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Abstract: In view of the problems encountered in previous hydraulic 6-DOF parallel mechanism
projects, flexible modes appear that the actual natural frequencies of x and y degrees of freedom
of the parallel mechanism are lower than those obtained through calculation. The phenomenon
above not only decreases the dynamic response characteristics of the mechanism, but also leads to
doubts about the actual performance of the mechanism. The real reason for the phenomenon above
is solved in this paper. First the flexible structure of the hydraulic cylinder is analyzed and simplified,
and then the dynamic model of the rigid-flexible 6-DOF parallel mechanism is established with the
extended Hamilton’s principle. Finally the rigid-flexible modes are calculated with the dynamic
model obtained, further analysis and verification with a simulation model and an experimental
platform are also conducted. Results show that the phenomenon of the flexible modes is mainly
caused by the O-rings of the step-seals of the guide sleeve and those with less elasticity should be
adopted to keep the dynamic characteristics of the parallel mechanism.

Keywords: rigid-flexible; modal analysis; 6-DOF parallel mechanism; dynamic model; extended
Hamilton’s principle

1. Introduction

In recent years, many studies have focused on the parallel mechanisms due to the
advantages such as high payload to weight ratio, high structural rigidity and high dynamic
capabilities [1–4]. With the rapid development of the parallel mechanisms in the direction
of heavy load, high speed and light weight, many parallel mechanisms that were previously
considered to be rigid have become flexible, and more and more attention is being paid to
the dynamic characteristics and the control methods of rigid-flexible parallel mechanisms.
The dynamic equations of a 3-TPT parallel manipulator with flexible links were derived
analytically based on the Newton’s second law and the Lagrange multiplier approach by
Zhu et al. [5]. Gu et al. analysed the kinematic model of a novel continuum robot with
an optimized flexible parallel mechanism for transoral robotic surgery (TORS) [6]. Liu
et al. explored the dynamics of a spatial parallel manipulator with rigid and flexible links
with the finite element method [7]. Chen et al. established the nonlinear elastic dynamic
model of a 4-UPS-UPU flexible parallel mechanism under the ideal situation based on
the finite element method. A methodology to precisely control the motion of a 4-DOF
hybrid parallel-serial rigid-flexible micro-mechanism with haptic feedback control strategy
was developed by Pinskier et al. [8]. Firoozabadi et al. established the dynamic model
of a 3-RPR planar parallel manipulator with three flexible intermediate links which were
modeled as Euler-Bernoulli beams with two types of the fixed-pinned and the fixed-free
boundary conditions based on the assumed mode method [9]. Wu et al. investigated the
mechatronics model and forced vibration of a 2-DOF parallel manipulator in a 5-DOF
hybrid machine tool by using bond graphs, where the elastic deformation of the link with
the lowest stiffness was considered in the modeling [10]. Wang et al. analyzed the natural
frequencies of a 3SPS+1PS parallel hip joint manipulator based on the rigid finite element
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method and the flexible finite element method [11]. While the flexibility of the parallel
mechanisms in the above literatures is obvious and set in advance, it is of great engineering
significance to identify the reason for the flexibility existing in a parallel mechanism which
was considered as rigid.

The hydraulic 6-DOF parallel mechanism is widely used in fields of flight training
and motion simulation [12–16]. The upper limit of its dynamic characteristics is mainly
determined by its natural frequencies of x and y degrees of freedom which are basically the
same due to the symmetry of the mechanism and are the smallest in value among the total
six rigid modes [17]. While in the previous hydraulic 6-DOF parallel mechanism projects,
flexible modes appear that the actual natural frequencies of x and y degrees of freedom of
the hydraulic 6-DOF parallel mechanism are lower than those obtained through calculation,
which not only decreases the dynamic response characteristics of the mechanism, but also
leads to a doubt about its actual performances. The phenomenon above can be observed
from the bode diagram of the experimental 6-DOF parallel mechanism while further
analysis is not conducted [18]. The structural flexibility of the hydraulic cylinder which
is the main part of the parallel mechanism is studied, while further analysis has not been
conducted due to the complex structure of the parallel mechanism [19,20]. The flexible
modal phenomenon which the actual modal frequency is about 11.3 Hz compared with
about 17 Hz through calculation is described and the transverse vibration of the hydraulic
cylinder is roughly considered as the main reason by Li, but the above conclusion is only
based on the equations of the transverse vibration of the hydraulic cylinder instead of
the whole parallel mechanism [21]. So a complete 6-DOF parallel mechanism dynamic
model considering the flexibility of the hydraulic cylinder should be established with
verification of simulation and experiment to find the real reason of the flexible modes,
which is conducted in this paper.

