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construct linear codes. In this paper, we study the minimality of linear codes over F; constructed
from sunflowers of size s in all cases. For any sunflower, the corresponding linear code is minimal
if s > g+ 1, and not minimal if 2 < s < 3 < 4. In the case where 3 < s < g, for some sunflowers,
the corresponding linear codes are minimal, whereas for some other sunflowers, the corresponding
linear codes are not minimal.
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1. Introduction

Let [F; be the finite field with g elements and [}/ the vector space with dimension n
over Fy. For a vector v = (v1,...,0,) € Fyj, let Suppt(v) := {1 < i < n:v; # 0} be the
support of v. The Hamming weight of v is wt(v):=#Suppt(v). For any two vectors u, v € Fy,
if Suppt(u) C Suppt(v), we say that v covers u (or u is covered by v) and write u < v.
Clearly, av X v foralla € F,.

An [n,m]q linear code C over F; is an m-dimensional subspace of Fjj. A codeword c in
a linear code C is called minimal if c covers only the codewords ac for all a € IF;, but no other
codewords in C. If every codeword in C is minimal, then C is said to be a minimal linear
code. Minimal linear codes have interesting applications in secret sharing [1-5] and secure
two-party computation [6,7], and could be decoded with a minimum distance decoding
method [8].

Up to now, there are two approaches to studying minimal linear codes. One is the
algebraic method and the other is the geometric method. The algebraic method is based
on the Hamming weights of the codewords. In [8], Ashikhmin and Barg gave a sufficient
condition for a linear code to be minimal. Many minimal linear codes satisfying the

condition fgﬁ:’( > % are obtained from linear codes with few weights; for example [9,10].

Cohen et al. [7] provided an example to show that the condition %;’X’ > % is not necessary
for a linear code to be minimal. Ding, Heng, and Zhou [11,12] derived a sufficient and
necessary condition on all Hamming weights for a given linear code to be minimal.

When using the algebraic method to prove the minimality of a given linear code, one
needs to know all the Hamming weights in the code, which is very difficult in general. Even
if all the Hamming weights are known, it is hard to use the algebraic method to prove the
minimality. In this paper, we will use the geometric approaches to study the minimality of
some linear codes. Based on the geometric approaches (see [13-15]) it is easier to construct
minimal linear codes or to prove the minimality of some linear codes (see [16-21]).

Sunflower in coding theory is a class of important subspace codes and can be used to
construct linear codes, see [22]. Let s be the number of the elements in a sunflower. In [23],
(Theorem 10), the authors proved that if s > p + 1, then the corresponding linear code over
[F, is minimal, where p is a prime number.
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In this paper, we will use the approach used in [14] to consider the minimality of linear
codes over [F; constructed from sunflowers for all s. We obtain the following three results:
(1) when s > g + 1, for any sunflower, the corresponding linear code is minimal; (2) when
2 < s < 3 < g, for any sunflower, the corresponding linear code is not minimal; (3) when
3 < s < g, for some sunflowers, the corresponding linear codes are minimal, wherea for
some other sunflowers, the corresponding linear codes are not minimal.

This paper is organized as follows. In Section 2, we introduce some basic knowledge
about sunflowers, Euclidean inner product, and minimal linear codes. In Section 3, we
consider the linear codes constructed from sunflowers and discuss the minimality of these
linear codes in three cases. In Section 4, we conclude this paper.

2. Preliminaries
2.1. Sunflower

Throughout this paper, let k and ty be two positive integers, m = 2k + tgand | = k + t.
Let2 <s < qk + 1 be a positive integer, Tp < IF;” be a subspace of IE‘Z1, and dimT; = to. We
denote Gy (I, m) the set of I-dimensional vector subspaces of . We define

(I):{EISFZZ dlmEl:l, EZﬂE]:TQ,lgl#]SS}

Then, ® C Qq(l, m) is a sunflower of IE‘Z’ and the space Ty is called the center of the sun-
flower ®.

Lemma 1. Let & C G,(I,m) be a sunflower and Ty the center of ®. For any E;, E; € ® with
1<i#j< s,wehavelﬁ‘g1 =E;+E.

