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Abstract: In this work, first, we consider novel parameterized identities for the left and right part
of the (p, q)-analogue of Hermite–Hadamard inequality. Second, using these new parameterized
identities, we give new parameterized (p, q)-trapezoid and parameterized (p, q)-midpoint type
integral inequalities via η-quasiconvex function. By changing values of parameter µ ∈ [0, 1], some
new special cases from the main results are obtained and some known results are recaptured as
well. Finally, at the end, an application to special means is given as well. This new research has the
potential to establish new boundaries in comparative literature and some well-known implications.
From an application perspective, the proposed research on the η-quasiconvex function has interesting
results that illustrate the applicability and superiority of the results obtained.

Keywords: quantum calculus; post quantum calculus; parameterized (p, q)-estimates for midpoint
and trapezoidal type inequalities; η-quasiconvexity

1. Introduction

Quantum calculus, usually referred as q-calculus, is a numerical technique that ex-
amines calculus without limits. The genius who created the analytical q-calculus in the
eighteenth century was the great mathematician L. Euler, who integrated the parameter q
into Newton’s work of infinite series. Jackson [1] is credited with being the first to define
and study the q-integral in a systematic manner, back in the early twentieth century. The
fundamental goal of q-calculus is to find the q-analogues of mathematical objects recovered
by taking q → 1−. However, in order to keep up with the trends, it has experienced
remarkable expansion during the last few decades. The q-calculus has gained popularity in
recent years due to its versatility in subjects like mathematics and physics. In 2002, V. Kac
and P. Cheung [2] published a book in which they explained the main fundamental concept
of the q-calculus in a concise manner. In 2004, Gauchman [3] introduced the concept of
quantum-integral inequalities in the theory of quantum calculus as well as their appli-
cations and results in these fields of study. In 2012, Ernst [4] proposed a comprehensive
treatment of q-calculus which is great achievement in the field of mathematical inequalities.

In 2013, J. Tariboon and S. K. Ntouyas [5] published a study describing the essen-
tial features of innovative quantum-derivatives and quantum-integrals are proved over
[ε1, ε2] ⊂ R. First- and second-order impulsive q-differential equations were examined, as
well as initial value problems in these processes. Some of the inequalities to which these
definitions apply include Hermite–Hadamard inequalities, Fejér type inequalities, Simpson
type inequalities, Newton type inequalities, Ostrowski type inequalities, among others, for
more details see in [6–16] and the references cited therein.
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The post-quantum calculus, alternatively referred to as the (p, q)-calculus, is a gen-
eralization of the q-calculus on the interval (0, ∞). The (p, q)-calculus is made up of
two-parameter quantum calculus (p and q numbers) that are completely independent of
one another. R. Chakrabarti and R. A. Jagannathan [17] were the first to propose the (p, q)-
calculus, which was published in 1991. Later, M. Tunc and E. Göv [18] refined the new
(p, q)-derivative and (p, q)-integral of a arbitrary function on a finite interval in 2016. There
have been numerous other (p, q)-analogs of classical inequalities uncovered throughout
the years. For the case of p = 1, we get the q-calculus formula, and for the case of q→ 1−,
we get the classical formula. Kalsoom et al. [19] and Kunt et al. [20] showed that the left
side of the (p, q)-midpoint inequality can be proved using (p, q)-differentiable convex and
quasi-convex functions, and then developed some novel (p, q)-Hermite–Hadamard inequal-
ity. Utilizing an unique integral identity with (p, q)-differentiable functions, Latif et al. [21]
discovered some new forms of post-quantum trapezoid type inequalities that were previ-
ously unknown. Using (α, m)-convex mappings, Humaira et al. [22] established the idea
of (p, q)-estimates for distinct types of integral inequalities, for more details see in [23–28]
and the references cited therein.

As mathematical inequalities have several applications in both mathematics and
physics, they are crucial to the study of mathematics as well as other branches of mathematics.

LetH : I ⊆ R→ R be a convex function, if

H
(
πε1 + (1− π)ε2

)
≤ πH(ε1) + (1− π)H(ε2)

for all ε1, ε2 ∈ I and π ∈ [0, 1].
Convexity in relation to integral inequalities is an intriguing area of study. Many

inequalities arise as a direct result of the use of convex functions. One of the most impor-
tant results in convex analysis is the Hermite–Hadamard type inequality, which offers a
necessary and sufficient condition for a function to be convex. This classic Hermite and
Hadamard result is as follows.

IfH : I ⊆ R→ R be a convex function on the interval I with ε1 < ε2, then

H
(

ε1 + ε2

2

)
≤ 1

ε2 − ε1

ε2∫
ε1

H(π)dπ ≤ H(ε1) +H(ε2)

2
. (1)

Equation (1) was first introduced by C. Hermite [29] in 1893, and it was further researched
by J. Hadamard [30] the following year. Both inequalities hold in the inverted direction if
H is concave, which implies that it is. A large number of mathematicians have given close
attention to the Hermite–Hadamard inequality because of its high quality and consistency
in the field of mathematical inequality. There have been important advancements, revisions,
and ramifications in the Hermite–Hadamard uniqueness property as well as broader convex
function definitions. Dragomir et al. [31] proposed two inequalities for differentiable
mappings and applications to special means of real numbers and to trapezoidal formula.
Sarikaya et al. [32] established Hermite–Hadamard type inequality for convex function, for
more details see in [33–40] and the references cited therein.

Gordji et al. [41,42] have presented a new class of functions known as an η-quasiconvex
functions.

Definition 1. A functionH : I ⊂ R→ R is considered an η-quasiconvex functions with respect
to η : R×R→ R, if

H(πε1 + (1− π)ε2) ≤ max{H(ε2),H(ε2) + η(H(ε1),H(ε2))}

holds for all ε1, ε2 ∈ I and π ∈ [0, 1].

Inspired by the ongoing studies, we give the generalizations of the results proved
in [20,21] and we prove parameterized (p, q)-estimates of midpoint and trapezoidal type
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inequalities for η-quasiconvex functions using the concepts of ε1Dp,q-difference operator
and (p, q)ε1

-integral.
This paper is organized as follows. In Section 2, we provide a brief introduction of the

principles of q-calculus and (p, q)-calculus, as well as other related studies in this area. In
Section 3, we give some novel parameterized (p, q) estimates of trapezoidal and midpoint
type inequalities for eta-quasiconvex functions, as well as a comparison of the results
presented here with analogous results in the literature. We also present several applications
to special means in Section 4 to demonstrate our new methodology. The conclusion is
offered in Section 5 at the end of this work.