2. Introduction to the 6-DOF Parallel Mechanism

Figure 1 shows a schematic of the 6-DOF parallel mechanism. In this mechanism, the
spatial motion of the moving platform is generated by six hydraulic legs. Each hydraulic
leg consists of two parts connected with a gimbal joint. The mechanism has a total of six
degrees of freedom, including three degrees of freedom of translation (x,y,z) and three
degrees of freedom of rotation around the axis (rx,ry,rz).
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Figure 1. Schematic diagram of the 6-DOF parallel mechanism.

3. Dynamic Model of the Rigid-Flexible 6-DOF Parallel Mechanism

Since components mounted on the cylinder case and the piston rod can be treated like
part of them, the dynamics of the components mounted on the cylinder case as well as the
piston rod can be reasonably ignored. Thus the hydraulic leg of the parallel mechanism can
still be divided into a cylinder case and a piston rod. Ignoring the accessories, the structure
of the hydraulic cylinder is shown in Figure 2.
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Figure 2. Structure diagram of the hydraulic cylinder.

Generally, the piston rod and the cylinder case can be considered as rigid. Since the
O-rings of the glyd-ring and the step-seals provide the sealing pressure for the piston and
the guide sleeve, and the elastic moduluses of them are quite small compared with those of
the piston rod and the cylinder case, it can be considered that the O-rings in the glyd-ring
and the step-seals are the flexible part and the root cause of the flexible modes, and a
dynamic model of the 6-DOF parallel mechanism considering the flexibility of the O-rings
should be established for further study.

Usually, the O-rings of the step-seals are prone to damage based on practical experi-
ence, and the elasticity of the O-ring of the glyd-ring is smaller than that of the step-seals
in practice. In order to facilitate the modeling, the flexibility of the glyd-ring is ignored.
Due to the double gimbal structure of the mechanism, it is difficult to find the generalized
coordinates to describe the flexible deformation. Referring to the derivation of the viscous
matrix of the rigid 6-DOF parallel mechanism in [22], two axes which are perpendicular
and independent to each other are applied. These two axes which are parallel to the axes
of the lower gimbal joint are called the flexible axes and two revolute joints are imported to
describe the motion of the piston rod around the flexible axes. These two axes are located
at the piston for convenience. Since the structure and parameters of the two revolute joints
are the same, only one of them is described which is shown in Figure 3.
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In Figure 3, li is the length of a single hydraulic leg, lm and lmn are the length from the
piston to the lower gimbal joint and the length from the piston to the upper gimbal joint, lmh
is the length from the guide sleeve to the piston, θg,1 is the rotation angle of the piston rod
around the flexible axis 1. The schematic diagram of the i-th leg and the moving platform
is shown in Figure 4, where ap

i is the position of the upper gimbal joint with respect to Op,
fi is the constraint force applied by the upper gimbal joint, Fai is the actuation force exerted
by the piston rod. The extended Hamilton’s principle should be adopted to establish the
dynamic model [23].
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Actually the phenomenon of flexible modes can be observed in parallel mechanisms
with smooth joints and regular joints, so the friction of the joints and the gravity load
are ignored in the modeling process, and due to the symmetry of the 6-DOF parallel
mechanism, only one of the six hydraulic legs is needed to develop the equations of motion.
According to the above description, the kinetic energy of the i-th leg is:

Ti = Tt + Tg + Tω, (1)

where Tt = 1
2 mt

( .
θi × rb

)2
is the kinetic energy of the cylinder case,

Tg = 1
2 mg

( .
θi × ra +

.
li +

.
θg,1,i × (ra − lm) +

.
θg,2,i × (ra − lm)

)2
is the kinetic energy of the

piston rod, Tω = 1
2 itθ2

i + 1
2 ir
( .