Proof. Since
dim(E; + E;) = dim(E;) + dim(E;) — dim(E; N E;)
= dim(E;) + dim(E;) — dim(Tp)
=l+l—ty=m
and E; + E; < Fgﬂ we have Fgl =E+E. O
Lemma 2. Let & C G,(I,m) be a sunflower and Ty the center of ®. For any E;, E; € ® with
1<i#j< s,wehaveEiLﬁE]-L = {0}.

1
Proof. Assume thatz € EiL NE ]i It follows from Lemma 1 that z € (IF qm> , which implies
z=0. 0

2.2. Euclidean Inner Product

Let m be a positive integer. For x = (x1,x2,...,%m), Yy = (Yy1,Y2,---,Ym) € IF;”, the
Euclidean inner product of x and y is given by

m
- T _
<Xy >i=Xxy =) Xy
i=1

For any S C F}’, we define

;
Span(S) := {Z)\isi |reN,s; €5, € Fq},
i=1

Sti={ve F7 | vs! =0, forany s € S}.
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Then, Span(S) and S are vector spaces over F, and
dim(Span(S)) 4+ dim(S*) = m. (1)

2.3. Minimal Linear Codes

All linear codes can be constructed by the following way. Let m < n be two positive
integers. Let G := [dy,...,d,] be an m x n matrix over F; and D := {d;,...,d,} bea
multiset. Let r(D) = r(G) denote the rank of G, which is equal to the dimension of the
vector space Span(D) over ;. Let

C(D) := {c(x) =xG = (xdl,...,xd]),x e ]F?}

Then, C(D) is an [n, r(D)]; linear code with generator matrix G. We always study the
minimality of C(D) by considering some appropriate multisets D.

To present the sufficient and necessary condition for minimal linear codes in [14], some
concepts are needed. For any y € F’, we define

H(y):=y" ={x€F}' |xy’ =0},
H(y,D):=DnNH(y) = {xeD|xy’ =0},
V(y, D) = Span(H(y, D)).
It is obvious that H(y, D) C V(y, D) C H(y).

Proposition 1 ([14]). Forany x,y € F', ¢(x) = c(y) ifand only if H(y, D) C H(x, D).

Lety € F{'\{0}. The following lemma gives a sufficient and necessary condition for
the codeword ¢(y) € C(D) to be minimal.

Lemma 3 ([14] (Theorem 3.1)). Lety € Fy/ \{0}. Then, the following three conditions are equivalent:
(1) c(y) is minimal in C(D);

(2 dimV(y,D)=m—1;

@) V(y,D)=H(y)

The following lemma gives a sufficient and necessary condition for linear codes over
[F; to be minimal.

Lemma 4 ([14] (Theorem 3.2)). The following three conditions are equivalent:
(1) C(D) is minimal;

() foranyy € Fy\{0}, dimV(y,D) =m —1;

(B) foranyy € Fy\{0}, V(y,D) = H(y).

By the following lemma, we can obtain infinity of many minimal linear codes from
any known minimal linear codes.

Lemma 5 ([14] (Proposition 4.1)). Let D1 C D, be two multisets with elements in Fy and
r(D1) = r(Dy) = m. If C(Dy) is minimal, then C(Dy) is minimal.

The following corollary is trivial.

Corollary 1. Let D1 C D; be two multisets with elements in i and r(Dy) = r(Dz) = m. If
C(Dy) is not minimal, then C(D1) is not minimal.
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In the following section, we will use the above lemmas to consider the minimality of
linear codes constructed from sunflowers.

3. The Minimality of Linear Codes Constructed from Sunflowers

In this section, we consider the linear codes constructed from sunflowers and discuss
the minimality of these linear codes.
Let
b = {El SF;” dlmElzl,ElﬂE] = Tg,l Sl#]gs}

be a sunflower of ng and T the center of ®.
Let

S

D (O El-)\To — U(E\TY). @
i=1

i=1
It is easy to see that C(D) is a [s(q' — g), m], linear code.

The following lemmas are important in the proofs of this section.

Lemma 6 ([24] (Lemma 3.1)). For all y € Fy\{0}, E < Fy' and dim(E) = r, we have
H(y,E) = V(y,E) and
r, if yeE

mmvwf):{r_l i ygEl

By linear algebra, we can obtain the following lemma.

Lemma 7. Lety € Fy'\{0}. If forany E; € @,y ¢ Eit, 1 <i<s. ForanyE

Eio 75 EjO’ let D1 = (Eio U E]o)\TO We have

ior Ejp € @/
m—2, if yeTol;

rankH(y,D{) =
. D) {m—L if yéTob.

