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Abstract: We consider a quantum battery that is based on a two-level system coupled with a cavity
radiation by means of a two-photon interaction. Various figures of merit, such as stored energy,
average charging power, energy fluctuations, and extractable work are investigated, considering, as
possible initial conditions for the cavity, a Fock state, a coherent state, and a squeezed state. We show
that the first state leads to better performances for the battery. However, a coherent state with the
same average number of photons, even if it is affected by stronger fluctuations in the stored energy,
results in quite interesting performance, in particular since it allows for almost completely extracting
the stored energy as usable work at short enough times.

Keywords: quantum battery; two-photon Jaynes-Cummings model

1. Introduction

Quantum thermodynamics is a growing field of research that aims at extending
concepts, such as heat and work to the realm of quantum physics [1–9]. In this framework,
several conventional assumptions of classical thermodynamics should be reconsidered. In
particular, one needs to depart from the concept of thermodynamic equilibrium to properly
include quantum coherences or possible external drives acting on individual quantum
systems. In recent years, a very active branch of this new field of research focused on
the study of energy transfer and storage in quantum devices leading to the concept of
Quantum Battery (QB) [7,10,11].

Various strategies have been developed in order to exploit quantum features to out-
perform classical devices, in particular enhancing the charging power (the energy that is
stored in a given time interval) and the extractable work [10,12–22]. Theoretical propos-
als for possible actual implementations of QBs are often based on engineered two-level
systems (TLSs) such as trapped ions [23–25], superconducting qubits [26] or quantum
dot in semiconductors [27]. These platforms, which are usually exploited for qubit im-
plementations, can be used as QB and can be coupled to chargers of a different nature
able to coherently transfer energy into them. The proposed charging mechanisms range
from classical external drives [28–31] to a proper control of the interaction in an array of
TLSs [32–36].

In this respect, promising platforms are devices where a collection of TLSs is coupled
to a monochromatic cavity radiation in the same spirit of what has been realized in cavity
and circuit quantum electrodynamics [37,38]. Indeed, it has been shown that, for such kind
of QBs, an enhancement of the averaged charging power, which scales as

√
M, with M

being the total number of TLSs, can be achieved, due to the collective interaction among
the TLSs [39–42]. Interestingly, a similar scaling, compatible with theoretical predictions,
has been reported in a very recent experiment [43], demonstrating, for the first time, the
collective quantum advantage first discussed in Ref. [13].
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In addition, recent theoretical proposals have shown that it is possible to engineer, in
both trapped ions [44] and flux qubit systems [45], the suppression of the conventional
dipole coupling, linear in the quantum field radiation, in order to access the peculiar
phenomenologies, such as super-radiance and spectral collapse, which are associated to
the two-photon coupling (quadratic in the radiation field) [46–51]. These ideas have also
recently been considered in the context of QBs by some of us, showing that two-photon
coupling, once realized, can lead to an even greater (proportional to M instead of

√
M)

enhancement of the averaged charging power [52]. This analysis has been carried out
considering as initial state for the cavity radiation a Fock state where the number of photons
is exactly the double of the number of TLSs in such a way that, at resonance, all the radiation
energy is transferred to the QB (charging) and back (discharging). However, this form
for the initial state is quite ad hoc and not so easy to be implemented experimentally.
According to this, it is relevant to investigate also other possible initial states for the cavity
radiation, such as coherent states and squeezed states, which are easier to be realized from
an experimental point of view [37,53].

In the present paper, we address this aspect to achieve a full characterization of the
two-photon based charging mechanism. For the sake of clarity, we will consider the case
of a single TLS as the QB to be charged, avoiding other competing mechanisms that are
based on collective behaviour [28,33]. We will also adopt the so-called rotating-wave
approximation (RWA), in the same spirit of Ref. [54] for the single-photon case, which
allows for a simple analytical treatment. We will describe the charging of a QB investigating
different figures of merit. In particular, we will study the energy storage and associated
charging time. Moreover, we will consider the average charging power and the fluctuations
of the stored energy [29,52,55,56]. Finally, a discussion regarding the maximum extractable
work, namely the maximum fraction of the energy stored into the battery, which can be
actually extracted and used to further purposes, will be addressed. This quantity, which is
known in the literature as ergotropy [57], in general does not coincide with the total energy
that is stored in the QB due to quantum correlations [15,19,40]. This analysis has already
been carried out for a conventional single-photon coupling [40] identifying the Fock and
coherent state as the best choices for extracting almost all of the stored energy, but is still
lacking for a two-photon coupling.

All of these different aspects will be analyzed while taking various initial conditions
for the cavity states into account. In particular, we will consider a Fock state, a coherent
state, and a squeezed state with the same average number of photons as representative of
the more conventional quantum state for the cavity radiation. Our study confirms that a
properly designed Fock state is optimal for the functioning of the QB leading to maximal
stored energy, short charging time, and a good amount of extractable work. However,
interesting performances can also be found for a coherent state with the same averaged
number of photons. In particular, this state shows an important ratio between extractable
work and stored energy at short enough times. An opposite behaviour is observed for a
squeezed state whose performances are all around very poor. The present analysis could
give relevant hints for actual experimental implementations of these kind of QBs.

