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Abstract: This paper analyzes the multiplexing gains (MG) achievable over Wyner’s soft-handoff
model under mixed-delay constraints, that is, when delay-sensitive and delay-tolerant data are
simultaneously transmitted over the network. In the considered model, delay-sensitive data cannot
participate or profit in any ways from transmitter or receiver cooperation, but delay-tolerant data can.
Cooperation for delay-tolerant data takes place over rate-limited links and is limited to a fixed number
of cooperation rounds. For the described setup, inner and outer bounds are derived on the set of MG
pairs that are simultaneously achievable for delay-sensitive and delay-tolerant data. The bounds
are tight in special cases and allow us to obtain the following conclusions. For large cooperation
rates, and when both transmitters and receivers can cooperate, it is possible to simultaneously attain
maximum MG for delay-sensitive messages and maximum sum MG for all messages. For comparison,
in scheduling schemes (also called time-sharing schemes), the largest achievable sum MG decreases
linearly with the MG of delay-sensitive messages. A similar linear decrease is proved for any coding
scheme, not only for scheduling schemes, if only transmitters or only receivers can cooperate (but not
both) and if delay-sensitive messages have moderate MG. In contrast, if the MG of delay-sensitive
messages is small, the maximum sum MG can be achieved even with only transmitter or only receiver
cooperation. To summarise, when cooperation rates are high and both transmitters and receivers
can cooperate or when delay-sensitive messages have small MG, then transmitting delay-sensitive
messages causes no penalty on the sum-MG. In other regimes, this penalty increases proportionally to
the delay-tolerant MG in the sense that increasing the delay-sensitive MG by A penalises the largest
achievable delay-tolerant MG by 2A and thus the sum MG by A.

Keywords: mixed-delay constraints; multiplexing gain region; Wyner’s soft-handoff model

1. Introduction

One of the major challenges of today’s wireless communication networks is to design coding
schemes for transmission of heterogeneous traffic types. For example, different data streams (pertaining
to different applications) can be subject to different delay constraints. Such mixed delay constraints in
wireless networks have recently been studied in References [1-5]. In particular, Reference [1] proposes
a broadcasting approach over a single-antenna fading channel to communicate a stream of “fast”
messages, which have to be sent over a single coherence block, and a stream of “slow” messages, which
can be sent over multiple blocks. A similar approach was taken in Reference [2] but for a broadcast
scenario with K users. Instead of superposing “slow” on “fast” messages, this latter work proposes
a scheduling approach to give preference to the communication of “fast” messages. A scheduling
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algorithm that prioritizes “fast” messages over “slow” messages was also proposed in Reference [3].
In particular, “fast” messages can be stored in the buffer for only one scheduling period.

A related scenario was introduced in Reference [4] for cloud radio access networks (C-RAN).
In Reference [4], the messages sent by the mobile users close to the base stations (BS) are directly
decoded at these BSs, whereas messages from users located further away are decoded at the cloud
processor. In our terminology, the messages sent by close by users are “fast” messages because they
will incur smaller decoding delay, and the messages sent by further away users are “slow” messages
because their decoding is performed at the cloud processor and thus takes more time. In the spirit of
this interpretation, we considered a similar approach in Reference [5], but where in our setup each user
can send both “fast” and “slow” messages and “fast” messages have to be decoded immediately at
the BS, whereas “slow” messages are decoded at the central processor. Moreover, in Reference [5] the
channel from the mobile users to the BSs is modelled as a fading channel. The results in Reference [5]
show that for small front haul capacities from the BSs to the cloud processor it is beneficial, in terms
of sum-rate, to send both “fast” and “slow” messages. However, when the rate of “fast” messages is
already large, then increasing it further, deteriorates the sum-rate of the system. In this regime, the
stringent delay constraints on the “fast” messages penalise the overall performance.

In this paper, we consider a cellular network without a cloud processor, but where neighbouring
BS or/and neighbouring mobile users can cooperate over dedicated cooperation links that do not
interfere with the main communications channel. These cooperation links can model the backhauls
between BSs or bluetooth or microwave links between neighbouring mobiles. We consider a scenario
in which the transmitters have both delay-sensitive and delay-tolerant messages to transmit to their
corresponding receivers. In our setup, delay-sensitive messages, the “fast” messages, cannot profit
from cooperation due to their stringent delay constraints. That means they cannot participate in
the transmitter (Tx) cooperation phase and they also have to be decoded prior to the receiver (Rx)
cooperation phase. Delay-tolerant messages, the “slow” messages, can profit from both Tx- and
Rx-cooperation. This specific problem formulation has strong similarity with (and was also inspired
by) the model studied by Huleihel and Steinberg [6,7] where cooperation links may be absent and
some of the messages are only sent if these links are present.

The focus of this paper is on the pairs of Multiplexing Gains (MG), also called degree of freedom or
capacity prelog, that are simultaneously achievable for the “fast” and “slow” messages in our setup.
We consider Wyner’s soft-handoff model also known as one-dimensional Wyner model [8,9]. Notice
that cooperation in this network has been studied in various works including [10-17]. The focus of [10]
is to identify associations between Rxs and Txs, that maximize the average MG across both uplink
and downlink sessions, using cooperative transmission and reception schemes between Txs. More
closely related are the works in [11,12]. In particular [12] is related to our setup when only “slow”
messages are transmitted. In [12], neighbouring Txs can cooperate with each other over a fixed number
of rounds and neighbouring Rxs can cooperate with each other over a fixed number of rounds. It is
proved that for small cooperation prelogs, a single cooperation round at the Txs or at the Rxs achieves
the same MG as when the number of cooperation rounds is unlimited. On the other hand, for large
cooperation prelogs, the maximum per user MG increases with every additional cooperation round
that is permitted either at the Txs or at the Rxs.

In the present work, we thus extend the work in Reference [12] to accommodate not only “slow”
messages that can tolerate the delays from cooperation, but also “fast” messages that have to be
encoded and decoded without further delay and thus cannot profit from cooperation. Notice that the
standard approach to combine the transmissions of delay-tolerant and delay-sensitive data is to apply a
smart scheduling algorithm and thus to time-share a scheme for only delay-tolerant data with a scheme
for only delay-sensitive data. Since the maximum MG attained for only delay-tolerant data is larger
(there are less constraints imposed on this transmission) than the maximum MG attained for only
delay-sensitive data, this approach can achieve the maximum sum-MG only when exclusively sending
delay-tolerant data. More specifically, for scheduling schemes, the sum-MG decreases linearly with the
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MG of delay-sensitive data. In this paper, we determine the set of all achievable delay-sensitive and
delay-tolerant MG pairs, that is, the optimal MG region, in the function of the prelogs of the cooperation
links and the total number of cooperation rounds allowed for “slow” messages. The obtained results
show that (for Wyner’s soft-handoff model) when only Txs or only Rxs can cooperate, transmitting
“fast” messages at low MG does not penalise the sum-MG of “slow” and “fast” messages. In contrast,
when the MG of “fast” messages is large, this is not the case and increasing the MG of “fast” messages
by A comes at the expense of decreasing the MG of “slow” messages by 2A and the sum MG by
A. When the cooperation rates are sufficiently large and both Txs and Rxs can cooperate, then it is
possible to accommodate the largest possible MG for delay-sensitive messages without decreasing
the maximum sum-MG. The stringent delay constraints thus do not harm the overall performance in
this scenario.

To achieve the described performance, we propose a new coding scheme where every second
Tx sends a “fast” message and the other Txs send a “slow” message or no message at all. Due to the
structure of Wyner’s soft-handoff network, communication of “fast” messages is only interfered by
transmissions of “slow” messages. This interference can thus be described during the Tx-cooperation
phase and precanceled at the Txs sending the “fast” messages. On the other hand, Rxs that have to
decode “fast” messages do this without further delay and describe their decoded messages during
the Rx-cooperation phase to their adjacent Rxs. Since we alternated the transmission of “fast” and
“slow” messages across Tx/Rx-pairs, these adjacent Rxs decode “slow” messages. With the obtained
cooperation messages they can thus first subtract the interference from the “fast” messages and then
decode their own “slow” messages. The described mechanism allows interference-free transmission of
“fast” messages to be accommodated on every second Tx/Rx pair without disturbing the transmission
of “slow” messages. Employing an optimal coding scheme for the transmission of “slow” messages on
all other Tx/Rx pairs will then give the same over-all performance as when using an optimal coding
scheme to send a “slow” message on each and every Tx/Rx pair. This explains why with Tx- and
Rx-cooperation the maximum MG can be attained even with a “fast” MG of L/2, where L denotes the
number of antennas at each Tx and Rx. Notice that this is the largest MG when only “fast” messages
but no “slow” messages are transmitted.

1.1. Organization

The rest of this paper is organised as follows. We end this section with some remarks on notation.
The following Section 2 describes the problem setup. Section 3 presents our results when only
transmitters or only receivers can cooperate and Section 4 the results when transmitters and receivers
can cooperate. Section 5 concludes the main body of the paper. Technical proofs of the converse results
are referred to in appendices.

1.2. Notation

We use the shorthand notations “Rx” for “Receiver” and “Tx” for “Transmitter”. The set of all
integers is denoted by Z, the set of positive integers by Z™ and the set of real numbers by R. For other
sets we use calligraphic letters, for example, X. Random variables are denoted by uppercase letters,
for example, X, and their realizations by lowercase letters, for example, x. For vectors we use boldface
notation, that is, upper case boldface letters such as X for random vectors and lower case boldface
letters such as x for deterministic vectors.) Matrices are depicted with sans serif font, for example,
H. We also write X" for the tuple of random variables (X, ..., X,) and X" for the tuple of random
vectors (X1, ..., Xy).

2. Problem Description

Consider Wyner’s soft-handoff network with K Txs and K Rxs that are aligned on two parallel
lines so that each Tx k has two neighbours, Tx k — 1 and Tx k + 1, and each Rx k has two neighbours,
Rx k — 1 and Rx k + 1. Interference is short-range in the sense that the signal sent by Tx k is observed
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only by Rx k and by the neighbouring Rx k + 1 (see Figure 1). Let Txs and Rxs be equipped with L > 0
antennas each. The time-t channel output at Rx k is then described as

Yir = Hik Xt + Heo1xXk—1,6 + Zit, @
where X ;and Xj_1; are the real L-dimensional vectors sent by Tx k and Tx k — 1 at time t; {Zj;}

is a noise sequence consisting of i.i.d. standard Gaussian vectors; Hy y and Hy_1  are fixed full rank
channel matrices; and Xo; = 0 for all £.