Proof. Sincey ¢ Ef, it follows from Lemma 6 that dimH(y, E;,) = dimH(y, Ej)=1-1
Note that H(y, To) < H(y, E;,) and H(y, To) < H(y, Ej,)-
Ify € Ty, then H(y, Ty) = To. Suppose that

H(YI TO) = TO = Span{’yl/ Y2, /,)/to}/
H(y, Eio) = Span{rxl,zxz,. e &1, Y1 Y2, ,’)/to},
H(YI E]Q) - Span{,Bll ﬁZ/ .. /ﬁkfll r)/ll ’)/2/ .. /’)/to}'

Then, we have

H(y, Ei)) \ To 2 {ar, a2+ a_1,a1 +71,&1 + 72, -, 81 + 710},
H(y,Ejy) \ To 2 {B1, B2/, Br—1,B1 + 71, B1 + 72, -+, B1 + V1 }-

Since H(y, D1) = (H(y, Ei,) UH(y, Ej;)) \ To, the above equations lead to

H(Y/Dl) 2 {“1/“27"'I“k—l/ﬁ]/,ﬁZ/'-'/ﬁk—lral +,)/1/[X1 +r)/2!"'/0‘1 +r)/t0}/

i.e, rankH(y, D7) = m — 2.
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Ify ¢ Ty, then dimH(y, Ty) = to — 1 by Lemma 6. Suppose that

H(y, To) = Span{v1,72,---,Vty-1},
To = Span{ Y1, 72, -+, Ytg—1, Vto }
H(y,E;,) = Span{ay, az, ..., &, Y1, V2, Vig—1}s
H(y, Ej,) = Span{B1, B2, - -, Bk, Y1, Y2/ - - Vtg—1}-

Then, we have

H(y,Ei))\To 2 {1, @0 -+, &g, 00 + 1,81 + 72, -, &1 + Yeo-1},
H(y,Ejy) \ To 2 {B1,B2/---, B B1 + 71, B1 +72,- -+, B1 + Vig-1}-

Since H(y, D1) = (H(y, Ei,) UH(y, Ej,)) \ To, the above equations yield
H(Y/Dl) 2 {“1/“2/* . 'I“k!ﬂl/ﬁZl' . 'rﬁkl(xl + Y1, %1 + Y2, %1 +’Ytg—1}/
i.e., rankH(y, D) = m — 1. The proof is completed. [

Now, we consider the minimality of C(D) in three cases. First, whens > g+ 1, we have

Theorem 1. Let & = {Ey,...,Es} be a sunflower of Fy' with center Ty of dimension to. If
s> q+1,then C(D)isan [s(q' — q'0), m]; minimal linear code.

Proof. According to Lemma 4, we only need to prove that forany y € F'\{0}, dimV(y, D) =
m — 1. By (2), we obtain

Tt

H(y,D) = DnH(y) = (J(H(y, Ei)\To)- )

i=1

There are three cases:
(1) If there exists E;, € @ such thaty € Eit, then we have dimH(y, E;,) = I from

Lemma 6. According to Lemma 2, for any E;; € ® with E;; # E;, we havey ¢ Efo-.

Then, it follows from Lemma 6 that dimH(y, E]'o) =1—1.Sincey € EiJO- - T(f-, we have
H(y, Ty) = Ty. We set

H(y, To) = To = Span{y1, 72, -, Yty }-
When k = 1, we set

H(y, Eio) = Span{le, Y1,7Y2, - - .,’yto}.

By (3), we have H(y, D) D {a1, a1 + 71,41 +72,..., 41 + 71, }, and so dimV (y, D) = m — 1.
When k > 1, we set