θi +
.
θg,1,i +

.
θg,2,i

)2
is the rotational kinetic energy of the

cylinder case and the piston rod, mt is the mass of the cylinder case, mg is the mass of the
piston rod, rb is the mass center position of the cylinder case relative to the lower gimbal
joint, ra is the mass center position of the piston rod relative to the lower gimbal joint, lm
is the piston position relative to the lower gimbal joint, it is the moment of inertia of the
cylinder case, ir is the moment of inertia of the piston rod,

.
θi is the angular velocity of the

cylinder case around the lower gimbal joint,
.
θg,2,i and

.
θg,1,i are the angular velocities of the

piston rod around the flexible axis 2 and the flexible axis 1. The potential energy of the i-th
leg can be expressed as:

Vi =
1
2

k
[(

θg,1,i × lmh
)2

+
(
θg,2,i × lmh

)2
]
, (2)

where k is the equivalent spring coefficient of the guide sleeve, lmh is the guide sleeve
position relative to the piston. The virtual work of the i-th leg can be written as:

δW = fi·δrCi + Fai·δli, (3)

where fi is the constraint force applied by the upper gimbal joint, fi = [ fix fiy fiz ]
T , Fa

is the actuation force exerted by the piston rod, δrC is the virtual displacement of the upper
gimbal joint, δli is the virtual displacement of the piston rod. The differential equations are
developed by the extended Hamilton’s principle, which is presented as:∫ t2

t1

(δT − δV + δW)dt = 0, (4)

Evaluating the variation of Equations (1)–(3), substituting the results into Equation (4),
and integrating by parts leads to the equations of motion expressed as:
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[
mt|rb|2 l̃ni

T l̃ni + mg|ra|2 l̃ni
T l̃ni + ir + it

] ..
θi +

[
mg|ra(ra − lm)|l̃ni

T l̃niθg,1,ni + irθg,1,ni

] ..
θg,1,i

+
[
mg|ra(ra − lm)|l̃ni

T l̃niθg,2,ni + irθg,2,ni

] ..
θg,2,i = l̃i

[
fix fiy fiz

]T , (5)

mt
.
li + mg

.
li = fai + lT

ni
[

fix fiy fiz
]T , (6)(

mg|(ra − lm)ra|θT
g,2,ni l̃

T
ni l̃ni + θT

g,2,niir
) ..

θi

+
[
mg|ra − lm|2θT

g,2,ni l̃
T
ni l̃niθg,2,ni + ir

] ..
θg,2,i = θT

g,2,ni l̃mh
[

fix fiy fiz
]T , (7)

(
mg|(ra − lm)ra|θT

g,1,ni l̃
T
ni l̃ni + θT

g,1,niir
) ..

θi

+
[
mg|ra − lm|2θT

g,1,ni l̃
T
ni l̃niθg,1,ni + ir

] ..
θg,1,i = θT

g,1,ni l̃mh
[

fix fiy fiz
]T , (8)

where l̃ni and l̃ni
T are the anti-symmetric matrix and its transpose matrix generated from

the vector lni, l̃i is the anti-symmetric matrix of the vector li, lT
ni is the transpose matrix

of the vector lni, lni is the 3 × 1 unit vector of the vector li, li is the 3×1 vector between
the two gimbal points of the hydraulic leg, θg,1,ni and θT

g,1,ni are the 3×1 unit vector and

its transpose vector of the flexible axis 1, θg,2,ni and θT
g,2,ni are the 3×1 unit vector and its

transpose vector of the flexible axis 2, l̃mh is the anti-symmetric matrix from the vector lmh.
The moving platform of the mechanism is still considered to be rigid. The dynamic model
of the moving platform is obtained by means of Newton’s second law as:

Mp
..
q = −JT

l,q fi, (9)

where JT
l,q is the transpose matrix of the vector Jl,q, Jl,q is the jacobin matrix between the

work space and the hydraulic legs. According to Figure 4, the speed constraint equation of
the 6-DOF parallel mechanism can be written as:

.
li +

.
θi × li +

.
θg,1,i θ̃g,1,nilmm +

.
θg,2,i θ̃g,2,nilmm =

.
c +

.
R× ap (10)

For convenience, the displacement of the hydraulic cylinder and the rotation angle of
the piston rod around flexible axes are selected as the generalized coordinates. Referring to
Equation (10), the angular velocity of the cylinder case around the lower gimbal point can
be written as: .

θi = Jai,q
[ .
q
]
− Jθi ,θg1

[ .
θg,1

]
− Jθi ,θg2

[ .
θg,2

]
, (11)

where: Jai,q =
[

1
|li |

l̃ni
1
|li |

l̃ni

(
ap

i

) ]
, Jθi ,θg1 = |lmm |

|li |
diag

[
θg,1,ni

]
, i = 1 ∼ 6, Jθi ,θg2 =

|lmm |
|li |

diag
[
θg,2,ni

]
, i = 1 ∼ 6.

