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Abstract: Hydraulic fracturing is an effective method for developing unconventional reservoirs.
The fracture height is a critical geometric parameter for fracturing design but will be limited by a
weak interface. Fracture containment occurs when fracture propagation terminates at layer interfaces
that are weaker than the surrounding rock. It always occurs in multilayer formation. Therefore, the
mechanism of fracture height containment guides fracture height control in hydraulic fracturing.
In order to study the fracture containment mechanism, this paper first calculates the propagation
behaviour of the fracture in 3D under the influence of a weak interface through a block discrete
element method and analyzes the geometric characteristics of the fracture after it meets the weak
interface. Then, the induced stress of the hydraulic fracture on the weak interface is calculated by
fracture mechanics theory, and the mechanism of blunting at the fracture tip is explained. Then,
two kinds of interface slippage that can lead to blunting of the fracture tip are discussed. Based on
the behavior of shear slippage at the interface, a control method for multilayer fracturing in thin
sand-mud interbed and pay zone fracturing in shale is proposed. The results show that the fracture
height is still limited by the weak interface in the formation without the difference of in-situ stress
and rock properties. Interface slippage is the main factor impeding fracture propagation. Fracture
height containment can be adjusted and controlled by changing the angle between the hydraulic
fracture, the interface, and the stress state to strengthen and stiffen the interface. This study has a
certain guiding significance for fracture height control in the design of hydraulic fracturing of shale
or thin sand-mud interbed reservoirs.

Keywords: hydraulic fracture; fracture height containment; weak interface; shear slippage;
fracture-tip blunting

1. Introduction

Hydraulic fracture containment occurs when fracture propagation terminates at layer interfaces
that are weaker than the surrounding rock [1]. As shown in Figure 1, the fluid-driven fracture (green
region) is initialized and propagates around the well in the pay zone at the early stage. Then, the
fracture encounters interfaces (red lines). The fracture cannot penetrate the interface vertically; the
height (H) of the fracture is contained, and the fracture can only propagate laterally. Therefore,
the fluid-driven fracture is contained in the pay zone. In some cases, such as extraction of shale
gas and CO2 sequestration, fractures must be contained mainly in the pay zone because fractures
breaking out into overlying or underlying formations in the water-bearing zone can lead to irreparable
water damage to the formation [2,3], similar to Figure 1. On the contrary, in other cases, such as
hydraulic fracture in thin sand-mud interbed, fractures must pass through the mud layer to connect
isolated hydrocarbon-bearing layers to penetrate through the fracture into the well [4,5]. This is called
trans-layer fracturing, shown in Figure 2. The former case requires fracture containment to keep the
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fracture in the pay zone, whereas the latter case requires no fracture containment to penetrate layers.
Therefore, the mechanism of fracture containment is significant for hydraulic fracturing design for
different reservoirs.
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Over the past half-century of development of hydraulic fracturing technology, many field
tests, laboratory experiments, and numerical simulations were conducted on fracture containment.
The mechanism for fracture containment is divided into three categories: stress contrast of adjacent
layers, rock property contrast between layers, and weak interfaces. At the end of the 20th century, the
effect of stress contrast became the main reason for fracture containment. The stress contrast means
the differences in in-situ stress between adjacent layers. This is commonly the case in conventional
sandstone reservoirs targeted for hydraulic fracture stimulation, which have lower minimum in-situ
stress compared with the adjacent shale layers. For example, the stress of the pay zone is lower than
the overlying or underlying zone in Figure 1 [4]. This is supported by fracture mechanics theory [6–8]
and laboratory and field experiments [9–12]. The literature [13–15] also shows that fracture height
containment in shale caused by stress differences is common. Therefore, the most obvious explanation
for the observed containment of fractures in reservoirs is stress difference between the reservoir and
the adjacent cap rock. It is also accepted that properties of different layers have an influence on fracture
height. These two reasons are always studied together using analytical [16] or numerical [2,14] methods.

In recent years, researchers have focused on the effects of a weak interface. An experimental study
of hydraulic fracture containment was carried out with an analogue layered reservoir constructed from
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transparent materials by Xing et al. [3,17]. There are four types of fracture geometries: containment,
height growth, T-shaped growth, and the combination of height and T-shaped growth with different
interface fracture toughness. More numerical investigations into fracture containment related to a weak
interface were conducted with different methods. Based on a finite element method, a 3D fluid-solid
coupling model was established with Abaqus code by Wang et al. [18] to simulate hydraulic fracturing
problems. Their results indicate that when the shear strength of the interface is lower than a critical
value, obvious slippage between the barrier layer and the pay zone occurs, and the fracture tip becomes
blunted. Tang [19] developed the displacement discontinuity method (DDM) to investigate slippage
of weak horizontal interfaces and understand the effects of the slippage on fracture height growth.
Weng et al. [4] and Chuprakov and Prioul [1] developed the FracT model to examine shear slippage
along the bedding interface. This model considered strength and frictional properties and effective
vertical stress at the frictional and cohesive interface. The results of the FracT model show that slippage
of the fracture tip leads to fracture blunting, which hinders the propagation of fracture height growth.

