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Abstract: A rocking mass gyroscope (RMG) is a kind of vibrating mass gyroscope with 
high sensitivity, whose driving mode and sensing mode are completely uniform. MEMS 
RMG devices are a research hotspot now because they have the potential to be used in 
space applications. Support loss is the dominant energy loss mechanism influencing their 
high sensitivity. An accurate analytical model of support loss for RMGs is presented to 
enhance their Q factors. The anchor type and support loss mechanism of an RMG are 
analyzed. Firstly, the support loads, powers flowing into support structure, and vibration 
energy of an RMG are all developed. Then the analytical model of support loss for the 
RMG is developed, and its sensitivities to the main structural parameters are also analyzed. 
High-Q design guidelines for rocking mass microgyroscopes are deduced. Finally, the 
analytical model is validated by the experimental data and the data from the existing 
literature. The thicknesses of the prototypes are reduced from 240 µm to 60 µm, while  
Q factors increase from less than 150 to more than 800. The derived model is general and 
applicable to various beam resonators, providing significant insight to the design of high-Q 
MEMS devices. 
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1. Introduction 

A rocking mass gyroscope is a kind of dual-axial symmetric vibrating mass gyroscope, consisting 
of four slender beams attached to a rocking mass post in the middle [1]. The driving mode and sensing 
mode are two perpendicular degenerate modes of the axially symmetric body; the two operational 
modes are completely uniform, and their natural frequencies are equal. In practice, there always exists 
a resonance frequency difference between the two operational modes due to asymmetries introduced in 
fabrication, even if it is much less than 1 Hz [2,3]. MEMS RMG devices have the potential to be 
microgyroscopes with high sensitivity, which is hoped will be used in space applications [4]. Rocking 
mass microgyroscopes and other rocking mass devices are now a research hotspot [5-8]. 

Another important factor, influencing the high sensitivity of RMG, is its Q factor. For a 
microgyroscope operating in air, several energy loss mechanisms coexist. The measured Q factor 
includes those mechanisms, such as air damping loss Qair, support loss Qsupport, thermoelastic damping 
loss Qted, surface loss Qsurface, and the remaining damping effects Qother [9]. For a microgyroscope 
operating in vacuum, air damping loss Qair can be omitted. The measured Q factor is mainly the 
combination of those mechanisms by the expression: 

1 1 1 1 1 1

air support ted suface otherQ Q Q Q Q Q
= + + + +  (1) 

Qted is reported to limit the Q factor of vacuum packaged microgyroscopes to values ranging  
from 100,000 to 200,000, while Qsurface is negligible due to the large surface-to-volume ratio of rocking 
mass gyroscopes [10,11]. Qother captures the remaining damping effects estimated around 250,000 [12].  
Qsupport is due to support loss which could be lower than 10,000 depending on the anchor types and 
materials [13]. Qsupport is considered as the dominant energy loss mechanism, and there are several 
anchor types. Hao presented analytical models for support loss in micromachined beam resonators, 
only with in-plane flexural vibrations [11,14]. Judge provided analytical models of support loss for 
MEMS and NEMS beam resonators with out-of-plane flexural vibrations, within the limits of thick and 
thin support: semi-infinite solid and finite-thickness plate models [15]. Chouvion developed models to 
predict vibration transmission and support loss in ring-based MEMS sensors based on Judge’s  
model [16]. Support loss in similar rocking mass resonator has been studied in [17]. This paper will 
study mainly the effects of the rocking mass post on support loss for the microgyroscope. 

