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Abstract: The purpose of the following paper is to present the author’s experimental field inves-
tigations of a jointless railway track subjected to a generated imperfection and analysis of track
response to applied static loads. An optical measurement system, Pontos, was used for the static and
dynamic analysis of the track’s deflections in 3D. The investigations allow us to recommend a direct
application of this system for the non-contact measurement, visualization and analysis of simulated
defects in the jointless track, as presented by the author. It is stated that simulation of an effect called
the hanging sleeper, a short irregularity in the railway track with the initial parameters provided
(a gap and a length of irregularity), is possible. The proposed method, based on the measurement
in the loaded track (a static load from the locomotive wheels), allows for a description of the effect
of the changing track support condition. Moreover, it also proves its usefulness for the analysis of
the changes in deflection and stress values and the force transferred from the rail on the railway
sleeper and for the assumed shape of defects simulating the short irregularities arising in the operated
railway track. The arising irregularity in the track affects driving comfort and the safety of travellers.

Keywords: jointless railway track; railway track irregularity simulation; hanging sleeper

1. Introduction

Transport has accompanied humanity from the very beginning of the development of
civilization. It is, in addition to communication, an important branch of economy, which
increases the usefulness of goods by moving them on land. Efficient transport is closely
related to other sectors of the economy. Transport enables trade between people, which
is essential for the successive development of civilizations, and moves people or goods
from one location to another. Land transport is primarily done by rail and road transport.
Nowadays, trains have become some of the most popular transportation facilities due to
their significant freight capacity, high efficiency and operational reliability connected with
environmental protection. Moreover, high-speed train travel has converted railways into
some of the most attractive transportation facilities. Railways also significantly improve
fast communication between countries, cities and regions. Such properties cause high-
speed trains to be preferable to other transport modes (e.g., on busy routes with passenger
and goods transport).

Railway transport has many advantages, but increased traffic intensity also generates
technical problems. It generates displacements, forces and stresses on railway tracks;
therefore, technical studies, research and field investigations that search for finding new
solutions are still very needed and essential [1,2]. The growth in speed and of the load
transported has resulted in an increase in forces transferred on the railway track structure
as well as an increase in dynamic interaction and noise caused by moving trains [3,4].
In addition, higher speed and arising forces lead to an increase in dynamic impact that
causes track degradation during its operation, such as contact loss between track and
ballast, raveling of the ballast and protecting layers and degradations of the cooperating
elements, etc. [5,6]. Such problems are particularly important on tracks burdened with
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insufficient vertical stiffness and support (e.g., an optimal stiffness of the railway track
structure). Consequently, if railway lines and railway track structure are to continue to
increase their importance, finding new solutions for the arising unfavorable effects of those
difficulties is essential, both for the development and evolution of railway transport.

This paper provides a review of the main problems arising with railway tracks and
of recent solutions used in railway track structure. In the first section, the main problems
arising in railway tracks, with the used methods allowing a reduction in their negative
influence, are described. Next, the paper presents a description of author’s methodology
used in the field investigations. The following section of the paper presents the author’s
experimental field investigation of a CWR track (continuous welded rail track) subjected to
a generated imperfection, which analyzes track response under applied static loads. The
author’s research also explains the way in which the simulated track irregularity changes
the deflections, stresses, forces and parameters of the railway track structure. Finally, the
results and a discussion of the obtained effects are presented.

2. Main Problems Arising in Railway Tracks during Operation

The railway track’s condition, shape and position, described by geometrical parame-
ters, gradually changes during operation. The changes in the geometrical layout of the track
are mainly caused by loads from vehicles, changes in its support and works performed on
the track (e.g., track tamping and ballast cleaning). The arising irregularities in the operated
track significantly change the working conditions of the cooperating loaded track elements
(rail/sleeper/ballast). The track becomes deformed, caused by the diversification of the
track support characteristics in its various cross-sections. The diversification results in turn
from an uneven settlement of the ballast during operation [7] and increases deformations,
especially the so-called weak subgrade, or the occurrence of swelling soil in the subgrade.
As a result of these irregularities, various forms of contact between the sleeper and the
breakstone ballast layer are created. The track stiffness in the unloaded state (without
vehicle loads) causes the sleepers to rest on the ballast in varying degrees. In the most
unfavorable case, a complete lack of contact between the sleeper and the breakstone ballast
may occur (Figure 1d). Such areas of contact loss with the ballast bed are particularly
dangerous for the stability of a CWR track, especially in summer during the occurrence of
longitudinal compressive forces [8,9]. Moreover, from the technical point of view of the
working conditions of the railway track, the arising imperfections and wear or deformation
of one element, disturb the working conditions of other elements, which unfortunately
results in the process of the whole track structure degradation. In railroads, an imperfection
is interpreted mainly as a defect with, e.g., geometrical deviation or a condition different
from idealized properties. Most often an imperfection is identified with track irregularity
when there is a deformation of the rail support [5]. Under the impact of moving trains, the
imperfections of both the wheel and the rail foundation reduce the durability of the track
structure during its operation and are a source of additional vehicle impacts on the track
(Figure 1). In this paper, an imperfection is an intentional irregularity in a railway track (a
hanging sleeper effect) [10–15].
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Figure 1. Typical examples of imperfections arising in a railway track: (a) an irregularity (in consequence of a change
in sleeper types); (b) variable support of the track structure along the railway track; (c) a rail corrugation [16]; (d) triple
irregularities in the track (an example).

The arising changes in a railway track lead to the following degradations of the railway
track structure, an increase in its maintenance costs and a reduction in traffic safety and
travel comfort during operation. Therefore, it is necessary to indicate the location of the
imperfections that occur (e.g., in the foundation or on the wheel of a vehicle), and to know
their possible consequences during the railway track’s operation. A typical classification of
the arising imperfections in the track can be, based on literature analysis and the author’s
personal experiences, as follows [17–21]:

• Imperfections resulting from the railroad’s technical character (in consequence of
the natural variable support of the railroad, e.g., the route in an excavation, on an
embankment or on weak soils in the subgrade—shown in Figure 1b);

• Imperfections connected to human mistakes (mistakes during designing, improper
building technology, improper diagnostic and repair of the track);

• Geometrical imperfections in the railway track [22] (e.g., vertical and horizontal
irregularity and the track’s twist and width change);

• Imperfections appearing in the rails (e.g., the contact fatigue failure, hidden defects,
wear of rail profile and rail corrugation) [23,24];

• Imperfections of railway sleepers: in wooden sleepers, e.g., cracks, damages of sole-
plates, dividers and screws; in concrete sleepers, e.g., scratches, cracks, breaks and
dividers compressing;

• Imperfections and changes arising in the ballast and in the railway support (e.g.,
settlement of the granular layers and contact loss between the track and breakstone
ballast) [5];

• Imperfections of a vehicle’s wheel [25]: a wheel’s tread, flange surface and ovalization;
• Imperfections of railway track foundation [5]: a sudden change in the foundation’s

elasticity; local irregularity of the foundation; successive degradation of the founda-
tion [26] and transition zones before bridges, viaducts or culverts [27–29];

• Other imperfections (e.g., mining damages).
• These different types of damage need to be analyzed in order to develop proper

methods to reduce railway track degradation and maintenance costs (e.g., solutions
for higher durability of the railway track structure). In this description, the track
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stiffness and irregularity of a jointless track in vertical plane should be considered
in order to attain its long-term performance and the reduction in other forms of
track degradation.

