M entropy

Article

Some Integral Inequalities Involving Metrics

Ravi P. Agarwal

check for

updates
Citation: Agarwal, R.P;]Jleli, M
Samet, B. Some Integral Inequalities
Involving Metrics. Entropy 2021, 23,
871. https://doi.org/10.3390/
€23070871

Academic Editor: Anténio M. Lopes

Received: 29 June 2021
Accepted: 4 July 2021
Published: 8 July 2021

Publisher’s Note: MDPI stays neutral
with regard to jurisdictional claims in
published maps and institutional affil-

iations.

Copyright: © 2021 by the authors.
Licensee MDPI, Basel, Switzerland.
This article is an open access article
distributed under the terms and
conditions of the Creative Commons
Attribution (CC BY) license (https://
creativecommons.org/licenses /by /
4.0/).

, Mohamed Jleli >*

and Bessem Samet >*1

1 Department of Mathematics, Texas A & M University-Kingsville, Kingsville, TX 78363, USA;
Ravi.Agarwal@tamuk.edu

Department of Mathematics, College of Science, King Saud University, P.O. Box 2455,
Riyadh 11451, Saudi Arabia; jleli@ksu.edu.sa

*  Correspondence: bsamet@ksu.edu.sa

1t These authors contributed equally to this work.

Abstract: In this work, we establish some integral inequalities involving metrics. Moreover, some
applications to partial metric spaces are given. Our results are extension of previous obtained metric

inequalities in the discrete case.
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1. Introduction

Metric inequalities provide powerful tools for the investigation of several problems
from different branches of mathematics and sciences. In particular, from entropy and
information theory (see e.g., [1-3]), fixed point theory (see e.g., [4-8]), geometry (see
e.g., [9-11]) and telecommunication networks (see e.g., [12,13]).

In [14], Dragomir and Gosa established a polygonal type inequality and provided
some applications to normed linear spaces and inner product spaces. We recall below the
main result obtained in [14]. Let X be a nonempty setand p : X x X — [0, +o0) be a
metric on X (see [15]), thatis, foralla,b,c € X,

e p(a,b)=0ifand only ifa = b;
* plab)=p(ba);
o plab) < plac) + plc,b).
Let n > 2 be a natural number, {x;} ; C X, and {p;}!
-un = 1. Then

C [0, 4+00) with pq +

n
Y. mip(xi,xj) < inf } pip(xi, x). (1)
1<i<j<n xeX 5
It was shown also that (1) is sharp in the following sense: there exists n > 2 and
{ui}tiy € [0, +oc0) with g + - - - uy = 1 such that, if

n
L, piip(xi ) < ¢ inf }pip (xi )

1<i<j<n

for some ¢ > 0, then ¢ > 1. Inequality (1) can be interpreted as follows: If P is a polygon
having g vertices and M is a point in the space, then the sum of all edges and diagonals of
P is less than g-times the sum of the distances from M to the vertices of P.
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Recently, inequality (1) has been extended by some authors. In [16], Karapinar and
Noorwali derived a b-metric version of (1). In [17], Aydi and Samet proved (under the
above assumptions) that

S L kol

1<i<j<n

m—1 n
< o+ () (E ot ) (Emonor)

i=1

where m > 1is a natural number. In [18] (see also [19]) Dragomir improved inequality (1)
by proving that for all « > 0,

Yo minjlo(xi x))]* < aq mqu (1 — i) [o(xi, %)%, @)

1<i<j<n

where

a—1 >
a“:{Z if a>1, 3)

1 if 0<a<l
In this paper, our goal is to derive continuous versions of inequality (2). In the next

section, we recall some basic definitions. In Section 3, we present and prove our obtained
results. Finally, in Section 4, some applications to partial metric spaces are provided.

2. Some Definitions

Let w : [0,4+00) — [0, 400) be a given function. We say that w is sub-additive, if
w(y+z) <w(y)+w(z), forally,z>0.