This paper thus aims to provide an accurate analytical model of support loss for an RMG to enhance 
its Q factor. The anchor type and support loss mechanism of RMG are analyzed. Support loss is 
simplified as a model with a beam attached to a support plate at its end. The support loads, power 
flowing into the support structure, and the vibration energy of RMG are all developed. The analytical 
model of support loss for RMG is developed, and its sensitivities to the main structural parameters are 
analyzed. High-Q design guidelines for rocking mass microgyroscope are also deduced. The analytical 
model is validated by the experimental data and the data from the existing literature. 
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2. The Support Loss Mechanism for RMGs 

2.1. The Anchor Type Analysis of RMGs 

Support loss depends mainly on the anchor types and materials. The energy lost from micro 
resonators into the support structure is summarized by three cases: the first case that acts as  
semi-infinite elastic medium with effectively infinite thickness, the second case that is treated as a 
plate with in-plane flexural vibrations, and the last case that can be treated as a plate with out-of-plane 
flexural vibrations. The first case, which is applicable to NEMS resonators, can be solved by modeling 
as a semi-infinite elastic medium with loads applied at a single point on surface of the half space [15]. 
Other cases are applicable to most MEMS resonators. The second case can be solved by modeling as  
a 2-D problem and using a plane strain method [11]. The last case is a 3-D problem. The energy  
lost into the surrounding structure consists of the net work done by the MEMS resonator at the 
attachment point. 

The operational modes of RMG are simulated as shown in Figure 1(a,b), which are the two uniform 
rocking modes, and its main structural parameters are shown in Figure 1(c). When RMG vibrates in its 
rocking modes, two beams vibrate in line as out-of-plane flexural vibrations, while the other two 
perpendicular beams vibrate as torsion vibrations at the same time; viz., the four beams are undergoing 
coupled bending and torsion vibrations. 

Figure 1. The two operational modes and the main structural parameters of RMG. (a) The 
driving mode. (b) The sensing mode. (c) The main structural parameters. 

   

The dimensions of the attachment point are small compared with the vibration wavelength in the 
substrate at the natural frequency of RMG. So the support case of an RMG can be treated as a 3-D 
problem with a finite thickness plate. For the case of a support with finite thickness, we consider a  
semi-infinite plate with a thickness that need not be the same as that of the vibrating structure itself. 
Using the plate-edge admittance results [18], we derive analytical expressions of support loss, which 
also are applicable to a variety of resonators. 

2.2. Support Loss Mechanism for a RMG 

The power lost from a RMG flows mainly into the support structure. Support loss for the RMG can 
be simplified as a model with a beam attached to the rigid support structure at its end. The model and 
its main structural parameters are shown in Figure 2, where l1, w and h are the length, width and 
thickness of the beam model, respectively and hp is the thickness of its support structure. In an ideal 
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situation, the rocking mass post can be seen as a rigid body without distortion, which is used to transfer 
kinetic energy without energy loss. When the microgyroscope vibrates at the original position, the total 
energy is translated into the kinetic energy of the beams and the rocking mass post. 

Figure 2. The support model and its main structural parameters. 

 

In such cases, the effects of the microgyroscope on its substrate can be modeled as harmonic point 
forces and moments acting at the attachment point. An assumption is given: the energy propagated into 
the support structure would not be reflected, viz., all energy that reaches the support is considered lost. 

The estimated Q factor is thus a lower bound. The Q factor is the ratio of the vibration energy of 
RMG to the energy lost; the reciprocal of Q is loss factor δ [19]: 

1
2

U
Q U U

δ
π ω
Δ Π= = =  (2) 

where ∆U is the total energy lost per cycle of oscillation, due to all applicable loss mechanisms,  
∆U = 2πΠ/ω. U is the total vibration energy of oscillation. Π is the total net power flow out of RMG, 
and the average power is simply, Π = 1/2 Re (F·V). F is a vector of the point loads, and V is the 
corresponding vector of the harmonic linear and angular velocities at that point. 

3. The Coupled Vibration Analysis of a RMG 

3.1. Support Loads Analysis of a RMG 

The operational modes of a RMG can be considered equivalent to a superposition of the rocking 
mode and torsional mode of an equivalent single degree of freedom (SDOF) system, which has the 
rocking mass post and two beams in line. The loads of the attachment points are described in Figure 3, 
without considering gravitation. There are two loads at the end of each bending beam, viz., the shear 
force normal to the substrate Fz, and the bending moment about the axis parallel to the substrate edge 
Mb. There is only one torsional moment about the axis perpendicular to the substrate edge Mt, at the 
end of each torsional beam. When a RMG vibrates in its operational modes, the four beams vibrate as 
a coupled bending and torsion. The arbitrary amplitude of the bending angle and the torsional angle at 
the end of these beams are equal, denoted by θ0. 
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Figure 3. The support loads of RMG and the equivalent SDOF system. (a) Attached loads 
of RMG. (b) rocking mode of SDOF system. (c) torsional mode of SDOF system. 