2. Preliminaries of q, (p, q)-Calculus and Some Inequalities

This section of the paper will discuss in detail the principles of q and (p, q) calculus,
as well as several significant q and (p, q) midpoint and q and (p, q) trapezoidal integral
inequalities. Throughout this work, we shall refer to the constants 0 < q < p ≤ 1.

The [n]q is said to be q-integers and is expressed as

[n]q = 1 + q + q2 + · · ·+ qn−1 =
1− qn

1− q
(2)

for n ∈ N and [n]q = n for n = 1.
The q-factorial and for 0 ≤ k ≤ n, the q-binomial are defined as follows:

[n]q! =
n

∏
m=1

[m]q, n ≥ 1, [0]q! = 1,[
n
k

]
q
! =

[n]q!

[n− k]q![k]q!
.

During a period in the early twentieth century, Jackson made substantial changes to the
classical notion of a derivative of a function, enabling a more straightforward study of
fundamental calculus and number theory in this examination. The development of q-
analogues of some of the most significant discoveries made in these fields is attributed to
Jackson, who is also credited with the publication of certain seminal papers in the field,
such as [1]

DqH(ε) =
H(ε)−H(qε)

(1− q)ε
, ε 6= 0. (3)

The classic Jackson integral of a real functionH is defined by the following series expansion:

ε2∫
0

H(ε)dqε = (1− q)ε2

∞

∑
n=0

qnH(ε2qn) (4)

provided the sum converge absolutely.
The q-Jackson integral in a generic interval [ε1, ε2] is defined as follows:

ε2∫
ε1

H(ε)dqε =

ε2∫
0

H(ε)dqε−
ε1∫

0

H(ε)dqε.

The q-analogues of these number theory, deduction, and ordinary integration conclusions
are polynomial expressions in a real variable q that are reduced to the classical ideas when
q approaches to 1.
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Definition 2. [5] Suppose that a functionH : [ε1, ε2]→ R is continuous. Then, the qε1 -derivative
ofH at ε is defined as follows:

ε1DqH(ε) =
H(ε)−H(qε + (1− q)ε1)

(1− q)(ε− ε1)
, ε 6= ε1. (5)

As H is a continuous function from [ε1, ε2] to R, so for ε = ε1, we define ε1DqH(ε1) =
lim

ε→ε1
DqH(ε), if ε1DqH(ε) exists for all ε ∈ [ε1, ε2], then the functionH is called qε1 -differentiable

on [ε1, ε2].

Remark 1. It is important to remember that, if ε1 = 0 in (5), we get the equivalent q-derivative
defined in (3).

Lemma 1. [5] Let α ∈ R, we have

ε1Dq(x− ε1)
α =

(
1− qα

1− q

)
(x− ε1)

α−1.

Definition 3. [5] Suppose that a function H : [ε1, ε2] → R is continuous, then the qε1-definite
integral ofH at [ε1, ε2] is defined as follows:

x∫
ε1

H(ε)ε1
dqε = (1− q)(x− ε1)

∞

∑
n=0

qnH(qnx + (1− qn)ε1), x ∈ [ε1, ε2]. (6)

The following results hold about definite qε1 -integrals.

Theorem 1. [5] LetH : I → R be a continuous function. Then,

1. ε1Dq

∫ x

ε1

H(π) ε1 dqπ = H(x);

2.
∫ x

ε3
ε1DqH(π) ε1 dqπ = H(x)−H(ε3), ε3 ∈ (ε1, x).

Theorem 2. [5] Suppose thatH,G : I → R are continuous functions, α ∈ R. Then, for x ∈ I ,

1.
∫ x

ε1

[H(π) + G(π)] ε1 dqπ =
∫ x

ε1

H(t)ε1
dqπ +

∫ x

ε1

G(π) ε1 dqπ;

2.
∫ x

ε1

αH(π) ε1 dqπ = α
∫ x

ε1

H(π) ε1 dqπ;

3.
∫ x

ε3

H(π) ε1DqG(π) ε1 dqπ = H(π)G(π)|xε3
−
∫ x

ε3

G(qπ + (1− q)ε1)ε1
DqH(π) ε1 dqπ,

ε3 ∈ (ε1, x).

The qε1-Hermite–Hadamard inequalities for convexity were discovered by Alp and
colleagues in [14], and they are defined as follows:

Theorem 3. Let H : [ε1, ε2] → R be a convex differentiable function on (ε1, ε2). Then, the
following are the qε1 -Hermite–Hadamard integral inequalities:

H
(

qε1 + ε2

[2]q

)
≤ 1

ε2 − ε1

ε2∫
ε1

H(ε)ε1
dqε ≤ qH(ε1) +H(ε2)

[2]q
. (7)

Lemma 2. [5] For α ∈ R\{−1}, the following formula holds:∫ x

ε1

(π − ε1)
α

ε1 dqπ =

(
1− q

1− qα+1

)
(x− ε1)

α+1.
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Remark 2. If we take ε1 = 0 in (6), we obtain the classicalq-integral defined in (4).

3. (p, q)-Derivatives and Integrals

The post-quantum calculus, alternatively referred to as the (p, q)-calculus is the gener-
alization of q-calculus. In this section, we review some fundamental notions and notations
of (p, q)-calculus.

The [n]p,q is said to be (p, q)-integers and is expressed as

[n]p,q =
pn − qn

p− q
.

The (p, q)-factorial and for 0 ≤ k ≤ n, the (p, q)-binomial are defined as follows:

[n]p,q! =
n

∏
m=1

[m]p,q, n ≥ 1, [0]p,q! = 1,[
n
k

]
p,q

! =
[n]p,q!

[n− k]p,q![k]p,q!
.

