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Abstract: In quantum information processing, using a receiver device to differentiate between two
non-orthogonal states leads to a quantum error probability. The minimum possible error is known as
the Helstrom bound. In this work, we study the conditions for state discrimination using an alphabet
of squeezed coherent states and compare them with conditions using the Glauber-Sudarshan, i.e.,
standard, coherent states.

Keywords: coherent states; squeezed states; Helstrom bound

1. Introduction

In quantum information processing, the carrier is a quantum system and the alphabet
is encoded in a set of quantum states. To find out which state was sent, the receiver
carries out a measurement. When the chosen alphabet is based on non-orthogonal states,
there exists a non-zero probability that the receiver might misconstrue the transmitted
state [1,2]. Optimized measurement schemes often lead to the so-called Positive Operator
Valued Measures (POVMs)). Minimizing the error over all possible POVMs leads to the
quantum error probability, also known as Helstrom bound [3]. This is the smallest physically
allowed error probability and defines a criterion for discrimination between transmitted
non-orthogonal states. When the sender uses two pure states as codewords, |Ψ0〉| and |Ψ1〉,
both having the same prior probability pi = 1/2, i = 0, 1, the Helstrom bound is given by

PH =
1
2

(
1−

√
1− |〈Ψ1|Ψ0〉|2

)
. (1)

Gaussian states constitute the most important example of non-orthogonal states used
in quantum communication with optical systems. The most studied gaussian states are the
Glauber-Sudarshan (i.e., standard) coherent states (GS-CS) [4], mathematically described
as eigenstates of the annihilation operator in Fock space and implemented by lasers op-
erating far above threshold. Note that the GS-CS are the quantum optics version of those
special wave packets of harmonic states discovered by Schrödinger in 1926 [5]. Several
experimental and theoretical works were published using GS-CS in binary communica-
tion [6,7]. Gaussian states produced by squeezed light have also been studied for their
use in quantum communication [8,9], as well as many other physical applications like
sensitivity enhancement of gravitational waves detectors [10].

Squeezed light exhibits less noise in the electric field at some values of the phase
variable than the Fock vacuum state. This is a consequence of the quantum nature of light
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and cannot be explained within classical physics [11]. More recent reviews on squeezed
light can be found in [12,13]. Squeezed states of light were produced for the first time in
the mid 1980s, through wave mixing in an optical cavity [14] and by parametric down
conversion [15]. Squeezed states can also be produced through photon-adding on coherent
states [16].

This work lies in the continuation of a previous exploration [17] of statistical properties
and Helstrom Bound for non-standard coherent states. Extending our study to squeezed
states is motivated by their relevance on the experimental level, and the importance to find
the best parameters in order to minimize the quantum error. In [18], the state discrimination
in binary communication with a phase-shift keyed (PSK) alphabet of squeezed coherent
states was studied. Here we want to extend the study of state discrimination to alphabets
made of two arbitrary squeezed coherent states where the only imposed constraint is
fixing the energy (average number of photons) for each letter of the alphabet. Moreover,
the Helstrom bound for a pair of squeezed coherent states is compared with its GS-CS
counterpart in order to determine the conditions for which state discrimination can be
improved. Note that at this stage we do not consider noise nor any kind of losses. One
should also mention that other pioneers’ works related to optimal quantum detection and
squeezed light—at that time called two-photon coherent states—are found in [19–25].

The manuscript is organised as follows. In Section 2 we write down the squeezed
coherent states and calculate the overlap between two arbitrary such states, the (involved)
analytic expression of its modulus squared is detailed in Appendix A. Section 3 discusses
the Helstrom bound for several interesting cases, including a comparison with the Glauber-
Sudarshan case. Section 4 summarises our conclusions.

2. Squeezed Coherent States from Holomorphic Hermite Polynomials

The analytic expression for the expansion coefficients of a single-mode squeezed coher-
ent state in the Fock Basis can be found in [26]. These authors make use of the holomorphic
Hermite polynomials to reach a compact form. More details on the relation between
squeezed coherent states and the holomorphic Hermite polynomials can be found in [27,28].
See also the seminal paper which introduced the holomorphic Hermite polynomials [29].
For α ∈ C (CS-GS parameter) and ξ = reiθ , r ≥ 0 , θ ∈ [0, 2π) (squeezing parameter),
the normalised squeezed coherent states |α, ξ〉 := D(α) S(ξ)|0〉 are given in terms of the
number states basis by

|α, ξ〉 =
exp

[
− |z|

2

2 sinh(2r) + (z∗)2 sinh2 r
]

√
cosh r

∞

∑
n=0

1√
n!