The above investigations into interfaces indicate that weak interfaces play an important role in
fracture containment. Previous studies have shown that the interface hinders the propagation of
fractures. However, the question of why the interface hinders the propagation and behavior of fractures
has not been clearly answered. To understand the role of a weak interface in fracture containment, the
mechanisms of fracture tip blunting and interface slippage were investigated by a simplified model of
real rocks in this study. First, fracture height containment was studied by block discrete element to
investigate fracture propagation without stress contrast and distinct layer properties. The result leads to
the conclusion that the interface is one reason for fracture containment, besides the stress state and rock
properties. Fracture containment still exists with the same stress and rock properties. Then, the stress
field on the interface is calculated by fracture mechanics with the same stress state and rock properties.
Finally, the slippage forms at the interface, including shear failure and discontinuous displacement,
are discussed, along with measures for fracture containment for the purpose of multilayer or pay
zone fracturing.

Our main contributions are as follows. This paper explains that fracture-tip blunting is the key
factor that hinders fracture propagation. The shape of the fracture tip at the interface is described, and
the fracture tip is explained as being due to interface slippage. Considering interface slippage, the
control parameters for fracturing under different reservoir conditions are proposed.

The rest of the paper proceeds as follows. The method and numerical model are introduced in
Section 2. The propagation behavior of the fracture in 3D under the influence of a weak interface is
calculated with the block discrete element method and the geometric characteristics of the fracture
after it meets the weak interface are analyzed in Section 3. The induced shear stress and normal
stress of the hydraulic fracture on the interface are calculated in Section 4.1, and two slippage models
are introduced in Section 4.2. Finally, the control method of multilayer fracturing in thin sand-mud
interbed and pay zone fracturing in shale is proposed.

2. Method and Model

2.1. Block Discrete Element Method

2.1.1. Constitutive Model of Joints

The thickness of the joint is far lower than the scale of its plane, so its deformation characteristics
are described by the stress-displacement relationship. The constitutive relationship of the structural
plane mainly examines the relationship between the stress of the structural plane and its normal and
tangential deformation. There are two stresses on the structure surface, normal stress σ and shear
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stress τ, and two corresponding displacements, normal displacement δn and tangential displacement
δs. The stress displacement relationship matrix is expressed as [13,20–22]:{

σ
τ

}
=

{
Kn Kns

Ksn Ks

}{
δn

δs

}
(1)

where Kn = ∂σ
∂δn

is the normal stiffness coefficient and represents the effect of normal displacement on

normal stress; Ks =
∂τ
∂δs

is the shear stiffness coefficient and represents the effect of shear displacement on

shear stress; Kns =
∂σ
∂δs

is the dilation stiffness coefficient and represents the effect of shear displacement

on normal stress; and Ksn = ∂τ
∂δn

represents the effect of normal displacement on shear stress.
The Goodman element is adopted in this calculation, i.e., Ksn and Kns are set as 0, and Kn and

Ks are used to describe the normal deformation and tangential deformation of the structural surface,
respectively. The Goodman element is one of the most commonly used interface elements to describe
the interface characteristics of discontinuous medium such as faults or joints [23], and the Goodman
elements method is employed in some numerical software such as RFPA [24] or 3DEC [25]. The details
about the Goodman element method can be found in [26].

The Mohr–Coulomb (M–C) equation for shear strength of structure plane is

τ = c + fσ (2)

where f = tan (ϕ), and c, ϕ are cohesive strength and friction angle of structural plane, respectively.

2.1.2. Contact Friction Joint Model

The contact friction joint model and Coulomb slip model are used in this calculation. Assuming
that the structural plane has no thickness, the rock masses on both sides are in close contact. The contact
elements cover the surface of the rock on both sides. In the boundary of the two contacts, one surface
is referred to as the target surface and the other as the contact surface. The role of the structural plane
is achieved by contact pair interaction, and the contact friction behavior between them obeys the M–C
law [27].

It is assumed that the normal stress increment Fn (compression is positive), and the shear vector
increment Fs between blocks are proportional to the normal displacement un and the tangential
displacement increment us in the elastic stage. The contact stiffness of the normal and tangential
springs is kn and ks, respectively. Assuming that there is no tension in the joint and Coulomb’s law is
satisfied, the relationship can be expressed as [21,22]:

Fn = knun, while un ≤ 0 (3)

Fn = 0, while un > 0 (4)

Fs = ksus, while |Fcs| ≤ f |Fcn|+ cL (5)

Fs = sign(u′s)( f |Fcn|+ cL), while |Fcs| > f |Fcn|+ cL (6)

where Fn and Fs are the normal and tangential components of contact force Fc, respectively; kn and ks

are the normal and tangential stiffness of joints, respectively; un and us are the normal and tangential
relative displacements of joints, respectively; F and c are the friction coefficient and cohesive force of
joint material, respectively; and L is the length of the contact surface.
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2.1.3. Fluid Flow in Fracture

It is assumed that the fracture surfaces are impermeable, and fluid flows only between the fracture
surfaces. The flow of fluid in the fracture satisfies the cube law [28]. The modified cube law is

q = −
u3

hρg

12µ
∇h = −Kh∇h (7)

where q is the fluid flow rate per fracture width, uh is the equivalent hydraulic aperture, ρ is the density
of the fluid, µ is fluid dynamic viscosity, ∇h is the hydraulic gradient, and Kh is hydraulic conductivity.

In the hydro-mechanical coupling of fractures, the influence of mechanical deformation on fracture
permeability is mainly manifested as a change in fracture aperture. In the elastic stage, the fracture
aperture is expressed as an equation related to the effective stress [25]:

uhe = uh0 + f1
∆σ′n
kn

(8)

In the plastic stage, considering the expansion caused by joint slip, the fracture opening can be
expressed as [25]:

uhp = uh0 + f1
∆σ′n
kn

+ f1uhs (9)

where uh0 is the initial fracture aperture, ∆σ′n is effective stress, and f 1 is a coefficient for the influence
of stiffness, set as 1 in this study.