H(y,Ej,) = Span{ay, &z, ..., &, Y1, 72, -+, Vio }s

and
H(yr E]o) = Span{lglr ﬁZ/ . '/ﬁk*l/ Y1, Y2, - - '/r)/to}‘
By (3), we have
H(YID) 2 {a1,0(2,.. 'Iaklﬁll,BZI' ~'/,Bk71/0‘1 +,Yl/al +’)/2/-~ LS +r)/t0}-
Since

rank{ay, &y, ..., &, B1, B2 -, Br—1, 1+ V1,00 + Y2, 0+ Y} =m—1,
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it is easy to obtain dimV (y, D) =
(2) If for any E; € @, 1

dimH(y, E;,) = dimH(y, Ej,) =

dimH(y, Tp) = to — 1. We set

m — 1.
< i < 5 we havey ¢ Ef— and y ¢ Td—, then

I —1 for any E;, Ej; € ® with E;) # Ej. Sincey ¢ TS,

H(Y/ TO) - Span{,)/ll V2,00, ’Yto—l}/ TO - Span{,)/ll V2,0 ')/to}'

When k = 1, we set

H(y, Eio) = Span{oq, Y1, Y2, - ,’)’tofl}, H(y, E]O) = Spal’l{ﬁl,’)/l,’)/z,. . .,’)’tofl}.

Then,
H(y, D) > {061,‘31,111 +v1,8610+ Y2, 00 F ’yto_l}.
Since
rank{ag, B1, a1 + 71,41 + Y2, 1+ Y1} =m—1,
it is easy to obtain dimV (y, D) = m — 1.

When k > 1, let D = (E;, UEj))\To. By Lemma 7, we have rank(H(y, D1)) = m — 1,
thus dimV (y, D) = m — 1.

@) Ifforany E; € &,1 <i <s,wehavey ¢ EiL andy € TOL ; then, it follows from
Lemma 6 that dimH(y, E;) =1 — 1 and dimH(y, Tp) = to.

When k = 1, we obtain dimTi=2 and dimEilzl, 1 <i < s, then El-L is the one-
dimensional subspace of T;-. There are q + 1 one dimensional subspace of T;", since
s > g+ 1, we obtain s = g+ 1. By Lemma 2, for any E;, Ej € D, E # E;, we have
E;- NE;- = {0}. Thus,

S
Ty = |J EF-. 4)
i=1
Sincey € TOL, by (4), there exists E]- € @, such thaty € E]-l, a contradiction. So k # 1.
When k > 1, we have dimH(y, E;)=dimH(y, E;) =1 — 1. Let D; = (Eq U E3)\Tp. By
Lemma 7, we have rank(H(y, D1)) = m — 2. We set

To = H(y, To) = Span{y1, 72, ---, Tt }-
Ey = Span{aq,a2,..., 061, 8,71, Y2, -, Vo }» H(y, E1) = Span{ay, g, ..., 061,71, Y2, - - -, Tto }-

EZ = Span{,Blr ,BZI ceey .kall ,Bk/ Y1, V2, ’yto}r H(YI EZ) = Span{,Blr ,BZ/ ceey ‘Bk—ll Y1, Y2,y ')’t[)}~
Let
B= {al/‘xZI- . -/D‘kflrﬁl/,BZI- . -/,kal/al +’Yl/a1 + Y2, .., K1 + ’)/to}'
Then, rankB = m —2 and B C H(y, D). Let V = F!, W = Span(B) and V = V/W the
quotient space of V over W. We have dimV = 2 and V =Span{ay, B;}. Let 7 be the
standard map from V to V. For any E; € ®,1 < i <s, (E;) is a subspace of V. Itis easily
seen that dim7(E;) = 1 or 2. There are the following two cases.

(i) If there exists E;, € @ such that dim7t(E;,) = 2, then 71(E;;) = V. There must exist
a € E;; such that

(a) = ax — bPy, where b = (aey”)/(Bry")-

So, & = ay — bByx + w, where w € W. It is simply checked that w ¢ Ty, « € H(y) and « ¢ W.
We obtain
(Bu{a}) C H(y,D), rank(BU{a}) =m — 1.

Thus, dimV(y,D) = m — 1.
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(i) If for any E; € ® we have dimrt(E;) = 1, combining that V' = E; + E; for any E;,
E; € ® with E; # E; in accordance with Lemma 1, we have

V = n(V) = n(E;) 4+ n(E;) and 7 (E;) # m(E;j).

Since V has only g4 + 1 one-dimensional subspace and s > g+ 1, we haves = g+ 1 and

_ S
V = U 7(E;). There must exist Ej, € ® such that
=1

n(Ej,) = Span{ay — bpy}, where b = (ay”)/(Bry")-

Hence, there exists &« = a; — bBy +w € Ej;, where w € W, such that 7r(a) = a; — bfy. One
can easily deduce thata ¢ Ty, « € H(y) and &« ¢ W. We obtain

(BU{a}) CH(y, D), rank(BU {a}) =m — 1.