(
eiθ

tanh r
2

) n
2

Hn(z∗) |n〉 , (2)

where
z =

1√
2

α∗e
i
2 θ 1√

tanh r
+

1√
2

αe−
i
2 θ
√

tanh r . (3)

D(α) = exp(αa† − α∗a) and S(ξ) = exp
[

ξ∗a2 − ξ(a†)2

2

]
are the unitary displacement

(Weyl) and squeezing operators, respectively. These are expressed in terms of the lowering
a and raising a† operators for (photon) number states |n〉. The Hn(·) are the Hermite
polynomials analytically continued to the whole complex plane. Using Mehler’s formula,
the states (2) overlap can be written as

〈α′, ξ ′|α, ξ〉 =
[
cosh r cosh r′

(
1− ei(θ−θ′) tanh r tanh r′

)]−1/2

× exp
[
−|z

′|2
2

sinh(2r′) +
(
z′
)2 sinh2 r′ − |z|

2

2
sinh(2r) + (z∗)2 sinh2 r

]

× exp

2e
i
2 (θ−θ′)

√
tanh r tanh r′z′z∗ − ei(θ−θ′) tanh r tanh r′

(
(z′)2 + (z∗)2

)
1− ei(θ−θ′) tanh r tanh r′

.

(4)
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An equivalent expression to this formula can be found in [19]. Note that the squeezed
states involved here are labelled by two complex parameters (see Equation (2)) yet they are
elements of a one-mode Fock space spanned by eigenstates |n〉 of the number operator for
one-mode photons. They should not be confused with bipartite elements of a two-mode
Fock Hilbert space spanned by two-mode eigenstates |m, n〉, see for instance [30,31].

By introducing the parameter s := e−2r ∈ (0, 1] and the cartesian coordinates or
quadratures (x, y) of z = x + iy one obtains an alternative formulation for the states (2):

|α, ξ〉 =
exp

[
−(1−s)x2−( 1

s−1)y2−i(s+ 1
s−2)xy

2

]
√√

s+ 1√
s

2

∞

∑
n=0

1√
n!

(
eiθ

2
(1− s)
(1 + s)

) n
2

Hn(x− iy) |n〉 . (5)

Finally, it is worth noting that the states (5) resolve the identity 1 in the Fock Hilbert
space of number states,

1 =

(
1
s − s

)
2π

∫
C

d2z |α, ξ〉〈α, ξ| , d2z := dx dy . (6)

Remark: Considering ρ = |α, ξ〉〈α, ξ|, α′ = (q + ip)/
√

2 and using the overlap given by (4),
the squeezed coherent states can be represented in optical phase space through the Husimi
function Q(α′) = 〈α′|ρ|α′〉/π = |〈α′|α, ξ〉|2/π.

3. Helstrom Bound for Squeezed Coherent States

Let us consider a GS-CS alphabet made of two letters {|η〉, |η′〉}, having energies,
or average number of photons, 〈η|a†a|η〉 = |η|2 and 〈η′|a†a|η′〉 = |η′|2, respectively. Let
us also set an alphabet of two squeezed coherent states {|α, ξ〉, |α′, ξ ′〉} having energies
〈α, ξ|a†a|α, ξ〉 = |α|2 + sinh2 r and 〈α′, ξ ′|a†a|α′, ξ ′〉 = |α′|2 + sinh2 r′, respectively. Note
that sinh2 r and sinh2 r′ stand for the energy associated to the squeezing process.

Since we want to compare two different encodings yet going over the same commu-
nication channel and the same optical apparatus, it is reasonable to fix the energy of each
respective letter in the alphabet:

N = |η|2 = |α|2 + sinh2 r , N′ = |η′|2 = |α′|2 + sinh2 r′ . (7)

Thus, the mean energy n is also fixed. It reads n = p0N + p1N′ = (N + N′)/2 since
the average is taken over the probability distribution (p0 = 1/2, p1 = 1/2), i.e., the two
states have the same prior classical probability p0 = p1 = 1/2. We can write energies N
and N′ as a function of the average energy n and the ratio ν = N/(2n). The factor 2 allows
to have ν ∈ [0, 1]. The setting of two alphabets with the same energy yields ν = 1/2.