2.1.4. Motion Equation of Blocks

The deformation of blocks is nonnegligible. The blocks are divided into tetrahedral units.
The vertices of a tetrahedral element are called grid difference points. The motion equation is
established at each node as follows [21,22]:

u′i =

∫
s σi jn jds + Fi

m
+ gi (10)

where s is the outside surface, m is the mass on the grid point, gi is the acceleration of gravity, and Fi is
the result of an external force applied to a node. nj is the unit normal vector pointing to the outside.
The integral represents the sum of forces on the surface.

The node force
∑

Fi is 0 in the balance state. Otherwise, there is an acceleration of node according
to Newton’s second law.

u′i
(t+∆t/2) = u′i

(t−∆t/2) +
∑

F(t)
i

∆t
m

(11)

For every time step, strain, and rotation are related to displacement. Their forms are as follows:

ε′i j =
1
2

(
u′i, j + u′j,i

)
(12)

θ′i j =
1
2

(
u′i, j − u′j,i

)
(13)

An incremental method is applied in the calculation. It is not limited to small strain problems.
Therefore, the constitution model of deformation blocks takes an incremental form. The equation is
as follows

∆σe
i j = λ∆εvδi j + 2µ∆εi j (14)

where λ and µ are Lamé coefficients and δij is the Kronecker function.
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2.2. Numerical Model Description

Based on block discrete element theory, the propagation behavior of hydraulic fractures in rock
mass with cemented joints is simulated by the following model. The model, shown in Figure 3, includes
two horizontal joints and one vertical joint and can simulate the behavior of fracture crossing and
fracture containment. The intersection angle between the vertical and horizontal joints is 90◦. In order
to eliminate the interference of in-situ stress and rock properties, the stress and properties of the three
parts are the same. The distance between the centers of the two horizontal joints is 4 m. The model is
a 20 m cube. The two horizontal joints are 2 m away from the injection point. The edge of the grid
is 0.5. The values of parameters for simulation are listed in detail in Table 1. The rock properties in
our simulation are based on shale, and the fluid is based on water. The parameters are the same as
those in the help document of three-dimensional distinct element method code (3DEC) software [29].
The maximum principal stress is equal to the vertical stress. The minimum principal stress is 61.21
MPa. It is 0.8 times the vertical stress.
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Figure 3. Three-dimensional model of rock with two horizontal joints and one vertical joint: (a) the
model of joint; (b) the model with blocks and joints.

Table 1. Values of parameters for simulation [25].

Parameter Value Parameter Value

Elastic modulus 20 GPa Fluid viscosity 0.0015 Pa.s
Poisson’s ratio 0.25 Fluid density 1000 kg/m3

Density of rock (ρ) 2600 kg/m3 Depth (h) 3000 m
Joint friction 20◦ Injection rate 0.01 m3/s

Joint cohesion 0 MPa Initial vertical stress 76.518 MPa

The numerical modeling is carried out with 3DEC, in which the material is modeled as a
discontinuous medium that consists of two types of elements, blocks and discontinuities. The validation
of numerical simulation for hydraulic fracture was conducted by Zhang and Dontsov [13] and
Gil et al. [20]. Their results, calculated by 3DEC, determine the availability of the block discrete method
in hydraulic fracturing. Therefore, fracture height containment was studied with 3DEC software in this
study. Besides, the model in this study only considers fluid flow in fractures. The flow in formation is
not considered for the low permeability of real shale.

The purpose of this model is to study fracture height containment without stress contrast and
distinct layer properties. With the model built above, the geometries of fluid-driven fractures were
obtained with uniform stress and rock properties. The results are shown in the next section.
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3. Results

The geometries of fluid-driven fractures were obtained with the same stress and rock properties.
That means that there is no difference in the in-situ stress and rock properties. The results are
shown in Figure 4. As mentioned above, the injection point was set on the vertical joint, leading to
fracture propagation on that joint. The geometries of fractures are displayed by the apertures of joints.
The highest value is in red, and the initial value is in blue (it may actually be 0, but for numerical
calculation, a minimal value of 1 × 10−4 m was set). The injection pressure was also monitored over
time, displayed in the figure as purple curves. The two intersection lines of vertical and horizontal
joints are plotted with two white lines.
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The curve in Figure 4g shows injection pressure from 0 s to 140 s. As shown in the figure, the
pressure increases and decreases rapidly in the initial period. The fracture is initialized when the
injection pressure reaches 65.0 MPa. Then, there is a fluctuation period after the fracture opens. Finally,
the pressure tends to be smooth and steady at 63 MPa. Injection pressure increases rapidly before the
fracture initiation. After fracture initiation, the flow will be directed into the new fracture. This results
in a drop in pressure within the fracture. The continuous injection of fluid continues to squeeze the
fracture, and the pressure gradually increases. In the early stage of fracturing, the fracture volume
is small, and the ratio of new extended fracture volume to existing fracture volume is large. In this
case, the flow of fluid to the new fracture will lead to an obvious pressure drop. On the contrary, when
the existing fracture volume is large, the newly generated fracture volume has little influence on the
pressure inside the fracture. Therefore, the injection pressure fluctuates greatly in the initial fracturing
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period. As injection time increases, fracture volume increases. As a result, the pressure fluctuations in
the later stages of fracturing gradually decrease. The fluctuation occurs with a constant rate because of
the volume ratio of the new open fractures to the existing fractures.