The paper is organized, as follows. In Section 2, we introduce the model of QB, where
a single TLS is coupled to a unique cavity mode via a two-photon interaction. Here, we
consider different initial states for the cavity such as a Fock state, a coherent state and
a squeezed state. Section 3 is devoted to the characterization of the QB for these three
different cavity states. In particular, we study the charging of the QB when considering the
stored energy and corresponding charging times, as well as the related charging power.
Moreover, we investigate the energy fluctuations and maximum work that can be extracted
from the QB. All of these figures of merit are relevant in view of future development of this
kind of QBs. In Section 4, we draw the conclusions of our work.
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2. Model

We consider a QB described as a single TLS coupled to the radiation of a cavity through
a two-photon coupling (quadratic in the electron field) with matter-radiation coupling λ.
This simple single cell can be replicated M times to form a QB that works in a parallel
charging configuration [39,54]. The theoretical possibility of engineering such a kind of cou-
pling in realistic devices has been recently discussed for trapped ions subject to bichromatic
driving [44] and for flux qubit coupled with a symmetric dc superconducting quantum
interference device (SQUID) [45]. The corresponding Hamiltonian can be written as

Ĥ2ph =
ωa

2
σ̂z + ωc â† â + θ(t)λ

(
â + â†

)2
σ̂x, (1)

where â (â†) are the annihilation (creation) operators of the cavity radiation, σ̂x, σ̂z are the
Pauli matrices, ωa the level spacing of the TLS, and ωc the frequency of the radiation in
the cavity. We underline that the TLS and cavity do not interact at t < 0 and we assume
that the two-photon interaction is switched on at time t ≥ 0, as indicated by the θ(t) step
function. According to this, it is possible to transfer energy from the cavity to the TLS and
observe the charging of the QB.

In the limit where the matter-radiation coupling λ satisfies λ � ωa, ωc, one can
consider the RWA of Equation (1) and describe the system in terms of the two-photon
Jaynes–Cummings model [52,58,59] with Hamiltonian being given by

Ĥ =
ωa

2
σ̂z + ωc â† â + θ(t)λ(â†2

σ̂− + â2σ̂+), (2)

where the first term is associated with QB, the second with the cavity micro-wave radiation
used as charger, and the last one is the two-photon interaction term in the RWA [44,45]
and with

σ̂± =
σ̂x ± iσ̂y

2
, (3)

where σ̂y is one of the Pauli matrices.
In the following, we will focus on the resonant case ωa = 2ωc (see Figure 1), where all

of the energies associated to the radiation can be transferred to the TLS and viceversa [60].
This condition guarantees an optimal functioning of the QB, which is not achieved in other
configurations of the device [52].

ωa

ωc ωc

|e⟩

|g⟩

Figure 1. Schematic representation of a QB where a TLS with level spacing ωa between its ground
(|g〉) and excited (|e〉) state interacts with a single cavity mode of frequency ωc via a two-photon
coupling in the resonant regime ωa = 2ωc.

The initial condition at time t = 0 for the total system is chosen as a tensor product state

|ψ(0)〉 = |g〉 ⊗∑
n

αn|n〉, (4)

where the first factor represents the ground state of the TLS, while the second characterizes
the charger with |n〉, a state with n photons in the cavity. We will consider, as paradigmatic
examples, a Fock (fixed number of photons), a coherent, and a squeezed state for the cavity.
Thus, we introduce the probability amplitudes αn, such that
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α
(F)
n = δn,N , (5)

α
(C)
n = e−

N
2

N
n
2

√
n!

, (6)

α
(S)
n =

1

(N + 1)
1
4

√
n!

n
2 !

(
1
2

√
N

N + 1

) n
2

, (7)

where the superscripts F, C, S denote the Fock, coherent, and squeezed state, respectively.
We underline that N represents exactly the number of photons for the Fock state, while
it is the average number N of photons for the other two states where fluctuations in the
photon numbers are present. Moreover, the probability amplitudes α

(S)
n are valid only for

even values of n and are zero otherwise.
It is worth mentioning that the QB+charger is a closed system. Interactions with possible

external environments can lead to energy relaxation of the TLS and the loss of photons in
the cavity. These processes can be characterized in terms of typical time scales tr and tγ

respectively [37,61–63]. According to this we need to restrict our analysis to times, such that
t � tr, tγ, in such a way to safely neglect the dissipation effects. However, we note that
these constraints are comparable with the ones that are required by quantum information
protocols [26]. Moreover, a protocol that is able to overcome the detrimental effects of energy
relaxation in TLS have been theoretically discussed very recently in Ref. [16].

3. Figures of Merit of the Quantum Battery

We now characterize the performances of a two-photon QB comparing the three cavity
states that were introduced in the previous Section.

In order to investigate the performance of the QB, it is necessary to study the time
evolution of the initial state in Equation (4). We observe that, over the basis given by the
states |g〉 ⊗ |n〉 and |e〉 ⊗ |n− 2〉 (n ≥ 2), with |e〉 excited state of the TLS, the Hamiltonian
in Equation (2) assumes the simple form

Ĥ(n) =


ωa

2
(n− 1) λ

√
n(n− 1)

λ
√

n(n− 1)
ωa

2
(n− 1)

 (8)

where the notation keeps track of the number of photons n and the dynamics remains
confined in a two-dimensional space. This 2× 2 matrix can be diagonalized in terms of the
eigenstates

|ψ(n)
± 〉 =

|g〉 ⊗ |n〉 ± |e〉 ⊗ |n− 2〉√
2

, (9)

with eigenvalues

E(n)
± =

ωa

2
(n− 1)± λ

√
n(n− 1). (10)

In terms of these states, one can rewrite Equation (4) as

|ψ(0)〉 = ∑
n

αn

(
|ψ(n)

+ 〉+ |ψ
(n)
− 〉√

2

)
, (11)

that evolves in time as

|ψ(t)〉 = e−iĤt|ψ(0)〉 = ∑
n

αne−i ωa
2 (n−1)t

 e+iλ
√

n(n−1)t|ψ(n)
− 〉+ e−iλ

√
n(n−1)t|ψ(n)

+ 〉√
2

. (12)
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It is instructive to also consider the time dependent behaviour of the reduced density
matrix that was obtained by tracing out the photon degrees of freedom when we consider
the initial state in Equation (11)

ρ̂TLS(t) = ∑
n
〈n|ρ̂(t)|n〉

= ∑
n

{[
pn sin2(λ

√
n(n− 1)t)|e〉〈e|+ pn cos2(λ

√
n(n− 1)t)|g〉〈g|

]
+ eiωat|g〉〈e|

[
i
√

pn+2 pn sin(λ
√
(n + 1)(n + 2)t) cos(λ

√
n(n− 1)t)