Y L S SR L

(1) (/)
Qk]ﬁkfl Qk]+1ﬁk

Figure 1. System model with transmitter (Tx-) and receiver (Rx-)cooperation.

Each Tx k € {1,. .., K} wishes to send a pair of independent messages MIEF) and M,S‘g) to Rx k.

(F)
The “fast” message MlgF) is uniformly distributed over the set M ]((F) 2 {1,...,[2"% |} and needs to
be decoded subject to a stringent delay constraint, as we explain shortly. The “slow” message M]Es) is
($)
uniformly distributed over M ,((S) £ 11,...,[2"”% |} and is subject to a less stringent decoding delay

constraint. Here, n denotes the blocklength of transmission and RI((F) and R,(cs)

of the “fast” and “slow” messages.

the rates of transmissions

We consider three different cooperation scenarios:

1. Neighbouring Txs cooperate by communicating during Dty > 0 rounds over dedicated cooperation
links. Rxs cannot cooperate, and so the number of Rx-cooperation rounds is Drx = 0. (This
scenario is termed “Tx-cooperation Only”)

2. Neighbouring Rxs cooperate by communicating during Dry > 0 rounds over dedicated cooperation
links. Txs cannot cooperate, and so the number of Tx-cooperation rounds is Dty = 0. (Termed
“Rx-cooperation Only”)

3. Neighbouring Txs cooperate during D1y > 0 rounds over dedicated cooperation links and
neighbouring Rxs cooperate during Dry > 0 rounds. (Termed “Tx- and Rx-cooperation”).

The cooperative communication is subject to a total delay constraint
Drx +Drx <D, ()

where D > 0 is a given parameter of the system. In the “Tx-cooperation Only” scenario D has to be
0 and thus D¢ < D. Similarly in the “Rx-cooperation Only” scenario, Dty = 0 and Dgy < D. For “Tx-
and Rx-cooperation” the values of D1y and Dy, are design parameters and can be chosen arbitrary
such that (2) is satisfied. As we will see, in our setup the cooperative communication only concerns
“slow” messages, because “fast” messages are subject to stringent delay constraint and thus have to be
transmitted and decoded without further delay.
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We describe the encoding at the Txs. In the case of Tx-cooperation, neighbouring Txs can
communicate to each other over dedicated noise-free, but rate-limited, links. Communication takes
place over Dty > 0 rounds and can depend only on the “slow” messages but not on the “fast” messages.
In each cooperation round j € {1,...,Dyy}, Tx k produces a cooperation message TISZ ; for each of its
neighbours ¢ € {k — 1,k + 1} by computing

7 _ ;
Tkgz—’fge( k ATy W—>k’ e //—>k }F’e{k 1k+1}> jedl....Dnd, Lefk=1Lk+1}  (3)

for some function Ck _,, on appropriate domains. Tx k sends the messages T, ,E_Z ey T,EETEX) over the

cooperation link to Tx ¢ € {k — 1,k + 1}. The rate-limitation on the cooperation link imposes

Dy

Y H(TY ) < - 7log( ), ke{l,...,K}, fef{k—1k+1}, )
j=1

for a given pty > 0.

Tx k finally computes its channel inputs X} = (Xj1,...,Xy,) € RL*" as a function of its
“fast” and “slow” messages and of all the 2Dt cooperation messages that it obtained from its
neighbouring transmitters:

~| D X
= O (D (T, TP b i) o

In the setup without Tx-cooperation, Tx k computes its channel inputs X' simply as a function of
its “fast” and “slow” messages:

X; *fkn (M )IM(S)) (6)

In any case (i.e., with and without Tx-cooperation), the channel inputs have to satisfy the average
block-power constraint

1 n
EleXk,tHZSP, VkE{l,...,K}, ?)
t=1

almost surely.
We now describe the decoding. In the case of Rx-cooperation, decoding takes place in two phases.
During the first fast-decoding phase, each Rx k decodes its intended “fast” message M,EF)

own channel outputs Y} = (Yi1,..., Yk,) € RL-*". So, it produces:

based on its

v =g (), ®)
where g,in) denotes a decoding function on appropriate domains.

In the subsequent slow-decoding phase, Rxs first communicate with their neighbours during Dy > 0
rounds over dedicated noise-free and rate-limited links, and then they decode their intended “slow”
messages based on their outputs and based on this exchanged information. Specifically, in each
cooperatlon round j € {1,...,Dg«}, each Rx k, for k € {1,...,K}, produces a cooperation message

Qk_% for each of its ne1ghbours te{k—1k+1}:

Qe =) (Y Qi QU e iy }). ©

for an encoding function l[)line) on appropriate domains. Rx k then sends the messages Q](;_{ o kaRg)

over the cooperation link to Rx ¢ € {k — 1,k + 1}. The rate-limitation on the cooperation link imposes
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Dgx

Y H(Q,) < pee- 5 10g(P), ke {1, K}, Le {k=1k+1}, (10)
j=1

for some given pry > 0.
After the last cooperation round, each Rx k decodes its desired “slow” messages as
(1)

) = p (Yi’, {QE})—W e ngﬁ) }zfe{kq,kﬂ})'

where b,((n) denotes a decoding function on appropriate domains.
For each of the three cooperation scenarios, given cooperation prelogs yry, p1x > 0 and maximum
delay D, a MG pair (SF),S(5)) is called achievable, if for every positive integer K there exists a sequence

of average rates {Rg) (P), R%S) (P)}pso so that

(F)
— — Ryp’/(P
S 2 fim fim fﬁ (12)
K—00 P—o0 i]()g(l:’)
(s)
S5 2 {im Iim L(P) (13)

K—oo P—soo % log(P) !
and so that for each average rate pair (Rg) (P), R%S) (P)) it is possible to find a set (in the blocklength
n) of encoding, cooperation, and decoding functions satisfying constraints (2), (4), (7), and (10) and
with vanishing probability of error:

p(error) & IP’{ U ((M,EF) # M,EF)) U (M,ES) # M]ES)))} —0 as n— co. (14)
ke{1,..,K}

The closure of the set of all achievable MG pairs (S(F),5(5)) is called optimal MG region. In the case
of Tx-cooperation only, it is denoted St (y1x, D), in the case of Rx-cooperation only Sg, (jirx, D), and
in the case of Tx- and Rx-cooperation S* (i, irx, D).

3. Rx- or Tx-Cooperation Only

In the following two subsections, we consider the Rx-cooperation only scenario and the Tx-cooperation
only scenario. For each scenario we present coding schemes and the optimal MG region. The scenario
with both Tx-and Rx-cooperation is treated in the next Section 4.

3.1. Optimal MG Region and Coding Schemes for Rx-Cooperation Only

Theorem 1 (Optimal Multiplexing Gain Region: Rx-cooperation Only). For any given yry > 0, the MG
region Sk (iR, D) is the set of all nonnegative pairs (SUF),S(5)) satisfying

25(F) 4+ 5(8) < (15)

2D—0—1}

‘2D +2 (16)

L
S(F) 1 5(5) < min {2 +pRry, L
Proof. The converse to (16) follows by extending the proof in Reference [12] to the multi-antenna case
and by noting that the sum MG of “slow” and “fast” messages cannot be larger than the MG of a scenario

with only “slow” messages. The converse to (15) is proved in Appendix A. For the achievability, define
the following five MG pairs:
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(5(P> Lo = 0) (17a)
2/ 7
2D +1
(F) S —p.
(S 0,5 L 2D+2)' (17b)
(s<F> 0, 5(5) — % n ny), (17¢)
L 2D
(F) S —1.
(S 2D + 2’ > L 2D+2)’ (17d)
L
(s = 5 —nro S = 2r)- (17¢)
In the following Section 3.1.1 we show that when piry > pmax, where
D
A
Pmax = L D12 (18)

the MG pairs (17a,b,d) are achievable. When yrx < pmax the MG pairs (17a,c,e) are achievable. The
proof of achievability of Theorem 1 then follows from simple time-sharing arguments. [

Figure 2 depicts the MG region in Theorem 1 for different values of yry. When there are only
“slow” messages, the maximum MG is min{% + URx, L - %}. Notice that in any scheme, we can
replace a “fast” message by a “slow” message. By a rate-transfer argument, the maximum sum-MG thus
coincides with the maximum “slow” MG. Interestingly, this sum MG remains unchanged whenever
the “fast” MG S(F) is below a certain threshold. Mathematically, this is described by the slope of the

boundary of the region being equal to —1 when

L L
(F) < — — JE—
SW < max { > HURxs D 2} . (19)

For

L L
(F) - _ =
SY > max { > URxs D12 } , (20)

the slope is —2. In this latter regime, increasing the MG of “fast” messages by A requires decreasing
the MG of “slow” messages by 2A. There is thus a penalty in sum MG caused by the more stringent
delay constraints on “fast” messages.

1

—— upx =02
—e— Urx > 0.4545

0.8 ||
0.6 N
)
" o4 \S‘@
\\ .
. QO
NN
\\ XQ
0.2 \\(\\] \\\ ]
N Q‘X \\
N Vs N
NS >

Figure 2. The optimal MG region Sf, (jrx, D) for Rx-cooperation only, for different values of yry and
D=10and L =1.
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3.1.1. Schemes Proving Achievability of Theorem 1

We prove achievability of the MG pairs in (17).

1. MG pair in (17a): Periodically silence every second Tx. This splits the network into [K/2]
non-interfering point-to-point links. Send a “fast” message over each of these links (see Figure 3),
but no “slow” message at all. The described scheme achieves the MG pair in (17a) and requires no

cooperation rate.
2. MG pairs in (17b,c): Let the Txs only send “slow” messages but no “fast” messages. Under this
coding assumption, the setup at hand is a multi-antenna version of the setup in Reference [12], but

specialized to 0 Tx-cooperation rounds and D Rx-cooperation rounds. The multi-antenna extension of
the scheme proposed in Reference [12] (Section V) can thus be used to achieve the MG pair in (17b) if
HRx > Hmax and the MG pair in (17¢) if pirx < Hmax-

For reference in the following subsection, we briefly review the scheme in Reference [12]
(Section V) when specialized to Rx-cooperation only. For details, see Reference [12]. Consider first
the case pirx > Mmax. In this case, the scheme periodically silences every 2D + 2nd Tx. This splits the
network into smaller subnets, each consisting of 2D + 1 active Txs and 2D + 2 active Rxs. We describe
the communication in the first subnet, see also Figure 4; the others are treated in an analogous way.