It is mentioned above that the fluctuation of pressure curve is correlated with the spatial volume
changes caused by the new fracture. In the numerical calculation, the volume change caused by fracture
of rock mass is related to the grid size, so the mesh dependency analysis is carried out. The tetrahedral
mesh is adopted in this paper. The size of the mesh is determined by the edge. Therefore, the edge is
selected as 0.5 m, 1.0 m, and 2.0 m for examining mesh dependency. The injection pressure curves
of the three cases are shown in Figure 4g. According to the figure, the pressure fluctuation of the
curve is affected by mesh size. With the increase of mesh size, the fluctuation of pressure curve is
more obvious, and the duration of fluctuation is longer. But they still satisfy the rules mentioned
above. The fluctuations are greatest in the early stage of fracturing and decrease with time. As for the
influence of mesh size, it can be concluded that mesh size will affect the fluctuation of curves, but the
fluctuation rule of the pressure curve is still consistent.

The overall trend of the injection pressure curve is as follows: The pressure first rises and then
begins to decrease when the initiation pressure is reached and then gradually stabilizes. This trend
is consistent with the trends of a laboratory experiment [30], a simulation [31], and a field test [32].
This means the simulation results are suitable for the research. Compared with the previous results,
more details of the pressure fluctuations in fracture propagation are demonstrated in our results.

For the fracture geometries, the fracture only propagates between two intersection lines in Figure 4a
and meet an intersection in Figure 4b. In Figure 4a, the fracture is seen to propagate freely in the
vertical joint without any hindrance. Then, the fluid-driven fracture meets the intersections between
the vertical and horizontal joints. The fracture cannot penetrate the intersections but only propagates to
the lateral sides (left and right in Figure 4a–d) between the two horizontal joints. The lateral length of
the fracture increases but the height remains constant (Figure 4c,d). The fracture height is contained by
the two horizontal joints. The fluid-driven fracture does not penetrate the intersections in Figure 4a–d.
This means that the fracture does not propagate beyond the two lines. The normal displacement of
horizontal joints at 140 s, the time of Figure 4d, is plotted in Figure 4e,f. As shown in the figures, there
is only displacement near the intersections and no fracture propagating in horizontal joints. In a word,
the fracture only propagates between the two intersection lines. The fracture height is contained in
this simulation.

As mentioned above, there are three main reasons for fracture containment: stress contrast,
property difference, and weak interface. The above results are based on the condition that the same
stress state and rock properties exist among upper, middle, and bottom parts of the model. Therefore,
the effects of stress contrast and property difference can be eliminated. Then, the weak interface is the
only one that affects height containment in this study.

The effect of a weak interface on fracture height containment was investigated in this study.
As shown in Figure 4e,f, the displacements of the two horizontal joints were similar, and the model was
symmetrical. Therefore, the stress on them was also similar. Then, we chose one of the horizontal joints.
To understand the mechanics of the interface in fracture containment, the shear and normal stress on
horizontal joints were plotted in Figure 5a,b. The horizontal line in the center is the intersection with
the vertical joint. The shear stress is plotted in Figure 5a. It can be seen that there are two zones of
increased shear stress on both sides of the intersecting line in the center of the graph. The stress in
those two zones is larger than the others. The normal stress is plotted in Figure 5b. The reduction
zone of normal stress is distributed along the intersecting line in the center of the graph, and there
are two zones of increased normal stress on both sides of the intersection, consistent with Figure 4e,f.
In Figure 4e,f, there are two zones with negative values on both sides of the intersection, indicating
compression. Therefore, the normal stress increases in those two zones. In sum, along and near the
intersection line, the shear stress increases, and the normal stress reduces when the fracture in the
vertical joint meets the intersection. For a surface, if shear stress increases and normal stress decreases,
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the probability of relative slippage on the surface increases. Once slippage occurs, normal displacement
of the joint is no longer smooth.
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The aperture curves along the vertical line passing through the center point of the vertical joint
for four steps over time are plotted in Figure 5c. There is distinct discontinuous displacement at −2 m,
where the interface is. The result indicates that the fluid-driven fracture was hindered by the interface
and the fracture tip became blunted. Based on Figure 5c, the geometries of fractures in every step are
plotted in Figure 5d. It obviously shows the discontinuous displacement at the interface, indicating
slippage. Therefore, one reason for fracture height containment is fracture tip blunting caused by
interface slippage.

The conclusion above is that interface slippage is one reason for fracture containment, along with
stress state and rock properties. The fracture containment still exists with the same stress state and rock
properties. The formation of same stress state and rock properties means the same layer. In other words,
fracture containment also exists in one layer that has cemented or natural fractures. The mechanism
of interface slippage is critical for fracture containment. Why does normal stress decrease and shear
stress increase? The stress state on the surface is the key factor for slippage. Therefore, the stress state
and discontinuous slippage are discussed in the next section.

4. Discussion and Analysis

Fracture tip blunting caused by interface slippage is shown in Figure 6. The shape of the fracture
is consistent with Figure 5d. The upper zone opened with pressure first. However, slippage occurred
because of the weakness of the interface, which led to discontinuous displacement between the upper
and bottom zones. The aperture of the fracture in the bottom is very small, which is set for numerical
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calculation; the actual aperture is not so wide, as shown in Figure 6; this just gives a better picture of
the interface slippage. In this figure, the discontinuous displacement caused by slippage is clearly
shown. Therefore, the behavior of the interface is key for this study. To understand the mechanism,
the stress state of the interface is needed.