Definition 4. [24] Suppose that a functionH : [ε1, ε2]→ R, then (p, q)-derivative is defined as

Dp,qH(ε) =
H(pε)−H(qε)

(p− q)ε
, ε 6= 0. (8)

Definition 5. [18] IfH : [ε1, ε2]→ R is a continuous function then the (p, q)-derivative ofH at
ε ∈ [ε1, ε2] is defined as

ε1Dp,qH(ε) =
H(pε + (1− p)ε1)−H(qε + (1− q)ε1)

(p− q)(ε− ε1)
, ε 6= ε1. (9)

As H is a continuous function from [ε1, ε2] to R, so for ε = ε1, we define ε1Dp,qH(ε1) =
lim

ε→ε1
Dp,qH(ε), if ε1Dp,qH(ε) exists for all ε ∈ [ε1, ε2], then the function H is called (p, q)ε1-

differentiable on [ε1, ε2].

The following result is very important to evaluate (p, q)ε2 -derivative at ε ∈ [ε1, ε2].

Remark 3. It is important to remember that, if ε1 = 0 in (9), we get the equivalent (p, q)-derivative
defined in (8).

Definition 6. [18] Suppose that a function H : [ε1, ε2] → R is continuous, then the (p, q)ε1-
definite integral ofH at [ε1, ε2] is defined as follows:∫ x

ε1

H(ε) ε1 dp,qε = (p− q)(x− ε1)
∞

∑
n=0

qn

pn+1H
(

qn

pn+1 x +

(
1− qn

pn+1

)
ε1

)
, x ∈ [ε1, ε2]. (10)

The following (p, q)ε1 result was proven by Kunt and colleagues in [20]. Inequalities of
the kind Hermite–Hadamard for convex functions obtained by using the (p, q)ε1 -integral:

Theorem 4. For a convex mappingH : [ε1, ε2]→ R which is differentiable on (ε1, ε2), then the
essential inequalities are given below:

H
(

qε1 + pε2

[2]p,q

)
≤ 1

p(ε2 − ε1)

∫ pε2+(1−p)ε1

ε1

H(x) ε1 dp,qx ≤ qH(ε1) + pH(ε2)

[2]p,q
. (11)
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Remark 4. If we take ε1 = 0 and x = ε2 = 1 in (10), then we have

∫ 1

0
H(ε) dp,qε = (p− q)

∞

∑
n=0

qn

pn+1H
(

qn

pn+1

)
.

Lemma 3. [26] The following equality is very import to prove (p, q)ε1 -integral:

∫ ε2

ε1

(x− ε1)
α

ε1 dp,qx =
(ε2 − ε1)

α+1

[α + 1]p,q
,

where α ∈ R\{−1}.

4. Auxiliary Results

In order to obtain parameterized (p, q)-trapezoid and parameterized (p, q)-midpoint
type integral inequalities through η-quasiconvex functions, we need following lemmas
which we present in this section.

Lemma 4. LetH : [ε1, ε2]→ R be a (p, q)-differentiable function on (ε1, ε2) such that ε1Dp,qH
is (p, q)-integrable on [ε1, ε2], then

pµH(ε2) + (1− pµ)H(ε1)−
1

p(ε2 − ε1)

∫ pε2+(1−p)ε1

ε1

H(x) ε1dp,qx

= (ε2 − ε1)
∫ 1

0
(qλ + pµ− 1) ε1Dp,qH(λε2 + (1− λ)ε1) dp,qλ

for all λ, µ ∈ [0, 1].

Proof. Consider

(ε2 − ε1)
∫ 1

0
(qλ + pµ− 1) ε1Dp,qH(λε2 + (1− λ)ε1) dp,qλ (12)

Applying Definitions 5 and 6, we have

∫ 1

0
λ ε1Dp,qH(λε2 + (1− λ)ε1) dp,qλ

=
∫ 1

0

H(pλε2 + (1− pλ)ε1)−H(qλε2 + (1− qλ)ε1)

(p− q)(ε2 − ε1)
dp,qλ

=
1

ε2 − ε1

[
∞

∑
n=0

qn

pn+1H
(

qn

pn ε2 +

(
1− qn

pn

)
ε1

)
−

∞

∑
n=0

qn

pn+1H
(

qn+1

pn+1 ε2 +

(
1− qn+1

pn+1

)
ε1

)]

=
1

ε2 − ε1

[
1
p

∞

∑
n=0

qn

pnH
(

qn

pn ε2 +

(
1− qn

pn

)
ε1

)
−1

q

∞

∑
n=1

qn

pnH
(

qn

pn ε2 +

(
1− qn

pn

)
ε1

)]

=
1

ε2 − ε1

[
1
q
H(ε2)−

(
1
q
− 1

p

) ∞

∑
n=0

qn

pnH
(

qn

pn ε2 +

(
1− qn

pn

)
ε1

)]

=
1

q(ε2 − ε1)
H(ε2)−

1
pq(ε2 − ε1)2

∫ pε2+(1−p)ε1

ε1

H(x) ε1 dp,qx (13)
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and ∫ 1

0
ε1Dp,qH(λε2 + (1− λ)ε1) dp,qλ

=
∫ 1

0

H(pλε2 + (1− pλ)ε1)−H(qλε2 + (1− qλ)ε1)

λ(p− q)(ε2 − ε1)
dp,qλ

=
1

ε2 − ε1

[
∞

∑
n=0
H
(

qn

pn ε2 +

(
1− qn

pn

)
ε1

)
−

∞

∑
n=0
H
(

qn+1

pn+1 ε2 +

(
1− qn+1

pn+1

)
ε1

)]

=
H(ε2)−H(ε1)

ε2 − ε1
. (14)

Substituting (13) and (14) into (12), we obtain the desired result.

Lemma 5. LetH : [ε1, ε2]→ R be a (p, q)-differentiable function on (ε1, ε2) such that ε1Dp,qH
is a (p, q)-integrable on [ε1, ε2], then

H(pµε2 + (1− pµ)ε1)−
1

p(ε2 − ε1)

∫ pε2+(1−p)ε1

ε1

H(x) ε1 dp,qx

= (ε2 − ε1)

[∫ pµ

0
qλ ε1Dp,qH(λε2 + (1− λ)ε1) dp,qλ +

∫ 1

pµ
(qλ− 1)ε1Dp,qH(λε2 + (1− λ)ε1) dp,qλ

]
(15)

for all λ, µ ∈ [0, 1].

Proof. We are taking right part of equality (15),

(ε2 − ε1)

[∫ pµ

0
qλ ε1Dp,qH(λε2 + (1− λ)ε1) dp,qλ +

∫ 1

pµ
(qλ− 1) ε1Dp,qH(λε2 + (1− λ)ε1) dp,qλ

]
.