O @ O O @ O O @ O O @ O

Figure 3. Scheme achieving Multiplexing Gain (MG) pair (17a) where only “fast” messages are transmitted.

MMy Mg M), M3,
® o o ® i
* Y * Y * N AY * Y ! ! ! !
A N A N N I 1 1 |
N N A \ N 1 1 1 1
\\ \\ \ ! 1 | )
y y E uy ' ' \'
® © O O | ®
1
I
1
o(S) o (S) 07 (S) o (S) v oS o (S) (S) oy (S)
M, M, M; My Mpiy ¥ Mpi, Myp ¥ Myp
o6—eo—e e | o
1 2 3 D+1 2D+ 2
-—
SIC SIC
(D rounds) (D rounds)

Figure 4. Scheme for Rx-cooperation only.

Each Tx k € {1,...,2D + 1} in this first subnet encodes its “slow” message M,ES)

L-dimensional Gaussian codebook and then sends the resulting codeword using its L Tx-antennas over
the channel. Decoding is performed as follows. Rx 1 decodes its desired message using an optimal
point-to-point decoding method based on the interference-free channel outputs Y{ = Hy 1 X} + Z7.
Then it sends its decoded message Mgs) over the cooperation link to Rx 2 during the first cooperation
round. Rxs 2 to D + 1 apply successive interference cancellation (SIC) where they cancel the interference

using an
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from the preceding Tx with the cooperation message obtained from their left neighbour. After decoding
its intended “slow” message, each Rx k € {2,...,D} sends its decoded message M,((S)
cooperation link to Rx k + 1 during cooperation round k.

We now describe decoding at Rxs D + 2, ...,2D + 2. Recall that Tx 2D + 2 is silenced. Therefore

Rx 2D + 2 observes the interference-free channel outputs Y7, = Hopt1,.20+2X5p 1t VA - Based

over the

on these outputs, Rx 2D + 2 decodes the “slow” message Méls)) 41 intended for Rx 2D + 1 and transmits

the decoded message Mé%) 41 to this Rx over the cooperation link in round 1. Rxs D +2 to 2D + 1
declare the cooperation message that they receive from their right neighbour as their desired message.
They also employ SIC to decode the “slow” message intended for the neighbour to their left. Finally,
after this decoding step, each Rx k € {D +3,...,2D + 2} sends the decoded message M( ) over the
cooperation link to its left neighbour during cooperation round 2D + 3 — k. Figure 4 111ustrates the
decodings and conferenced messages.

In the described scheme, 2D + 1 Txs send a “slow” message using an L-dimensional Gaussian
codebook of power P and all these messages can be decoded based on interference-free outputs. An
average “slow” MG of L - %Bi% is thus achieved in each subnet. Moreover, 2D cooperation messages
are sent in each subnet, each of prelog equal to the rate of a “slow” message, i.e., L. The average
cooperation prelog per link is thus L - 5 (2DD+2) = Umax. If one time-shares 2D + 2 different instances
of the described scheme with a different subset of silenced users in each of them, the overall scheme

achieves the MG pair (S¥) = 0,55 = L. ZDE

) with each cooperation link being loaded at average
cooperation prelog pmax.

When prx < pmax, We can time-share the scheme achieving (17b) with a scheme that deactivates
every second Tx and sends “slow” messages over the interference-free links. This latter scheme does
not require any cooperation. Time-sharing is done according to the available cooperation prelog

Urx: the first scheme that uses cooperation prelog ymax is used over a fraction ; RX of time and the

no-cooperation scheme over the remaining fraction 1 — ” R of time. The combmed scheme then

requires cooperation prelog yry and achieves the MG pair in (1 7¢).

3. MG pairs in (17d,e): Reconsider the coding scheme that achieves MG pair (17b) and that is
described in the previous subsection and illustrated in Figure 4. A close inspection of the scheme
reveals that in each subnet, decoding of the message sent by the left-most Tx does not rely on the
conferenced information. This first message of each subnet thus satisfies our decoding requirement for
“fast” messages.

We propose to apply the above scheme, but to let the first Tx of every subnet (the red Tx in
Figure 4) send a “fast” message and the subsequent 2D Txs of the subnet send “slow” messages. This
modified scheme requires the same cooperation prelog ymax as before and it achieves the MG pair
in (17d).

For setups where pry < Mmax, We propose to time-share the scheme achieving (17d) over a
fraction VH R
This time- sharmg scheme has cooperation prelog equal to yRry, and thus respects the constraint (10).
Moreover, it achieves the MG pair in (17e).

of time with the scheme achieving (17a) over the remaining fraction 1 — ]/lm of time.

3.2. Optimal MG Region and Coding Schemes for Tx-Cooperation Only
Theorem 2 (Optimal MG region: Tx-cooperation Only). For any given utx > 0, the MG region

St (H1x, D) is the set of all nonnegative pairs (S(F), S(9)) satisfying
25 458 < 1)
L 2D +1
(F) 4805 < min{d = .
SYW+S _mm{z—l—yTX, L 2D+2}' (22)
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Proof. The converse to (22) follows by extending the proof in Reference [12] to the multi-antenna case
and by noting that the sum MG cannot be larger than the MG of a scenario with only “slow” messages.
The converse to (21) is proved in Appendix B. For the achievability, define the following MG pairs:

(F) _ (5) _.2D+1

(s 0,5 =L 75+ 2), (23a)

(s® = o s<5):%+mx), (23b)

" - L s . 2D

(S D12 > L 2D+2)’ (23¢)
L

(5P = 5 —pm SO =2um). (23d)

In the following Section 3.2.1 we show that when ptx > pimax the MG pairs (17a) and (23a,c) are

achievable and when pty < pmax the MG pairs (17a) and (23b,d) are achievable. The achievability
proof of the theorem then follows by simple time-sharing arguments. [

Remark 1. Notice the duality between Theorems 1 and 2, which show that cooperation is equally beneficial for
only Tx- or only Rx-cooperation. As we will see in Section 4, it is however more beneficial, when Txs and Rxs
can cooperate.

3.2.1. Schemes Proving the Achievability of Theorem 2

We prove achievability of the MG pairs in (23). MG pair (17a) is achievable as described in the
previous section (no cooperation is required at all).
1. MG pairs in (23a,b): Let the Txs only send “slow” messages but no “fast” messages. Under

this coding assumption, the introduced setup corresponds to a multi-antenna version of the setup in
Reference [12] but specialized to D Tx-cooperation rounds and 0 Rx-cooperation rounds. Achievability
of MG pairs (23a,b) then follows immediately by specializing [12] (Theorem 1) to Tx-cooperation only.
In the following we briefly describe the schemes achieving (23a,b). For details see Reference [12].

We silence every 2D + 2nd Tx. This splits the network into non-interfering subnets, and in a
given subnet we apply the scheme depicted in Figure 5. Specifically, Tx 1 encodes its message using an
L-dimensional power-P Gaussian point-to-point codebook, and sends the resulting codeword X7 using
its L Tx-antennas over the channel. It also precodes the obtained sequence with the matrix H, JH12,
quantises the precoded sequence I} £ H, ;HLZXQ’ with a rate—% log(1 + P) quantiser to obtain a
quantisation IAT at noise level, and sends the resulting quantisation message as a first-round cooperation
message to Tx 2. For each k = 2,...,D + 1, Tx k obtains a round-(k — 1) cooperation message from its
left neighbour Tx k — 1 that describes the quantised version 72_1 of I = Hk_; Hk_1xX}_;. Based on

this message, Tx k reconstructs I;_;, encodes its “slow” message M]((S) using a power P dirty-paper
code (DPC) that mitigates the interference T t_1, and sends the resulting DPC sequence X! over the

1 .
k+1,k+1Hkrk+1' quantises the

Hy k1 X} with a rate-L /21log(1 4 P) quantiser (for a quantisation at

channel. Moreover, it precodes this input sequence with the matrix H

-1

k+1,k+1
. . n . . .

noise level) to obtain I}, and sends the quantisation message as a round-k cooperation message over

precoded sequence I} L2 H

the link to its right neighbour. Tx D + 1 produces its inputs in a similar way, that is, using DPC, but
sends no cooperation message at all.
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DPC DPC
(D rounds) (D rounds)
—
(8) (S) (8) (s)
M o M &M M S o MD o &N &N
Ql X Qz X3 .3 X3 _Xp QH Xpi2 g Xpi3 _ X2D+2®
\\ \\ \\ \ \\ ! ! ! !
N N A \ N ! I 1\ 1
\ \ A \ \ 1 1 1 1
A A \ 1 1 1 1
\\4 y ‘e \\JI ! 1 \|
1
1
|
1
® o o ® | O
1 2 3 D+1 2D +2

Figure 5. Scheme for Tx-cooperation only.
Rx 1 decodes Mis) based on the interference-free outputs
Ygl = H1,1X¥ + Z?, (24)

using a standard point-to-point decoding rule. Each Rx k € {2,...,D + 1} decodes its desired message
M]ES) based on the premultiplied outputs

Hot Yy = H I X7y + X+ H Lz, (25)

using an optimal DPC decoding rule. (Recall that X}’ was produced as a DPC sequence that mitigates
1 Z_l, a quantised version of I} ; = ij} Hy—1xX}_1)- Since quantisation was performed at noise level,

each message Mgs), ey M](Dsll can be sent reliably with MG L.