Energies 2019, 12, x FOR PEER REVIEW 10 of 21 

 

the interface slippage. In this figure, the discontinuous displacement caused by slippage is clearly 
shown. Therefore, the behavior of the interface is key for this study. To understand the mechanism, 
the stress state of the interface is needed. 

 
Figure 6. Interface slippage at fracture tip. 

4.1. Stress State of the Interface 

The stress state of the interface is important for slippage. Although it can be obtained by a 
numerical method, the analytical method is also important. The analytical solution based on fracture 
mechanics is discussed below. 

As shown in Figure 7, a model in which the fluid-driven fracture approaches but does not reach 
the joint intersection with fluid pressure in the fracture is established according to model I. The 
distance between the fracture tip and the intersection is set as d, and the half-length of the fracture is 
a. Assuming that the joints are cemented before opening, the rocks can be regarded as a continuum. 
With that assumption, the stress state around the fracture can be express as follows [33]: 

( ) ( )'Re Imxx Z z y Z z Aσ Ι Ι= − +
 

(15) 

( ) ( )'Re Imyy Z z y Z z Aσ Ι Ι= + −  (16) 

( )'Rexy y Z zτ Ι= −  (17) 

where ZI is the Westergaard stress function. The detail is shown in Appendices A and B. The symbol 
A is a coefficient related to the boundary condition. 

Polar coordinates with the fracture endpoint as the origin are introduced as ireθζ =  (Figure 8). 
This is also called a polar coordinate system of the fracture front. Then,  

0
iz a r e aθ= + = +ζ  (18) 

According to Figure 8, the distance from the fracture tip to the joint surface is d, and the distance 
from a certain point on the joint surface to the x-axis is y; then, d, a, y, and r satisfy the following 
relationship: 

cos
dr

θ
=  (19) 

d ka=  (20) 

tan tany d a kθ θ= = ⋅  (21) 

It can be ascertained that the interference stress field of fracture tip (r < < a) is 
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4.1. Stress State of the Interface

The stress state of the interface is important for slippage. Although it can be obtained by a
numerical method, the analytical method is also important. The analytical solution based on fracture
mechanics is discussed below.

As shown in Figure 7, a model in which the fluid-driven fracture approaches but does not reach
the joint intersection with fluid pressure in the fracture is established according to model I. The distance
between the fracture tip and the intersection is set as d, and the half-length of the fracture is a. Assuming
that the joints are cemented before opening, the rocks can be regarded as a continuum. With that
assumption, the stress state around the fracture can be express as follows [33]:

σxx = ReZI(z) − yImZ′I(z) + A (15)

σyy = ReZI(z) + yImZ′I(z) −A (16)

τxy = −yReZ′I(z) (17)

where ZI is the Westergaard stress function. The detail is shown in Appendices A and B. The symbol A
is a coefficient related to the boundary condition.
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Polar coordinates with the fracture endpoint as the origin are introduced as ζ = reiθ (Figure 8).
This is also called a polar coordinate system of the fracture front. Then,

z = a + r0eiθ = a + ζ (18)
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According to Figure 8, the distance from the fracture tip to the joint surface is d, and the distance
from a certain point on the joint surface to the x-axis is y; then, d, a, y, and r satisfy the following
relationship:

r =
d

cosθ
(19)

d = ka (20)

y = d tanθ = a · k tanθ (21)

It can be ascertained that the interference stress field of fracture tip (r < < a) is

σxx = σe
I


√

cosθ
2k
· cos

θ
2

(
1− sin

θ
2
· sin

3
2
θ
) (22)

τxy = σe
I


√

cosθ
2k
· cos

θ
2

sin
θ
2

cos
3
2
θ

 (23)

The above two formulas can be expressed as σi j = σe
I · fi j(θ, k), where fi is

fxx(θ, k) =

√
cosθ

2k
· cos

θ
2

(
1− sin

θ
2
· sin

3
2
θ
)

(24)

fxy(θ, k) =

√
cosθ

2k
· cos

θ
2

sin
θ
2

cos
3
2
θ (25)

See Appendix A for the specific derivation process. Equations (24) and (25) are functions
independent of a, but related to the relation coefficient k between d and a. Once the k value is
determined, the distribution of fij function in the joint (y-direction) can be obtained; fij represents the
coefficient of induced stress and is related to θ, but the distance along the y direction and angle θ
are nonlinear. To plot fij along the joint parallel to the y-axis, the polar coordinates are transformed
into rectangular coordinates. Then, y = (k tanθ) · a with (k tanθ) · a as the abscissa; the relationship
between the induced stress coefficients and the distance on the y-axis can be plotted. The fij function
under k = 0.01, k = 0.02, and k = 0.03 is calculated, and the results are shown in Figure 9.

It can be seen from the figure that the hydraulic fracture causes positive induced stress in joints,
which means that it is tensile stress. Moreover, it is mainly distributed in the fracture tip and mainly in
the range of 0.05 a. The closer to the center, the higher the value. Considering the original formation
stress more fully, the induced stress can offset the original compressive stress and reduce the normal
stress on joints. Similarly, shear stress caused in the range of 0.05 a is large. This indicates that the
hydraulic fracture will cause a reduction of normal stress and an increase of shear stress on joints.
This result is consistent with Figure 5.
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Figure 9. Induced stress coefficient of joint at fracture front of (a) normal stress; (b) shear stress.