In this case, we are simplifying our integral by applying the identical transformation and
get our required integral

= (ε2 − ε1)

[∫ 1

0
(qλ− 1) ε1Dp,qH(λε2 + (1− λ)ε1) dp,qλ +

∫ pµ

0
ε1Dp,qH(λε2 + (1− λ)ε1) dp,qλ

]
. (16)

Applying Definitions 5 and 6, we have

∫ 1

0
λε1Dp,qH(λε2 + (1− λ)ε1) dp,qλ =

1
q(ε2 − ε1)

H(ε2)−
1

pq(ε2 − ε1)2

∫ pε2+(1−p)ε1

ε1

H(x) ε1 dp,qx (17)

∫ 1

0
ε1Dp,qH(λε2 + (1− λ)ε1) dp,qλ =

H(ε2)−H(ε1)

ε2 − ε1
, (18)

and
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∫ pµ

0
ε1Dp,qH(λε2 + (1− λ)ε1) dp,qλ =

∫ pµ

0

H(pλε2 + (1− pλ)ε1)−H(qλε2 + (1− qλ)ε1)

λ(p− q)(ε2 − ε1)
dp,qλ

=
1

ε2 − ε1

[
∞

∑
n=0
H
(

qn

pn pµε2 +

(
1− qn

pn pµ

)
ε1

)

−
∞

∑
n=0
H
(

qn+1

pn+1 pµε2 +

(
1− qn+1

pn+1 pµ

)
ε1

)]

=
H(pµε2 + (1− pµ)ε1)−H(ε1)

ε2 − ε1
. (19)

Substituting (17)–(19) into (16), we obtain the desired result.

5. Main Results

Theorem 5. LetH : [ε1, ε2]→ R be a (p, q)-differentiable function on (ε1, ε2) and ε1Dp,qH be a
(p, q)-integrable on [ε1, ε2] and 0 ≤ ε1 < ε2 < ∞. If

∣∣
ε1Dp,qH

∣∣σ is an η-quasiconvex function on
[ε1, ε2] for σ ≥ 1. Then, the following inequality holds for all µ ∈ [0, 1]∣∣∣∣pµH(ε2) + (1− pµ)H(ε1)−

1
p(ε2 − ε1)

∫ pε2+(1−p)ε1

ε1

H(x) ε1 dp,qx
∣∣∣∣

≤ (ε2 − ε1)L(µ; p, q)
(
Pε2

ε1

(
|ε1Dp,qH|σ; η

)) 1
σ (20)

where

L(µ; p, q) =


(p− pµ)[2]p,q − qp2

[2]p,q
, for 0 ≤ pµ ≤ 1− q;

2(1− pµ)2([2]p,q − 1) + p2q2 − pq(1− pµ)[2]p,q

q[2]p,q
, for 1− q < pµ ≤ 1.

Proof. The η-quasiconvexity of
∣∣
ε1Dp,qH

∣∣σ on [ε1, ε2] such that for all λ ∈ [0, 1], then(
Pε2

ε1

(
|ε1Dp,qH|σ; η

))
=:
∣∣
ε1Dp,qH(λε2 + (1− λ)ε1)

∣∣σ
≤ max

{∣∣
ε1Dp,qH(ε1)

∣∣σ,
∣∣
ε1Dp,qH(ε1)

∣∣σ + η
(∣∣

ε1Dp,qH(ε2)
∣∣σ,
∣∣
ε1Dp,qH(ε1)

∣∣σ)}.

From Lemma 4, utilizing the property of the modulus with Hölder’s inequality and using
definition of η-quasiconvexity of |ε1Dp,qH|σ, we have

∣∣∣∣pµH(ε2) + (1− pµ)H(ε1)−
1

p(ε2 − ε1)

∫ pε2+(1−p)ε1

ε1

H(x) ε1 dp,qx
∣∣∣∣

≤ (ε2 − ε1)
∫ 1

0
|qλ + pµ− 1|

∣∣
ε1Dp,qH(λε2 + (1− λ)ε1)

∣∣ dp,qλ

= (ε2 − ε1)
∫ 1

0
|qλ + pµ− 1|

σ−1
σ |qλ + pµ− 1|

1
σ
∣∣
ε1Dp,qH(λε2 + (1− λ)ε1)

∣∣ dp,qλ

≤ (ε2 − ε1)

(∫ 1

0
|qλ + pµ− 1| dp,qλ

) σ−1
σ
(∫ 1

0
|qλ + pµ− 1|

∣∣
ε1Dp,qH(λε2 + (1− λ)ε1)

∣∣σ dp,qλ

) 1
σ

≤ (ε2 − ε1)

(∫ 1

0
|qλ + pµ− 1| dp,qλ

) σ−1
σ
(∫ 1

0
|qλ + pµ− 1| dp,qλ

) 1
σ (
Pε2

ε1

(
|ε1Dp,qH|σ; η

)) 1
σ

= (ε2 − ε1)
∫ 1

0
|qλ + pµ− 1| dp,qλ

(
Pε2

ε1

(
|ε1Dp,qH|σ; η

)) 1
σ .
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Now,

L(µ; p, q) =
∫ 1

0
|qλ + pµ− 1| dp,qλ

=


(p− pµ)[2]p,q − qp2

[2]p,q
, for 0 ≤ pµ ≤ 1− q;

2(1− pµ)2([2]p,q − 1) + p2q2 − pq(1− pµ)[2]p,q

q[2]p,q
, for 1− q < pµ ≤ 1.

This complete the proof.

Corollary 1. Under the conditions of Theorem 5, the following inequality holds:

∣∣∣∣pµH(ε2) + (1− pµ)H(ε1)−
1

p(ε2 − ε1)

∫ pε2+(1−p)ε1

ε1

H(x) ε1 dp,qx
∣∣∣∣

≤ (ε2 − ε1)L(µ; p, q)
[
max

{
|ε1Dp,qH(ε1)|σ, |ε1Dp,qH(ε2)|σ

}] 1
σ , (21)

where

L(µ; p, q) =


(p− pµ)[2]p,q − qp2

[2]p,q
, for 0 ≤ pµ ≤ 1− q;

2(1− pµ)2([2]p,q − 1) + p2q2 − pq(1− pµ)[2]p,q

q[2]p,q
, for 1− q < pµ ≤ 1.