Each message My, with k € {D +3...2D + 2}, is sent over the path Tx k -Tx k —1 — Rx k. We
describe the transmissions in more detail, starting with the last Tx in the subnet. Tx 2D + 2 does not
send any channel inputs, that is, X7, 4o = 0". However, it first encodes its “slow” message MéSD) 2
using an L-dimensional Gaussian point-to-point codebook, precodes the codeword U7y, , by the
matrix HEI% L1212 and then quantises this precoded codeword Syp, 4 £ H;I% 1120 2Uspso With a
rate-L/21og(1 + P) to obtain a quantisation [ 11 at noise level. It finally sends the quantisation
message describing SED 11 as a first-round cooperation message to Tx 2D + 1. Tx 2D 4 1 reconstructs
5o +1 and sends it over the channel, that is, X5, | = Sp 11

In a similar way, each Tx k € {2D+1,...,D + 2} encodes its own “slow” message M,((S) by
means of DPC of power P that mitigates the interference H k__ll,kH X} of the signal sent by Tx k itself;
precodes the obtained sequence U]} with the matrix H ,;_11,kH k k; quantises the precoded sequence S}_; =
HI:jl,kH kxUY to obtain a quantisation S;_; at noise level; and sends the corresponding quantisation
message as a (2D + 3 — k)-round cooperation message over the link to Tx k — 1. Tx k — 1 then
reconstructs 9:_1 and sends it over the channel: X} | = Sz_l. Rxs D+ 2,...,2D + 1 decode their
intended messages using an optimal DPC decoding rule based on the premultiplied outputs

Hk:lLlercl =X 1+ Hk:lLka,lercl + Hk_ijZ? (26)

Recall that X}, is a quantised version (at noise level) of the precoded signal S}, = H,;ll HieUi,

where U} is a DPC sequence that mitigates the interference Hkill HeXE. Each of the messages

M](DSJ)FB), ceey MéSD) 1, can thus be transmitted reliably at full MG L.
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In the described scheme, an average “slow” MG of L - %g—ﬂ is thus achieved in each subnet.
Moreover, 2D cooperation messages of prelog L are sent in each subnet, and the average cooperation
prelog per link is L - 2(2D+2)
scheme with a different subset of silenced users in each of them, the overall scheme achieves the
MG pair () = 0,5) = L%Bi%) with each cooperation link being loaded at average cooperation
prelog pimax-

When pty < pimax, We propose to time-share above described scheme over a fraction

with a scheme that deactivates every second Tx and sends “slow” messages over the interference-free
VTX

= Jmax. If one time-shares 2D + 2 different instances of the described

HIx of time

links (which does not require any cooperation) over the remaining fraction 1 — of time. The overall
time-sharing scheme achieves the MG pair (23b) and loads each Tx—cooperatlon link at prelog px.

2. MG pairs in (23¢,d): A close inspection of the coding scheme described above and depicted in
Figure 5 reveals that in each subnet, the message pertaining to the D + 1st Tx does not participate in the
cooperation, see Figure 5. That means, all conferenced information is independent of this message. The

message thus satisfies the constraints imposed on “fast” messages in our scenario. We thus propose to
employ above scheme, but where the D + 1st Tx in each subnet (the red Tx in Figure 5) sends a “fast”
message and the first and the last D Txs in the subnet send “slow” messages. This scheme requires
again cooperation prelog ymax and achieves the MG pair in (23c).

When pi1x < Hmax, We can time-share this scheme over a fraction LIx

Hm
achieving (17a) over the remaining fraction 1 — yﬂ L of time. The time- shared scheme achieves the MG

pair (23d) and loads each Tx-cooperation link at orelog UTx-

of time with the scheme

4. Both Tx-and Rx-Cooperation

In this section we consider both Tx- and Rx-cooperation. Recall that the number of Tx- and
Rx-cooperation rounds Dty and Dgy is a design parameter over which we can optimize subject to the
sum-constraint Dry + Dryx < D. For simplicity, in this section we assume that the total number of
cooperation rounds D is even.

In Section 4.1 we present our inner and outer bounds on the MG region. We also prove that they
match in some cases. In the following subsections we then present the coding schemes that allow us to
conclude our achievability result.

4.1. Results on MG Region

Let the maximum number of total cooperation rounds D be given. For any pair Dgy € {1,...,D—1}
and Dy € {1,...,D — 1} summing to less than D, define

S @7)
MRy L(DRy) = L'th))lrz’ (28)
px(Dr) 2 L %zéDfxz : (29)
prxu(Drx) = L- ]23;1];5:2 ! (30)

Notice that pity 1 (D1x) < pirH(D1x) and pire L (Drx) < Ry H(DRx)-
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Also, define the five MG pairs:

(F) a (cF) _L <5 _

SNoCoop - (S X S - O)/ (31a)
L
SKecoor 2 (5P =0,58 =2, (31b)
SCoop £ (S(F) =0, S(S) = ;g _—:: ;), (31C)
2 (.2 g .2D-1
Sartial (S Lo 2® Lo+ 2)’ (31d)
L D
Y (F) = = g(8) — .

SInterlaced - (S ~ 9 S =L D +2)- (31e)

Notice that all these MG pairs do not depend on the number of cooperation rounds Dty and Dg.
In what follows, we will be interested in convex combinations of these points and therefore define for
eacha € [0,1]:

Scoop(®) 2 &+ Scoop + (1= &) - Scoops (32a)
Spartial(®) = & Sparial + (1 — ) - Sgchopr (32b)
Sinterlaced (€)= & - Siterlaced + (1 — &) - Sgchop/ (32¢)
Spartial-Inter(®) = & Sinterlaced + (1 — &) * Spartial- (32d)

Notice that SCoop(l) = SCoop and Spartial (1) = Spartial and Singerlaced (1) = Sinterlaced- Moreover,
SPartial—Inter(l) = SInterlaced and SPartial-Inter(O) = SPartiaI-

Theorem 3 (Achievable MG Region: Tx- and Rx-cooperation). For any choice of odd-valued integers
Dry,Dry € {1,3,5,...,D — 1} summing to D, the optimal MG region S* (yitx, firx, D) contains some of the
following regions, depending on the available cooperation prelogs ptyx and pr.

o Ifur > preg(Dry) and urx > yryr(DRry), the optimal MG region S* (1« irx, D) contains the
trapezoidal region

conv hull((0,0), Sl(fgcmpr SCoop/ SInterlaced) : (33)
o Ifurx > pryr(Dry) and urx > HpryL(Dgry), the optimal MG region S*(prx, Prx, D) contains the
pentagon
conv hull ((0/ O)/ SI(\IQCOOP/ SCoopr SPartial—Inter(“T)r SInterlaCEd(ﬁT)) 4 (34)
where (Dry) (Do)
2 2 min { HTx — UTx, L\ PTx . HRx — HRx,L\VRx ) 1} 35
! 1reH(D1x) — U (D1x) " MRx,H(DRx) — HRx,L(DRx) (39)
and

*émm{ PIx PR« ,1}. 36
! ‘uTx,H(DTx> .qu,H(DRx) ( )

e  For prx < pryr(Dry) or prx < piryr(DRy), the optimal MG region S* (utx, irx, D) contains the region

conv hull ((0,0), Scoop(#3), Spartial (43 ), Sinterlaced (B3)) - (37)

where
&% = min { HTx , FRx } 38
2 ,uTx,L(DTx) ,qu,L(DRx) ( )
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and

* . HTx URx
_ ) , 39
py = min { treH(D1x)” R, H(DRx) } 39)

In Figure 6 we schematically illustrate above MG regions (33), (34) and (37). We see that for large
cooperation prelogs our MG region is the trapezoid in Figure 6a. For smaller cooperation prelogs the
MG region turns into a pentagon, see Figure 6b, because MG pair Spyteriaced 1S Not included anymore.
Finally, for even smaller cooperation prelogs even the MG pair Scoop is not included anymore, but
needs to be replaced by Scoop (0.93). Similarly, Spartial-inter (0-6) needs to be replaced by Sprial (0.93).

1 1 1

sCoop SCoop ¢ SCoop (0.93)
0.8 -1 0.8 -1 0.8 1
—Spartial (093)
;'6 S 7;‘6 SPartial-Inter (0~6) 7®0'6 )
Tn /Interlaced < S 0.84 z
04 104 Iny erlaced( . ) 104 4
Singerlaced (0'56)
0.2 -1 0.2 -1 0.2 1
(F) (F) (F)
sNoCoop SNoCoop SNDCoop
% 05 1 % 05 10 35 1
S(F) S(F) S(F)
(a) MG region in (33) (b) MG region in (34) (c) MG region in (37)

Figure 6. Examples of the three MG regions in (33), (34) and (37). Specifically, we used D1y = 3,
Dgrx = 3, and p1y € {0.4,0.3,0.2} and pgry € {0.4,0.3,0.2}.

The achievable MG region described in the theorem can also be written as a union over the choice
of the Tx- and Rx-cooperation rounds Dty and Dry summing to no more than D. Notice however, that
one cannot take the convex hull of this union because the way we defined the problem setup the choice
of D1y and Dgy needs to be fixed in advance and time-sharing between different choices is not possible.

Proof of Theorem 3. In the following Sections 4.2—4.4 we show how to achieve the MG pairs in (31c-e)
with sufficiently large cooperation prelogs yuty and . In particular, to achieve (31c,d), cooperation
prelogs putx > putxL(Drx) and prx > prxL(Dry) are required. To achieve (31e) cooperation prelogs
trx > UrxH(D1x) and prx > pirxH(Dry) are required. MG pairs (31a,b) can be achieved without any
Tx- or Rx-cooperation by simply silencing every second transmitter and sending either only “fast” or
only “slow” messages over the remaining K/2 isolated point-to-point links.