2.1. The Progressive Degradation of the Track

The arising degradation in the track can be connected with the following sources:

• The service life (durability) of railway track structure;
• The raveling of the ballast and cooperating protecting layers;
• Different settlement of the ballast layer and of the roadbed;
• Sleeper spacing;
• Stiffness variations (including track transition zones);
• Heterogeneities of the foundation;
• Sudden change of foundation elasticity;
• Dynamic interaction between cooperating elements in the railway track structure;
• A gap arising between the railway sleeper and breakstone ballast (an imperfection in

the railway track: a hanging sleeper effect) [10–15].

A vehicle’s speed generates dynamic loads causing a movement of the track elements.
The arising interactions generated by the trains and the track’s support also cause negative
effects, such as noise and vibration. The granular layers (e.g., ballast and protecting layers)
also progressively deform as a consequence of moving trains, causing an accumulative
deterioration of the railway track geometry. This failure factor is caused by the settlement
of cooperating granular layers as a consequence of the loss of contact between particles or
the breakage of them during the repeated dynamic interactions.

During the operation of a real railway track, a significant number of sleepers are
poorly supported or do not contact the railway ballast at all [12]. According to Augustin,
Gudehus, Huber and Schüunemann, the number of hanging sleepers in the track may
reach up to 50% of all sleepers [13]. Using an appropriate model, the authors conducted
an experimental investigation of the settlement of the ballasted railway track and found
that the ballast under badly supported sleepers underwent greater vertical progressive
settlement than the ballast under well-placed sleepers. This can cause the effect of the
hanging sleepers.

Hanging sleepers (i.e., unsupported) are the result of the dynamic interaction between
the vehicle and the railway track and have a significant influence on the growth of geometric
irregularities along the track [11]. Hanging sleepers appear in the track most often through
the irregular surface of the ballast. Such irregularities of the ballast may have arisen as a
result of non-uniform settlement of the ballast. The non-uniform settlement may result
from non-uniform track loads and/or from the raveling of the ballast and foundation (e.g.,
variable compaction). After a sleeper begins to hang, this gap gradually becomes larger
and an increase in the dynamic loads transferred from the wheels to the railway track is
observed. Moreover, as Ishida states, the larger the gap between the railway sleeper and
the co-operating breakstone ballast becomes, the lower the interaction force gets between
the sleeper and the ballast, due to the hanging sleepers [11]. In addition, this phenomenon
increases the interacting force between the sleeper and co-operating ballast at sleepers
next to and/or neighboring the hanging sleepers. The consequence of such a process is
a further growth of the quantity of the hanging sleepers in the track, causing an increase
in geometric irregularity in the track. Ishida noticed [11] that rail joints are a typical place
where the effect of hanging sleepers occurs, leading to a local large track deflection caused
by large dynamic wheel loads and induced by the wheels’ ride through these rail joints. The
proposed dynamic model for generating the proper behavior of the hanging sleeper has
been experimentally verified by measuring the dynamic behavior of the railway track. In a
paper by Jing, Luo, Wang and Shen [10], a model of the dynamic interaction of the sleeper
with the ballast was used to analyze the influence of the hanging sleeper in consequence
of the sleeper dynamic reaction on its length. The method of discrete elements (DEM)
was used to simulate the dynamic behavior of the hanging sleeper. Ballast cracking under
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dynamic cyclic loads was also analyzed. Sleeper deflection for both ends of the hanging
sleeper was found to be the largest of all simulation conditions, which indicates that when
the sleepers hang at both ends, the worst condition occurs for sleeper deflection. Lundqvist
and Dahlberg presented a computer model that can be used to simulate the dynamic
train/track interaction [12]. The influence of one or more unsupported sleepers on the
force of train/track interaction and on track dynamics was considered. The gap between
the sleeper and the co-operating ballast was assumed to be 0, 0.5 and 1 mm and three
different train speeds (the speeds of a wheelset) were considered: 30, 60 and 90 m/s. It was
found that a single hanging sleeper with a 1 mm gap might increase the sleeper–ballast
contact force at adjacent sleepers by up to 70%. The settlement of the sleeper adjacent
to the hanging sleeper can increase by 40%. In addition, a non-uniform loading of the
ballast bed may cause progressive settlement to the subgrade. The “worst” case for the
local track settlement occurs when one properly supported sleeper is surrounded by two
hanging sleepers [12]. Grassie and Cox [14] experimentally and numerically analyzed the
dynamic response of a railway track with the unsupported sleeper effect. They concluded
that with no sleeper support the sleepers were likely to crack when wheel or railhead
irregularities happened. Yang, Powrie and Priest investigated the dynamic system using
the Abaqus program to model the railway track and a train for the hanging sleeper effect.
They stated that the hanging sleeper effect can cause a significant growth of stress below
the neighboring sleeper in the sub-ballast layer [15].

The ballast is the layer with highest contribution to the track settlement, with up to
50–70% of the total quantity [2]; the increase in the ballast degradation can directly lead to
a significant degradation of the track geometry (leveling, alignment and buckling, e.g., in
the summertime).

There are various possible solutions capable of reducing these problems, such as:

• Use of high performance (good quality) ballast particles [1];
• Use of new elements in the railway track structure (e.g., elastic sleeper);
• Increase in maintenance works frequency;
• Replacement of the granular material by stiff elements, leading to the successive

development of slab tracks.

These solutions, however, can lead to a significant increase in the quantity of ballast
during maintenance and repair railway works. Therefore, a more innovative and efficient
solution is a reduction in the load transferred to the ballast layer, in order to attain lower
displacement. With this, a higher durability of the railway tracks is expected.