Some examples of sub-additive functions are given below:
[} wa(y):y“,yzo,ogﬂcél.
= |siny|,y > 0.
(y) arctany, y > 0.
* w(y) =inf{y, 1}y >0
(y) =
(y) =

L[]
g
S

V1+y%y>0.
exp(—y),y 2 0.
We say that w is convex, if

w(py + (1 =¢)z) < gw(y) + (1 - p)w(2),

forall0 < ¢ <landy,z > 0.
We say that w is log-convex, if

w(py + (1= 9)z) < [wy))?[w(z)]'7,

forall0 < ¢ < 1and y,z > 0. Notice that, if w is log-convex, then it is convex, but the
converse is not true in general (see [20]).
We say that w is o-Lipschitzian, o > 0, if

lw(y) —w(z)| <cly—z|, forally,z>0.

3. Results and Proofs

Let (X, p) be a metric space. Let x : [0, A] = &, A > 0, be a continuous mapping. Let
2 [0, A] — [0,+00) be a function satisfying the following conditions:

(H1) p is continuous.
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A
(HZ)/0 u(s)ds =1.

3.1. The Case: w Is Sub-Additive

Theorem 1. Let w : [0,+00) — [0,+00) be a continuous, nondecreasing, and sub-additive
function. Then

A

[0 ([ mowteo,x@nas) i < int [* ol s @

ueX Jo

Proof. Let u € X be fixed. Then, for every t,s € [0, A],

o(x(t), x(s)) < p(x(t), u) +p(u,x(s))-

Since w is nondecreasing, the above inequality leads to

w(p(x(t),x(s))) < w(p(x(t),u) +p(u, x(s)))-

Due to the sub-additivity of w, it holds that

w(p(x(t),x(s))) < w(p(x(t),u)) + w(o(u, x(s)))-

Multiplying the above inequality by () (s) (notice that 4 > 0) and integrating over
[0, A] x [0, A], we obtain

// ))dtds < // ,u)) dt ds
+// x(s))dtds. (5)

On the other hand, by (H2), we have

[ e ayards = (" uas) ( [* uorwlpe(o, i) ar)

Similarly,

[ we xis)ards = [ p(s)alp(u x(s))) ds

Combining the above inequalities, we obtain

/OA /OAy(t)y(s)w dtds+/ / x(s))) dt ds

(6)
-2 /OA;!(S)w(p(u,xs s
Moreover, we have
/OA/OAV(t)V(S)w(P(x(t),x(s)))dtds = /OA#(t)(/Oty(s)w(p(x(t),x(s)))ds) dt @)

+ /OA Ht) (/tA pu(s)w(p(x(t),x(s))) ds) dt.
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On the other hand, using Fubini’s theorem and the symmetry of p, we obtain

S @) (S m)wlo(e(t), x(s)) ds ) dt = [ u(t) (Jg ws)ewolp(x(), () ds) dt.  (8)

Therefore, by (7) and (8), we deduce that

[ [ omwteo,xonas =2 [y [ e, 6)) o o
o Jo pt)p P , =) I3 0 4 p , :

Finally, (4) follows from (5), (6) and (9). O

Next, we study some special cases of w. In the case w(y) = y*, 0 < a < 1, we deduce
from Theorem 1 the

Corollary 1. Let 0 < a < 1. Then

A

[ w0 ([ mlpx(ox(o1"ds ) e < ing [ p(s)fp(a(s) )" s

ueX Jo
In the special case when w(y) = \/a + y?, & > 0, we deduce from Theorem 1 the

Corollary 2. Let & > 0. Then

ueX Jo

A t A
[ o[ w6 ottty x(e)2as ) de < int, [ n(s) ot [pGa(e) s,
In the case when w(y) = arctany, we deduce from Theorem 1 the

Corollary 3. The following inequality holds:

A

/OA‘u(t) (/Ot‘u(s) arctan(p(x(t),x(s)))ds) dt < ulng( ; u(s)arctan(p(x(s),u)) ds.