Thus, dimV ((y), D) = m — 1.
In conclusion, for any y € Fy"\{0}, we have dimV(y,D) = m —1, so C(D) is a
minimal linear code. [

Remark 1. In Theorem 1, if g = p is a prime number, then it becomes [23] (Theorem 10).
So Theorem 1 is a generalization of [23] (Theorem 10). Our method is different from theirs.
When s < q, our method also can be used to study the minimality of the linear codes, whereas theirs
can not.

Example 1. Let ey, ..., ey be the standard basis of ]FZ? Let

T = Span({ex1, €12, ---, em}) = {(0,0,t) |t € F}. 6)
Forany b € F,, we define
E, = Span{e; + bey 1, ey + begio, ..., e+ bey, e i1, ..., em}. (6)

Suppose that

® = {Ey|b € F;} USpan{ei 1, €xi2,..., €%, € i1,---,€m}

and

D'= | (E\Ty).

Eic®
It is easy to see that ® is a sunflower of ¥} with center Ty and s = q + 1. Here, we take q = 4,k = 3,
and ty = 1. With the help of Magma, we verify that the code C(D’) is a minimal [1260,7]4 linear
code with minimum distance 768, and

Wmin

B~ W

4
5

Wmax

Now, we consider the minimality of C(D) when2 < s <3 < g4. If s = 3, we have

Theorem 2. Let ® = {Ey,...,Es} be a sunflower of Fi with center Ty of dimension to. If
s =3 < g, then C(D) is not minimal.

Proof. To prove C(D) is not minimal, by Lemma 4, we only need to prove there exists
yo € Fy"'\{0} such that dimV (yo, D) < m —2.
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When s = 3, ® = {Ej,E», E3}. By Lemma 2 we know E{ NEy = {0}. Then,
for any y; € E5 \ {0}, we have y; ¢ E{ and y; € Ty. Thus, dimH(yy, Ey) = [ —1,
dimH(y1, Ez) =1, and dimH(y1, Ty) = fo. We set

TO = H(le TO) = Span{'Yl/ Y25 r)/to}/

El = Span{aerCZ/ e B 1, X, Y1 Y2, - /’Yto}, H(le El) = Span{“l/“Z/ e &1, Y1, Y2, - r'yfo}'

E; = H(y1, Ez2) = Span{B1, B2, -, Bis Y1, Y2, - - -+ Vi }»

where a;y! = 1. Let

Ei = Span{rxl,zxz,. . .,Dék}, Eé = Span{ﬁl,ﬁz, A r,Bk}/

we have Fj' = E{ ® E, @ Ty. For any 17 € E3, there exist unique & € E, B € E},y € Ty, such
thaty = a + 4. Since a + p = 7 — v € E3, for any a € E}, there exists unique € E}
such that « + B € E3. Let ¢ be a map from E] to E} satisfying ¢(a) = B. We can see ¢ is an
isomorphism from E} to E} and

E3 = {x+¢(x)|x € E}} ® Ty = E; ® T.

Sincey; ¢ E,y1 € Ty,and E; = E{ & Top, wehavey; ¢ (E})*, dimH(yy,E}) =k—1,
dimg(H(yy, Ef)) = k— 1, and dimg(H(y1, E}))t = m — (k—1) = k+ to + 1. Thus,

dim(g(H(y1, E{))* NE)
—dim(H(y;, E}))* + dim(E{) — dim(p(H(y1, E}))" + Ef)
>k4tg+1+k—m=1.

Since q > 3, there exists y, € (¢(H(y1, E}))* N E{)\{0} such that ¢(ay)yl # —1. 1t
is easy to see y» ¢ E5 and y, € Ty Let yg = y1 + y2, we obtain yg & E{, yo £ E5, and
yo € Ty Since ay + ¢(ax) € E3 and

(a + @) ys = (ax + (o)) (y1 +y2)"
= aey] +ays + e(a)yl + @(w)ys
=1+0+0+ ¢(ax)y; #0,

we obtain y ¢ E?)L. Thus, yo ¢ Eil, 1<i<3anddimH(yg, E;)=1-1.
(1) When k = 1, dimH(yo, E;) = to, since Ty < H(yo, E;), we have Ty = H(yo, E;).