For this purpose, analyses and site surveys are used, as their results allow a reduction
in the track’s response, and the implementation of modern solutions reduces the stress on
the ballast layer (e.g., USP—under sleeper pads or UBM—under ballast mats) [2,30].

2.2. The Application of Elastic Elements in Railway Tracks

The most frequent preventive measures and remedies taken to reduce stresses on
railway tracks, regarding noise and vibrations, are an application of elastic elements into the
railway track structure. The purpose of this is to improve track durability and overcome
problems arising during its operation (the influence of high speed trains). The elastic
elements applied in ballasted tracks can be classified into three main categories:

• Rail pads (installed between rails and sleepers) [6];
• Under sleeper pads i.e., USP (Figure 2);
• Under ballast mats i.e., UBM (installed on the granular layer in the ballasted tracks

and underneath the slab in the slab tracks).
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Figure 2. The under sleeper pads with fully covered bottom surface and partially covered bottom
surface of the railway sleeper (under rail section) [2,30].

In addition, the track stiffness coupled with the elastic elements can have an important
role to play in the reduction in vertical vibrations. The dynamic loads, resonance of track
stiffness and unspringed vehicle mass mainly produce an effect (rail corrugation), visible in
the form of a periodic irregularity or waviness that develops on the surface of the rail. This
rail corrugation effect causes a periodic application of impacts that produce a progressive
process of structural damage, noise, vibration and disturbed movement of the track and
train vehicles.

Hence, the issues of railway tracks include the following main areas of scientific research:

• Detecting and learning about unfavorable track phenomena (e.g., through direct track
observations and routine measurements);

• Indicating the causes of the progressive degradation of the railway structure and
preventive measures;

• Theoretical and computational analysis of unfavorable phenomena, taking into ac-
count the indicated factors;

• Field studies, measurements and simulations of unfavorable phenomena in the track
(e.g., with known initial values of unfavorable parameters);

• Field tests and measurements of measures or elements used in the track to prevent
unfavorable phenomena.

In the following sections of the paper, the author describes his own method, which
combines field research, measurements and simulation of an unfavorable phenomenon in
the track (the effect of a hanging sleeper) and a computational analysis utilizing the carried
out field research.

3. Methodology of the Field Investigation Carried out by the Author

As it is clearly indicated in the above sections, there is a need to use smart solutions
that increase the durability of the CWR track (e.g., USP and UBM [2,30] or the grinding
of the rails [31]), analyze the arising imperfections, properly diagnose the deflections
and propose optimal maintenance works during the track’s operation [5,32]. Due to the
afore-mentioned factors, the author proposed an individual method of simulating the
intended vertical irregularity in a railway track structure with adequate site surveys using
the Pontos system [5]. The methodology of the field investigation and obtained results is a
well thought out sequence of the following aspects:

• Description of the proposed method of generating the intended irregularity in the
track (p. 4.1);

• Assumption of a scheme of induced irregularity in a railway track (Figure 3);
• Discussion about obtained effects (p. 5);
• Acquisition of the deflections of the rail and the railway sleeper results, obtained

during field investigations;
• Acquisition of the results of stresses in the rail foot, obtained during field investigations;
• Analysis of the obtained measurement results for further engineering applications;
• Identification of the foundation parameters for engineering calculations;
• Theoretical calculations carried out for the chosen section of rail.
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The obtained research presents real railway track (a full-scale test) changes visible
under the applied loads. The graphs and tables given in this paper present the obtained
parameters describing the static work of the jointless track, placed on an elastic foundation,
in consequence of its intended irregularity. Particular attention was paid to a proper
presentation of the obtained results during field investigations for further interpretation
and engineering applications.

4. Experimental Research
4.1. A Description of the Proposed Method of Generating the Intended Irregularity in the Track

In order to analyze the work of loaded track elements on the local irregularity, the site
surveys were carried out at the Poznań-Franowo railway station. The purpose of this field
investigation was to induce the intended irregularity in the railway track by simulating the
intended imperfection in the track support in the form of lowering one cross-section in the
tested railway track. The following scheme of the intended irregularity was adopted for
field investigations and is shown in Figure 3:
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where:

f 0—an irregularity induced in railway track (mm);
P—an applied force (MN) (P = 90 (kN/wheel)—see Figure 4);
ES·I—a track’s stiffness in vertical plane (MNm2) (ES—Young’s modulus; I—moment of
inertia);
gt—the track’s weight (MN/m) (gt = 00022 MN/m);
a—a sleeper’s spacing (m) (a = 0.60 m).

In the track, the intended local deformation was induced by lowering the track by
a defined value (a parameter f 0 in Figure 3). The track deformation was obtained by
unscrewing the fasteners, lifting the track with a hoist (without affecting the stability of the
CWR track in the horizontal plane, in accordance with the applicable regulations), and then
placing metal plates between the rail and the co-operating divider, lowering the rail back
onto the washer and reattaching the rails to the sleepers. The value of f 0 was increased
from f 0 = 0 mm (an initial condition of the track) successively to 1, 2 and 3 mm. The static
load (shown in Figure 4) was carried out by the SM42-448 locomotive (72 [t] on 4-axles→
i.e., 180 kN/axle):



Energies 2021, 14, 7477 8 of 28Energies 2021, 14, x FOR PEER REVIEW 8 of 30 
 

 

 

Figure 4. A scheme of loads generated by a SM-42-448 locomotive [author’s scheme]. 

During the measurements, 12 rides with the SM-42 locomotive were made. Due to 

the locomotive’s small speed (V <10 [km/h]), the problem is treated as a static one. This 

made it possible to analyze the work of the track by measuring the force transferred from 

the rail to the sleeper and the deflections of those elements. Since the rail sensor was 

placed in the divider (Figure 5a), the tests were carried out on a concrete sleeper—according 

to the author this ensured the sensor's proper support. 

4.2. Pontos System Used for Measuring Deformation 

To analyse these imperfections, an optical system Pontos, by GOM GmbH (Gesell-

schaft für Optische Messtechnik, Technischen Universität, Braunschweig), is used (shown in 

Figure 5c,d). The system makes precise (with an accuracy of 0.001 mm), non-contact 

measurements of position, motion and deformations at short time intervals (on the order 

of 0.005 [s]), for static, as well as dynamic loads, in 3D [5]. Typically equipment consists of 

a camera sensor, a tripod and a computer (shown in Figure 5c) [33]. The measurement 

points or areas are identified with markers (shown on Figure 5d). The system records 

images for one or plenty load conditions [33], enabling to determine any number of 

markers within the measuring volume simultaneously, with maximum precision and 

accuracy (Figure 5c,d). Since measurements are taken online, the software can also au-

tomatically evaluate the recorded high-speed images in a real-time deformation analysis 

(deformations such as torsion, bending, deflection, etc., to investigate structural vibra-

tions, speeds and accelerations). The measured values and analysis are exported as PDF 

files or as images, videos and diagrams (Figure 6). 