The proof of the theorem follows then by simple time-sharing arguments. In particular, for any
« € [0,1] the MG pair Scop () can be achieved by time-sharing the scheme achieving Scoop over a

s
NoCoop
a time-sharing scheme requires cooperation prelogs of uty > apryr and prx > aprxrL. The MG

pairs Spartial(¢) and Spterlaced (¢) are achieved by time-sharing the scheme achieving Sp,ytia Or the
(F)
NoCoop over
the remaining fraction of time. The time-sharing scheme leading to Spaia1(#) requires cooperation

prelogs putx > aptx 1 and pUry > airy 1 and the time-sharing scheme leading to Sinteriaced (¢) requires
Hrx > aprxH and Ury > pry - The MG pair Sp,ytial-inter () is achieved by time-sharing the scheme
achieving Siyerlaced OVeT a fraction « of the time with the scheme achieving Sp,,,1 Over the remaining
fraction of time. This time-sharing schme requires cooperation prelogs pitx > aptxr + (1 — &)tk L
and pry > apryr + (1 — &) PRy L

Notice that for all of above time-sharing arguments, it is important that the MG pairs S

fraction « of the time with the scheme achieving over the remaining fraction of time. Such

scheme achieving Spyierlaced OVer a fraction «a of the time with the scheme achieving S

(F)

NoCoop”
Sl(\%COOp, Scoops Spartial, aNd Sinterlaced €an be achieved using the same values of Dty and Dgy. As will
become clear in the following sections, these MG pairs can be achieved using any values Dy, Dry €

{1,3,5,...D — 1} summing to D. The required cooperation prelogs however depend on the specific



Entropy 2020, 22, 182 15 of 30

choices of Dy and Dgy. This explains why the allowed time-sharing coefficients « depend on the
number of cooperation rounds Dty and Dgy. O

Remark 2. If in Theorem 3 we allow the parameters Dry, Dy to take on any values in {1,2,...,D — 1}
Summing to D and we remove the MG POints SInterlacedf SInterlaced(,BI)r SInterlaced(ﬁg)/ and SPartial-Inter(“T)r
we obtain a different achievable region, which can be larger for certain system parameters.

To see that this modified region is also achievable, notice that our schemes achieving Scoop 414 Spartial
described in Sections 4.2 and 4.3 can be run with any number of Tx- and Rx- cooperation rounds Dty and Dg,,
irrespective of whether they are odd or even. Their performance remains unchanged. In contrast, the scheme
achieving Sipterlaced that we present in Section 4.4 requires that both D, and D, are both odd.

In Figure 7 we schematically illustrate the MG regions that are achieved for Dty or Dg, even. Specifically,
Figure 7a shows the MG region for large cooperation prelogs and Figure 7b for small cooperation prelogs.

We also have the following converse result.

1 1
0.8 g SCoop | |
0.6 SPartial B B
) «— Spartial (0-6)
0.4 8 8
0.2 8 8
(F) (F)
SNoCoop SNoCoop
00 0.5 1 00 0.5 1
S(F) S(F)
(a)DTx = DRx: 21 HTx= URx— 0.4 (b)DTx = DRX: 2r HTx= HRx— 0.2

Figure 7. Examples of the MG regions discussed in Remark 2 for even values of Dty and Dgy.

Proposition 1 (Outer Bound on Optimal MG Region: Both Tx- and Rx-cooperation). Any MG pair
(S(F),S(9)) in S*(p1x, pirx, D) satisfies

s(F)

IN
N

p (40a)

2D+1}

‘2D+2 (40b)

s(F) + s(5) < min {; +prx + prxo L

Proof. Follows from the converse result in Reference [12] and by a rate-transfer argument from “fast”
to “slow” messages. O

Figure 8 depicts our inner and outer bounds (Theorem 3, Remark 2, and Proposition 1) on the
optimal MG region with ytyx = prx = 0.45 and D = 10 for different values of Dry and Dgy. For
Drx = D/2 =5and D1y = D/2 =5,

HTx = PUTxH ~ and  JRx > HRxH, (41)

and the inner bound is given by the trapezoidal region defined in (33). It coincides with the outer
bound, and thus establishes the exact MG region. Notice that in this case, the MG region is solely
constrained by the fact that the MG of “fast” messages cannot exceed % and that the sum MG of all
messages cannot exceed L - %. Imposing a stringent constraint on the decoding delay of the
“fast” messages in this case never penalises the sum-MG of the system. Our inner bounds obtained
for odd-valued cooperation-rounds (D1y, Drx) € {(1,9),(3,7),(7,3),(9,1)} coincide with the outer

bound only if SF) < - 2(1—-af)+aq-(D+1)

DT , where ] depends on the choice of (Dry, Dry) and is defined
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in (35). The inner bounds for even-valued cooperation-rounds (Dry, Drx) € {(2,8),(4,6),(6,4),(8,2)}
all coincide and attain the outer bound only if S(F) < L - Tzﬂ_

T I
—o— Outer Bound
.......... D1y =1,Dry =9
even-valued Dy, Dgy
—== Dpy=3Drx =7 n
-%- D1y =5Drx=5
Diy =7,Dry =3
== Drx=9Drc=1

oA
- M |
-]
1
i
1
1}
02 | .
]
l}
1
: . »
0 0.5 1
s(F)

Figure 8. Bounds on S*(p1y, irx, D) for ppx = 0.45, gy = 0.45, D = 10 and L = 1 with both Tx-
and Rx-cooperation.

Figure 9 depicts our inner and outer bounds on the optimal MG region for the same D = 10
but smaller values of utx = prx = 0.3. In Figure 9, we see that by decreasing ytx and yry from
0.45 to 0.3, our inner and outer bounds do not coincide for all values of ). Our inner bound for

Drx = 5 and D1y = 5 contains all other inner bounds and it matches the outer bound in the regime
S(p) <L. 2(1—af)+a7-(D+1)

D70 , Where for the definition of a] in (35) one should set Dty = Dgy = 5.

| I
—6— OQuter Bound ||
.......... Dry =1,Dgry =9

D1x = 2,Dgrx =
e 'DTx:3/DRx:77
- - Dry=4,Dry=6
- %= Drx =5,Drx =

----Dry = 6,Dgy =
DTX = 7IDRX =3
DTX:8/DRX: ||
-~ Dry =9, D =
0 b ‘
0 0.5 1

S(F)

Figure 9. Bounds on S*(piry, prx, D) for ury = 0.3, rx = 0.3, D = 10 and L = 1 with both Tx-
and Rx-cooperation.

Figure 10 depicts our inner and outer bounds on the optimal MG region for the same D = 10 but
when ptx = 0.3 is smaller than g, = 0.45. Here, the inner bound obtained for (Drx = 3,Drx = 7)
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includes all other inner bounds and it matches the outer bound in the regime S(E) <L- %,

where a7 is defined in (35) with Dy, = 3 and Dgy = 7.
The following corollaries generalise these observations.

I
—6— Quter Bound ||
--=-Dpx=1,Dr« =9
Drx =2,Drx =38
—= D1y = 3,Dprx =7 |
- - Drx=4,Drc=6
.......... Dy = 5,Dpy = 5
----Drx =6,Drx =
Drx =7,Drx =3
Drx =8,Drx =2 ||
- = D1x=9,Drx =

0 0*5 1
s(F)

Figure 10. Bounds on S*(pi1y, Hrx, D) for purx = 0.3, gy = 0.45, D = 10 and L = 1 with both Tx-
and Rx-cooperation.

Corollary 1. Ifthere exist integers Dy, Dry € {1,3,5,...,D — 1} summing to D such that the two constraints

urx > prxH(Dry) (42a)
BRx = pPRxH(DRy) (42b)

are simultaneously satisfied, then the optimal MG region S* (pitx, rx, D) coincides with the trapezoidal region
in (33). That means, S* (ji1y, pirx, D) is the set of all nonnegative pairs (S(F),5(5)) satisfying

g(F)

IN
LI SN o

, (43)

2D +1
2D +2°

s(F) 1509 < (44)
Proof. Follows directly from the achievability result in Theorem 3, see (33), and the converse result in
Proposition 1. For the converse result notice in particular that under constraints (42) the sum pty + prx

D
exceeds L - o O

Remark 3. Under conditions (42) there is no penalty in sum-MG due to the stringent decoding constraint
on “fast” messages. These “fast” messages can be submitted at maximum MG without decreasing the overall
performance of the system.

The following corollaries present partial characterizations of the optimal MG region S*(pty, pirx, D)
for S(F) below a certain threshold.



Entropy 2020, 22, 182 18 of 30

Corollary 2. If a pair of integers Dyy, Dry € {1,3,...,D — 1} summing to D satisfies

prx = pPrxL(Dry), (45a)
MRx = HRxL(DRx), (45b)

then the optimal MG region S* (jity, jtrx, D) contains the MG pair (S\F), S(8)) with
L D—-1
(F) < — - — X
ST =3 (1 D+1(1 ”‘1)) (46)

(where a7 is defined in (35) and depends on the choice of Dty, Dry and on uty, piry) if, and only if,

§(F) L g(8) <. 2DF1

. 47
- 2D+2 47

Similarly, if a pair of integers Dry, Dry € {2,4,...,D — 2} summing to D satisfies (45), then the optimal
MG region S* i1y, pirx, D) contains the MG pair (S\F), S(8)) with

L 2
V<3 b “8)
if, and only if,
2D +1
S(F) 159 < | . ZDIZ‘ (49)

Noting the fundamental bound S (F) < %, one observes that when there is a odd-valued pair
Dry, Drx € {1,3,...,D — 1} such that (45) holds and aj = 1, then the first part of Corollary 2 recovers
Corollary 1 and determines the entire optimal MG region S*(j1y, rx, D).

Proof. Achievability of (47) follows from Theorem 3, see (34), because the two components of
SInter—Partial("‘T) = (S(S)/ S(F)) Satisfy:

L L 2 L D-1
S =iz + (1 -a)gpiy =5 (1 gy o
and
2D +1
(8 4 ) — | 2D4+rz (1)

Achievability of (49) can be proved in a similar way from Remark 2. The converse to both results
follows from Proposition 1 because constraint (47) implies that the sum pity + gy exceeds L - %. O

Corollary 3. If
D

2D +2 (52)

HURx + HTx < L-

and if a pair D1y, Dry € {1,2,3,...,D — 1} (both odd and even values are allowed) summing to D satisfies

HTx _  HRx (53)

DTx DRx’

then the optimal MG region S* (pitx, prx, D) contains the MG pair (S\F), S(5)) with

L 2(D-1)
(F) « = _ AT
S < 5 (1 UTx Dry ) (54)



Entropy 2020, 22, 182 19 of 30

if, and only if,
L
st 568 < 5 T HRxe (55)

Proof. The result (55) follows from the converse result in Proposition 1 and the achievability results in
Theorem 3, see (37), and Remark 2. More specifically, to prove achievability let D4 and Dgy be such
that Condition (53) is satisfied. Then,

#rxL(D1x) _ HRxL (Drx)

56
HTx HRx ( )
and Condition (52) implies that both inequalities
HTx < HTx,L and HRx < HRx,L (57)
are satisfied. Moreover, a5 as defined in (38) satisfies
2D+ 2 2D + 2
. T2 M - (58)

T = — PR :
HTx,L L-Drx  HRxL L - Dgy

Notice next that for the two MG pairs Scoop(@3) and Spriai(#5), which are achievable by either
Theorem 3 or Remark 2, the sum of the two components satisfies

L L
+(1—0¢§)§=§+g?
X

L
D= 5 T HTx + pRe (59)

where in the last equation we used (53). Moreover, the “fast” MG S(F) in Scoop(oc’z*) equals 0, whereas

in Spartial (43) it equals
B 2D-1)\ 2(D—1)
- (1o 5 ) = (e B5) @

Since one can always choose to transmit at smaller MGs and because the convex hull of all achievable
MG pairs is also achievable, this concludes the proof of achievability. [

—

s<F>:a;.§-DL+1+(1—a;)

NI~

Remark 4. For both corollaries, in the regimes where we could characterize the optimal MG region, i.e., for
“fast” MGs below a certain threshold, the sum-MG is at its maximum. We can thus conclude that for sufficiently
small S'F) the sum-MG is not decreased due to the stringent constraint on the “fast” messages.