Remark 5. If p = 1, then (20) is reduced to the following:∣∣∣∣µH(ε2) + (1− µ)H(ε1)−
1

ε2 − ε1

∫ ε2

ε1

H(x) ε1 dqx
∣∣∣∣ ≤ (ε2 − ε1)L(µ; 1, q)

(
Pε2

ε1

(
|ε1DqH|σ; η

)) 1
σ ,

where

L(µ; 1, q) =


(1− µ)[2]q − q

[2]q
, for 0 ≤ µ ≤ 1− q;

2µ2 + µ(q− 3) + 1
[2]q

, for 1− q < µ ≤ 1,

which appeared in [15].

Remark 6. If µ = 1
[2]p,q

and η(ε2, ε1) = ε2 − ε1 in (20), then Theorem 5 reduces to Theorem 5
proved in [21].

Remark 7. If η(ε2, ε1) = ε2 − ε1 and µ = 1
2 for p = 1 and q → 1− in (20), then Theorem 5

reduces to Theorem 6 proved in [35].

Theorem 6. LetH : [ε1, ε2]→ R be a (p, q)-differentiable function on (ε1, ε2) and ε1Dp,qH be a
(p, q)-integrable on [ε1, ε2] and 0 ≤ ε1 < ε2 < ∞. If

∣∣
ε1Dp,qH

∣∣σ2 is an η-quasiconvex function
on [ε1, ε2] for σ2 > 1 with 1

σ2
+ 1

σ1
= 1, then the following inequality holds for all µ ∈ [0, 1]:∣∣∣∣pµH(ε2) + (1− pµ)H(ε1)−

1
p(ε2 − ε1)

∫ pε2+(1−p)ε1

ε1

H(x) ε1 dp,qx
∣∣∣∣

≤ (ε2 − ε1)
[
Fσ1

q (pµ, λ)
] 1

σ1
(
Pε2

ε1

(
|ε1Dp,qH|σ2 ; η

)) 1
σ2 , (22)
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where

Fσ1
q (pµ, λ) =



(p− q)
∞

∑
n=0

qn

pn+1

(
1− pµ− qn+1

pn+1

)σ1

, for 0 ≤ pµ ≤ 1− q;

(p− q)(1− pµ)σ1+1
∞

∑
n=0

qn−1

pn+1

(
1− qn

pn+1

)σ1

+(p− q)
∞

∑
n=0

qn

pn+1

(
qn+1

pn+1 − 1 + pµ

)σ1

−(p− q)(1− pµ)σ1+1
∞

∑
n=0

qn−1

pn+1

(
qn

pn+1 − 1
)σ1

, for 1− q < pµ ≤ 1.

Proof. From Lemma 4, utilizing the property of the modulus with Hölder’s inequality and
using definition of η-quasiconvexity of |ε1Dp,qH|σ2 and λ ∈ [0, 1], we have∣∣∣∣pµH(ε2) + (1− pµ)H(ε1)−

1
p(ε2 − ε1)

∫ pε2+(1−p)ε1

ε1

H(x) ε1 dp,qx
∣∣∣∣

≤ (ε2 − ε1)

[∫ 1

0
|qλ + pµ− 1|

∣∣
ε1Dp,qH(λε2 + (1− λ)ε1)

∣∣ dp,qλ

]

≤ (ε2 − ε1)

[(∫ 1

0
|qλ + pµ− 1|σ1 dp,qλ

) 1
σ1
(∫ 1

0

∣∣
ε1Dp,qH(λε2 + (1− λ)ε1)

∣∣σ2 dp,qλ

) 1
σ2

]

≤ (ε2 − ε1)

[(∫ 1

0
|qλ + pµ− 1|σ1 dp,qλ

) 1
σ1 (

Pε2
ε1

(
|ε1Dp,qH|σ2 ; η

)) 1
σ2

]
.

Now,

Fσ1
q (pµ, λ) =

∫ 1

0
|qλ + pµ− 1|σ1 dp,qλ

=



(p− q)
∞

∑
n=0

qn

pn+1

(
1− pµ− qn+1

pn+1

)σ1

, for 0 ≤ pµ ≤ 1− q;

(p− q)(1− pµ)σ1+1
∞

∑
n=0

qn−1

pn+1

(
1− qn

pn+1

)σ1

+(p− q)
∞

∑
n=0

qn

pn+1

(
qn+1

pn+1 − 1 + pµ

)σ1

−(p− q)(1− pµ)σ1+1
∞

∑
n=0

qn−1

pn+1

(
qn

pn+1 − 1
)σ1

, for 1− q < pµ ≤ 1.

The proof is completed.

Corollary 2. Under the conditions of Theorem 6, the following inequalities are true:

(i) ∣∣∣∣pµH(ε2) + (1− pµ)H(ε1)−
1

p(ε2 − ε1)

∫ pε2+(1−p)ε1

ε1

H(x) ε1 dp,qx
∣∣∣∣

≤ (ε2 − ε1)
[
Fσ1

q (pµ, λ)
] 1

σ1
[
max

{
|ε1Dp,qH(ε1)|σ2 , |ε1Dp,qH(ε2)|σ2

}] 1
σ2 , (23)
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where

Fσ1
q (pµ, λ) =



(p− q)
∞

∑
n=0

qn

pn+1

(
1− pµ− qn+1

pn+1

)σ1

, for 0 ≤ pµ ≤ 1− q;

(p− q)(1− pµ)σ1+1
∞

∑
n=0

qn−1

pn+1

(
1− qn

pn+1

)σ1

+(p− q)
∞

∑
n=0

qn

pn+1

(
qn+1

pn+1 − 1 + pµ

)σ1

−(p− q)(1− pµ)σ1+1
∞

∑
n=0

qn−1

pn+1

(
qn

pn+1 − 1
)σ1

, for 1− q < pµ ≤ 1.

(ii) ∣∣∣∣ pH(ε2) + qH(ε1)

2
− 1

p(ε2 − ε1)

∫ pε2+(1−p)ε1

ε1

H(x) ε1 dp,qx
∣∣∣∣

≤ (ε2 − ε1)
[
Fσ1

q

( p
2

, λ
)] 1

σ1
[
max

{
|ε1Dp,qH(ε1)|σ2 , |ε1Dp,qH(ε2)|σ2

}] 1
σ2 . (24)

Remark 8. If η(ε2, ε1) = ε2 − ε1 in (22), then Theorem 6 reduces to Theorem 6 proved in [21].