Thus,
3

H(yo, D) = U (H(y, E)\To) = @.
i=1

Thus, C(D) is not minimal.
(2) When k > 1, since E; = E| & T, we have yo ¢ (E!)* and dimH(yo, E/) = k — 1.
Thus,
H(yO, Ei) = H(yO, El/) DTy 1<i<3.

By Lemma 6, it is easily verified that

H(yo, E1) = H(y1, E1),
H(yo, E3) = H(ya, E5) = ¢(H(y1, E1)) = @(H(yo, E1)),
H(yo, E3) = {x + ¢(x)|x € H(yo, E1)} C Span(H (yo, E1) U H(yo, E3)).
Then, dimV (y, D) = m — 2. By Lemma 4, we have that c(yp) is not minimal. O

Combining Theorem 2 and Corollary 1, we have
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Corollary 2. Let ® = {Ey,...,Es} be a partial spread of Fy'. If2 < 's < 3 < g, then C(D) is
not minimal.

Now, we consider the minimality of C(D) when 4 < s < q. We recall from (5) that

T} = Span({ex1, €42, ---,em}) = {(0,0,t)|t € IE‘,';O}.

We will show that some sunflowers ® with center T}, C(D) are minimal, whereas some
other sunflowers ® with center T}, C(D) are not minimal.

First, we construct some sunflowers @ such that C(D) are minimal. Let k > 2, f(x) be
an irreducible polynomial in F;[x] of degree k and M € FSX" be a matrix with characteristic
polynomial f(x). We define

Er={(x0,t)[x € F\,t e F°}, E> = {(0,x,t)|x € F5, t € F'},

7)
Es = {(xxt)[x € F,t € F°}, Ey = {(x,xM, t)|x € F, t € F}°},

and
D= {EllEZI E3r E4} (8)

We can see @ is a sunflower with center Tj).
Theorem 3. For the sunflower ® defined in (8), the linear code C(D) is minimal.

Proof. According to Lemma 4, we only need to prove that for any y € Fy\{0},
dimV (y, D) = m — 1. There are three cases:

(1) If there exists E;; € ® such thaty € El-t, the proof is similar as that in Theorem 1 (1).

(2) IfforanyE; € ®,1<i<s,wehavey ¢ EZ.J- andy ¢ Tél, then the proof is similar to
that in Theorem 1 (2).

B Ifforany E; € &,1 <i < s, wehavey ¢ El-L andy € TO’L, the proof is as fol-
lows. Lety = (y1,y2,¥3) where y1,y2 € F’,;, y3 € ]F;O. Next, we define two linear
transformations ¢, ¢ from JFZ to IF’,;:

p(x) =x,P(x) =xM,x € IE",; )
Then,
Es = {(x, ¢(x), t)|x € FE,t € F*}, Es = {(x, 9(x),t)|x € FE,t € F}.  (10)
Let
Ef ={(x,0,0)|x € FZ},EQ ={(0,x,0)|x € FS}, an
E5 = {(x, 9(x),0)|x € F}, Ej = {(x, (x),0)|x € F§}.
It is easy to verify that
Ei=EaT),1<i<4
Let
S:=Span{H(y,E1) UH(y, E2)}
= Span{{H(y, E1) UH(y, E2) \To} 12

= {(a,p,0)|a € H(y, E1), p € H(y, E2)} ® {(0,0,0)|t € F{'}
=S @ T,
By Lemma 7, we have dimS = m — 2.

Now, we prove H(y, E3) € Sor H(y, E4) ¢ S. If not, assume that H(y, E3) C S and
H(y, E4) C S. By H(y, E3) C S, itis obvious that H(y, E}) C S'. Sincey ¢ E5 and y € Tj*,
we have y ¢ E{', and then dimH(y,E;) = k — 1. There exists ay,...,a,_1 € H(y1),
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B1,---,Br-1 € H(yz) such that (a1,1,0),..., (ak_1,Br_1,0) is a basis of H(y, E}). Then,
(10) yields B; = ¢(«;). It is effortlessly demonstrated that ay, ..., a;_1 is a basis of H(y1),
and B1, ..., Br_1 is a basis of H(y,). Thus,

@(H(y1)) = H(y2).