The orthogonal joint conditions are deduced above. Based on a similar method, the stress states
on nonorthogonal joint planes can also be deduced. Similar to Figure 8, the coordinate positions of
nonorthogonal joints are shown in Figure 10, where the angle between the oblique joint (orange line
segment) and the x-axis is δ, and the distance between a point on the joint and the intersection is L.
Then, the relationship between L, r, and d can be expressed as

r
sin(π− δ)

=
L

sinθ
=

d
sin(π− θ− (π− δ))

(26)

r =
d sin(π− δ)
sin(δ− θ)

(27)

L =
d sinθ

sin(δ− θ)
(28)
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Similarly, take out the coefficient fij (θ, k) as follows:

fxx(θ, k) =

√
sin(δ− θ)

2k sin δ
· cos

θ
2

(
1− sin

θ
2
· sin

3
2
θ
)

(29)

fyy(θ, k) =

√
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2k sin δ
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θ
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(
1 + sin

θ
2
· sin
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2
θ
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(30)

fxy(θ, k) =

√
sin(δ− θ)

2k sin δ
· cos

θ
2

sin
θ
2

cos
3
2
θ (31)
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The stresses in the x- and y-directions are converted to the oblique joint, and the normal stress
and shear stress on the oblique joint are obtained as

σn = σxx sin2 θ+ σyy cos2 θ+ τxy2 sinθ cosθ (32)

τs =
√
σxx2 + σyy2 − σn2 (33)

σn = σe
I

(
fxx(θ, k) sin2 θ+ fyy(θ, k) cos2 θ+ fxy(θ, k) sin 2θ

)
= σe

I fn(θ, k) (34)

τs = σe
I

√
fxx(θ, k)2 + fyy(θ, k)2

− fn(θ, k)2 = σe
I fs(θ, k) (35)

The dimensionless coefficient of induced stress on oblique joints is extracted as

fn(θ, k) = fxx(θ, k) sin2 θ+ fyy(θ, k) cos2 θ+ fxy(θ, k) sin 2θ (36)

fs(θ, k) =
√

fxx(θ, k)2 + fyy(θ, k)2
− fn(θ, k)2 (37)

At δ = π/2,
√

sin(δ−θ)
2k sin δ =

√
sin(π/2−θ)
2k sin(π/2) =

√
cosθ

2k ; thus, Equations (29) and (31) degenerate to (24)
and (25), indicating that the results of this inference are consistent; fτ and fn at δ = π/2 are plotted in
Figure 11a, which is consistent with Figure 5. See Appendix B for the specific derivation process
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with different angles, and (c) with angle δ.

Shear slippage on the interface is a key factor for fracture containment. Shear stress is considered
the main factor for slippage. Therefore, we should focus on the change of shear stress on the interface.
The induced shear stress coefficients with different angles δ are plotted in Figure 11b. The target range
is less than 0.5 a. The relationship between the coefficient of shear stress at distance 0.1 a and angle δ
is plotted in Figure 11c. As shown in the figure, the coefficient decreases at a range of 15◦–30◦ and
increases at a range of 30◦–90◦; the lowest value is at 30◦, and the highest is at 90◦. Angle δ describes the
angle between the fluid-driven fracture and the joint, which are perpendicular at δ = 90◦. This indicates
that, when the fracture is orthogonal to the joint, the shear stress on the weak surface is highest, and
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the probability of slippage is highest. In this situation, fractures are always contained in the pay zone
by interfaces. On the contrary, the shear stress on the weak surface and the probability of slippage
are the lowest when δ = 30◦. In this situation, fractures tend to penetrate the interlayer and connect
other layers. To sum up, angle δ should be selected according the form of the reservoir in hydraulic
fracturing. The intersection angle can be controlled by the fracture angle in formation. The fracture
angle can be adjusted by the perforating angle and stress field. The stress field can be modified by
artificial intervention. The artificial intervention of stress is also being studied by researchers. Interface
slippage is related to shear stress. As it is one of the main factors of containment, higher shear stress is
more prone to fracture containment. The lowest value is at 30◦ and the highest is at 90◦. Therefore,
when fractures need to propagate in the pay zone (fracture containment), they should be perpendicular
to the interface (90◦). When fractures need to connect multilayers, they should be at a 30◦ angle to
the interfaces.

4.2. Slippage Forms on Interface

4.2.1. Shear Failure on Interface

According to Equation (2), shear strength is related to normal stress, and the stress state on the
joint was calculated in Section 4.1. As mentioned above, normal stress decreased, and shear stress
increased. The stress state of the joint (interface) is shown in Figure 12. Decreased normal stress can
weaken the shear strength of the joint, whereas larger shear stress will increase the probability of shear
failure. Therefore, when a fluid-driven fracture approaches the interface, slippage may occur due to
shear failure of the interface, resulting in discontinuous displacement at the fracture tip.
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With slippage caused by shear failure, the smaller the shear strength of the interface, the more it
will be prone to slip. In fact, the reduction of normal stress and fluid action will lead to a reduction of
shear strength. This will increase the probability of interface slippage.