For the further data analysis and visualization Pontos Viewer version 6.3.0-5 with 

catmanEasy version 2.1 (by HBM GmbH) programs are used. 

Figure 6 shows the measured deflection of the rail and the sleeper due to the in-

duced irregularity in section no. 2 of the railway track (diagram in Figure 3): 

Figure 4. A scheme of loads generated by a SM-42-448 locomotive [author’s scheme].

During the measurements, 12 rides with the SM-42 locomotive were made. Due to the
locomotive’s small speed (V < 10 [km/h]), the problem is treated as a static one. This made
it possible to analyze the work of the track by measuring the force transferred from the
rail to the sleeper and the deflections of those elements. Since the rail sensor was placed in
the divider (Figure 5a), the tests were carried out on a concrete sleeper—according to the
author this ensured the sensor’s proper support.

4.2. Pontos System Used for Measuring Deformation

To analyse these imperfections, an optical system Pontos, by GOM GmbH (Gesellschaft
für Optische Messtechnik, Technischen Universität, Braunschweig), is used (shown in Figure 5c,d).
The system makes precise (with an accuracy of 0.001 mm), non-contact measurements of
position, motion and deformations at short time intervals (on the order of 0.005 [s]), for static,
as well as dynamic loads, in 3D [5]. Typically equipment consists of a camera sensor, a tripod
and a computer (shown in Figure 5c) [33]. The measurement points or areas are identified
with markers (shown on Figure 5d). The system records images for one or plenty load
conditions [33], enabling to determine any number of markers within the measuring volume
simultaneously, with maximum precision and accuracy (Figure 5c,d). Since measurements
are taken online, the software can also automatically evaluate the recorded high-speed images
in a real-time deformation analysis (deformations such as torsion, bending, deflection, etc., to
investigate structural vibrations, speeds and accelerations). The measured values and analysis
are exported as PDF files or as images, videos and diagrams (Figure 6).

For the further data analysis and visualization Pontos Viewer version 6.3.0-5 with
catmanEasy version 2.1 (by HBM GmbH) programs are used.

Figure 6 shows the measured deflection of the rail and the sleeper due to the induced
irregularity in section no. 2 of the railway track (diagram in Figure 3):
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Figure 5. Field investigations at the Poznan-Franowo station [author’s photos]: (a) the KMR200 HBM
indicator placed on the sole plate to measure the force transferred from the rail to the railway sleeper;
(b) the extensometer LY41-20/120 on the rail foot for direct stress measurement; (c) the measuring
position for recording the obtained measurements (a locomotive’s SM-48 ride); (d) the measured
points for recording obtained measurements (the Pontos system).
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Figure 6 shows the measured deflection of the rail and the sleeper due to the induced
irregularity in section no. 2 of the railway track (scheme from Figure 3):

Energies 2021, 14, x FOR PEER REVIEW 9 of 30 
 

 

 

Figure 5. Field investigations at the Poznan-Franowo station [author’s photos]: (a) the KMR200 

HBM indicator placed on the sole plate to measure the force transferred from the rail to the railway 

sleeper; (b) the extensometer LY41-20/120 on the rail foot for direct stress measurement; (c) the 

measuring position for recording the obtained measurements (a locomotive’s SM-48 ride); (d) the 

measured points for recording obtained measurements (the Pontos system). 

Figure 6 shows the measured deflection of the rail and the sleeper due to the in-

duced irregularity in section no. 2 of the railway track (scheme from Figure 3): 

 
(a) 

Energies 2021, 14, x FOR PEER REVIEW 10 of 30 
 

 

 
(b) 

 
(c) 

 
(d) 

 

 

Figure 6. Cont.



Energies 2021, 14, 7477 10 of 28

Energies 2021, 14, x FOR PEER REVIEW 10 of 30 
 

 

 
(b) 

 
(c) 

 
(d) 

 

 
Figure 6. Decreasing of cross-section no. 2—loads from the succeeding axles on cross-section
no. 2 (a scheme from Figure 3) (Pontos viewer). A deflection of the rail and the sleeper due to
induced irregularity in the railway track during a deflection of the cross-section no. 2; ordinate axis-a
deflection of rail and sleeper; abscissa axis-consecutive measurements every 0.005 [s]; one step of
stage = 0.005 [s]: (a) with an irregularity f 0 = 0 mm in track; (b) with an irregularity f 0 = 1 mm in
track; (c) with an irregularity f 0 = 2 mm in track; (d) with an irregularity f 0 = 3 mm in track.

5. Results and Discussion of Obtained Effects
5.1. The Results of Deflections of the Rail and the Railway Sleeper Obtained during Field Investigations

In the place of the intentionally generated railway track irregularity, for the succeeding
four axles of the SM-42 locomotive the following measurements were, among others, done
for sections no. 1 and no. 2:

• The rail’s deflections under the moving locomotive;
• The rail’s stresses under the moving locomotive;
• The deflections of the concrete sleeper at its end;
• The force transferred from the rail to the railway sleeper.

To describe the deflections of the rail and the sleeper recorded during these field inves-
tigations, functions were used, in which the generated track irregularity is the argument f 0.

These functions have a form:

• zi
n( f0) = a× ( f0)

b + c, calculated by the Levenberg–Marquardt’s method (a Levenberg–
Marquardt method for minimization);

• zi
n( f0) = ea+b× f0+c× f 2

0 (an exponential function),

where:
f 0—gradually induced deformation in section no. 2 in mm;
a, b, c—the constants obtained from the results of the field investigation;
i—a considered section—no. 1 or no. 2 (Figure 3);
n—a deflection of the rail or sleeper.
On Figures 7 and 8 deflections of a rail and sleeper were shown, described as:

• A rail’s deflection under a passing locomotive (zi
r( f0));

• A deflection of the concrete sleeper at its end (zi
s( f0)),

where: i—a considered section no. 1 or no. 2 (Figure 3).
The deflections were obtained during site surveys for simulated irregularity in the

railway track at the Poznań-Franowo station for loads from four axles of the locomotive.
The figures make it possible to assess the scale of changes both in section no. 1 and no. 2.