]
− e−iωat|e〉〈g|

[
i
√

pn+2 pn sin(λ
√
(n + 1)(n + 2)t) cos(λ

√
n(n− 1)t)

]
(13)

where pn = |αn|2 and
ρ̂(t) = |ψ(t)〉〈ψ(t)| (14)

is the total density matrix at time t with |ψ(t)〉 the state in Equation (12). Equation (13) can
be written in the conventional form using the Bloch vector. Being written in terms of the
identity matrix and the Pauli matrices, it reads [64,65]

ρ̂TLS(t) =
1
2
[
I+ u(t)σ̂x + v(t)σ̂y + w(t)σ̂z

]
. (15)

Here, starting from Equation (13) and recalling that

I ≡ |e〉〈e|+ |g〉〈g| (16)

σ̂x ≡ |g〉〈e|+ |e〉〈g| (17)

σ̂y ≡ i(|g〉〈e| − |e〉〈g|) (18)

σ̂z ≡ |e〉〈e| − |g〉〈g| (19)

we can obtain the expressions for the components u(t), v(t), and w(t)

u(t) = − sin (ωat)∑
n

√
pn pn+2 sin(λ

√
(n + 1)(n + 2)t) cos (λ

√
n(n− 1)t), (20)

v(t) = cos (ωat)∑
n

√
pn pn+2 sin(λ

√
(n + 1)(n + 2)t) cos (λ

√
n(n− 1)t), (21)

w(t) = −∑
n

pn cos (2λ
√

n(n− 1)t), (22)

Notice that, for the simple case of a Fock state, where the probability amplitude αn is
given by Equation (5), the above expression assumes the simple form

u(t) = v(t) = 0 w(t) = − cos (2λ
√

N(N − 1)t). (23)

Instead, the explicit form for u(t), v(t), and w(t) for the coherent and squeezed states
can be obtained by replacing the αn given in Equations (6) and (7) into Equations (20)–(22),
and cannot be further simplified.

3.1. Stored Energy and Average Charging Power

The energy stored in the QB at time t is given by [7,29,39,52,66]

E(t) =
[
〈ψ(t)|ĤQB|ψ(t)〉 − 〈ψ(0)|ĤQB|ψ(0)〉

]
, (24)

with
ĤQB =

ωa

2
σ̂z (25)
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the contribution to the total Hamiltonian in Equation (2) that is associated to the QB.
Inserting the time evolved state of the system [see Equation (12)] into Equation (24)

one has
E(t) = ωa ∑

n
pn sin2 (λ

√
n(n− 1)t), (26)

An important task in the context of QB is to store the maximum amount of energy in
the fastest time. In this perspective, we define the maximum of the stored energy as [52,54]

Emax = max
t

[E(t)] ≡ E(tE), (27)

where tE is the time at which the maximum occurs. In the case of a Fock state (α(F)
n = δn,N),

it is possible to analytically find the value of t(F)
E imposing the condition

sin2(λ
√

n(n− 1)t) = 1. (28)

Consequently the value of the maxima of the energy occurs when

t(F)
E =

(
k + 1

2

)
π

λ
√

n(n− 1)
. (29)

where k ∈ Z indicates which maximum is considered. Instead, in the following, for the
coherent and squeezed state, the charging time tE is obtained numerically.

In Figure 2, we report the behavior of the energy E(t) (see Equation (26)) in units of
ωa as a function of time for the three different initial states of the cavity and for an average
number of photons N = 8.

0.0 0.2 0.4 0.6 0.8
0.0

0.2

0.4

0.6

0.8

1.0

Figure 2. (Color on-line) Behaviour of the stored energy E(t) as a function of time for a Fock state
(blue full curve), a coherent state (green dashed curve), and a squeezed state (red dash-dotted curve)
with an average number of photons N = 8.

Here, one can see that a complete charging is only reached if the cavity is in a Fock
state (E(F)

max = ωa). However, a coherent state with the same average number of photons
(N = 8 in the considered case) can also reach a quite large fraction of the maximal stored
energy (the first maximum is E(C)

max ≈ 0.76ωa). This aspect can be particularly relevant for
the actual experimental realization of this kind of QB due to the fact that a coherent state is
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usually easier to realize in a cavity with respect to a well defined Fock state [53]. Conversely,
the squeezed state only reaches a very poor maximum charging E(S)

max ≈ 0.52ωa.
Moreover, the minimal charging times for the Fock and coherent state are almost com-

parable and both are faster with respect to the squeezed state. Indeed, from Equation (29),
we have that λt(F)

E ≈ 0.21, while λt(C)E ≈ 0.19. Instead, the maximum of the energy of the

squeezed state is achieved for the longer time λt(S)E ≈ 1.53. It is also worth pointing out that,
for a given quantum state of the charger, the charging times in the two-photon interaction
model are usually shorter than the corresponding ones for a conventional dipolar single-
photon coupling with the same average value of photons [39,52,54]. In fact, as reported in
Ref. [54], the energy for a single photon process is given by E1ph(t) = ∑n pn sin2(λ

√
nt),

meaning that the time at which the maximum of the energy is reached scales as 1/
√

n.
Instead, in the two-photon case, it scales as 1/

√
n(n− 1), leading to a charging time, which

is
√

n− 1 times faster fixing all other parameters.
From the previous discussion, one can infer that the Fock state is the best choice for the

initial state of the charger, in order to store energy into a QB, in agreement with Ref. [54].
Conversely, the squeezed one is the less efficient, due to both the longer charging time and
smaller maximum stored energy when compared to the other ones. Notice that the Fock
states still show the best charging performances in terms of stored energy and charging
times also in comparison with other states of the general form in Equation (4).