4.2.2. Discontinuous Deformation Caused by Interface

Shear failure of the interface is one of the reasons for fracture tip blunting. However, there are
also slippage situations where the displacement is very small. In this situation, shear failure does
not occur, but the fracture propagating perpendicular to the interface will still be hindered. There is
another reason for discontinuous displacement: Discontinuous deformation between two zones on
both sides of the interface is another explanation for interface slippage. Interface slippage is shown
in Figure 13. To explain the effect of the interface, its thickness is shown to be larger than it actually
is. There are upper and bottom layers above and below the interface. The mechanical strength of
the upper and lower layers is much greater than that of the interface. With fluid pressure, there is
only small displacement in the bottom layer, but the shear strain at the interface is large. As shown
in Figure 13, there is a discontinuous displacement caused by the interface because the thickness is
very small.
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With slippage caused by discontinuous deformation, shear displacement of the interface is the
key factor. According to Equation (1), shear displacement is related to shear stiffness coefficient Ks.
A smaller Ks is more conducive to interface slippage.

4.3. Manual Intervention of Interface Slippage in Hydraulic Fracture Containment

In conclusion, shear behavior is the fundamental reason for both shear failure and discontinuous
displacement. Therefore, to analyze the effect of the interface on fracture containment, we should focus
on the shearing behavior. During fracturing, manual intervention can be carried out mainly for two
reasons: to change the stress state of the interface or to adjust the strength and stiffness of the interface.

For stress field reconstruction, if the fracture is expected to cross the interface, the normal stress
needs to be increased, and the shear stress needs to be reduced. On the contrary, if the fracture is
expected to be confined to the pay zone, normal stress should be reduced, and shear stress should
be increased. By controlling the geometry of the adjacent fracture and the fluid pressure, we can
artificially intervene in the stress [34]. In research on fracture direction control during secondary
fracturing, there is a series of studies on the relationship between stress field reconstruction and fracture
direction [35–39]. The results show that the stress can be changed by adjacent fractures to control the
fracture direction. Of course, this problem still needs more discussion and study.

Interface slippage is related to shear strength and stiffness. Under the same stress conditions, the
shear slippage of the interface will be larger when the shear stiffness is lower, and the interface is more
prone to shear failure under low shear strength. Therefore, slippage will increase with lower shear
strength and stiffness. As mentioned above, multilayer fracturing needs smaller slippage, whereas
fracture containment needs larger slippage. Thus, higher shear strength and shear stiffness of the
interface are required if the fracture is expected to cross the interface. Conversely, if the fracture needs
to be confined to the pay zone, shear strength and shear stiffness need to be reduced. Fluid entering the
formation will weaken its strength and stiffness. As the water saturation of the interface increases, the
strength and stiffness decrease. An important aspect of manual intervention in interface properties is
the viscosity of the fracturing fluid. Low-viscosity fluid is easier to filter into the interface, weakening
its strength and stiffness [40,41]. However, fluid with too high a viscosity will increase the difficulty of
injecting the fluid. Of course, in terms of interface alone, waterless fracturing technology is also an
effective way to avoid weakening interface strength and stiffness. Therefore, to limit fractures to the
pay zone, fracturing fluids with lower viscosity should be selected to reduce the strength and stiffness
of the interface. On the contrary, to achieve multilayer fracturing, it is more appropriate to choose
fracturing fluid with higher viscosity.
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5. Conclusions

First, fracture height containment without stress contrast and distinct layer properties was studied
with block discrete element. Then, the stress field on the interface was calculated by fracture mechanics
with the same stress state and rock properties. Finally, the slippage forms, including shear failure and
discontinuous displacement, at the interface were discussed. The main conclusions are as follows:

(1) Interface slippage is one reason for fracture containment besides stress contrast and rock properties.
Fracture containment still exists in the situation of the same stress state and rock properties, which
means that fracture height containment still exists in one layer with a weak interface. Fracture tip
blunting is the key factor that hinders fracture propagation. The mechanism of interface slippage
is critical for fracture containment. The slippage forms on the interface include shear failure on
the interface and discontinuous deformation caused by the interface.

(2) The coefficients of induced normal and shear stress were derived. The results show that induced
stress can offset the original compressive stress and reduce the normal stress on joints, and shear
stress in the range of 0.05 a is larger than the initial state. This indicates that hydraulic fracture
will cause a reduction of normal stress and an increase of shear stress on joints.

(3) According to the intended purpose, for hydraulic fracturing in pay zones or along multilayers,
different measures, including manual intervention of stress, perforation angle, and fracturing
fluid viscosity, are expected. For multilayer fracturing, fluid-driven fractures should be positioned
at 30◦ to the interfaces by stress intervention and perforation angle, and shear stress should
be increased, and normal stress reduced. Higher viscosity is appropriate. On the contrary, for
pay zone fracturing, fluid-driven fractures should be adjusted to 90◦ to the interfaces by stress
intervention and perforation angle, and shear stress should be decreased, and normal stress
increased. Lower viscosity is appropriate.
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Appendix A Stress State on the Interfaces for Orthogonal Joint Conditions

As shown in Figure 7, a model in which the fluid-driven fracture approaches but does not reach
the joint intersection with fluid pressure in the fracture is established according to model I. The distance
between the fracture tip and the intersection is set as d, and the half-length of the fracture is a. Assuming
that the joints are cemented before opening, the rocks can be regarded as a continuum. With that
assumption, the stress state around the fracture can be expressed as follows [33]:

σxx = ReZI(z) − yImZ′I(z) + A (A1)

σyy = ReZI(z) + yImZ′I(z) −A (A2)

τxy = −yReZ′I(z) (A3)

The Westergaard stress function is [29]:

ZI =

(
z

√

z2 − a2
− 1

)
σe

I (A4)
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σe
I = p0 − σy (A5)

Polar coordinates with the fracture endpoint as the origin are introduced as ζ = reiθ (Figure 8).
This is also called a polar coordinate system of the fracture front. Thus,

z = a + r0eiθ = a + ζ (A6)

Therefore, z2
− a2 = (2a + ζ)ζ at the tips of the fracture, |ζ| = r << 2a. By binomial theorem, ZI

and Z′I were obtained as follows:

ZI =
σe

I

√
πa

√
2πr

e−iθ/2 +
(
r−1/2

)
(A7)

Z′I =
−σe

I

√
πa

2r ·
√

2πr
e−i(3θ/2) +

(
r−3/2

)
(A8)

By substituting the Westergaard stress function into Equations (A1) to (A3), the induced stress at
the fracture front can be obtained.