In the following subsections we present the coding schemes achieving the MG regions in
Theorem 3 and Remark 2.

4.2. Scheme Achieving (31c)

Let each Tx only send “slow” messages but no “fast” messages. Under this coding assumption, our
setup is a multi-antenna version of the setup in [12]. Achievability of (31c) then follows immediately
by the multi-antenna version of [12] (Theorem 1). We redescribe the coding schemes achieving (31c)
for completeness and reference in the next subsection.

We silence every 2D + 2nd Tx, which splits the network into smaller subnets. In each subnet, we
combine the SIC idea explained for the setup with only Rx-cooperation (see Section 3.1.1) with the DPC
coding idea that was explained for the setup with only Tx-cooperation (see Section 3.2.1). The scheme
for the first subnet is illustrated in Figure 11 and will be explained in the following. Communication in
the other subnets is similar.

The Tx/Rx pairs of the first subnet are assigned to four groups, depending on their mode of
operation. Notice that the Tx/Rx pair Dgry + 2Dty + 2 is assigned to both groups G3 and G4, whereas
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all other Tx/Rx pairs are assigned to only one group. The reason is that message M](DSR)X 2Dy, 42 1S split
into two parts (M](DSI::’ZFZDTX vy lgSlezDT 1) of equal rates, and part My, (S, )+2D 2 Is communicated in

the same way as the messages for Tx/Rx pairs in group G3, whereas M](DRX)+2DTX 4o is communicated in
the same way as the messages for Tx/Rx pairs in group Gj.

DPC DPC
(D1x rounds) (D1y rounds)
é (—

o9 o9 9

\@
o—?v -9 @ e O

1 2 - Dpy+1 D+ 1 D+Drx+2 2D +2
- -—
SIC SIC
(Dry rounds) (Dgrx rounds)

Figure 11. Scheme with Rx- and Tx-cooperation.

Group Gy 2 {1,...,Dgy +1}: Each Tx k € G; encodes its “slow” message M]((S) using a codeword
XZ(M]ES)) from a Gaussian point-to-point code of power P, and transmits this codeword over the
channel: X} = XZ(M]ES)) Each Rx k € §; uses the cooperation message received from its left

neighbour Rx k — 1 for SIC, i.e., to delete the interference term Hy_q ; X} _; (M]E“i)l) from its output
sequence Y}
Vi = Vi — He X, (), (61)

(S)

and to decode its desired message M,
the cooperation link to Rx k + 1, so as to facilitate SIC at this next Rx.

To facilitate the transmissions in the next group, the last Tx of group G;, Tx Dry + 1, precodes its
channel inputs X{SRX 41 With the matrix HB;X +2.Dpy 4 2HDg, +1,Dp, +2, quantises the produced sequence

I L H= 1
Drx+1 DRx +2,Drx+2
quantisation It Dg 41 at noise level and sends the resulting quantisation index as a first-round
cooperation message to the first Tx in group G, i.e. to Tx Dry + 2.
Group Go = {Dgyx +2,...,Dpy + Dy + 1}: Each Tx k € G, obtains a cooperation message from

its left neighbour Tx k — 1 that describes the quantised version 12_1 of I} = He. ,} H—1xX}_;. Based

on this message, Tx k reconstructs I;_;, encodes its “slow” message MIES) using a power P DPC
that mitigates the interference 1I;_;, and sends the resulting DPC sequence X}/ over the channel.
Moreover, it precodes this input sequence with the matrix Hk_-:l k+1Hkk+1, quantises the precoded

based on Y}. Rx k also describes its decoded message M over

HDpy+1,Dpy+2X g 1 With a rate-L/2log(1 + P) quantiser to obtain the

sequence I} = H,’ b +1 k11Hek1 X7 with a rate-L/21log(1 + P) quantiser (for a quantisation at noise

level) to obtain Iy, and sends the quantisation message as a round-k cooperation message over the
link to its right neighbour. Tx Dty + Dry + 1 produces its inputs in a similar way, i.e., using DPC,
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but sends no cooperation message at all. Rxs in G, use a standard DPC decoding rule based on the
premultiplied outputs
Mok Y = HiHie Xy + Xi o+ HZE (62)

to decode their intended “slow” messages. (Recall that X} was produced as a DPC sequence that
mitigates 12_1, a quantised version of H_ ;H k,llkf(;:_l). Since quantisation was performed at noise

level, each message Ml(i)x s MI()S ll can be sent reliably with MG L.

Group G3 = {Dry + D1y +2,. .., DRy + 2Dy + 2}: This group of Tx/Rx pairs participates in the
transmission of the “slow” messages

(5) M® (53)

Drx+Drx+37 " * 7“7 Dry+2D1y+17 MDRX+2DTX+2' (63)

In particular, Tx Dy + 2Dy + 2 does not send an own message to its corresponding Rx.

Each of the messages in (63) is transmitted over the communication path Tx k = Tx k —1 — Rx k
for some k € {Dgry + D1x +3,...,Drx + 2D1y + 2}.

For each k € {Dgrx +D1x +3,...,Drx + 2Dy + 2}, Tx k encodes its own “slow” message M,ES) by
means of DPC of power P that mitigates the interference H k_fll,kH X} of the signal sent by Tx k itself;
precodes the obtained sequence U} with the matrix H k:lLkH k& quantises the precoded sequence S_; =
H kill,kH kU to obtain a quantisation Si_1 at noise level; and sends the corresponding quantisation
message as a (2D + 3 — k)-round cooperation message over the link to Tx k — 1. Tx k — 1 then
reconstructs S;_; and sends it over the channel: Xy = S¢_1. The construction of the transmit signal
XD 2Dy, 2 Mentioned above, is explained in the following paragraph. RXs Dry 4+ Drx +3, ..., Drx +
2D1y + 2 decode their intended “slow” messages using an optimal DPC decoding rule based on the
premultiplied outputs

Hel Lo YE = X3+ HE Ho X+ H 2 (64)

Recall that X}! ; is a quantised version (at noise level) of the precoded signal S;_ = H;}l,kH kUy
for U} a DPC sequence that mitigates the interference Hkill (HeeXi.  Each of the messages

M]()Sly el MéSD) 4o can thus be transmitted reliably at full MG L.
Group Gy = {Dry +2D1y +2,...,2Dgy + 2Dy + 2}: This group of Tx/Rx pairs participates in

the transmission of the “slow” messages

M Ml M®

Dry+2D1y+27 V' DRy +2D1y+37 * * * 7 Y2DR +2D 1y +1° (65)

Tx 2Dgy + 2Dy + 2 thus is not sending an own message to its corresponding Rx. The messages in
(65) are transmitted over the path Tx k — Rx k + 1 — Rx k, for some k € {Dgry + 2Dr1x +2,...,2Dgx +
2D1y + 2}.

Each Tx k € {Dgy + 2D1x + 2, ...,2Dgx + 2D14 + 1} encodes its “slow” message M,((S) (or M,E
if k = DRy + 2D1x + 2) using a codeword from a Gaussian codebook of power P, and sends this
codeword over the channel X} = X]Z’(M,ES)) (or Xj = XQ(MI((SA)) if k = Dry + 2Dy + 1).

Rx 2Dgy + 2D14 + 2 decodes MéSD)RX 42Dy, +1 ased on an interference-free output Y)pg +2Dr 42 =

S,4)

~ (S
H2DRX+2DTX+1/2DRX+2DTX+2XEIDR)(+2DT)(+1 + ZE‘DRX+2DTX+2, and sends the decoded message Mé]))RX+2DTX+1
over the cooperation link to the intended Rx 2Dgy + 2Dy + 1. For k = 2Dy +2D1x +1,...,Drx +

2D1x + 3, Rx k uses the cooperation message received from its right neighbour Rx k + 1 to decode
M,ES_)l (or M,E‘i’%) if k = Dy + 2D1x + 2) using SIC, i.e., to first delete the interference Hy ; X} from Y}
and then decode message M](i)l (or M](Csjll) if k = Dgrx + 2Drx + 2) from an interference-free signal. Rx

k then sends the decoded message M,((S_)l (or M,((S_’?) if k = Dgx + 2Dry + 2) over the cooperation link to
its left neighbour Rx k — 1, which is the intended Rx for this message.



Entropy 2020, 22, 182 22 of 30

In the described scheme, each transmitted message is either decoded based on interference-free
outputs or using DPC. Since precoding matrices do not depend on the power and quantizations are
performed at noise levels, all messages can be transmitted reliably at MG L. Tx Dry + 2Dty + 2 sends
two “slow” messages and 2Dgy + 2Dty — 1 other Txs send one “slow” message. An average “slow”
MGof L - % is thus achieved in each subnet. Moreover, 2Dy + 2Dty cooperation messages
of prelog L are sent in each subnet:

1.  Rxsin G; send Dgy Rx-cooperation messages with prelog L;
2. Txsin G, send D1y Tx-cooperation messages with prelog L;
3. Txsin G3 send D1y Tx-cooperation messages with prelog L;
4. Rxsin G4 send Dry Rx-cooperation messages with prelog L.