Remark 9. If p = 1 in (22), then Theorem 6 reduces to Theorem 18 proved in [15].

Theorem 7. LetH : [ε1, ε2]→ R be a (p, q)-differentiable function on (ε1, ε2) and ε1Dp,qH be a
(p, q)-integrable on [ε1, ε2] and 0 ≤ ε1 < ε2 < ∞. If

∣∣
ε1Dp,qH

∣∣σ is an η-quasiconvex function on
[ε1, ε2] for σ ≥ 1. Then, the following inequality holds for all µ ∈ [0, 1]:

∣∣∣∣∣H(pµε2 + (1− pµ)ε1)−
1

p(ε2 − ε1)

∫ pε2+(1−p)ε1

ε1

H(x) ε1 dp,qx

∣∣∣∣∣
≤

(ε2 − ε1)
[
2qp2µ2 − q + (1− pµ)[2]p,q

]
[2]p,q

[
Pε2

ε1

(
|ε1Dp,qH|σ; η

)] 1
σ . (25)

Proof. From Lemma 5, utilizing the property of the modulus with Hölder’s inequality and
using definition of η-quasiconvexity of |ε1Dp,qH|σ and λ ∈ [0, 1], we have∣∣∣∣H(pµε2 + (1− pµ)ε1)−

1
p(ε2 − ε1)

∫ pε2+(1−p)ε1

ε1

H(x) ε1 dp,qx
∣∣∣∣

≤ (ε2 − ε1)

[∫ pµ

0
qλ
∣∣

ε1Dp,qH(λε2 + (1− λ)ε1)
∣∣ dp,qλ

+
∫ 1

pµ
|qλ− 1|

∣∣
ε1Dp,qH(λε2 + (1− λ)ε1)

∣∣ dp,qλ

]

≤ (ε2 − ε1)

[
q
(∫ pµ

0
λ dp,qλ

) σ−1
σ
(∫ pµ

0
λ
∣∣
ε1Dp,qH(λε2 + (1− λ)ε1)

∣∣σ dp,qλ

) 1
σ

+

(∫ 1

pµ
|qλ− 1| dp,qλ

) σ−1
σ
(∫ 1

pµ

∣∣∣qλ− 1 |
∣∣
ε1Dp,qH(λε2 + (1− λ)ε1)

∣∣σ dp,qλ
) 1

σ

]
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≤ (ε2 − ε1)

[
q
(∫ pµ

0
λ dp,qλ

) σ−1
σ
(∫ pµ

0
λ dp,qλ

) 1
σ

+

(∫ 1

pµ
|qλ− 1| dp,qλ

) σ−1
σ
(∫ 1

pµ
|qλ− 1| dp,qλ

) 1
σ

][
Pε2

ε1

(
|ε1Dp,qH|σ; η

)] 1
σ

= (ε2 − ε1)

[
q
∫ pµ

0
λ dp,qλ +

∫ 1

pµ
|qλ− 1| dp,qλ

][
Pε2

ε1

(
|ε1Dp,qH|σ; η

)] 1
σ . (26)

Now, using Definition 6, we get that

∫ pµ

0
λ dp,qλ =

p2µ2

[2]p,q
. (27)

Also, using fact that qλ < 1, we obtain that∫ 1

pµ
|qλ− 1| dp,qλ =

∫ 1

pµ
(1− qλ) dp,qλ

=
∫ 1

0
(1− qλ) dp,qλ−

∫ pµ

0
(1− qλ) dp,qλ

=
∫ 1

0
1 dp,qλ− q

∫ 1

0
λ dp,qλ−

∫ pµ

0
1 dp,qλ + q

∫ pµ

0
λ dp,qλ

= 1− q
[2]p,q

− pµ +
qp2µ2 − q + (1− pµ)[2]p,q

[2]p,q
. (28)

We get the intended result by combining (26)–(28).

Remark 10. If we take p = 1 in Theorem 7, then we recovered Theorem 20, which is proved in [15].

Corollary 3. Under the conditions of Theorem 7, the following inequalities are true:

(i)∣∣∣∣H(ε1)−
1

p(ε2 − ε1)

∫ pε2+(1−p)ε1

ε1

H(x) ε1 dp,qx
∣∣∣∣ ≤ (ε2 − ε1)

(
[2]p,q − q

)
[2]p,q

[
Pε2

ε1

(
|ε1Dp,qH|σ; η

)] 1
σ . (29)

(ii)∣∣∣∣∣H(ε2 + (1− p)ε1)−
1

p(ε2 − ε1)

∫ pε2+(1−p)ε1

ε1

H(x) ε1 dp,qx

∣∣∣∣∣
≤

(ε2 − ε1)(2qp2 − q + (1− p)[2]p,q)

[2]p,q

[
Pε2

ε1

(
|ε1Dp,qH|σ; η

)] 1
σ . (30)

(iii)∣∣∣∣∣H
(

pε2 + (2− p)ε1

2

)
− 1

p(ε2 − ε1)

∫ pε2+(1−p)ε1

ε1

H(x) ε1 dp,qx

∣∣∣∣∣
≤

(ε2 − ε1)(qp2 − 2q + (2− p)[2]p,q)

2[2]p,q

[
Pε2

ε1

(
|ε1Dp,qH|σ; η

)] 1
σ . (31)
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(iv)∣∣∣∣∣H
(

pε2 + qε1

[2]p,q

)
− 1

p(ε2 − ε1)

∫ pε2+(1−p)ε1

ε1

H(x) ε1 dp,qx

∣∣∣∣∣ ≤ (ε2 − ε1)2qp2

[2]3p,q

[
Pε2

ε1

(
|ε1Dp,qH|σ; η

)] 1
σ . (32)

Remark 11. If η(ε2, ε1) = ε2 − ε1, then (32) reduces to∣∣∣∣∣H
(

pε2 + qε1

[2]p,q

)
− 1

p(ε2 − ε1)

∫ pε2+(1−p)ε1

ε1

H(x) ε1 dp,qx

∣∣∣∣∣
≤ (ε2 − ε1)2qp2

[2]3p,q

[
max

(
|ε1Dp,qH(ε1)|σ2 , |ε1Dp,qH(ε2)|σ2

)] 1
σ2 , (33)

which appeared in [20].

