equality holds if and only if for any « € {n+1, ..., m},

11+ hy = N33 + hiy = hss = ... = hy,,
11 thy =hig+hyg = h;?- h;’i”é,
W=hE=0, VI<i#j<n.

An immediate consequence of Theorem 1 is the following.

Theorem 2. Let M" (n > 4) be a statistical submanifold in a Hessian manifold M™ (c) of constant Hessian
curvature c. If there exist a point p € M" and two mutually orthogonal plane sections 7t and 715 at p such that
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c
(T —K(m) —K(m2)) — (10 — Ko(mm1) — Ko(712)) < (n* —n —4)
then M" is nonminimal in M"™(c), i.e., either H # 0 or H* # 0.

Theorem 1 represents a 6(2,2) Chen inequality for statistical submanifolds in Hessian manifolds
of constant Hessian curvature.
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