The following markings were used on them, as shown in Figure 4:
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Figure 7. A deflection of the rail and sleeper due to induced irregularity in the railway track (axle
load no. 1 and no. 2 of the locomotive): (a) axle load no. 1 in section no. 1–1 axle (R2 = 0.819); (b) axle
load no. 1 in section no. 2–1 axle (R2 = 0.842); (c) axle load no. 2 in section no. 1–2 axle (R2 = 0.821);
(d) axle load no. 2 in section no. 2–2 axle (R2 = 0.896).
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Figure 8. A deflection of the rail and sleeper due to induced irregularity in the railway track (axle
load no. 3 and no. 4 of the locomotive): (a) axle load no. 3 in section no. 1–3 axle (R2 = 0.839); (b) axle
load no. 3 in section no. 2–3 axle (R2 = 0.926); (c) axle load no. 4 in section no. 1–4 axle (R2 = 0.885);
(d) axle load no. 4 in section no. 2–4 axle (R2 = 0.905).

The values of the rail and sleeper deflections for the selected second axle in section
no. 2 (where the changes in deflections are the greatest—see Figures 6 and 7) are described
with the following dependences:

• For the rail: z2
r ( f0) = 0.8888 · ( f0)

0.2669 + 2.1549;
• For the sleeper: z2

s ( f0) = 1.1621 · ( f0)
0.1925 + 1.4373;
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Will be used to identify the support of the analyzed railway track, in order to deter-
mine the parameters of the soil foundation. After the identification of the foundation’s
parameters and the assumed railway track structure (i.e., rail type, sleeper type, sleeper
spacing; track stiffness), the influence of the simulated irregularity will be used in the
finite element calculations. In order to carry out such calculations, it is at first necessary
to determine the change of the force transferred from the rail on the cooperating railway
sleeper. For this purpose, the author proposed to measure such a force with the use of
the KMR 200 HBM indicator—Figure 5a, and the values of this force are presented in the
following sections of this paper.

As can be observed in the figures (especially in Figures 6–8), the gaps of f 0 irregularity
induced in the track significantly change the work of loaded elements of the railway track
structure. Particularly in the considered cross-section no. 2, one can observe a large impact
of these deformations on the work of the railway track structure. Therefore:

• For the considered scheme in Figure 3, without the irregularity in the track (i.e.,
f 0 = 0 mm), the rail’s deflection is about 2 mm (e.g., under the load of the second axle
of the SM-42 locomotive, the value was 1996 mm). With f 0 = 3 mm, the rail’s deflection
increases to the value of 3537 mm, i.e., by 77.21%, while the sleeper’s deflection
increases from 1437 mm to 2873 mm, i.e., up to 99.89%. The increase in the deflection
of the rail and the sleeper is clearly visible in Figure 6.

5.2. Results of Stress Measurements in the Rail Foot Obtained during Field Investigations

The described changes in the deflection lead to changes in the stresses of the rail
(Figure 5b). Figure 9 shows changes in the stress values for sections no. 2 and no. 1 (a
scheme from Figure 3) obtained from the measurements.
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Figure 9. The rail stresses caused by induced irregularity in the railway track (the rides of locomotive’s succeeding axles):
(a) measured by an extensometer in cross-section no. 2 (Figure 3); (b) measured by an extensometer in cross-section
no. 1 (Figure 3).
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In Figure 9, the following markings referring to the value of f 0 of the generated
irregularity in the track were used (similar markings were used later in the text):
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As can be observed in Figure 9, according to the scheme in Figure 3, the induced track
irregularity changes the deflections, and thus causes a change in the value of stresses in the
foot of the rail, both for section no. 1 and no. 2. In section no. 2 a significant influence of
the generated irregularity on the work of the railway track was observed. The increasing
deflection of the rail, depending on the generated irregularity f 0, causes an increase in
stresses on the rail from 58.478 MPa to 75.561 MPa—an increase of 29.22%. These significant
changes in stresses were described by formulas and diagrams, as shown in Figure 10, on
which the scale of changes in both cross-sections no. 1 and no. 2 can be assessed. The
arising stresses in the rail foot were described by the following functions:

• An exponential function: σ
j
m( f0) = σ0 × eu0+u1× f0+u2× f 2
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• The third order polynomial function: σ
j
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where:
σ0—a mean stress value [MPa] for f 0 = 0 mm (Figure 3);
u0, u1, u2—the constants obtained from the results of field investigation;
m—a place where the force from the wheel of the succeeding axles of the locomotive

was applied;
j—a stress in the rail in section no. 1 or no. 2 (Figure 3).
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Figure 10. A dependence on changes in rail stresses on the value of f 0-induced irregularity in the railway track (the loads
from the locomotive’s succeeding axles—a scheme from Figure 3). Measurement of stresses on the particular extensometers
(Figure 5b): (a) the stresses in the rail foot in section no. 2 from a force in section no. 2 (the succeeding axles); (b) the stresses
in the rail foot in section no. 1 from a force in section no. 1 (the succeeding axles); (c) the stresses in the rail foot in section
no. 2 from a force in section no. 1 (the succeeding axles); (d) the stresses in the rail foot in section no. 1 from a force in section
no. 2 (the succeeding axles).

During the measurements, the values of the force transferred from the rail to the
sleeper (shown in Figure 5a) were recorded in cross-section no. 2 for the scheme from
Figure 3. The obtained results are shown in Figure 11 (the colors of curves are as in Figure 9):
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Figure 11. The force transferred from the rail to the sleeper due to the induced irregularity in the railway track for the scheme
from Figure 3 (the loads from the locomotive’s succeeding axles): (a) a measurement by a force sensor in cross-section no. 2
(a record on the force sensor); (b) a measurement by a force sensor in cross-section no. 1.

The changes in the value of the force transferred from the rail to the railway sleeper
are visible as a consequence of changes in the deflections of the rail and sleeper, as well as
the stresses in the rail foot, as shown in Figure 12.
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Figure 12. A dependence on the force transferred from the rail to the railway sleeper on the f 0 value
of irregularity induced in the railway track (the loads from the locomotive’s succeeding axles; the
scheme from Figure 3—the site surveys): (a) the change of the force in section no. 2 from a force in
section no. 2 (the succeeding axles); (b) the change of the force in section no. 1 from a force in section
no. 2 (the succeeding axles); (c) the change of the force in section no. 1 from a force in section no. 1
(the succeeding axles); (d) the change of the force in section no. 2 from a force in section no. 1 (the
succeeding axles).