 

Using micro scanners’ vibration mode frequency results [20], these loads scaled by θ0 and the 
spring constant of RMG can be expressed, respectively as: 

0 1/t pM GI lθ=  (3) 

( ) 2
1 2 0 14 3 /b yM EI l l lθ= − +  (4) 

( ) 3
1 2 0 16 /z yF EI l l lθ= − +  (5) 

23
2 2

1 1 1 1

2 1 2
2 3

pGI l lEwhK
l l l l

⎡ ⎤⎛ ⎞
⎢ ⎥= + + +⎜ ⎟
⎢ ⎥⎝ ⎠⎣ ⎦

 (6) 

where E is Young’s modulus, G is shear modulus, ρ is density. h is the thickness of the vibratory 
structure, l1 is the length of the beams, l2 is the length of the center support. Ip is the polar moment of 
inertia of the beams’ cross-section, Iy is the moment of inertia of the beams’ cross-section, K is the 
spring constant of the rocking vibration. 

3.2. Power Flow into the Support Structure 

The energy loss can be found by considering the plate support responding to the loads applied to its 
edge because the support structure is modeled as a plate. Consider the shear force Fz, the bending 
moment Mb, and the torsional moment Mt, as shown in Figure 4. For RMG, the force normal to the 
plate edge, the shear force parallel to the plate, and the bending moment about the axis perpendicular 
to the plate are not considered. The admittance at the edge of a plate was first formulated in integral 
form by Eichler. The elements of the matrix Y are given as closed-form integrals [21]. These integrals 
have recently been solved in closed form [22]. 
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Figure 4. Semi-infinite plate and the applied loads to attachment point. 

 
 
The point mobility matrix Y relates the normal angular velocity Ωb, the tangential angular velocity 

Ωt, and the transverse linear velocity Vz, of the attachment point to these applied loads by the expression: 
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 (7) 

where D is the plate stiffness, D = Ehp
3/12(1 − υ2), hp is its thickness, k is the free wave numbers in the 

solid at frequency ω, k= [ω(ρhp/D)1/2]1/2. The corresponding coefficients have been calculated, for  
υ = 0.3, which were calculated by Su [22]; for υ = 0.28, which were calculated by Chouvion [16], as 
shown in Table 1. The material in our experiments is n-type (100) single crystal silicon, Poisson ratio  
υ = 0.28, so these coefficients can be determined. 

Table 1. The numerical values of coefficients for Y. 

coefficients υ = 0.30 υ = 0.28 
Re(y11) = Re(y22) 0.21645 0.22172
Re(y23) = Re(y32) −0.29149 −0.28546
Re(y33) 0.46198 0.45735

The resulting expressions for the power radiated into the plate support are: 

( )
2

2
33 2

3 1
z

z
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p
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h E

υ
ρ

Π = −  (8) 
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( )
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  b z z bM and F F MΠ = Π + Π  (11) 

  b t b tM and M M MΠ = Π + Π  (12) 
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When each load is considered individually, the Equations (8–10) apply for the isolated load 
conditions, while the Equations (11–13) apply for two coupled load conditions. Equation (11) is 
different from Equation (13) presented by Judge [15]. The reason is that its velocity expressions are 
wrong compared with Equation (4) presented by Su [22]. However, the off-diagonal terms of Y result 
in an additional contribution that the total power is in Equation (13) if both the torsional moment and 
the shear force are present. 