In a similar way, the parameters r, r′ ∈ R can be written as functions of the energies
N, N′ ∈ R and the ratios β = sinh2 r/N and β′ = sinh2 r′/N′. Therefore, we can make the
following changes of variables to the overlap (4):

w2 =2nν(1− β) ,

(w′)2 =2n(1− ν)(1− β′) ,

sinh2 r = 2nνβ ,

sinh2 r′ = 2n(1− ν)β′ ,

(8)

where we have used α = weiϕ , w ≥ 0 , ϕ ∈ [0, 2π). Using the new variables (8), the Hel-
strom bound (1) can be written as

PH
(
n, ν, β, β′, ϕ, ϕ′, θ, θ′

)
=

1
2

(
1−

√
1− |〈α′, ξ ′|α, ξ〉|2

)
, (9)
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where the modulus squared of the overlap is given in Appendix A. In what follows we
analyse the Helstrom bound for some important cases, including the standard GS-CS case.

3.1. Case 1: Glauber-Sudarshan Alphabet

The standard GS-CS are achieved by setting β = β′ = 0 in (2), which also cancels the
dependence on the squeezing phases θ and θ′. In this case the Helstrom bound (for two
different GS-CS states |α〉 and |α′〉) reads in its most general form as

PH
(
n, ν, 0, 0, ϕ, ϕ′, θ, θ′

)
≡ PH

(
n, ν, ϕ, ϕ′

)
=

1
2

(
1−

√
1− e−2n+4n

√
ν(1−ν) cos(ϕ−ϕ′)

)
(10)

and exhibits a minimum value for PSK encoding, i.e., when ϕ − ϕ′ = π and ν = 1/2.
The latter constraint means equal energy for the two states. This minimum value is used in
what follows in order to compare with the genuine squeezed states.

3.2. Case 2: Squeezed-Coherent PSK Encoding

Starting with a general squeezed state (2), phase-shift keying is reached through
α′ = −α, i.e., w = w′, ϕ− ϕ′ = π and ξ ′ = ξ, i.e., β′ = β and θ = θ′, which also implies
ν = 1/2 (equal energy). This leads to the most general squeezed states with PSK encoding.
In this case the Helstrom bound takes the form

PH(n, 1/2, β, β, ϕ, ϕ + π, θ, θ) =

1
2

(
1−

√
1− e−4n(1−β)

(
1+2nβ+2 cos(2ϕ−θ)

√
nβ(1+nβ)

))
.

(11)

We learned from one of the reviewers that this result, yet in a different form, can be
found in [23]. The reviewer also showed the equivalence since Ref. [23] uses different
variables. Back then, squeezed light was called two-photon coherent state.

3.3. Case 3: Optimal Squeezed-Coherent PSK Encoding

The optimal squeezed coherent state with PSK encoding corresponds to ϕ = θ/2 and

β = βPSKopt = n/(1 + 2n). (12)

Note that this optimality condition does not hold for a general squeezed state. This
is equivalent to the squeezed states studied in [18], even though the authors had fixed
ϕ = θ = 0 from the start. This means that their expression is actually valid for more
general values of θ and ϕ as we have shown here. Please see the next case and Figure 1 for
further details.

Figure 1 shows the Helstrom bound for the above three cases for ν = 0.5 (same energy
in the two channels), θ = θ′ = 0, ϕ = 0 and ϕ′ = π (PSK encoding). The curve of squeezed
Case 2 for β = β′ = 1/2 appears below that of the standard GS-CS Case 1 for n & 0.25 while
the optimal squeezed Case 3 stands below the other two curves for any value of n. This
means that squeezing improves state discrimination, especially for the optimal case.
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Figure 1. Helstrom bound for ν = 0.5, ϕ = 0, ϕ′ = π and θ = θ′ = 0 using different coherent
states with PSK encoding as a function of the mean energy n. The black dotted curve represents the
Glauber-Sudarshan coherent states treated in Case 1. The blue dashed curve depicts the squeezed
Case 2 with β = β′ = 0.5. The red curve pictures the optimal Case 3, i.e., with β = β′ = βPSKopt (12).
Notice that the curve of squeezed Case 2 is below that of GS-CS Case 1 for n & 0.25 while the optimal
Case 3 stands below the other two curves for any value of n.