The induced irregularity at an f 0 gap in the track, according to the scheme in Figure 3,
changes the value of the acting force from the rail to the sleeper for both cross-sections no. 1
and no. 2. In section no. 2, an increase in rail deflection reduces the value of this force from
45,094 kN to 2351 kN, i.e., up to 94.79%. Such a significant decrease can be described in the
following way:

• This force is of a low value until the sleeper contacts with the co-operating foundation;
• Only the deflection of the rail with the sleeper after the sleeper made contact with the

foundation causes the acting force from the rail to the sleeper.

The changes in the value of the acting force from the rail to the sleeper as a function of
the irregularity gap dimension in section no. 2 were described with formulas and proper
diagrams, which were made as shown in Figure 12 (where the range of changes in section
no. 1 and no. 2 are assessed).
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The value of the change in force as a function of the irregularity f 0 gap is described by
the function in the form: Qk

j ( f0) = P0 × eu0+u1× f0+u2× f 2
0 .

where:
P0—a mean force value for f 0 = 0 mm;
f 0—gradually induced deformation in section no. 2 in mm;
j—a place where the force from the wheel of the succeeding axles of the locomotive

was applied;
k—a force transferred from the rail to the sleeper in section no. 1 or no. 2.
As mentioned in Section 5.1, in order to carry out the finite element calculation, the

value of the acting force from the rail on the railway sleeper is needed. The installed
sensor (Figure 5a) made it possible to determine the value of such a force. And so, for
the selected second axle in the section no. 2, the following relationship was obtained (as
a function of the generated inequality f 0): Q2

2( f0) = 45.02547 · e0.00151−0.86619· f0−0.0395· f 2
0 .

Moreover, the calculated deflections allow for the analysis of stress changes in the rail
foot: σ2

2 ( f0) = 58.25885 · e0.00369+0.26833· f0−0.06096· f 2
0 and their comparison with the obtained

stress values from the extensometer LY41-20/120 (see Figure 5b).

5.3. An Analysis of the Obtained Measurement Results for an Engineering Consideration

In order to make a theoretical analysis of the obtained field results, the considered
elements of the railway track are treated as a beam resting on an elastic or a visco-elastic
foundation. This problem of is widely described in the literature [34–38]. The first soil
model was proposed by Winkler, where the foundation is analyzed by a series of closely-
spaced independent elastic springs. Furthermore, in this model pressure at each point of the
foundation’s surface is directly proportional to the deflection of the considered beam (using
a material constant: the Winkler modulus). Many alternative foundation models were later
proposed to obtain more accurate descriptions of the nature of the beam-soil contact and
to avoid limits of the Winkler’s assumption [39,40]. The alternative included a model of
the soil described as an elastic half space, the Wieghardt model, the Pasternak model, the
Vlasov model [41], the analogue Vlasov model [36] and the model with a modified Vlasov
foundation. Some of them introduce an additional parameter as a function of the beam’s
and the foundation soil’s properties (for an iterative procedure) [42,43].

To continue the analysis, the considered railway track is modelled:

• The rail as an Euler-Bernoulli beam of an infinite length placed on a one-parameter
foundation (with kr

3 being the parameter of the rail’s foundation);
• The sleeper as a beam of the finite length treated as the Euler–Bernoulli (E–B) elastic

beam resting on a two-parameter modified Vlasov foundation (Table 1);
• The sleeper as the Euler–Bernoulli beam resting on an elastic one-parameter founda-

tion (with ks
3 being the parameter of the rail’s foundation);

• The sleeper as a short-length Timoshenko beam resting on a two-parameter analogue
Vlasov foundation (defined by kw [MPa] and ku [MPa] coefficients) [36].

Specifically, the concentrated static forces causing the deflection of the rail and the
sleeper are considered. For the theoretical and computational analysis following simplified
schemes of the generated irregularities in the railway track are assumed (as shown in
Figure 13 for a scheme from Figure 3). The other characteristics are widely described in [5].
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where:
f 0, P, ES·I, gt, a—the denotations showing element characteristics (c. Figure 3);
Utheor

sub —a substitutional and a theoretical rail support for its “weak” support case;
Kmeas—empirical coefficients for the calculation of rail deflection for the intended

irregularity (schematic diagram from Figure 3);
Ktheor—theoretical coefficients for the calculation of rail deflection for the intended

irregularity (schematic diagram from Figure 3);
kr

3—the rail’s parameter of the foundation.

5.4. The Identification of the Foundation Parameters for the Engineering Calculations

Detailed considerations were carried out for the considered section no. 2, where
a significant impact of this irregularity on the work of the railway track can be noticed
(Figures 6–8). The choice of axle no. 2 for further analyses, according to the author, was
justified primarily by taking into account the influence of the load from axle no. 2 and the
adjacent axle no. 1 (similarly to axles no. 3 and no. 4). In Figure 6 it is possible to assess
the scale and differences of changes for all axles of the locomotive and to perform similar
analyses for all other axles of the locomotive (Figures 7 and 8).

For the purpose of further analyses, exact foundation parameters for the rail and
the sleeper were determined on the ground of the results from the test ride of the SM-42
locomotive without the intended irregularity (i.e., f 0 = 0 mm) and the methods presented
in publications [5,44]. The obtained values of the foundation’s parameters for theoretical
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considerations (on the basis of the measurements of deflections made during site surveys)
were given in the Table 1:

Table 1. Obtained values of the foundation parameters for the theoretical calculations (according to scheme from Figure 3).

For a Rail For a Sleeper For a Sleeper For a Sleeper

A one-parameter
foundation:

kr
3 = 26.605 [MPa]

A one-parameter
foundation (1-par):
ks

3 = 22.836 [MPa]

A two-parameter
foundation (2-par):

1st par. : ks
3 = 22.8362 [MPa]

2nd par. : ks
3 = 2.7262 [MN]

A two-parameter foundation
Timoshenko beam

(an analogue Vlasov foundation):
kw = 22.8363 [MPa]
ku = 1.1927 [MPa]

5.5. Theoretical Calculations Carried out for the Considered Section No. 2 of the Analyzed Rail

The characteristics and parameters of track elements in the vertical plane were
widely described in [5,44]. The calculations were made using the finite element method
(FEM) [36,39,45] with the following parameters, as shown in Table 2:

Table 2. The assumed additional parameters for calculations.

The Rail 49E1 of the Analyzed Railway Track Is
Divided into Elements:

The Following Data is Used for the Railway
Sleeper, Treated as a Timoshenko’s Beam:

• Contacting with the foundation at a length
l = 0.1625 [m],

• Without contact with the foundation at a length
l = 0.05 [m],

• ES = 210 [GPa] and I49E1 = 1819 [cm4].