3.3. The Effective Inertia and Stored Kinetic Energy of RMG 

Using Raleigh’s method, the kinetic energy stored and the effective inertia of the bending beams 
can be expressed, respectively as [20]: 

( ) ( )1
2 2

2 2
1 1 1 2 2

0

1 1 1 5.5 9.75
2 2 105 105 105

l

b b

d x dU KE wh dx whl l l l l
dt dt

ω θρ ρ
⎛ ⎞ ⎛ ⎞⎛ ⎞= = = + +⎜ ⎟ ⎜ ⎟⎜ ⎟

⎝ ⎠⎝ ⎠⎝ ⎠
∫  (14) 

2 2
1 1 1 2 2

1 5.5 9.75
105 105 105bJ whl l l l lρ ⎛ ⎞= + +⎜ ⎟
⎝ ⎠

 (15) 

Then, the kinetic energy and effective inertia of the torsion beams and rocking mass post are  
also solved: 

( ) ( )
1

2 2
2 2 2 2

1
10

1 1
12 36

l

t t
x d dU KE wh w h dx whl w h
l dt dt

θ θρ ρ
⎛ ⎞ ⎛ ⎞= = + = +⎜ ⎟ ⎜ ⎟

⎝ ⎠⎝ ⎠
∫  (16) 

( )2 2
1

1
18tJ whl w hρ= +  (17) 

21
2m m m

dU KE J
dt
θ⎛ ⎞= = ⎜ ⎟

⎝ ⎠
 (18) 

( )2 2 2 2
1 2 2 1

1 1 3
12 12 4m m mJ M l h M D h⎛ ⎞= + + +⎜ ⎟

⎝ ⎠
 (19) 

where θ is the rocking angle of the rocking mass post, θ = θ0 sin(ωt), dθ/dt = ωθ0 cos(ωt). Mm1 is the 
mass of the center support, and Mm2 is the mass of the rocking mass post. The formulae of the 
vibratory energy are also scaled by θ0, the arbitrary amplitude of the rocking vibration mode shape. 

4. Support Loss Prediction of a RMG 

4.1. Support Loss Prediction 

The vibration energy and the resonant frequency for the operational modes of RMG are expressed, 
respectively as: 

2 2
0

12 2
2total m b t xxU U U U J ω θ= + + =  (20) 

/ xxk Jω =  (21) 

where the total effective inertia of RMG can be solved as Jxx = Jyy = Jm + 2Jb + 2Jt. 



Sensors 2011, 11              
 

 

9814

Given w ≥ h, Ip = βwh3, β is the function of w/h [23]. The radiated power can be found by 
substituting Equations (10,11,20,21) into Equation (2), and the support loss factor is found as  
Equation (22); Given w < h, the support loss factor is found as Equation (23): 

( ) ( ) ( ) ( ) ( )
( )

2 22 2 22 3
33 1 2 11 1 2 22

3/2 2 3
2 14 1

11

3 1 1 4 3 6 11

6 1
1 11

xx

p p

J y l l y l l yw h w h
Q h l hl ll h

ν υ υ β
β ββ η ν ηη ρ ν νν

⎡ ⎤
⎢ ⎥− + − + −
⎢ ⎥= + +

⎛ ⎞ ⎛ ⎞⎢ ⎥⎛ ⎞ + + ++ ⎜ ⎟ ⎜ ⎟⎜ ⎟ ⎢ ⎥+ +⎝ ⎠ ⎝ ⎠⎣ ⎦+⎝ ⎠

 (22) 

( ) ( ) ( ) ( ) ( )

( )

2 22 2 22 3
33 1 2 11 1 2 22
3/2 2 32 22

2 114
12 212

3 1 1 4 3 6 11

6 1
1 11
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p p

J y l l y l l yw h h w
Q h l hw hlw ll h h wh

ν υ υ β
β ββ η ν ηη ρ ν νν

⎡ ⎤
⎢ ⎥− + − + −⎢ ⎥= + +
⎢ ⎥⎛ ⎞ ⎛ ⎞⎛ ⎞ + + +⎢ ⎥+ ⎜ ⎟ ⎜ ⎟⎜ ⎟ + ++ ⎝ ⎠ ⎝ ⎠⎣ ⎦⎝ ⎠

 (23) 

where η = (l2/l1)2/2 + l2/l1 + 2/3. It can be seen from Equations (22) and (23) that, for hp is large 
relative to h, the shear force term Fz dominates the support loss, and the effect of the bending moment 
Mb and the torsional moment Mt at the attachment point could be neglected. 