The charging behaviour can be better understood by looking at the evolution of the
TLS state on the Bloch sphere. In Figure 3, we show the path that is followed by the TLS
state on the Bloch sphere for the three different cavity states, up to the first maximum of
the stored energy. Notice that, here, the |g〉 and the |e〉 states are respectively represented
by the south and north pole.

(a)(a) (b)(b)

(c)(c)

Figure 3. (Color on-line) Time evolution of the quantum state of the TLS, up to the first maximum
of the energy in Equation (26), in the Bloch sphere for a Fock state (a), a coherent state (b), and a
squeezed state (c) with an average number of photons N = 8. The other parameters are: ωa/λ = 200.
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As discussed above, we initialize the TLS in the ground state. Here, we can observe
that, only for the Fock state, the TLS state reaches the excited state, corresponding to the
complete charging of the QB, while, for the coherent and the squeezed states, this never
happens and the path of the state vector on the Bloch sphere is much more complicated. It
is worth pointing out the fact that more involved initial states for the TLS, such as coherent
superpositions of ground and excited state, are also characterized by complicated evolution
in the Bloch sphere.

Another relevant figure of merit is the average charging power, which is defined
as [7,13,39,66]

P(t) =
E(t)

t
. (30)

Regarding the energy, also in this case we are interested in achieving the maximum
value of the charging power in the fastest possible time. Therefore, one needs to consider
the maximum charging power [39,52,54]

Pmax = max
t

[P(t)] ≡ P(tP), (31)

where tP represents the time at which the maximum occurs.
In Figure 4, we report the behaviour of P(t) in Equation (30) as a function of time for

the three considered initial states of the cavity. Additionally, in this case, one finds that this
quantity is maximal for the Fock state (P(F)

max ≈ 5.42λωa), while progressively decreasing for
the coherent state (P(C)

max ≈ 4.86λωa) and the squeezed state (P(S)
max ≈ 3.58λωa), respectively.

However, the two former curves are quite similar in terms of the achieved maximum
value and the corresponding times at which it occurs are very close (λt(F)

P ≈ 0.16 and

λt(C)P ≈ 0.13). Different is the situation for the squeezed state that, in spite of the fact

that the maximal averaged charging power is reached in a shorter time λt(S)P ≈ 0.04,
shows a smaller value of the averaged charging power, as a consequence of the smaller
stored energy.

0.0 0.2 0.4 0.6 0.8
0

1

2

3

4

5

Figure 4. (Color on-line) Behaviour of the average charging power P(t) as a function of time for
a Fock state (blue full curve), a coherent state (green dashed curve), and a squeezed state (red
dotted-dashed curve) with an average number of photons N = 8.
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3.2. Energy Fluctuations

In order to have a complete characterization of the QB, we now evaluate the quan-
tum fluctuations that are associated to the stored energy, since they can induce detrimental
effects on the charging performances [29,52,55]. We discuss the stability of the charging
process in terms of the fluctuations of the stored energy at equal times, as represented by the
correlator [29,52,55]

Ξ(t) =

√
〈ψ(0)|

[
ĤQB(t)− ĤQB(0)

]2|ψ(0)〉 − [〈ψ(0)|(ĤQB(t)− ĤQB(0)
)
|ψ(0)〉

]2
=

√
E(t)[ωa − E(t)], (32)

with |ψ(0)〉 the initial state in Equation (11) and ĤQB(t) the TLS Hamiltonian evolved in
time in the Heisenberg representation according to Ĥ.

In Figure 5, we show the evolution of Ξ(t) for the three initial states of the cavity. In
the following, we are interested in studying the value of the correlator at time tE, where
the stored energy has its maximum, to understand how it affects the functionality of the
QB. We then define

Ξ(tE) ≡ Ξ̄. (33)

Here, it clearly emerges that the Fock state has no energy fluctuations in correspon-
dence of the maximum of the charging energy (Ξ̄(F) = 0), as also reported in Ref. [52]. This
can be understood from Equation (32) and it is a consequence of the fact that, at time tE,
the quantum state of the system (QB+charger) is separable (|ψ(tE)〉 = |e〉 ⊗ |n− 2〉). This
is not true for both the coherent and the squeezed states that show relevant fluctuations
in the stored energy. Because neither of these states achieve Emax = ωa, we will never
observe Ξ̄ = 0. In fact, for the coherent state, where the maximum energy was higher, we
obtain Ξ̄(C) ≈ 0.43ωa, while, for the squeezed state, which is even worse in terms of energy
storage, we have Ξ̄(S) ≈ 0.49ωa.

0.0 0.2 0.4 0.6 0.8
0.0

0.1

0.2

0.3

0.4

0.5

Figure 5. (Color on-line) Behaviour of the stored energy fluctuations Ξ(t) as a function of time
for a Fock state (blue full curve), a coherent state (green dashed curve), and a squeezed state (red
dotted-dashed curve) with an average number of photons N = 8.

Again, this confirms that the Fock state appears as the most convenient cavity state to
build a good QB. Indeed, this particular initial state is not subject to stored energy fluctuations.
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3.3. Ergotropy

Another relevant quantity to look at to determine the efficiency of a QB is the so-called
ergotropy [10,57]. It consists in the maximal stored energy that can be converted into
usable work. It can be extracted from the QB at a given time t of its evolution (charging).
In general, this quantity is different from the stored energy due to the fact that part of
the energy may be locked into correlations and, therefore, cannot be extracted for further
purposes [67]. A general derivation of this quantity starts from the Hamiltonian of the QB,
written as [10]

ĤQB = ∑
n

εn|εn〉〈εn| (34)

with the energy eigenvalues ordered, such that εn < εn+1 and with |εn〉 associated eigen-
vectors, as well as the density matrix at a given time

ρ̂TLS(t) = ∑
n

rn(t)|rn(t)〉〈rn(t)| (35)

ordered, such that rn > rn+1 and with |rn〉 eigenvectors. According to this, the work done
on the system after a time t is given by

W(t) = Tr{ρTLS(t)ĤQB} − Tr{ρTLS(0)ĤQB}. (36)

The maximum work that can be extracted from the battery after a time t, called
ergotropy, is defined as E = max(−W). Exploiting Equations (34) and (35), the ergotropy
can be written as [57]

E(t) = ∑
j,k

rj(t)εk

(
|〈rj(t)|εk〉|2 − δjk

)
. (37)

It is worth pointing out that E = 0 when the initial state of the system is passive [10].
Moreover, in general, the maximum extractable work Eth can be obtained when the final
state of the system is thermal, i. e. ρTLS(t) = e−βĤQB /Z (with β the inverse temperature
of the system and Z = Tr{e−βĤQB}). Subsequently, the bound on the maximum and
minimum extractable work is given by 0 ≤ E ≤ Eth [57].