σxx =
KI
√

2πr
cos

θ
2

(
1− sin

θ
2
· sin

3
2
θ
)
+

(
r−1/2

)
(A9)

σyy =
KI
√

2πr
cos

θ
2

(
1 + sin

θ
2
· sin

3
2
θ
)
+

(
r−1/2

)
(A10)

τxy =
KI
√

2πr
cos

θ
2

sin
θ
2

cos
3
2
θ+

(
r−1/2

)
(A11)

According to Figure 8, the distance from the fracture tip to the joint surface is d, and the distance
from a certain point on the joint surface to the x-axis is y; then d, a, y, and r satisfy the following
relationship:

r =
d

cosθ
(A12)

d = ka (A13)

y = d tanθ = a · k tanθ (A14)

By simplifying Equations (A9) and (A11), it can be ascertained that the interference stress field of
fracture tip (r<<a) is

σxx = σe
I


√

cosθ
2k
· cos

θ
2

(
1− sin

θ
2
· sin

3
2
θ
) (A15)

τxy = σe
I


√

cosθ
2k
· cos

θ
2

sin
θ
2

cos
3
2
θ

 (A16)

The above two formulas can be expressed as σi j = σe
I · fi j(θ, k), where fi is

fxx(θ, k) =

√
cosθ

2k
· cos

θ
2

(
1− sin

θ
2
· sin

3
2
θ
)

(A17)

fxy(θ, k) =

√
cosθ

2k
· cos

θ
2

sin
θ
2

cos
3
2
θ (A18)

Appendix B Stress State on the Interfaces for Nonorthogonal Joint Conditions

Based on a similar method, the stress states on nonorthogonal joint planes can also be deduced.
Similar to Figure 8, the coordinate positions of nonorthogonal joints are shown in Figure 10, where the
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angle between the oblique joint (orange line segment) and the x-axis is δ, and the distance between a
point on the joint and the intersection is L. Thus, the relationship between L, r, and d can be expressed as

r
sin(π− δ)

=
L

sinθ
=

d
sin(π− θ− (π− δ))

(A19)

r =
d sin(π− δ)
sin(δ− θ)

(A20)

L =
d sinθ

sin(δ− θ)
(A21)

Similarly, the induced stress on the oblique joint can be obtained by geometric relation.

σxx = σe
I


√

sin(δ− θ)
2k sin δ

· cos
θ
2

(
1− sin

θ
2
· sin

3
2
θ
) (A22)

σyy = σe
I


√

sin(δ− θ)
2k sin δ

· cos
θ
2

(
1 + sin

θ
2
· sin

3
2
θ
) (A23)

τxy = σe
I


√

sin(δ− θ)
2k sin δ

· cos
θ
2

sin
θ
2

cos
3
2
θ

 (A24)

Similarly, take out the coefficient fij (θ, k) as follows:

fxx(θ, k) =

√
sin(δ− θ)

2k sin δ
· cos

θ
2

(
1− sin

θ
2
· sin

3
2
θ
)

(A25)

fyy(θ, k) =

√
sin(δ− θ)

2k sin δ
· cos

θ
2

(
1 + sin

θ
2
· sin

3
2
θ
)

(A26)

fxy(θ, k) =

√
sin(δ− θ)

2k sin δ
· cos

θ
2

sin
θ
2

cos
3
2
θ (A27)

The stresses in the x- and y-directions are converted to the oblique joint, and the normal stress
and shear stress on the oblique joint are obtained as

σn = σxxsin2θ+ σyy cos2 θ+ τxy2 sinθ cosθ (A28)

τs =
√
σxx2 + σyy2 − σn2 (A29)

σn = σe
I

(
fxx(θ, k) sin2 θ+ fyy(θ, k) cos2 θ+ fxy(θ, k) sin 2θ

)
= σe

I fn(θ, k) (A30)

τs = σe
I

√
fxx(θ, k)2 + fyy(θ, k)2

− fn(θ, k)2 = σe
I fs(θ, k) (A31)

The dimensionless coefficient of induced stress on oblique joints is extracted as

fn(θ, k) = fxx(θ, k)sin2θ+ fyy(θ, k) cos2 θ+ fxy(θ, k) sin 2θ (A32)

fs(θ, k) =
√

fxx(θ, k)2 + fyy(θ, k)2
− fn(θ, k)2 (A33)

At δ = π/2,
√

sin(δ−θ)
2k sin δ =

√
sin(π/2−θ)
2k sin(π/2) =

√
cosθ

2k ; thus, Equations (A24) and (A26) degenerate to
(A16) and (A17), indicating that the results of this inference are consistent; fτ and fn at δ = π/2 are
plotted in Figure 11a, which is consistent with Figure 5.
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