For ν = 0.28, w = 90, l1 = 2,200, l2 = 2,200, h1 = 5,000, r = 550. Support loss for the rocking modes 
in RMG is shown in Figure 5. When w ≥ h, four curves are shown relating Q factor to the thickness of 
the support plate hp in Figure 5(a), while w < h, three curves are shown in Figure 5(b). Q factor 
increases with the thickness of the support hp increasing; furthermore, the thickness of the beams h is 
thinner, Q factor will increase more obviously. For h = 90 µm, Q factor increases from almost 50  
to 1,600 when the thickness hp increases from 500 to 3,000 µm; while for the 20 µm thick beams,  
Q factor can reach almost 16,000. Compared with the predicted results in [17], these results are almost 
an order of magnitude less than those without considering the rocking mass post, viz., the rocking  
mass post would badly influence Q factor of the microgyroscope. These curves provide a good  
order-of-magnitude estimate of the support loss for the microgyroscope. 

Figure 5. Support loss for rocking mass gyroscope. (a) Q factor dependent on hp (w ≥ h). 
(b) Q factor dependent on hp (w < h). 

 
(a)       (b) 
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4.2. Parameter Sensitivity Analysis 

In this section, the sensitivities of support loss to the main structural parameters involved, such as 
sizes of the rocking mass post, center support, and beams are studied. 

A plot of support loss for ν = 0.28, w = 90, h = 60, hp = 2,000 is shown in Figure 6(a). Four curves 
show relating Q factor to the length l1, l2, h1 and the radius r. Q factor increases with the length l1 and 
l2 increasing; l1 dominates the increasing of Q factor, and l1 must be large enough to achieve high Q 
factor. Q factor decreases with the length h1 and the radius r increasing quickly, and r must be small 
enough to achieve high Q factor and larger natural frequency. 

Furthermore, the thickness h and width w of the beams are also studied. For ν = 0.28, hp = 2,000,  
l1 = 2,200, l2 = 2,220, r = 500, h1 = 3,000, a plot of support loss relating Q factor to h and w is shown 
in Figure 6(b). Two curves show that Q factor decreases quickly with the two parameters increasing;  
h dominates the decreasing of Q factor, and h must be small enough to achieve high Q factor for RMG. 

Figure 6. Support loss for rocking mass gyroscope. (a) Q dependent on partial main 
parameters. (b) Q dependent on the cross section sizes of the beams. 

 
(a)       (b) 

4.3. Design Guidelines for High-Q 

The analytical model derived provides the design guidelines for achieving high Q factor in RMG, 
which may be summarized as below: 

(1) Choice of materials: in order to increase Qsupport, the high-strength material is preferred for the 
rocking mass post and the substrate (for higher vibration energy and lower energy loss), while the  
low-strength material for the beams. 

(2) Geometrical dimensions: 

(i) Qsupport increases with the length of the beams and the center support (l1 and l2); however, 
the length of the beams (l1) dominates Q factor, and the comparatively longer beams will 
increase Qsupport, while considering the frequency design. 

(ii) Qsupport decreases with the rocking mass post dimensions (h1 and r). The dimensions should 
be chosen with care to improve the sensitivity of RMG, while maximizing Qsupport. 
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All the measured results, which are measured at a lower pressure of less than 10 Pa in the vacuum 
chamber, are compared with the theoretical predictions in Table 2. These results are measured and 
calculated by using the half-power bandwidth method, and they are referenced values for the accuracy. 
The thickness of the support in our experiments is estimated as 2,500 ìm, and all the predicted values 
of Q factor in Table 2 correspond to the calculated values in Figure 5. The measured results are lower 
than the predictions in all cases, but show the same general trend as the predicted values of Qtotal. 
These results indicate that a significant amount of the vibration energy is radiated into the support 
structure. Note that it is not expected that the data should fall directly on the theoretical values, since 
the measurement is the total Q, including the contributions of support loss, thermoelastic damping loss, 
surface loss and other losses. The calculated results thus represent an upper bound that the measured 
data would be expected to approach when other loss mechanisms are negligible. 