We now want to find the explicit form of the ergotropy for our system. To do so, we
need to diagonalize the density matrix of the TLS in Equation (13). Its eigenvalues are

rs(t) =
1 + (−1)s

√
1− 4 det ρ̂TLS(t)

2
, (38)

where s = 0, 1. Moreover, the eigenvalues of ĤQB in Equation (25) are εs = (−1)sωa/2.
Consequently, starting from Equation (37), the ergotropy at time t can be written as

E(t) = E(t)− ∑
s=0,1

rs(t)εs = E(t)− ωa

2

[
1−

√
1− 4 det ρ̂TLS(t)

]
. (39)

Figure 6 shows its time-evolution. Here, one has a qualitatively similar behaviour
with respect to the one that is observed for the stored energy. We observe that only the
Fock state reaches the maximum of the ergotropy Emax = ωa. This occurs at a time t(F)

E ,
where the energy has its maxima and the state of the TLS is pure, confirming the relevant
performances of this cavity state.

To better quantify the actual fraction of extractable energy, we now evaluate the ratio
between the ergotropy and stored energy, as given by

η(t) ≡ E(t)
E(t)

= 1− ωa

2E(t)

[
1−

√
1− 4 det ρ̂TLS(t)

]
. (40)
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Figure 6. (Color on-line) Behaviour of the ergotropy E(t) as a function of time for a Fock state (blue
full curve), a coherent state (green dashed curve), and a squeezed state (red dash-dotted curve) with
average number of photons N = 8.

In Figure 7, we compare the behavior of the ratio η for the three considered initial
states as a function of time. As one can observe, at quite short times the coherent state
allows an almost complete extraction of the energy as usable work. However, in this region,
the energy that is stored in the system can be quite small [see Figure 2]. For the Fock state
it is possible to completely extract the stored energy only for narrow time windows in
correspondence of t(F)

E , with the advantage that the stored energy approaches or is equal

to the maximum value E(F)
max = ωa. Finally, the squeezed state reaches (together with the

coherent state) a unitary value of the ratio only at long enough times, where again the
energy stored in the QB is very limited and possible dissipative effects could came into play.
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Figure 7. (Color on-line) Behaviour of the ratio η(t) as a function of time for a Fock state (blue full
curve), a coherent state (green dashed curve), and a squeezed state (red dash-dotted curve) with
average number of photons N = 8.
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This result is a consequence of the nature of the three considered states. In fact, as
also stated in Ref. [40], the more there is a mixing between the TLS and the photonic part,
the less energy we can extract, since the entanglement between the QB and charger has a
negative impact on the possibility to extract work.

4. Conclusions

We have characterized various figures of merit for a quantum battery given by a qubit,
namely a two-level system, coupled with a cavity radiation through a two-photon coupling
(quadratic in the quantum electromagnetic field). As possible initial conditions for the
quantum radiation in the cavity, we have inspected a Fock state, a coherent state, and
squeezed state. According to our analysis, the Fock state emerges as the ideal candidate for
optimizing the performances of the quantum battery, being the only state able to reach a
complete charging of the quantum battery, in short times and without showing fluctuations.
Quite remarkably, this kind of state also allows for completely extracting its maximal
stored energy. A coherent state with the same average number of photons also shows quite
interesting performances, in particular for what concerns the fraction of extractable work at
short enough times, even if it is affected by fluctuations in the stored energy. This is not true
for a squeezed state whose performances are very poor, which makes it the worst state for
implementing a quantum battery. Indeed, it can only store a fraction of the optimal energy
and it is affected by very strong fluctuations. The present analysis gives important hints
towards the possible implementations of quantum batteries coupled to cavity radiation.

Author Contributions: Conceptualization, A.D., A.C., M.C. and D.F.; formal analysis, A.D., A.C. and
D.F.; writing-original draft preparation, D.F.; writing-review and editing, A.D., A.C., M.C. and M.S.;
supervision, M.S. All authors have read and agreed to the published version of the manuscript.

Funding: This research received no external funding.

Data Availability Statement: The data and analysis used in this work are available from the corre-
sponding author upon reasonable request.

Conflicts of Interest: The authors declare no conflict of interest.

Abbreviations

The following abbreviations are used in this manuscript:
QB Quantum Battery
TLS Two-Level-System

References
1. Campisi, M.; Hänggi, P.; Talkner, P. Colloquium: Quantum fluctuation relations: Foundations and applications. Rev. Mod. Phys.

2011, 83, 771. [CrossRef] [PubMed]
2. Levy, A.; Kosloff, R. Quantum Absorption Refrigerator. Phys. Rev. Lett. 2012, 108, 070604. [CrossRef]
3. Pekola, J. Towards quantum thermodynamics in electronic circuits. Nat. Phys. 2015, 11, 118. [CrossRef]
4. Vinjanampathy, S.; Anders, J. Quantum thermodynamics. Contemp. Phys. 2016, 57, 545. [CrossRef]
5. Benenti, G.; Casati, G.; Saito, K.; Whitney, R.S. Fundamental aspects of steady-state conversion of heat to work at the nanoscale.