• The element’s stiffness is calculated as a
harmonic mean from the Formula (5.1) [46],

• G = Eb
2×(1+v) = 0.43× Eb. It is assumed that :

ν = 1
6 and Eb = 35 [GPa] [5],

κ = 1.2, ζ = κ×Es×I
G×Ael

,
• A concrete sleeper compressed by force:

S = 0309 [MN].

where: G—Kirchhoff’s module [GPa]; κ—shape coefficient of the cross-section; Ael—cross-sectional area of the
element; G·Ael—shear beam stiffness.

Tables 3 and 4 present the theoretical calculations and the measured values of the
deflection of the rail and sleeper, the measured stress in the rail and the acting force from
the rail to the sleeper (Figure 3) for the considered section, where the intended irregularity
was generated in the track, under the action of the force from the selected second axle of
the locomotive (the analyzed section no. 2 from Figure 3). The considered concrete sleeper
was divided into 80 elements with a length of l = 0.03125 m each. During an analysis of
the behavior of a beam with a variable cross-section (e.g., a concrete sleeper), a change in
stiffness along its length should be taken into account (Figure 14):
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Figure 14. The railway sleeper assumed for a theoretical analysis (INBK-7 type).

The stiffness of the element of such a beam should be calculated as the harmonic mean
from an equation in the form [46]:
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EIsleeper
(s) =

2× E1 I1 × E2 I2

E1 I1 + E2 I2
(1)

where: E1 I1—stiffness of the element at its beginning, E2 I2—stiffness of the element at
its end.

In Tables 3 and 4 the experimental and theoretical values of rail deflections in a
considered section, under the influence of force from the selected second locomotive axle,
are given.

Table 3. The deflection and stress in the rail in a considered section, in consequence of the f 0 irregularity in the track—second
axle load for the scheme in Figures 3 and 13.

A track
Irregularity

f0 (mm)

zmeas
r

(mm)

zk 6=0
r

(zmeas
r −f0)
(mm)

ztheor
r

(mm)
Utheor

sub
(Mpa)

kmeas
(kN/mm)

Ktheor
(kN/mm)

Pk=0
(kN)

Pk 6=0
(kN)

σmeas
r

(MPa)
σ

Usub
theor

(MPa)

1 2 3 4 5 6 7 8 9 10 11
0 1.996 - 2.031 26.605 * 45.089 44.309 - 90 58.474 63.392
1 2.887 1.887 2.722 17.526 31.172 33.068 16.68 73.32 71.949 69.016
2 3.054 1.054 3.237 14.181 29.469 27.803 34.51 55.49 78.367 71.881
3 3.537 0.537 3.689 12.099 25.445 24.391 54.19 35.81 75.561 74.064

* The value obtained during the test-drives of the locomotive for f 0 = 0 mm (without the irregularity).

Table 4. The force transferred from the rail on the sleeper and the sleeper’s deflection in consequence of the f 0 irregularity
on the track—second axle load for the Figures 3 and 13 with the obtained foundation parameters (Table 1).

Measurement and Analysis for the Rail (Table 3)

A One-Parameter Foundation: kr
3=26.605 [MPa]

1 2 3 4 5 6
Track

irregularity
f0 (mm)

zmeas
r

(mm)
zk 6=0

r
(mm)

Qmeas
(kN)

Q
kspr
meas

(kN)
Utheor

sub
(MPa)

0 1.996 - 45.094 45.094 26.605 *
1 2.887 1.887 18.229 18.224 17.526
2 3.054 1.054 6.810 6.845 14.181
3 3.537 0.537 2.351 2.368 12.099

Measurement and Analysis for the Sleeper (with the Obtained Foundation Parameters (Table 1)

A sleeper’s
deflection

(mm)

A one-parameter
foundation (1-par)
ks

3 = 22.836 [MPa]

A two-parameter
foundation (2-par)

1 par. : ks
3 = 22.8362 [MPa]

2 par. : ks
3 = 2.7262 [MN]

A two-parameter foundation
Timoshenko beam (TB 2-par)

kw = 22.8363 [MPa]
ku = 1.1927 [MPa]

7 8 9 10 11 12 13

zmeas
s

(mm)

z1−par
s ( f0)
(mm)

k2 = 0 [MN]

z1−par
k1 6=0(

z1−par
s − f0

)
(mm)

z2−par
s ( f0)
(mm)

k2 = 2.7262 [MN]

z2−par
k1 6=0(

z2−par
s − f0

)
(mm)

zTB 2−par
s ( f0)

(mm)
ku = 1.1927[MPa]

zTB 2−par
k1 6=0(

zTB 2−par
s − f0

)
(mm)

1.437 1.528 - 1.505 - 1.516 -

2.599 2.212 1.212 2.191 1.191 2.298 1.298

2.765 2.606 0.606 2.591 0.591 2.644 0.644

2.873 3.189 0.189 3.186 0.186 3.152 0.152

* The value obtained during the test-drives of the locomotive for f 0 = 0 mm (without the irregularity).

The denotations for the scheme from Figures 3 and 13: zmeas
r and zmeas

s —the measured
deflection (respectively, for the rail and for the sleeper); ztheor

r , z1−par
s ( f0) , z2−par

s ( f0) and
zTB 2−par

s ( f0) , respectively. A theoretical deflection of the rail and deflection of the sleeper
for a beam on a one-parameter, two-parameter and analogue Vlasov foundation; zk 6=0

r —a
deflection from the moment of contact between the track and the foundation; Utheor

sub , Kmeas
and Ktheor—denotations (c. Figure 13); Pk=0 and Pk 6=0—wheel force transferred on track,
respectively, for a case without the track’s contact with foundation (according to f 0) and
after the track made the contact; σmeas

r and σ
Usub
theor—stress in the rail’s flange, respectively:
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measured and a theoretical, with an assumption Utheor
sub ; Qmeas and Q

kspr
meas—a measured force

transferred on the sleeper (with an assumption of a theoretical “spring” in a considered

section no. 2): Q
kspr
meas = kspr( f0)× zmeas

r , where: kspr( f0) = 22.591 + 9.185× f0 − 25.464×
f 0.605
0 [kN/mm].