Table 2. The predicted f and Q, measured f and Q for rocking mass gyroscope prototypes. 

Gyro# h/hp (µm) Predicted f 
(Hz) 

Measured f (Hz) Predicted 
Q 

Measured Q 
f1 f2 Q1 Q2 

2# 240/2,500 
5,853.4 

5,760.0 5,755.4 
226.8 

76.8 78.8 
4# 240/2,500 5,683.2 5,678.6 123.3 125.6 
5# 240/2,500 5,858.8 5,842.8 128.4 135.9 
3# 120/2,500 

2,996.4 
2,697.9 2,706.2 

668.6 
355.0 337.4 

4# 120/2,500 2,768.9 2,778.1 325.4 321.9 
7# 120/2,500 2,760.5 2,756.2 270.4 256.9 
01# 60/2,500 

1,828.1 
1,726.2 1,799.8 

1,992.0 
722.8 789.4 

06# 60/2,500 1,707.0 1,793.2 742.2 674.1 
11# 60/2,500 1,622.1 1,689.2 811.1 796.8 

 
Besides, the silicon structure and the Pyrex base plate are bonded together by coating epoxy resin. 

The poor coating uniformity will induce serious energy losses. Some Q values are thus much smaller 
than other Q values of the prototypes with the same dimensions and in the same batch, and 2# prototype 
is one of the cases. Compared with the experimental results in [17], the presented results in Table 2 are 
almost an order of magnitude less than the formers. 

Bae presented some measurements of Q factor for JPL’s rocking a mass microgyroscope in a 
ceramic substrate package [2]. The gyroscopes attached to a substrate more than 3,000 μm thick, 
which is still only a small fraction of the shear wavelength at the resonant frequencies of its operational 
modes, although over 115 times thicker than the 26 μm thick vibratory beams. The appropriate model 
for the support is thus the plate model, i.e., the power flow into the support is obtained via  
Equation (20), and the loss factor is obtained via Equation (22). The Q values of JPL’s microgyroscope 
were measured via the ring-down time method, and a mean Q value of 28,000 was achieved, which 
was of the similar order of magnitude of the prediction in Equation (22). 

By comparing all the experimental results, and to comment on their utility in various thicknesses of 
the microgyroscopes, we conclude that all the cases indicated that the dominant loss mechanism for 
RMG may be the radiation into the support structure. The expressions for the power flow, presented in 
Section 3.2, are applicable for any other resonator geometries for which the attachment to the support 
structure acts essentially as a point source for vibration in the support. 
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6. Conclusions 

An accurate analytical model of support loss for a RMG is presented. The anchor types and the 
support loss mechanism of the RMG are firstly analyzed, and the support loss is simplified as a model 
with a beam attached to the support plate at its end. The support loads of the RMG are analyzed, and 
then the powers flowing into the support and the vibration energy of the RMG are also derived. The 
analytical model of the support loss for RMG is developed, and its sensitivities of the support loss to 
the main structural parameters are analyzed. Finally, the high-Q design guidelines for rocking mass 
microgyroscope are given. The analytical model is validated by the experimental data and the data 
from the existing literature. The thicknesses of the prototypes are reduced from 240 µm to 60 µm, 
while Q factor increases from less than 150 to more than 800. Compared with both the predicted 
results and the experimental results, the presented results in this paper are almost an order of 
magnitude less than those without considering the rocking mass post. The derived model is general and 
applicable to various beam resonators, providing significant insight into the design of high-Q  
MEMS devices. 
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