Phys. Rep. 2017, 694, 1. [CrossRef]
6. Campisi, M.; Goold, J. Thermodynamics of quantum information scrambling. Phys. Rev. E 2017, 95, 062127.
7. Thermodynamics in the Quantum Regime; Binder, F.; Correa, L.A., Gogolin, C., Anders, J., Adesso, G., Eds.; Springer:

Berlin/Heidelberg, Germany, 2018. [CrossRef]
8. Carrega, M.; Sassetti, M.; Weiss, U. Optimal work-to-work conversion of a nonlinear quantum Brownian duet. Phys. Rev. A 2019,

99, 062111. [CrossRef]
9. Porta, S.; Gambetta, F.M.; Traverso Ziani, N.; Kennes, D.M.; Sassetti, M.; Cavaliere, F. Nonmonotonic response and light-cone

freezing in fermionic systems under quantum quenches from gapless to gapped or partially gapped states. Phys. Rev. B 2018, 97,
035433. [CrossRef]

10. Alicki, R.; Fannes, M. Entanglement boost for extractable work from ensembles of quantum batteries. Phys. Rev. E 2013, 87,
042123.

11. Bhattacharjee, S.; Dutta, A. Quantum thermal machines and batteries. arXiv 2020, arXiv:2008.07889. [CrossRef] [PubMed]

http://dx.doi.org/10.1103/PhysRevLett.108.070604
http://www.ncbi.nlm.nih.gov/pubmed/22401189
http://dx.doi.org/10.1038/nphys3169
http://dx.doi.org/10.1080/00107514.2016.1201896
http://dx.doi.org/10.1016/j.physrep.2017.05.008
http://dx.doi.org/10.1103/PhysRevE.95.062127
http://dx.doi.org/10.1103/PhysRevA.99.062111
http://dx.doi.org/10.1103/PhysRevB.97.035433
http://dx.doi.org/10.1103/PhysRevE.87.042123
http://dx.doi.org/10.1103/PhysRevLett.111.240401
http://www.ncbi.nlm.nih.gov/pubmed/24483629


Entropy 2021, 23, 612 13 of 14

12. Hovhannisyan, K.V.; Perarnau-Llobet, M.; Huber, M.; Acin, A. Entanglement Generation is Not Necessary for Optimal Work
Extraction. Phys. Rev. Lett. 2013, 111, 240401. [CrossRef]

13. Binder, F.C.; Vinjanampathy, S.; Modi, K.; Goold, J. Quantacell: powerful charging of quantum batteries. New J. Phys. 2015, 17,
075015.

14. Moraes, L.F.C.; Saguia, A.; Santos, A.C.; Sarandy, M.S. Charging power and stability of always-on transitionless driven quantum
batteries. arXiv 2020, arXiv:2012.05855. [CrossRef]

15. Santos, A.C. Quantum advantage of a two-level batteries in self-discharging process. Phys. Rev. E 2021, 103, 042118. [CrossRef]
16. Bai, S.-Y.; An, J.-H. Floquet Engineering to Reactivate A Dissipative Quantum Battery. Phys. Rev. A 2020, 102, 060201(R).

[CrossRef]
17. Garcia-Pintos, L.P.; Hamma, A.; del Campo, A. Fluctuations in Extractable Work Bound the Charging Power of Quantum Batteries.

Phys. Rev. Lett. 2020, 125, 040601.
18. Mitchison, M.T.; Goold, J.; Prior, J. Charging a quantum battery with linear feedback control. arXiv 2020, arXiv:2012.00350.
19. Caravelli, F.; Yan, B.; García-Pintos, L.P.; Hamma A. Energy storage and coherence in closed and open quantum batteries. arXiv

2020, arXiv:2012.15026.
20. Peng, L.; He, W.-B.; Chesi, S.; Lin, H.-Q.; Guan, X.-W. Lower and upper bounds of quantum battery power in multiple central

spin systems. arXiv 2021, arXiv:2103.07828.
21. Liu, J.; Segal, D. Boosting quantum battery performance by structure engineering. arXiv 2021, arXiv:2104.06522.
22. Hu H.; Qi S.; Jing J. Fast and stable charging via shortcut to adiabaticity. arXiv 2021, arXiv:2104.12143. [CrossRef] [PubMed]
23. Cirac, J.I.; Zoller, P. Quantum Computations with Cold Trapped Ions. Phys. Rev. Lett. 1995, 74, 4091. [CrossRef]
24. Bruzewicz, C.D.; Chiaverini, J.; McConnell, R.; Sage, J.M. Trapped-Ion Quantum Computing: Progress and Challenges. Appl.

Phys. Rev. 2019, 6, 021314. [CrossRef]
25. Georgescu, I. Trapped ion quantum computing turns 25. Nat. Rev. 2020, 2, 278. [CrossRef]
26. Devoret, M.H.; Schoelkopf, R. J. Superconducting Circuits for Quantum Information: An Outlook. Science 2013, 339, 1169.

[CrossRef] [PubMed]
27. Singha, A.; Gibertini, M.; Karmakar, B.; Yuan, S.; Polini, M.; Vignale, G.; Katsnelson, M.I.; Pinczuk, A.; Pfeiffer, L.N.; West, K.W.;

Pellegrini, V. Two-dimensional Mott-Hubbard electrons in an artificial honeycomb lattice. Science 2011, 332, 1176. [CrossRef]
28. Zhang, Y.-Y.; Yang, T.-R.; Fu, L.; Wang, X. Powerful harmonic charging in a quantum battery. Phys. Rev. E 2019, 99, 052106.

[CrossRef]
29. Crescente, A.; Carrega, M.; Sassetti, M.; Ferraro, D. Charging and energy fluctuations of a driven quantum battery. New J. Phys.