Since the deformation at the upper gimbal joint caused by the O-rings of the guide
sleeve is perpendicular to the moving direction of the piston rod. The jacobi matrix Jl,q are
the same in the rigid model and the rigid-flexible model as:

.
l = Jl,q

.
q, (12)

where q is the six generalized vectors of the moving platform. Substituting Equation (12)
into Equation (11), the relationship between the angular velocities of the cylinder cases
around the lower gimbal joints and the velocities of the generalized coordinates can be
written as: .

θi = Jai,l
[ .
q
]
− Jθi ,θg1

[ .
θg1

]
− Jθi ,θg2

[ .
θg2

]
, (13)



Energies 2021, 14, 1604 6 of 11

where Jai,l = Jai,q J−1
l,q . The coriolis force and the centripetal force can be omitted for the

small range motion. Differentiating Equation (13) with respect to time gives:

..
θi = Jai,l

[ ..
q
]
− Jθi ,θg1

[ ..
θg1

]
− Jθi ,θg2

[ ..
θg2

]
, (14)

similarly, derivation can be performed on both sides of Equation (12), so the relationship
between the accelerations of the piston rods and the accelerations of the moving platform
can be obtained as: ..

l ≈ Jl,q
..
q, (15)

referring to [23], substituting Equation (14) and Equation (15) into Equations (5)–(9), and
as constraint force does not do any work, the dynamic model of the rigid-flexible 6-DOF
parallel mechanism can be obtained. For the rigid 6-DOF parallel mechanism, the modeling
process is quite similar, ignoring the above flexible deformation, the dynamic equations of
the rigid 6-DOF parallel mechanism can be easily obtained, which is the same in value with
those deduced with Kane’s method in [22]. It is worth nothing that the inertia parameter
matrix of the dynamic model of the rigid model is the same as the 6×6 matrix located
upper-left of the inertia matrix of the rigid-flexible model.

4. Simulation Model and Model Verification

The dynamic model obtained above is verified by comparing the modes of the dynamic
model and a simulation model. The hydraulic cylinder brings out hydraulic spring stiffness,
which can be calculated as:

kh = βe

(
1 + e2)A2

p

V0
, (16)

where βe is the oil bulk modulus, e is the area ratio of the rod cavity to the rod-less cavity,
Ap is the piston area, V0 is the control volume of the cylinder. Combined with the elastic
matrix caused by the O-rings of the guide sleeve, the complete elastic matrix of the parallel
mechanism is obtained. Modal parameters can be obtained by solving eigenfunction of:(

−ω2M + K
)

ϕ = 0, (17)

which provides the modal frequencies ω and the modes ϕ. It is worth noting that, for the
rigid-flexible 6-DOF parallel mechanism, 18 modes can be obtained with Equation (17),
while only six modes can be obtained with the rigid dynamic model. A simulation model
is set, two revolute joints with torque spring are added in the cylinder model to imitate the
effect of the O-rings of the guide sleeve, which are shown in Figure 5.
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are shown in Table 1.
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Table 1. Configuration parameters and dynamic parameters of the simulation model.

Descriptions Value

Distribution radius of upper joint points (m) 0.5995
Distribution radius of lower joint points (m) 0.4

Platform height in neutral position (m) 0.783
Lower gimbal spacing (m) 0.17
Upper gimbal spacing (m) 0.17

The length of the hydraulic actuator (m) 0.86
Height of the moving platform mass center (m) 0.163

Mass of the moving platform (kg) 894
Spring stiffness coefficient of the equivalent spring (N/m) 1.5732 × 105

Oil bulk modulus (MPa) 700

By substituting the parameters in Table 1 into the simulation model, bode diagram of
the rigid-flexible simulation model can be obtained, which is shown in Figure 6.
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From Figure 6, it is found that two modes named mode 1 and mode 2 appear in x and
y degrees of freedom, while only one mode can be found in other degrees of freedom and
by substituting the parameters in Table 1 into Equation (17), the modal frequencies of the
rigid-flexible dynamic model can be obtained and are shown in Table 2.

Table 2. Modal frequencies of the rigid-flexible dynamic model.