The average cooperation prelog per link at the Tx-side is putx1 and at the Rx-side it is pry 1. If one
time-shares 2D + 2 different instances of the described scheme with a different subset of silenced users
in each of them, the overall scheme still achieves the MG pair (S (F) = 0,505 = L%BE) in (31d), each
Tx-cooperation link is loaded at exactly this average cooperation prelog yi1x 1., and each Rx-cooperation

link is loaded at the average cooperation prelog piry .-

4.3. Scheme Achieving MG Pair (31d)

Consider the scheme described in the previous Section 4.2 and depicted in Figure 11. Notice that
the first Tx in each subnet does not at all participate in the cooperation, and decoding of its message
also does not rely on cooperation messages. The same observation applies also to the Dry + D1y + 1st
Tx of each subnet and its message. The first and the Dry + D1y + 1st message of each subnet (the red
Txs in Figure 11) thus satisfy the requirements on “fast” messages. We propose to use this scheme
but let the first and the (Dgry + D1y + 1)st messages in each subnet be “fast” messages and all other
messages be “slow” messages. This achieves the MG pair (31d).

The required cooperation rates equal pty 1, and yry 1, as explained in the previous Section 4.2.

4.4. Schemes Achieving MG Pair (31e)

We periodically silence every 2D + 2-nd Tx to split the network into smaller subnets. Then we
send a “fast” message on all odd Txs and a “slow” message on all even Txs, except for the previously
silenced Txs (which are all even). See Figure 12.

In what follows, we describe and analyze transmissions over the first subnet. Other subnets are
treated analogously.

Odd Txs 1,3,5,...,2D + 1: Each odd Tx encodes its “fast” message M,((F) using a codeword
uj (M,((F)) from a Gaussian codebook of power P that depends on the Tx and the channel realizations

and is explained later. Tx 1 simply sends this Gaussian codeword X} = U] (M%F) ). Any other odd Tx k
first considers the cooperation message it received from its left neighbour Tx k — 1 and reconstructs
X)_1, a quantised version of Tx k — 1th input X} _,. Tx k then sends the input signal

F _ A
Xp =W M) — M He T (66)

Odd Txs relay some of the cooperation messages they obtain from their neighbours, as will become
clear in the following, but they do not create new cooperation messages.

Odd Rxs 1,3,5,...,2D + 1: Given the precanceling at odd Txs described above, each odd Rx k
observes an almost interference-free signal:

Y = Hi U+ He g (X5 — X5_1) + Ziy, (67)



Entropy 2020, 22, 182 23 of 30

where notice that X;_; isa quantised version of X}, at noise level. Each odd Rx k therefore decodes its
desired fast message M]EF) using standard point-to-point decoding. It also sends the decoded message

MIEF) over the cooperation link to its right neighbour Rx k + 1 as a first round cooperation message.
Odd Rxs also relay some of the cooperation messages they obtain from their neighbours, as will
become clear in the following.

(a) Communicating “fast” messages

RO D e e e e DS D e e e O |

(b) Interference graph of “slow” messages transmissions

O O O O O X
RS
O O ol & O O O O
Drx+Dpd D+2 - D+ D +R 2D + 2]
— — —
DPC DPC SIC

(c) Communicating “slow” messages

Figure 12. An illustration of the scheme achieving MG pair (31e). Notice that since D is even, the last
Tx of G, sends a “fast” message. And since Dgy is odd, also the first Tx in G4 sends a “fast” message.

Before describing the operations at the even Tx/Rx pairs, we make the following observations
based on the operations at the odd Tx/Rx pairs. Irrespective of the operations performed at the even
Txs, each even Rx k observes the sum of a signal depending only on “slow” messages and a signal
depending only on its left-neighbour’s “fast” message (the signal Hy_ U} _;). Since odd Rxs convey
their decoded “fast” messages to their right-neighbour, even Rxs can cancel the signals depending
on “fast” messages whenever they have been decoded correctly. There is thus no loss in reliable
communication rate caused by the transmission of “fast” messages. And transmission of “slow”
messages at even Txs can be designed as if no “fast” messages were present. However, if “slow” Rxs
wish to send cooperation messages that do not depend on the “fast” transmissions, they have to wait
for the second round.

Even Txs2,4,6,...,2D: Each even Tx k, for k = 2,. .., 2D, performs the same steps as Tx k in the
scheme described in Section 4.2, but where the scheme needs to be adapted to include only even Txs.
In particular, if an even Tx k previously sent a quantisation message to its direct left- or right-neighbour
Tx k —1 or k+ 1, now it will send it to the previous or following even Tx k — 2 or Tx k 4 2. (This
simply means that the odd Tx lying between them has to relay the cooperation message as we already
mentioned previously.) Similarly, when using DPC, if Tx k previously mitigated the quantised sequence
Iy orS; 1, NOW it mitigates the quantised sequence T r_por 8 _»- Notice that since D is even, Tx D is
the last even Tx in G, (so the last Tx in G, sending a “slow” message). Tx-cooperation in group G, thus
takes place only during the first D1 — 1 rounds. The only Tx-cooperation message in round Dy is the
message sent from Tx D + 3 to Tx D + 2 in group Gs.

In addition, if this is not already done as part of the scheme in Section 4.2, any even Tx k also
quantizes its channel inputs X} at rate L - 1/21og(1 + P) to generate the quantised sequence I ¢ The
quantisation message describing I is then sent as a Dr,-round cooperation message over the link
to Tx k 4 1 to allow this Tx to precancel this interference in the way that was described previously.



Entropy 2020, 22, 182 24 of 30

Even Tx D + 2 (the first Tx in group G3) does not need to send this round-Dty cooperation message
because its right neighbour Tx D + 3 already learns the Tx signal X, , , as part of the proposed scheme
in Section 4.2. Since all even Txs (except for Tx D + 2) receive their last cooperation message in round
D1y — 1, they can indeed compute their input perior to the last round D1y and thus perform the
proposed round-Dry cooperation.

Even Rxs 2,4,6,...,2D + 2: Using the round-1 Rx-cooperation messages from its left neighbour,
each even Rx k, for k = 2,...,2D + 2, first subtracts the interference caused by the transmission of the

(F)

“fast” message M, at its left neighbour. That means, it forms
Yi =Y —H g up . (68)

It then proceeds with this modified output sequence ¥} and performs all the steps as Rx k did
in the scheme in Section 4.2, but where the scheme again needs to be adapted to include only even
Rxs and it also needs to be adapted to start only at cooperation round 2. This allows even Rxs to
calculate (68) before performing the other steps. Notice that since the first Txs of G; and G4 only send
“fast” messages (the latter holds because DR, is odd), there is no harm in waiting for this second round.
To adapt the scheme in Section 4.2 only to even Rxs, any even Rx k that previously sent its decoded
message to its direct left- or right-neighbour Rx k — 1 or Rx k 4+ 1, now sends it to the previous or
following even Rx k — 2 or Rx k + 2. Similarly, any Rx k that previously applied the SIC step to cancel
the interference from Tx k — 1 or Tx k + 1, now cancels the interference from Tx k — 2 or Tx k + 2.

In the described scheme, all odd Txs of a subnet can send reliably a “fast” message of MG L
and the even Txs {2,4,...,2D} each can send reliably a “slow” message of MG L. The scheme thus
achieves the MG pair in (31e): (S) = 5,505 = . %7 )-

We now analyze the cooperation prelog of the described scheme. Recall that in this scheme
each even Tx sends a quantised version of its inputs to its right neighbour and each odd Rx sends its
decoded message to its right neighbour. Since each of these cooperation messages is of prelog L the
described messages consume a Tx-cooperation prelog of L - D and a Rx-cooperation prelog of L - D.

In addition, for encoding and decoding of “slow” messages:

1. Rxsin G; send Dry — 1 Rx-cooperation messages with prelog L. (The cooperation message from
Rx 1 to Rx 2 has already been counted in the previous paragraph.)

2. Txsin G, send (Drx — 1)/2 Tx-cooperation messages with prelog L. (The cooperation message

from even to odd Txs in G, have already been counted in the previous paragraph.)

Txs in G5 send D1y Tx-cooperation messages with prelog L.

4. Rxsin Gg send DRy — 1 Rx-cooperation messages with prelog L. (The first Rx in G4 does not obtain
a cooperation message because it is a “fast” Tx.)

®

To summarize, the described scheme requires an average prelog per Tx-cooperation link of ury g =

D, 3p. 1 o 2 - . .
L- 2+24D7+T§4 and an average prelog per Rx-cooperation link of pyrxy = L - %ﬁl. (Notice that this

is larger than in the scheme in Section 4.2.) If one time-shares 2D + 2 different instances of the
described scheme with a different subset of silenced users in each of them, the required prelog on each
Tx-cooperation link is exactly yry g and the required prelog on each Rx-cooperation link is exactly
HrxH- This concludes the proof.

5. Summary and Concluding Remarks

We considered Wyner'’s soft-handoff network and characterized the MG region with transmitter
and receiver cooperation when part of the messages are subject to stringent delay constraints. For the
setup with only transmitter or only receiver cooperation we observed the following. Increasing the MG
of delay-sensitive messages by A requires decreasing the MG of delay-tolerant messages approximately
by 2A. This penalty does not arise when both transmitters and receivers can cooperate. More precisely,
for small cooperation prelogs, when delay-sensitive messages have moderate or small MGs, then the
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sum-MG is not decreased compared to when only delay-tolerant messages are transmitted. For large
cooperation prelogs, this conclusion even holds when delay-sensitive messages have large MGs.

An interesting line of future work concerns extending the existing results to two-dimensional cellular
models (i.e., to models where transmitters and receivers are not aligned on a grid). First results on the
hexagonal Wyner model [18] indicate that similar conclusions hold as for Wyner’s soft-handoff model
investigated in this talk. Another interesting line of future work studies the impact of channel state
information (CSI) at the transmitter as in Reference [19] but for the considered model with mixed-delay
constraints. In particular a model where CSI is present for en/decoding delay-tolerant messages but not
for en/decoding of delay-sensitive messages is a natural extension of the presented setup.
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Appendix A. Proof of the Converse to (15)

For convenience of notation, define for any k € {1,...,K}:
F S
M 2 (M), M), (A1)

For each power P > 0, fix a sequence (in the blocklength #) of encoding and decoding functions
respecting the power constraints and the Rx-cooperation rate-limitations (recall that we consider a
setup with only Rx-cooperation but no Tx-cooperation) such that the error probability p(error) — 0 as
the blocklength nn — oco.