3.2. The Case: w Is Convex
Theorem 2. Let w : [0, +00) — [0, +00) be a nondecreasing and convex function. Then

/OAy(t) </Oty(s)w(p(x(t)2,x(s))> ds) dt < % inf ! u(s)w(p(x(s),u))ds. (10)

ueX Jo

Proof. Fix u € X. Since w is nondecreasing, we have

w (p(x(t)é x(s)) ) <w <P(x(f), u) +p(u, x(s)) ) _

2

Due to the convexity of w, the above inequality leads to

“’(W) < %[w(p(x(t),u)) +w(p(u,x(s)))]-

Multiplying the above inequality by u(t)u(s) and integrating over [0, A] x [0, A], we obtain

/OA/OAﬂ(t)u(s)w(W) atds < /OA/()AMt)ﬂ(s)w(p(x(t),u))dtds an

+% /OA /OA u(H)u(s)w(p(u,x(s))dtds.
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Proceeding as in the proof of Theorem 1, we obtain

St I nn(s)eo (ARG ards = 2 [ () (fy ns)eo (0L Y as)ar - (12)

and
2 [ woueeo ) ards+ 3 [ [ s a) drs
= [ keolplx(s), ) ds

Finally, combining (11), (12), and (13), (10) follows. O

(13)

In the special case when w(y) = y*, & > 1, by Theorem 2, we deduce the following result.

Corollary 4. Let « > 1. Then

A

[ ([ oot 1)1 as ) < 2 i, [ u(olpte(s) s

ueX Jo
3.3. The Case: w Is log-Convex
Theorem 3. Let w : [0, +00) — [0, +00) be a nondecreasing and log-convex function. Then
2

/OAP‘(f) (/Oty(s)w<p(x(t)2,x(s))> ds) dt < % inf (/OAy(s) w(p(x(s),u))ds) . (14)

uekX

Proof. Fix u € X. Since w is nondecreasing, we have

© (W) < w<P(x(f),u) J;p(u,x(s»)_

Due to the log-convexity of w, the above inequality leads to

o PR < folotn(e) ) wtp o v(51).

Multiplying the above inequality by u(t)u(s) and integrating over [0, A] x [0, A],

we obtain
[ o (B aras .
A rA
S/O /0 y(t)‘u(s)\/w(p(x(t)r”))\/W(P(M,X(S)))dtds
On the other hand,

ot i eym(s) VR0, )] ol oM i ds = (fi (o) /oo (e, ) ds) . (16)
Hence, using (12), (15) and (16), (14) follows. O

Consider the special case w(y) = exp(y*), « > 1. By Theorem 3, we obtain the

Corollary 5. Let « > 1. Then

[ ([ usres | (AR asYar < % int ([ wts) fexpliotats) )] ds)z-

uekX
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3.4. The Case: w Is o-Lipschitzian

Theorem 4. Let w : [0,+00) — [0,+00) be a nondecreasing and o-Lipschitzian function,
o > 0. Then

S r 6 (Jg me)w(ox(t), x(5))) ds) dt < cinfuex [ [ n(s)w(p(x(s), ) ds] + 2. (17)
Proof. Let u € X be fixed. Then, for every t,s € [0, A],
p(x(t), x(s)) < p(x(t),u) + p(u,x(s))-
Since w is nondecreasing, the above inequality leads to

w(p(x(t),x(s))) < w(p(x(t),u) + p(u, x(s))).

On the other hand, since w is o-Lipschitzian, we have

[w(p(x(t),u) +p(u,x(s))) — w(0)] + w(0)
< afo(x(t),u) + p(u, x(s))] + w(0).

w(p(x(t),u) +p(u, x(s)))

Hence, it holds that

w(p(x(t),x(s))) < ao(x(t),u) +p(u, x(s))] + w(0).

Multiplying the above inequality by u(#)u(s) and integrating over [0, A] x [0, A],
we obtain

A (A
/o /0 u(t)u(s)w(p(x(t), x(s))) dt ds
< ‘T/OA /OAH(t)ﬂ(s)w(P(X(t),u))dtds+U/OA /(;AV(t)ﬂ(s)w(P(u,x(s))dtds
A A
+“’(0)/0 /0 p(b)p(s) dt ds

= 0'/(;4 /O.A u(t)u(s)w(p(x(t),u))dtds + (T/OlA /(;A u(t)u(s)w(p(u, x(s)) dtds + w(0).