Similarly, by H(y, E4) C S, we obtain

$(H(y1)) = H(y2)-

Then, we have
¥(H(y1)) = H(y2) = ¢(H(y1)) = H(y1)-
That is to say, H(y;) is the y-invariant subspace of ]F’,;

Letay, ..., a5 1, & be a basis of FX, where a1, ..., a;_1 is a basis of H(y1). Then, the
matrix of ¢ with respect to this basis is

_( Bi B
(V)
where Bj is the matrix of ¢|H(y;) with respect to ay, ..., ax_1. Note that M is the matrix

of i with respect to the standard basis, and thus M and B are similar and have the same
characteristic polynomial. So

f(x) = [xI = Bi|(x = b),

a contradiction with the irreducibility of f(x). Hence, H(y,E3) € S or H(y,E4) € S.
It is easy to see that r({H(y, E1) U H(y, E») U H(y, E3)}\T}) = m —1 or r({H(y, E1) U
H(y,E;) UH(y, E4)}\T) = m — 1. So, dimV (y,D) = m — 1.

In conclusion, for any y € Fy"\{0}, dimV(y,D) = m —1. By Lemma 4, C(D) is
minimal. O

Combining Theorem 3 and Lemma 5, we have

Corollary 3. Let s > 4 and ® = {Ei,...,Es} be a sunflower of F}' with center Ty. If
{Ey, Ez, E3, E4} are defined as (7), then C (D) is minimal.

Example 2. Take g = 5,k =2, and to = 1. Let f(x) = x> + x + 1 and

0 -1
m=(1 )
It is easily checked that f(x) € Fy[x] is an irreducible polynomial of degree 2 and the characteristic

polynomial of M. Then, the code C(D) constructed based on Theorem 3 is a minimal [480, 5|5 linear
code with minimum distance 300, and

Wmin

Q1| W~

3
4

Wmax

Now, we construct some sunflowers ® with center T} such that C(D) are not minimal.
Let us recall from (6) that

E, = Span{e; + bey 1, e+ bey,o, ..., ex + bex, € i1, ..., €m}.

Let

It is easy to see that @ is a sunflower of F§' with center T},
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Theorem 4. For the sunflower ® defined in (13), the linear code C (D) is not minimal.
Proof. Letyo = eq. Then, for any b € F;, we obtain
H(yo, Ey) = Span{e; +be s, , e + bey, exi1, .-, €m}
C Span{ey, ..., €k, €k, - -, €2k, €2k i1, -, €m -

By (3), we have

H(yO, D) Q Span({ez, R - T T PR <) T3 <o) I PR em})

Then, dimV (yp, D) < m — 2. By Lemma 4, we have that ¢(yy) is not minimal and C(D) is
not minimal. O

Combining Theorem 4 and Corollary 1, we have

Corollary 4. Let 3 < s < gand S C F, where #S = s. Let ® = {E;| b € S}. Then, C(D) is
not minimal.

Remark 2. In Theorem 3, Corollary 3, Theorem 4, and Corollary 4, the center of the sunflower
O is the special subspace T). When the center is a general subspace, we have not yet proved the
minimality of C(D).

Example 3. Take q = 3,k = 2, and ty = 2. Then, the code C(D) constructed based on Theorem 4
is [216, 6]3 linear code with minimum distance 108, and

Wmin 2

Wmax 3

According to Magma experiments, there exists y; = [1,0,0,0,0,0] € FS such that dimV (y1, D) = 4.
Then, it follows from Lemma 4 that C(D) is not minimal.

4. Concluding Remarks

In this paper, we use the approach used in [14] to study the minimality of linear
codes constructed from sunflowers in all cases. In [23], the authors proved that if the
number s of the elements in a sunflower satisfying s > p + 1, then the corresponding
linear code over [, is minimal, where p is a prime number. Our results in this paper
generalize [23] (Theorem 10). We discuss the minimality of linear codes constructed from
sunflowers for all s. We obtain the following three results: (1) when s > g + 1, for any
sunflower, the corresponding linear code is minimal; (2) when 2 < s < 3 < g, for any
sunflower, the corresponding linear code is not minimal; (3) when 3 < s < g, for some
sunflowers, the corresponding linear codes are minimal, whereas for some other sunflowers,
the corresponding linear codes are not minimal.
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