No. Frequency
(Rad/s) No. Frequency

(Rad/s) No. Frequency
(Rad/s)

1 189.32 7 53.39 13 53.35
2 189.32 8 53.39 14 53.35
3 143.38 9 53.39 15 53.30
4 112.21 10 53.39 16 53.30
5 53.5 11 53.39 17 46.78
6 53.39 12 53.35 18 46.78

From Table 2, it can be seen that 18 modes can be obtained from the dynamic model,
while only 8 modal frequencies can be found from Figure 6. However, this situation is due
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to the correlation between the rigid motion and the flexible motion, and since the modal
frequencies with Equation (17) of the rigid-flexible dynamic model are basically the same
with the modal frequencies from Figure 6, the simulation model and the dynamic model
of the rigid-flexible 6-DOF parallel mechanism both share high accuracy. By increasing
the spring stiffness coefficient of the simulation model, the effects of the O-rings of the
step-seals on the modes can be eliminated, the rigid-flexible simulation model turns into
a rigid simulation model again, bode diagram of the rigid simulation model is shown
in Figure 7.
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From Figure 7, it can be found that only one mode can be found in the bode diagram
of x or y degree of freedom, and since the modal frequencies of x and y degrees of freedom
in Figure 7 are bigger than those of mode 1 in Figure 6, the elasticity of the O-rings of the
step-seals is the main reason for flexible modals, while no obvious effects are found in bode
diagram of other degrees of freedom. It also should be noted that the modal frequencies of
the rigid simulation model in Figure 7 are basically the same with those of the dynamic
model calculated with Equation (17).

5. Experimental Verification

Experiments are also conducted to verify the results obtained above on an experimen-
tal platform. The structure parameters of the experimental platform are basically the same
with the simulation model, but the inertia load is different. Both step-seals and glyd-rings
are adopted in the cylinders of the experimental platform, the structure of the experimental
platform is shown in Figure 8.
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From Figure 9, it is found that the Bode diagram of the experimental platform is 
quite similar to that of the simulation model in general, flexible modes also appear that 
three modes named mode 1, mode 2 and mode 3 can be observed in both x and y de-
grees of freedom, while only one mode can be found in other degrees of freedom. Since 

Figure 8. Structure diagram of the experimental platform.

A real-time control system is used to control the experimental platform and to record
the data. The position and pose of the experimental platform are calculated with the leg
lengths which are acquired with a data sample card and the drive currents of the servo
valves are obtained with the position and pose errors and a signal-conditioning module.
The experimental process is illustrated as follows. First, move the moving platform to
the middle position, then the complete bode diagram of the experimental platform can
be obtained by exciting in all 6-DOF with white noise signals and Fourier transform next,
which is shown in Figure 9.
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From Figure 9, it is found that the Bode diagram of the experimental platform is quite
similar to that of the simulation model in general, flexible modes also appear that three
modes named mode 1, mode 2 and mode 3 can be observed in both x and y degrees of
freedom, while only one mode can be found in other degrees of freedom. Since the modal
frequency of mode 3 is far from those of mode 1 and mode 2 in the Bode diagram and is
cause by the O-ring of the glyd-ring, The Bode diagram of only mode 1 and mode 2 should
be considered. The modal frequencies of mode 1 and mode 2 are a little different with those
of Figure 6 which is due to the differences of the inertial parameters and the structural
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parameters between the simulation model and the experimental platform, the wave forms
are quite similar, and it can be clearly confirmed that the flexible modes are main caused by
the O-rings of the step-seals of the guide sleeve, while no obvious effects are found in Bode
diagram of other degrees of freedom of the experimental platform, which is also in agree
with the simulation model. Though the structural parameters and the inertial parameters
of the experimental platform in this paper and the parallel mechanism in [19] are quite
different, the waveforms of the Bode diagrams are quite similar which also supports the
analysis above. By comparing Bode diagrams of Figures 6, 7 and 9, it can be concluded
that the flexible modes in Figure 9 will disappear and the rigid-flexible 6-DOF parallel
mechanism will become rigid again by replacing the O-rings of the step-seals of the guide
sleeve with those of less elasticity, which is of great engineering significance to eliminate
its influences on the dynamic characteristics of the hydraulic 6-DOF parallel mechanism.

6. Conclusions

The real reason for the phenomenon in the previous hydraulic 6-DOF parallel mecha-
nism projects that the actual natural frequencies of x and y degrees of freedom are lower
than those obtained through calculation is solved by the combination of the complete
dynamic model considering the flexibility of the hydraulic cylinder and verifications with
a simulation model and an experimental platform in this paper. The conclusions are orga-
nized as follows: The phenomenon of the flexible modes of the hydraulic 6-DOF parallel
mechanism is mainly caused by the O-rings of the step-seals of the guide sleeve, which
basically do not have any influences on the dynamic characteristics of other degrees of
freedom. The flexible modes can be avoided and the hydraulic 6-DOF parallel mechanism
can still be considered as rigid by replacing the O-rings of the step-seals of the guide sleeve
by ones with less elasticity, which is of great engineering significance to ensure the dynamic
characteristics of the parallel mechanism.
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