(18)

Next, using (6), (9) and (18), we deduce that

2 [ ) (| mortetx(ty x(9))as ) e < 22 [ pis)alplu x(s) s + w(0),
which yields (17). O

3.5. The Case: y = A~1

Consider now the case when
u(t)=A"1, foralltc [0,A]
Then by Theorems 14, we deduce the following inequalities.

Corollary 6. Let w : [0,400) — [0,+00) be a continuous, nondecreasing, and sub-additive
function. Then

A

/(;A(/c)tw(P(x(t),x(s)))dS> at < A inf, [ w(p(x(s), ) ds.

ueX Jo
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Corollary 7. Let w : [0, +00) — [0, +00) be a nondecreasing and convex function. Then

S DI

Corollary 8. Let « > 0. Then

/OA (/Ot[P(x(t),x(S))]ads) dt < aaAu12f ()A [p(x(s)lu)]tx ds,

where a, is given by (3).

Corollary 9. Let w : [0, +00) — [0, +00) be a nondecreasing and log-convex function. Then

[ (Fo(#0 ) )< 3 (f Votwoiorns)-

Corollary 10. Let w : [0,400) — [0,+00) be a nondecreasing and o-Lipschitzian function,
o > 0. Then

/OA (/Otw(p(x(t),x(s))) ds) dt <cA ulgf [/()Aw(p(x(s),u)) ds] + AZ‘;(O).

4. Applications to Partial Metrics

Let X be a nonempty setand § : X x X — [0, +00) be a partial metric on X (see
e.g., [21]),ie, forall x,y,z € X,

e ¢(xy) =¢(xx)=¢(y,y) =0ifand only if x = y;
* Clxx) <&(xy);

* Sy =4y x);

* Sy <¢(xz)+8(zy) —4(z2).

Letx : [0,A] — X, A > 0, be a continuous mapping. Let j : [0, A] — [0, +o0) be a
function satisfying (H1) and (H2).

Corollary 11. Let w : [0,+00) — [0, +00) be a continuous, nondecreasing, and sub-additive
function. Then

[0 (] moh0(@8a(0), (6)) ~ E(a(0), 1)) — E(x(5), () s )

A

< inf [ p(s)w(2e(x(s), 1) — E(x(s), x(s)) — E(u,u)) ds.

ueXx Jo

(19)

Proof. Observe that the mapping p : X x X — [0, +o0) defined by

p(u,v) =2¢(u,v) —¢(u,u) —&(v,v), (u,v) e X x4X,
is a metric on &X'. Hence, applying Theorem 1 with p defined as above, (19) follows. O

Similarly, by Theorems 2—4, we obtain the following inequalities.

Corollary 12. Let w : [0, +00) — [0, +00) be a nondecreasing and convex function. Then

(o[ #(S)w<2¢<x<t>,x<s>> S x0) “E ) )

< Ling [ s 8(x(s), 1) — £0x(5), 2(5)) — gl ) s
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Corollary 13. Let w : [0, +00) — [0, 4+00) be a nondecreasing and log-convex function. Then

7 0 [ 9 (L) ZEx0) ZE ) )

2
inf ( /OA () (28 (x(s), 1) — £(x(s), x(s)) — &, )) ds) |

1
2 uex

Corollary 14. Let w : [0,+00) — [0,400) be a nondecreasing and o-Lipschitzian function,
o > 0. Then

A t
[0 () ws)eo@2x(0),x(5) = £r(0), x(0)) = E(x(5), x(5)) s )
<o ing | [ ple)@E(x(9), 1) = £(x(6), x(5) ) s + L.

ueX

5. Conclusions

Metric inequalities provide powerful tools for the study of several problems from
different branches of mathematics and sciences. New integral inequalities involving
metrics, sub-additive, convex, log-convex, and o-Lipschitzian functions are established
in this work, and some applications to partial metric spaces are provided. The obtained
results are continuous versions of some discrete metric inequalities obtained in [14,18,19].
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