Theorem 8. LetH : [ε1, ε2]→ R be a (p, q)-differentiable function on (ε1, ε2) and ε1Dp,qH be a
(p, q)-integrable on [ε1, ε2] and 0 ≤ ε1 < ε2 < ∞. If

∣∣
ε1Dp,qH

∣∣σ2 is a η-quasiconvex function on
[ε1, ε2] for σ2 > 1 with 1

σ2
+ 1

σ1
= 1. Then the following inequality holds for all µ ∈ [0, 1]:

∣∣∣∣H(pµε2 + (1− pµ)ε1)−
1

p(ε2 − ε1)

∫ pε2+(1−p)ε1

ε1

H(x) ε1 dp,qx
∣∣∣∣

≤ (ε2 − ε1)

q
(
(pµ)σ1+1(p− q)

pσ1+1 − qσ1+1

) 1
σ1
(pµ)

1
σ2 +

(
Qp,q(pµ; σ1)

) 1
σ1 (1− pµ)

1
σ2

(Pε2
ε1

(
|ε1Dp,qH|σ2 ; η

)) 1
σ2 , (34)

where

Qp,q(pµ, σ1) =
∫ 1

pµ
|qλ− 1|σ1 dp,qλ.

Proof. From Lemma 5, utilizing the property of the modulus with Hölder’s inequality and
using definition of η-quasiconvexity of |ε1Dp,qH|σ2 and λ ∈ [0, 1], we have

∣∣∣∣H(pµε2 + (1− pµ)ε1)−
1

p(ε2 − ε1)

∫ pε2+(1−p)ε1

ε1

H(x) ε1 dp,qx
∣∣∣∣

≤ (ε2 − ε1)

[∫ pµ

0
qλ
∣∣

ε1Dp,qH(λε2 + (1− λ)ε1)
∣∣ dp,qλ +

∫ 1

pµ
|qλ− 1|

∣∣
ε1Dp,qH(λε2 + (1− λ)ε1)

∣∣ dp,qλ

]

≤ (ε2 − ε1)

[
q
(∫ pµ

0
λσ1 dp,qλ

) 1
σ1
(∫ pµ

0

∣∣
ε1Dp,qH(λε2 + (1− λ)ε1)

∣∣σ2 dp,qλ

) 1
σ2

+

(∫ 1

pµ
|qλ− 1|σ1 dp,qλ

) 1
σ1
(∫ 1

pµ

∣∣
ε1Dp,qH(λε2 + (1− λ)ε1)

∣∣σ2 dp,qλ
) 1

σ2

]

≤ (ε2 − ε1)

[
q
(∫ pµ

0
λσ1 dp,qλ

) 1
σ1
(
Pε2

ε1

(
|ε1Dp,qH|σ2 ; η

) ∫ pµ

0
1 dp,qλ

) 1
σ2

+

(∫ 1

pµ
|qλ− 1|σ1 dp,qλ

) 1
σ1
(
Pε2

ε1

(
|ε1Dp,qH|σ2 ; η

) ∫ 1

pµ
1 dp,qλ

) 1
σ2

]
. (35)
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From Definition 6, we deduce that∫ pµ

0
1 dp,qλ = pµ∫ 1

pµ
1 dp,qλ = 1− pµ.

∫ pµ

0
λσ1 dp,qλ =

(pµ)σ1+1(p− q)
pσ1+1 − qσ1+1

Q(pµ; σ1) =
∫ 1

pµ
|qλ− 1|σ1 dp,qλ.

Therefore, the proof is completed.

Corollary 4. Under the conditions of Theorem 8, the following inequalities are true:

(i)∣∣∣∣H(ε1)−
1

p(ε2 − ε1)

∫ pε2+(1−p)ε1

ε1

H(x) ε1 dp,qx
∣∣∣∣ ≤ (ε2 − ε1)(Q(0; σ1))

1
σ1
(
Pε2

ε1

(
|ε1Dp,qH|σ2 ; η

)) 1
σ2 . (36)

(ii)∣∣∣∣H(pε2 + (1− p)ε1)−
1

p(ε2 − ε1)

∫ pε2+(1−p)ε1

ε1

H(x) ε1 dp,qx
∣∣∣∣

≤ (ε2 − ε1)

q
(

pσ1+1(p− q)
pσ1+1 − qσ1+1

) 1
σ1

p
1

σ2 + (Q(p; σ1))
1

σ1 (1− p)
1

σ2

(Pε2
ε1

(
|ε1Dp,qH|σ2 ; η

)) 1
σ2 . (37)

(iii)∣∣∣∣H( pε2 + (1− p)ε1

2

)
− 1

p(ε2 − ε1)

∫ pε2+(1−p)ε1

ε1

H(x) ε1 dp,qx
∣∣∣∣

≤ (ε2 − ε1)

2
1

σ2

q
(

pσ1+1(p− q)
2σ1+1(pσ1+1 − qσ1+1)

) 1
σ1

p
1

σ2 +
(
Q
( p

2
; σ1

)) 1
σ1 (2− p)

1
σ2

(Pε2
ε1

(
|ε1Dp,qH|σ2 ; η

)) 1
σ2 . (38)

(iv)∣∣∣∣H( pε2 + qε1

[2]p,q

)
− 1

p(ε2 − ε1)

∫ pε2+(1−p)ε1

ε1

H(x) ε1 dp,qx
∣∣∣∣ ≤ (Pε2

ε1

(
|ε1Dp,qH|σ2 ; η

)) 1
σ2

× (ε2 − ε1)

[2]
1

σ2
p,q

q

(
pσ1+1(p− q)

[2]σ1+1
p,q (pσ1+1 − qσ1+1)

) 1
σ1

p
1

σ2 +

(
Q
(

p
[2]p,q

; σ1

)) 1
σ1 (

[2]p,q − p
) 1

σ2

. (39)

Remark 12. If η(ε2, ε1) = ε2 − ε1, then (39) reduces to

∣∣∣∣H( pε2 + qε1

[2]p,q

)
− 1

p(ε2 − ε1)

∫ pε2+(1−p)ε1

ε1

H(x) ε1 dp,qx
∣∣∣∣ ≤ [max

(
|ε1Dp,qH(ε1)|σ2 , |ε1Dp,qH(ε2)|σ2

)] 1
σ2

× (ε2 − ε1)

[2]
1

σ2
p,q

q

(
pσ1+1(p− q)

[2]σ1+1
p,q (pσ1+1 − qσ1+1)

) 1
σ1

p
1

σ2 +

(
Q
(

p
[2]p,q

; σ1

)) 1
σ1 (

[2]p,q − p
) 1

σ2

, (40)

which appeared in [20].
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6. Application to Special Means

The special means for positive real numbers would be used as follows:

1. Arithmetic mean

A(ε1, ε2) =
ε1 + ε2

2
.