2020, 22, 063057. [CrossRef]
30. Chen, J.; Zhan, L.; Shao, L.; Zhang, X.; Zhang, Y.-Y.; Wang, X. Charging Quantum Batteries with a General Harmonic Driving

Field. Ann. Physik 2020, 532, 1900487.
31. Yang, T.-R.; Zhang, Y.-Y.; Dong, H.; Fu, L.; Wang, X. Optimal building block of multipartite quantum battery. arXiv 2020,

arXiv:2010.09970. [CrossRef]
32. Traverso, Z.N.; Cavaliere, F.; Sassetti, M. Theory of the STM detection of Wigner molecules in spin-incoherent CNTs. Europhys.

Lett. 2013, 102, 47006. [CrossRef]
33. Le, T.P.; Levinsen, J.; Modi, K.; Parish, M.; Pollock, F.A. Spin-chain model of a many-body quantum battery. Phys. Rev. A 2018, 97,

022106. [CrossRef]
34. Rosa, D.; Rossini, D.; Andolina, G.M.; Polini, M.; Carrega, M. Ultra stable charging of fast-scrambling SYK quantum batteries. J.

High Energ. Phys. 2020, 67, 2020. [CrossRef]
35. Rossini, D.; Andolina, G.M.; Rosa, D.; Carrega, M.; Polini, M. Quantum advantage in the charging process of Sachdev-Ye-Kitaev

batteries. Phys. Rev. Lett. 2020, 125, 236402.
36. Ghosh, S.; De, S.A., Dimensional enhancements in quantum battery with imperfections. arXiv 2021, arXiv:2104.06899.
37. Haroche, S.; Raimond, J.-M. Exploring the Quantum. Atoms, Cavities and Photons; Oxford University Press: Oxford, UK, 2006.

[CrossRef]
38. Schoelkopf, R.J.; Girvin, S.M. Wiring up quantum systems. Nature (London) 2008, 451, 664. [CrossRef]
39. Ferraro, D.; Campisi, M.; Andolina, G.M.; Pellegrini, V.; Polini, M. High-Power Collective Charging of a Solid-State Quantum

Battery. Phys. Rev. Lett. 2018, 120, 117702. [CrossRef]
40. Andolina, G.M.; Keck, M.; Mari, A.; Campisi, M.; Giovannetti, V.; Polini, M. Extractable work, the role of correlations, and

asymptotic freedom in quantum batteries. Phys. Rev. Lett. 2019, 122, 047702. [CrossRef]
41. Andolina, G.M.; Keck, M.; Mari, A.; Giovannetti, V.; Polini, M. Quantum versus classical many-body batteries. Phys. Rev. B 2019,

99, 205437. [CrossRef]
42. Ferraro, D.; Andolina, G.M.; Campisi, M.; Pellegrini, V.; Polini, M. Quantum supercapacitors. Phys. Rev. B 2019, 100, 075433.
43. Quach, J.Q.; McGhee, K.E.; Ganzer, L.; Rouse, D.M.; Lovett, B.W.; Gauger, E.M.; Keeling, J.; Cerullo, G.; Lidzey, D.G.; Virgili, T. An

organic quantum battery. arXiv 2020, arXiv:2012.06026. [CrossRef]
44. Felicetti, S.; Padernales, J.S.; Egusquiza, I.L.; Romero, G.; Lamata, L.; Braak, D.; Solano, E. Spectral collapse via two-phonon

interactions in trapped ions. Phys. Rev. A 2015, 92, 033817. [CrossRef]
45. Felicetti, S.; Rossatto, D.Z.; Rico, E.; Solano, E.; Forn-Diaz, P. Two-photon quantum Rabi model with superconducting circuits.

Phys. Rev. A 2018, 97, 013851. [CrossRef]

http://dx.doi.org/10.1088/1367-2630/17/7/075015
http://dx.doi.org/10.1103/PhysRevE.103.042118
http://dx.doi.org/10.1103/PhysRevA.102.060201
http://dx.doi.org/10.1103/PhysRevLett.125.040601
http://dx.doi.org/10.1103/PhysRevLett.74.4091
http://www.ncbi.nlm.nih.gov/pubmed/10058410
http://dx.doi.org/10.1063/1.5088164
http://dx.doi.org/10.1038/s42254-020-0189-1
http://dx.doi.org/10.1126/science.1231930
http://dx.doi.org/10.1126/science.1204333
http://www.ncbi.nlm.nih.gov/pubmed/21636768
http://dx.doi.org/10.1103/PhysRevE.99.052106
http://dx.doi.org/10.1088/1367-2630/ab91fc
http://dx.doi.org/10.1002/andp.201900487
http://dx.doi.org/10.1209/0295-5075/102/47006
http://dx.doi.org/10.1103/PhysRevA.97.022106
http://dx.doi.org/10.1007/JHEP11(2020)067
http://dx.doi.org/10.1103/PhysRevLett.125.236402
http://dx.doi.org/10.1038/451664a
http://dx.doi.org/10.1103/PhysRevLett.120.117702
http://dx.doi.org/10.1103/PhysRevLett.122.047702
http://dx.doi.org/10.1103/PhysRevB.99.205437
http://dx.doi.org/10.1103/PhysRevB.100.075433
http://dx.doi.org/10.1103/PhysRevA.92.033817
http://dx.doi.org/10.1103/PhysRevA.97.013851
http://dx.doi.org/10.1063/1.1490406


Entropy 2021, 23, 612 14 of 14

46. Emary, C.; Bishop, R.F. Bogoliubov transformations and exact isolated solutions for simple nonadiabatic Hamiltonians. J. Math.
Phys. (NY) 2002, 43, 3916. [CrossRef]

47. Dolya, S.N. Quadratic Lie algebras and quasi-exact solvability of the two-photon Rabi Hamiltonian. J. Math. Phys. 2009, 50,
033512. [CrossRef]

48. Chen, Q.-H.; Wang, C.; He, S.; Liu, T.; Wang, K.-L. Exact solvability of the quantum Rabi model using Bogoliubov operators. Phys.
Rev. A 2012, 86, 023822. [CrossRef]