3.4. Case 4: General Squeezed-Coherent Alphabet

For a general Squeezed-Coherent alphabet {|α, ξ〉, |α′, ξ ′〉} it is possible to have dif-
ferent squeezing parameters β 6= β′ and/or different energies ν 6= 1/2. The latter condi-
tion means there is more energy allocated into one state at the expense of the second of
each alphabet.

We have numerically analysed the different possibilities and found that the lowest
possible Helstrom Bound case corresponds to the squeezed states with PSK encoding given
in Case 3. This means that there is always a region (of parameters) where the Helstrom
bound is lower for the squeezed states with PSK encoding.

For example, relaxing the constraint ν = 1/2 while maintaining β = β′ leads to
Helstrom bounds with similar behaviour in terms of the angle parameters, yet with higher
values than the optimal squeezed PSK case, see Figure 2.

Another example is given in Figure 3, representing an alphabet made of general
squeezed coherent states |α, ξ〉 with n = 1, β = β′, ϕ = 0, ϕ′ = π, θ′ = 0 and ν = 0.7
in comparison with a Glauber-Sudarshan alphabet. In this case we can see that state
discrimination is more efficient for the squeezed coherent state alphabet around θ = 0 and
for β in some domain. Consequently, dealing with channels with different energies it is still
advantageous to use squeezing to improve state discrimination, as is the case for squeezed
state with PSK encoding. Note that the optimal β is slightly smaller than 1/3 and thus does
not coincide with the optimal squeezed PSK value given by (12).
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Figure 2. Helstrom bound as function of ϕ and θ, for n = 1, β = β′ = 1/3, (which corresponds to
the optimal case of squeezed PSK) ϕ′ = ϕ + π, and θ′ = θ. The brown-orange surface depicts the
ν = 0.5 squeezed PSK case while the light blue surface pictures a general squeezed case with ν = 0.1.
One can easily see that the minimum value for Helstrom bound corresponds to 2ϕ− θ = 0.

Figure 3. Helstrom bound for n = 1, ν = 0.7, ϕ = θ′ = 0, ϕ′ = π. Blue flat surface: Glauber-
Sudarshan alphabet. Brown-orange curved surface: squeezed coherent state alphabet with β = β′.

To further explore this point we plot the Helstrom Bound as function of β = β′ for
different values of ν. All other parameters are fixed, the angles to the optimal squeezed
PSK values and the mean energy is set to n = 1, see Figure 4. It is clear that the optimal
β (giving the lowest Helstrom bound for each case) depends on ν and thus is not given
by (12) in the general case. Moreover it is also clear that the optimal squeezed PSK states
(i.e., for ν = 1/2) do better than all other states.
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Figure 4. Helstrom bound as function of β = β′ for different values of ν while n = 1, ϕ = θ = θ′ = 0,
ϕ′ = π. The Glauber-Sudarshan case (β = β′ = 0) for ν = 1/2 is also plotted for comparison. The
optimal β depends on ν and thus is not given by (12) in the general case, since for β = β′ > 4/5 the
Glauber-Sudarshan coherent states present a lower Helstrom bound than the PSK case. The optimal
squeezed PSK states (ν = 1/2) yields the lowest possible Helstrom bound (β = β′ = 1/3 for n = 1).

Finally, relaxing the constraint β = β′ shows an interesting feature of the general
squeezed states. The squeezed PSK states exhibit a Helstrom bound which is symmetric
with respect to β and β′, with lower values for β = β′, becoming optimal for βPSKopt . While
the Helstrom bound for general squeezed states is asymmetric and exhibits lower values
for β 6= β′. In fact all cases are symmetric under the transformation ν→ ν′ = 1− ν, β↔β′.
Figures 5 and 6 show squeezed PSK (ν = 1/2) along with genuine squeezed states having
ν = 1/5 and ν = 4/5, respectively. The symmetry between the two cases is clearly shown
comparing the two figures.