Tables 3 and 4 show the changes taking place in the work of the rail and sleeper as a result
of the installed imperfections in the railway track. The calculation sequence contained therein
should be interpreted as follows (using the basic measured and calculated parameters):

• f 0—analyzed track irregularity along the length 2a (Figure 3);
• zmeas

r and zmeas
s —measured deflection of the rail and the sleeper (using the Pontos system);

• ztheor
r —calculated rail deflection (using the identified foundation parameters—Table 1);

• Qmeas and Q
kspr
meas—measured value of the acting force from the rail to the cooperating

sleeper and: Q
kspr
meas = kspr( f0) · zmeas

r : measured value of the force assuming the
theoretical “spring” in the considered section no. 2, where: kspr( f0) = 22.591 + 9.185 ·
f0 − 25.464 · f 0.605

0 kN/mm;
• z1−par

s ( f0), z2−par
s ( f0) and zTB 2−par

s ( f0), i.e., the theoretical deflection of the sleeper
for the beam on the one-parameter, two-parameter and analogue Vlasov founda-
tion, respectively;

• σmeas
r and σ

Usub
theor—measured and theoretical (assumed Utheor

sub ) stress in the rail foot.

Additionally, the author specified auxiliary parameters, both measured and calculated,
such as (according to Figure 13): Utheor

sub , Kmeas and Ktheor.
As can be observed, the changes in the deflections of the rail and the sleeper are

significant. On the basis of the measurements and calculations carried out, it can be
concluded that:

• The differences in the obtained values of the sleeper deflection for different sleeper
models, as a beam based on the foundation, are visible in Table 4, for example, the gen-
erated imperfection in the track equals f 0 = 2 mm from Figure 3 (the value measured
in the real railway track was 2.765 mm). The following values were obtained: for one-
parameter foundations the theoretical deflection value was 2.606 mm, two-parameter
foundations—2.591 mm, and Timoshenko’s beam on an analogue Vlasov foundation
was 2.644 mm;

• On the basis of the obtained deflection values of the sleeper for one-parameter founda-
tions, it can be concluded that the model is suitable for static theoretical–experimental
analysis of the work of the sleeper under the conditions of small track imperfections.

The obtained changes in the stress of the rail foot from the value of approximately
59 MPa to approximately 79 MPa show the scale of unfavorable changes (even with f 0
values of a few millimeters along the length of 2a, i.e., 1.2 m). According to the author, the
resulting contact loss causes an additional unfavorable phenomenon, such as displacement
and raveling of the ballast, especially in cross-section no. 2 (Figure 3). Hence, the analyzed
phenomenon has an unfavorable character of the cause-and-effect sequence (the primary
geometrical changes generate further, unfavorable changes and phenomena—e.g., side-
sway and jolting of the vehicle), which may significantly reduce the safety of both traffic
and passengers with further progressive degradation of the railway track structure.

Similar analyses can be performed using the data and graphs (Figures 6–8, 10 and 12)
for the remaining schemes (e.g., force in section no. 2 and changes in section no. 1) for the
succeeding axles of the SM-42 locomotive.

6. Conclusions

On the basis of the author’s field investigations and theoretical calculations it can be
summed up that:

• In the paper the author’s method, combining field research, measurements and simu-
lation of an unfavorable phenomenon in the track (the effect of a hanging sleeper) and
a computational analysis using the field research carried out, is presented.
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• The simulated short irregularity in the railway track (Figure 3) causes a significant
change in the work of its individual elements. On the basis of the performed investi-
gations and analyses, experimental relationships are obtained to describe the changes
in the values of deflections and stresses (in the rail and sleeper). Such relationships
can be utilized for the engineering interpretations and applications.

• The influence of this irregularity (visible after the load is applied) was experimentally
analyzed in the paper. It was observed that the induced irregularity, with an irregular-
ity gap f0 in the track, significantly changes the work of the loaded elements of the
railway track structure (increase in rail deflections was up to approximately 77% and
the sleeper to 99%). A similar form of deformation in the track (vertical irregularities)
arises during its operation.

• For the case of a track deformation caused by a non-homogeneous foundation of the
sleepers, the author created the intended irregularity with the given initial values of
the wavelength of irregularity and its gap (Figure 3)—the effect of the hanging sleeper.
In addition, one can conclude that:

– The influence of this irregularity is visible under the influence of the applied load
(Figure 6);

– The proposed method of generating irregularity in the railway track (by placing
non-deformable distance plates on the railway track and placing measuring
sensors in the rail pad) allows the creation of the intended form with known
initial values of length l0, and, above all, the desired irregularity gap f 0 (Figure 3);

– It is a non-destructive method of causing irregularity, which does not damage the
original contact between the rail and the sleeper with the foundation.

• The presented methods are particularly useful in examining changes in track sup-
port and may be appropriate tools for assessing the work of loaded track elements
during operation.
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2008, LIV(LVIII), 69–78. Available online: www.bipcons.ce.tuiasi.ro/Content/ArticleInformation.php?ArticleID=118 (accessed on
26 April 2021).

http://doi.org/10.1016/S0045-7949(03)00287-6
http://doi.org/10.1243/095440905X8790
http://doi.org/10.1007/978-3-540-45476-2_19
http://doi.org/10.1243/PIME_PROC_1985_199_149_01
http://doi.org/10.1061/(ASCE)GT.1943-5606.0000032
http://doi.org/10.1016/j.wear.2005.10.004
http://doi.org/10.1016/j.advengsoft.2011.10.009
http://doi.org/10.1016/j.compstruc.2011.05.009
http://doi.org/10.1002/stc.227
http://doi.org/10.1016/j.advengsoft.2005.03.026
http://doi.org/10.1016/j.wear.2004.03.066
http://doi.org/10.1080/13923730.2004.9636296
http://doi.org/10.4203/ijrt.1.1.6
http://doi.org/10.1016/j.trgeo.2018.09.004
http://doi.org/10.1016/j.compstruc.2011.02.013
http://doi.org/10.1016/j.acme.2016.03.005
http://doi.org/10.2478/ace-2018-0070
http://doi.org/10.1016/j.acme.2017.10.009
https://www.gom.com/en/products/high-precision-3d-metrology/pontos-live
www.architectura.actapol.net/tom9/zeszyt1
http://doi.org/10.1061/(ASCE)0733-9399(1988)114:12(2072)
http://doi.org/10.1016/0045-7949(92)90133-K
www.bipcons.ce.tuiasi.ro/Content/ArticleInformation.php?ArticleID=118


Energies 2021, 14, 7477 28 of 28

41. Vlasov, V.Z.; Leont’ev, N.N. Beams, Plates, and Shells on Elastic Foundation; Israel Program for Scientific Translations:
Jerusalem, Israel, 1966; pp. 1–94. (Translated from Russian)
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