49. Peng, J.; Zheng, C.; Guo, G.; Guo, X.; Zhang, X.; Deng, C.; Ju, G.; Ren, Z.; Lamata, L.; Solano, E. Dark-like states for the multi-qubit
and multi-photon Rabi models. J. Phys. A Math. Theor. 2017, 50, 174003. [CrossRef]

50. Garbe, L.; Egusquiza, I.L.; Solano, E.; Ciuti, C.; Coudreau, T.; Milman, P.; Felicetti, S. Superradiant phase transition in the
ultrastrong-coupling regime of the two-photon Dicke model. Phys. Rev. A 2017, 95, 053854. [CrossRef]

51. Garbe, L.; Peregrine, W.; Minganti, F.; Shammah, N.; Felicetti, S.; Nori, F. Dissipation-induced bistability in the two-photon Dicke
model. Sci. Rep. 2020, 10, 13408. [CrossRef]

52. Crescente, A.; Carrega, M.; Sassetti, M.; Ferraro, D. Ultrafast charging in a two-photon Dicke quantum battery. Phys. Rev. B 2020,
102, 245407. [CrossRef]

53. Fink, J.M.; Bianchetti, R.; Baur, M.; Goppl, M.; Steffen, L.; Filipp, S.; Leek, P. J:, Blais A.; Wallraff, A. Dressed Collective Qubit
States and the Tavis-Cummings Model in Circuit QED. Phys. Rev. Lett. 2009, 103, 083601. [CrossRef]

54. Andolina, G.M.; Farina, D.; Mari, A.; Pellegrini, V.; Giovannetti, V.; Polini, M. Charger-mediated energy transfer in exactly
solvable models for quantum batteries. Phys. Rev. B 2018, 98, 205423. [CrossRef]

55. Friis, N.; Huber, M. Precision and Work Fluctuations in Gaussian Battery Charging. Quantum 2018, 2, 61. [CrossRef]
56. Caravelli, F.; Coulter-De Wit, G.; Garcia-Pintos, L.P.; Hamma, A. Random Quantum Batteries. Phys. Rev. Research 2020, 2, 023095.

[CrossRef]
57. Allahverdyan, A.E.; Balian, R.; Nieuwenhuizen, T.M. Maximal work extraction from finite quantum systems. Europhys. Lett. 2004,

67, 565. [CrossRef]
58. Jaynes, E.T.; Cummings, F.W. Comparison of quantum and semiclassical radiation theories with application to the beam maser.

Proc. IEEE 1963 51, 1. [CrossRef]
59. Bartzis, V.; Nayak, N. Two-photon Jaynes-Cummings model. J. Opt. Soc. Am. B 1991 8, 8.
60. Schleich, W.P. Quantum Optics in Phase Space; Wiley: Berlin, Germany, 2001. [CrossRef]
61. Paladino, E.; Sassetti, M.; Falci, G.; Weiss, U. Characterization of coherent impurity effects in solid-state qubits. Phys. Rev. B 2008,

77, 041303(R). [CrossRef]
62. Wendin, G. Quantum information processing with superconducting circuits: A review. Rep. Prog. Phys. 2017, 80, 106001.

[CrossRef]
63. Carrega, M.; Crescente, A.; Ferraro, D.; Sassetti, M. Dissipative dynamics of an open quantum battery. New J. Phys. 2020, 22,

083085.
64. Nielsen, M.A.; Chuang, I.L. Quantum Computation and Information. In 10th Anniversary Edition; Cambridge University Press:

Cambridge, UK, 2010. [CrossRef]
65. Grifoni, M.; Hänggi, P. Driven quantum tunneling. Phys. Rep. 1998, 304, 229–354. [CrossRef] [PubMed]
66. Campaioli, F.; Pollock, FA.; Binder, F.C.; Celeri, L.; Goold, J.; Vinjanampathy, S.; Modi, K. Enhancing the charging power of

quantum batteries. Phys. Rev. Lett. 2017, 118, 150601. [CrossRef] [PubMed]
67. Francica, G.; Binder, F.C.; Guarnieri, G.; Mitchison, M.T.; Goold, J.; Plastina, F. Quantum Coherence and Ergotropy. Phys. Rev. Lett.

2020, 125, 180603.

http://dx.doi.org/10.1063/1.3104062
http://dx.doi.org/10.1103/PhysRevA.86.023822
http://dx.doi.org/10.1088/1751-8121/aa651d
http://dx.doi.org/10.1103/PhysRevA.95.053854
http://dx.doi.org/10.1038/s41598-020-69704-6
http://dx.doi.org/10.1103/PhysRevB.102.245407
http://dx.doi.org/10.1103/PhysRevLett.103.083601
http://dx.doi.org/10.1103/PhysRevB.98.205423
http://dx.doi.org/10.22331/q-2018-04-23-61
http://dx.doi.org/10.1103/PhysRevResearch.2.023095
http://dx.doi.org/10.1209/epl/i2004-10101-2
http://dx.doi.org/10.1109/PROC.1963.1664
http://dx.doi.org/10.1364/JOSAB.8.001779
http://dx.doi.org/10.1103/PhysRevB.77.041303
http://dx.doi.org/10.1088/1361-6633/aa7e1a
http://dx.doi.org/10.1088/1367-2630/abaa01
http://dx.doi.org/10.1016/S0370-1573(98)00022-2
http://dx.doi.org/10.1103/PhysRevLett.118.150601
http://www.ncbi.nlm.nih.gov/pubmed/28452497
http://dx.doi.org/10.1103/PhysRevLett.125.180603
http://www.ncbi.nlm.nih.gov/pubmed/33196219

	Introduction
	Model 
	Figures of Merit of the Quantum Battery
	Stored Energy and Average Charging Power
	Energy Fluctuations
	Ergotropy

	Conclusions 
	References