Figure 5. Helstrom bounds for two squeezed states distinguished by their energy channel
shares (ν = 1/2 and ν = 1/5) as functions of arbitrary squeezing parameters β, β′, with n = 1,
ϕ = θ = θ′ = 0 and ϕ′ = π.
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Figure 6. Helstrom bounds for two squeezed states distinguished by their energy channel
shares (ν = 1/2 and ν = 4/5) as functions of arbitrary squeezing parameters β, β′, with n = 1,
ϕ = θ = θ′ = 0 and ϕ′ = π.

Note that the squeezed PSK states exhibit lower quantum error overall, but there are
still regions where the general case outperform the squeezed PSK case. This can be seen
in the right corner of Figure 5 and left right corner of Figure 6, for instance. Nonetheless
those regions do not lead to the lowest Helstrom limit within the space of parameters. The
lowest possible Helstrom bound corresponds to the optimal squeezed coherent states with
PSK encoding, i.e., ν = 1/2 and β = β′ = βPSKopt (12).

4. Conclusions

This work has to be viewed as a natural continuation of a previous exploration [17] of
statistical properties and Helstrom Bound for non-standard coherent states. The extension
of our previous study to squeezed states is motivated by their relevance on the experi-
mental level, and the importance of finding the best parameters in order to minimize the
quantum error.

With the analytic expression for the expansion coefficients of a single-mode squeezed
coherent state in the Fock basis, and written in terms of the holomorphic Hermite polyno-
mials, a simple expression for the overlap of two arbitrary squeezed coherent states has
been found using Mehler’s formula. The modulus squared of this expression is provided
in Appendix A for completeness.

To compare two different encodings, a restriction was imposed; each letter of the
alphabet gets a fixed energy. We have then performed a numerical analysis and have
shown that, for an alphabet of squeezed coherent states, one can always find regions
where state discrimination is improved in comparison to the GS-CS alphabet. The optimal
situation corresponds to squeezed coherent states with PSK encoding. This alphabet was
studied in [18,23] and is further explored here. What is more, we have shown that this case
is valid for more general values of the angular parameters θ and ϕ, provided ϕ = θ/2.

We have also shown that the Helstrom bound for general squeezed states is asymmetric
with respect to the squeezing parameters β and β′. In this case, the values of β and β′

lowering the Helstrom bound depend on the value of ν and thus are not given by (12).
Moreover, there are regions where the general case outperforms the squeezed PSK case.

The squeezed states studied in this work are labelled by two complex parameters (see
Equation (2)) yet are elements of a one-mode Fock space. The extension to two- and multi-
mode Fock Hilbert space might be considered in a future work. Finally, the uncertainty
relation of squeezed states and associated correlations of electric and magnetic fields might
also be interesting, and will be studied elsewhere.
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Appendix A. The Modulus Squared of the Overlap of Two Arbitrary Squeezed States

The following expression was obtained both by hand and by software. In fact, the best
parameters leading to squeezed coherent states with optimal Helstrom bounds were found
by analyzing the analytical expression. The modulus squared of the overlap (4) reads (Note
that the overlap is always symmetric under the transformation ν→ ν′ = 1− ν, β↔β′).

∣∣〈α′, ξ ′|α, ξ
〉∣∣2 =

exp
[

f1(n, ν, ϕ, ϕ′, β, β′, θ, θ′) +
f2(n, ν, ϕ, ϕ′, β, β′, θ, θ′)

h(n, ν, β, β′, θ, θ′)

]
√
(1 + 2nνβ)(1 + 2n(1− ν)β′)h(n, ν, β, β′, θ, θ′)

× exp
[

f3(n, ν, ϕ, ϕ′, β, β′, θ, θ′) + f4(n, ν, ϕ, ϕ′, β, β′, θ, θ′)

h(n, ν, β, β′, θ, θ′)

]
× exp

[
f5(n, ν, ϕ, ϕ′, β, β′, θ, θ′) + f6(n, ν, ϕ, ϕ′, β, β′, θ, θ′)

h(n, ν, β, β′, θ, θ′)

]
× exp

[
f7(n, ν, ϕ, ϕ′, β, β′, θ, θ′) + f8(n, ν, ϕ, ϕ′, β, β′, θ, θ′)

h(n, ν, β, β′, θ, θ′)