2. Generalized logarithmic mean

Lk(ε1, ε2) =

(
εk+1

2 − εk+1
1

(k + 1)(ε2 − ε1)

) 1
k

, k ∈ R\{−1, 0}.

Proposition 1. Suppose that ε1, ε2 are two positive real numbers such that ε1 < ε2 and 0 < q <
p ≤ 1, then

∣∣∣∣∣ qε2
1 + pε2

2
[2]p,q

−
pε2

1
{

p[2]p,q + [3]p,q
[
[2]p,q − 2

]}
+ 2pε1ε2

[
[3]p,q − p[2]p,q

]
+ p2ε2

2[2]p,q

[2]p,q[3]p,q

∣∣∣∣∣
≤ (ε2 − ε1)2qp2

[2]3p,q
max

{
2ε1,

(
2− [2]p,q

)
ε1 + [2]p,qε2

}
. (41)

Proof. LetH(κ) = κ2. Then, we have

pε2+(1−p)ε1∫
ε1

κ2
ε1 dp,qκ =

∫ pε2+(1−p)ε1

ε1

(κ − ε1 + ε1)
2

ε1 dp,qκ

=
∫ pε2+(1−p)ε1

ε1

(κ − ε1)
2

ε1 dp,qκ + 2ε1

∫ pε2+(1−p)ε1

ε1

(κ − ε1) ε1 dp,qκ + ε2
1

∫ pε2+(1−p)ε1

ε1

1 ε1 dp,qκ

=
p3(ε2 − ε1)

3

[3]p,q
+ 2ε1

p2(ε2 − ε1)
2

[2]p,q
+ ε2

1 p(ε2 − ε1)

=
p(ε2 − ε1)

[
pε2

1
{

p[2]p,q + [3]p,q
[
[2]p,q − 2

]}
+ 2pε1ε2

[
[3]p,q − p[2]p,q

]
+ p2ε2

2[2]p,q
]

[2]p,q[3]p,q
.

Furthermore, for κ 6= ε1,

ε1Dp,qH(κ) = ε1Dp,qκ2 =
(pκ + (1− p)ε1)

2 − (qκ + (1− q)ε1)
2

(p− q)(κ − ε1)

=
[2]p,qκ2 + 2ε1κ

{
1− [2]p,q

}
+ ε2

1
{
[2]p,q − 2

}
(κ − ε1)

=
κ[2]p,q(κ − ε1)− ε1[2]p,q(κ − ε1) + 2ε1(κ − ε1)

(κ − ε1)

= [2]p,q(κ − ε1) + 2ε1. (42)

Therefore, using the Corollary 3 (iv) with σ = 1 and η(ε2, ε1) = ε2 − ε1, we have∣∣∣∣∣ qε2
1 + pε2

2
[2]p,q

−
pε2

1
{

p[2]p,q + [3]p,q
[
[2]p,q − 2

]}
+ 2pε1ε2

[
[3]p,q − p[2]p,q

]
+ p2ε2

2[2]p,q

[2]p,q[3]p,q

∣∣∣∣∣
≤ (ε2 − ε1)2qp2

[2]3p,q
max

(
|ε1Dp,qH(ε1)|, |ε1Dp,qH(ε2)|

)
,

we get the desired inequality (41).
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If we let q→ 1− and p = 1, we obtain∣∣∣A(ε2
1, ε2

2)−L2
2(ε1, ε2)

∣∣∣ ≤ ε2(ε2 − ε1)

2
.

Remark 13. Applying the same idea as in Proposition 1 using Theorems 5–8 and their cor-
responding corollaries, and taking suitable functions, for example, H(x) = xk, k > 1 and
x > 0;H(x) = 1

x , x > 0;H(x) = ex, x ∈ R, etc., we can obtain several new interesting
inequalities using special means. We omit their proofs and the details are left to the interested reader.

7. Conclusions

This research demonstrates some parameterized post quantum trapezoidal and mid-
point integral inequalities in terms of the η-quasiconvex based on a post quantum integral
identities with a parameter µ ∈ [0, 1]. By choosing different values of parameter µ, we can
extract several sub-results from our main results. Further research will focus on parameter-
ized modifications of the left and right parts of Hermite–Hadamard inequality and other
well-known mathematical inequalities via (p, q)-integrals.
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42. Jovanović, M. On strong quasiconvex functions and boundedness of level sets. Optimization 1989, 20, 163–165. [CrossRef]

http://dx.doi.org/10.3390/sym12020308
http://dx.doi.org/10.1016/j.jksus.2016.09.007
http://dx.doi.org/10.1186/s13662-019-2358-z
http://dx.doi.org/10.1186/s13662-020-02559-3
http://dx.doi.org/10.1088/0305-4470/24/13/002
http://dx.doi.org/10.1155/2021/5529650
http://dx.doi.org/10.1007/s13398-017-0402-y
http://dx.doi.org/10.3934/math.2020258
http://dx.doi.org/10.1515/math-2020-0114
http://dx.doi.org/10.1007/s10773-021-04739-7
http://dx.doi.org/10.3390/math7080683
http://dx.doi.org/10.3390/e23070828
http://www.ncbi.nlm.nih.gov/pubmed/34209714
http://dx.doi.org/10.3934/math.2020456
http://dx.doi.org/10.3390/e23101238
http://dx.doi.org/10.1016/S0893-9659(98)00086-X
http://dx.doi.org/10.5556/j.tkjm.41.2010.498
http://dx.doi.org/10.3390/sym12020222
http://dx.doi.org/10.3390/math7080727
http://dx.doi.org/10.3390/math7040309
http://dx.doi.org/10.7153/jmi-10-15
http://dx.doi.org/10.1080/02331938908843426

	Introduction
	Preliminaries of q, (p,q)-Calculus and Some Inequalities
	(p,q)-Derivatives and Integrals
	Auxiliary Results
	Main Results
	Application to Special Means
	Conclusions
	References