By Fano’s Inequality there exists a sequence €, satisfying <¢ — 0 as n — co such that for any
k € [1: K — 1] and each blocklength n:

R+ RO 4+ R
1

=~ [HM) + HME) + HmM)] (A2)

+HH(M My, My, M, My, Mi) + H(ME, (M, M) | (A3)

1 r S F
< E{I(M,E LYEM_) + TMS Y, Y My, My, M), My, M)
S €
+I(M£+)1'Yk+1|Mk 1,M;£+)1)} + ;n (A4)

01
@ E[I(M]EF);YZ\Mk_l)+I(M( LYY My, M5, M)
LM, Y M, M) | + (A5)
1
= ;[ (M(F) M;E Y[ My 1)+I(M;£ )?er<l+1|yl}er;(<F)er—1er+1)

M, Y M, M) | + (A6)

IN

1
~ [ 1(HGX] + Z) = (Z]) + W1 XE + Z] [ HiXE + Z])

€n

S)
“I(Z ) + PG ML) = h(Heen XE + ZE )] + (A7)
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(0 L1 2 L N2
< Lylos(1+ (}DHWH@ )P+ (]§|Hk,k+1<z,]>|) P)
1
flogdet (IL+Hkk+1Hkk Hk’k_TH,ij_H) (A8)

+§logdet( HC T—|—Hkk+1H,:,kT+1)—i—logdet(Hk,k)—l-f

where || denotes the L-by-L identity matrix and Hy1x41(i,j) and Hix11(7,j) denote the elements
of matrices Hyq 41 and Hyyyq in row i and column j. Here, (a) follows because given source
messages My_; and M4, the triple (M, Y{, Y] ) is independent of the rest of the outputs
Y{, ., Yi_1,Y{ ..., Y and source messages My, ..., My_o, M4, ..., Mx; (b) follows by the chain
rule of mutual information and because My is independent of the tuple (My_1, My, Y}}); and (c) is
obtained by rearranging terms, and the following bounds (A12), (A15) and (A24).

We first bound the term h(Y7 4 |M]£i)1) and start by noting that because conditioning can only

reduce entropy and by the entropy-maximizing property of the Gaussian distribution:

h(Yy, M)

ki) ((27te)Var (Yy11,4(i))), (A9)

N\'—‘

i (Yp1,(2) ii

i=1t

] Mr—

where Y1 (i) denotes the i-th entry of the vector Yy ;. Recall that in this setup without Tx-cooperation
the input vectors X}’ and X}/ ; are independent. However the elements of each input vector can be
arbitrarily correlated. The variance Var(Yy1,(i)) is maximized if the elements of X1, are fully
correlated and thus :

2
Var(Yjy1,(i)) <1+ (Z IHi k1 (i, j |\/ Pri(j ) (Z IHkr 110 7)] Pk+1t(])) ’ (A10)

where Py ;(j) and Py (j) denote the variances of the j-th elements of input vectors X}, and X}, ; ;.
In the following we relax the power constraint (7) by requiring only that the power of the n channel
inputs produced by any given Tx-antenna cannot exceed nP:

Zpkt y<nP, ke{l,...,K}andje{1,...,L}. (A11)

Since the right-hand side of (A10) is monotonically increasing and jointly concave in the powers
{Pr+(j)} and {Py11+(j)}, the upper bound on Var(Yj1(i)) is largest when Py ;(j) = Px;1+(j) = P.
Moreover since also the function x — log(1 + x) is monotonically increasing, we conclude:

2 2
L1 L . L .
h(YZ+1|M,£i)1) <n), Elog(Zﬂe) (1+ <2 |Hk,k+1(1/])|) P+ <2 |Hk+1,k+1(1/])|) P) - (A12)
i=1

= j=1

We next bound the term

1 1 _
Eh(Hk,k—HXZ +Zp o Hek XE +Z) = Eh(ZZ—H —HegriHer " ZPHekXE + ZF)  (A13)
1 _
< MZ — HikaHee ' Z5) (A14)

1 1y -
- Elogdet(IL—i-Hk,kHHk,k e TH ), (A15)

where recall that I| denotes the L-by-L identity matrix.
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For the last bound, define
T 2 —Hip1Ziys- (Al6)

Then:

1 1
;h(Hk,kXZ +Zy) — Eh(Hk,k+1XIZI +Zkq)

=

det(Hk,k) ) (A17)

1 1
X Hggn Zia + T — (X + Hiy ZEg) o log (m

) 1 1 det(Hyx)

< H n H n %

< nh(Xk + kk+lzk+1 + Tk) }’lh(Xk + kk+le+1|Tk) + log (7det(Hk’k+1>) (A18)
1 det(Hkk)

= ZI(X?+H_ T, T I _— Al
n ( k + kk+1 +1 + k’ k) +log (det(Hk,k—l-l)) ( 9)

© 1 det(Hy k)

< 1 n.,n n ,

s IHpaZi + T Tel Xi) +log (7det(Hk,k+1)) (A20)

&) 1 1 n.qn det(Hkk)

= H ' .Z" T, T 1 _— A21
. I(Hp 1 Zia + Ty Tg) + log (det(Hk,k+1)) (A21)

m 1 1 det(Hy )

= Zh(TH —h(H ., .Z 1 _ A22
o "T0) = h e Zia) + Og(de‘f(Hk,k+1)> (a22)

-

_ log det (HiiHpl +Hi Hl) o ( det(Hyx) ) (A23)
2 det(Hk;HHkkTH) det(He k1)

= élogdet( ctHer FHObHG ) +logdet(Hg), (A24)

where (e) holds by the definition of T} and because 1(AX) = log det(A) + h(X) for any matrix A and
vector X; (f) holds because conditioning can only reduce entropy; (inequalities) (g) hold again because
conditioning can only reduce entropy and by the independence of T} and X}; and (h) holds because
by the independence of the noise vectors we have 1(T}|H, k+1ZZ+l +T}) = h(—H, k+1zk Hy. ,}Z”) =
h(Hy, I}+1 P)-

Following similar steps as the ones leading to (A12), one can also prove that

| —

€n

R < —am v mi®) + (A25)
L1 L 2 .
< Zilog 1+<Z|H1,1(i/j)> P +;n/ (A26)
i=1 j=1
and
1
RO +RE < ~a(M, M v My ) + (A27)
L 1 L 2 c
< Yglog 1+ X Hek(fl | P +-5 (A28)
i=1 j=1

where Hy1(7,j) and Hg (i, j) denote row-i, column-j elements of the matrices Hy ; and Hg k.

We sum up the bound in (A9) for all values of k € {1,...,K — 1}, and combine it with (A26) and
(A28). Taking n — oo, it follows that because the probability of error p(error) vanishes as n — oo (and
thus ¢ — 0as n — oo):
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f (2R + R(Y)

K-1
- rRP4 kzl (RO + R + R ) + RE + R (A29)

L

T raes(is (i;mm,m (i) P+ (1 IHeen()1) P)
£

k=1 Li=1 j=1

IN

1 _ _ 1 1y _ _
+§ log det (IL + Hp g1 Hick 1Hk,k THlekH) + 5 log det (Hk/]: Hk/,;r + Hk,l%ﬂHk,lLl) + log det(Hy )

L L 2 L L 2
+;%10g (1+ (2 |H1,1(i,j)|> P) +;%log (1+ <2 HK,K(i,j)|> P) : (A30)

j=1 j=1
Dividing by K and 3 log(P) and taking P, K — oo, establishes the converse bound (15).

Appendix B. Proof of Converse to (21)

Fix a sequence (in the blocklength ) of encoding and decoding functions respecting the power
constraints and the Tx-cooperation rate-limitations (recall that we consider a setup with only Tx-cooperation
but no Rx-cooperation) such that the error probability p(error) — 0 as the blocklength n — oo.

Let M(5) £ (Mis), ey M%S) ). By Fano’s Inequality there exists a sequence €, satisfying <= — 0 as
n — oo such that for any k € {1,..., K — 1} and any blocklength n:
(F) . R(S) (F)
R "+ Ry + Ry
1 F F S S S S €
_ ;{H(M,(( IME), M) + H(Mq M), M >,M,£+)2,...,M§<))} + <
1 F F S S S S €
< O vM), ME) 1M M M M, M| S
= [hHxp + ZEM) - h(zp)
s s S S €
(Y IMP, M, M, M) h(Hy X+ z'k1+1|M<5>)} +
@ &1 L . . )2
< Y 5og (14 (X (Hesnea )]+ Hesa (1)) P)
=2 j=1
1
+5 log det (HetHed +HipHedi) +logdet(Hig) + %” (A31)

where (a) follows by similar steps as lead to (A15) and (A24), but where one has to account for the fact
that due to the Tx-cooperation, the input vectors X}’ and X}, ; can be correlated.
Similarly to (A24) one can further prove that

L 1 L C a2 n
1= =
and
L 1 L o o 2
Rg) + R}f) < Zl 5108 (1 + ( 2(‘HK,K(L])| + |H1<—1,I<(1/])|)) P) + %n/ (A33)
1= 1=

where again one has to consider that because of the Tx-cooperation the various input vectors can
be correlated.

We now sum up the bound in (A31) for all values of k € {1,...,K — 1} and combine it with (A32)
and (A33). Taking n — oo, it follows that because the probability of error p(error) vanishes as n — co
(and thus €= — 0 as n — oo):
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k=1
K-1
- R4+ k; (R + RS + R ) +RE +RY) (A34)

IA
I

[gib (1+ (i (M1 06) + Fga 0,9))) P)

1
—|—§10gdet( 1H T+Hkk+1Hkk+1)+10gdet(Hkk):|
L 1 L N2 L e 1 . 2
+1;§10g (1+(];|H1,1(1,J)I) P)—i—i;ilog(l-ﬁ-(; IHik (i, /)] + [Hk-1,x (i, J)l)) )

Dividing by K and } log(P) and taking P, K — oo, establishes the converse bound (21).
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