]
× exp

[
f9(n, ν, ϕ, ϕ′, β, β′, θ, θ′)

h(n, ν, β, β′, θ, θ′)′

]
,

(A1)

where

h(n, ν, β, β′, θ, θ′) =1− 2 cos(θ − θ′)

[
2nνβ

1 + 2nνβ

] 1
2
[

2n(1− ν)β′

1 + 2n(1− ν)β′

] 1
2

+

[
2nνβ

1 + 2nνβ

][
2n(1− ν)β′

1 + 2n(1− ν)β′

]
,

(A2)

f1(n, ν, ϕ, ϕ′, β, β′, θ, θ′) = −2nν(1− β)

(
1 + cos(2ϕ− θ)

[
2nνβ

1 + 2nνβ

] 1
2
)

− 2n(1− ν)(1− β′)

(
1 + cos

(
2ϕ′ − θ′

)[ 2n(1− ν)β′

1 + 2n(1− ν)β′

] 1
2
)

,

(A3)

f2(n, ν, ϕ, ϕ′, β, β′, θ, θ′) =4n
√

ν(1− ν)(1− β)(1− β′) cos
(

ϕ− ϕ′
)

×
(

1−
[

2nνβ

1 + 2nνβ

][
2n(1− ν)β′

1 + 2n(1− ν)β′

])
,

(A4)



Entropy 2022, 24, 220 10 of 11

f3(n, ν, ϕ, ϕ′, β, β′, θ, θ′) =4n
√

ν(1− ν)(1− β)(1− β′) cos
(

ϕ + ϕ′ − θ′
)

×


[

2n(1− ν)β′

1 + 2n(1− ν)β′

] 1
2

1 + 2nνβ
+

[
2nνβ

1 + 2nνβ

] 1
2

1 + 2n(1− ν)β′

,
(A5)

f4(n, ν, ϕ, ϕ′, β, β′, θ, θ′) = 4n
(
ν(1− β) + (1− ν)(1− β′)

)[ 2nνβ

1 + 2nνβ

] 1
2

×
[

2n(1− ν)β′

1 + 2n(1− ν)β′

] 1
2
([

2nνβ

1 + 2nνβ

] 1
2
[

2n(1− ν)β′

1 + 2n(1− ν)β′

] 1
2

− cos(θ − θ′)

)
,

(A6)

f5(n, ν, ϕ, ϕ′, β, β′, θ, θ′) =− 2nν(1− β) cos
(
2ϕ− θ′

)[ 2n(1− ν)β′

1 + 2n(1− ν)β′

] 1
2

− 2n(1− ν)(1− β′) cos
(
2ϕ′ − θ

)[ 2nνβ

1 + 2nνβ

] 1
2
,

(A7)

f6(n, ν, ϕ, ϕ′, β, β′, θ, θ′) =− 2nν(1− β) cos
(
2ϕ− 2θ + θ′

)
×
[

2nνβ

1 + 2nνβ

][
2n(1− ν)β′

1 + 2n(1− ν)β′

] 1
2

,
(A8)

f7(n, ν, ϕ, ϕ′, β, β′, θ, θ′) =− 2n(1− ν)(1− β′) cos
(
2ϕ′ − 2θ′ + θ

)
×
[

2nνβ

1 + 2nνβ

] 1
2
[

2n(1− ν)β′

1 + 2n(1− ν)β′

]
,

(A9)

f8(n, ν, ϕ, ϕ′, β, β′, θ, θ′) =2nν(1− β) cos(2ϕ− θ)

[
2nνβ

1 + 2nνβ

] 1
2

×
[

2n(1− ν)β′

1 + 2n(1− ν)β′

](
1 +

[
2nνβ

1 + 2nνβ

])
,

(A10)

f9(n, ν, ϕ, ϕ′, β, β′, θ, θ′) =2n(1− ν)(1− β′) cos
(
2ϕ′ − θ′

)[ 2nνβ

1 + 2nνβ

]

×
[

2n(1− ν)β′

1 + 2n(1− ν)β′

] 1
2
(

1 +
[

2n(1− ν)β′

1 + 2n(1− ν)β′

])
.

(A11)
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