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Abstract: Hydraulic steering systems for mechanical devices, for example, manipulators or vehicle
steering systems, should be able to achieve high positioning precision with high energy efficiency.
However, this condition is very often not met in practical applications. This is usually due to the
stiffness of the hydraulic system being too low. As a result, additional corrections are required
to achieve the required positioning precision. Unfortunately, this means additional energy losses
in the hydraulic control system. In this study, this problem is presented using the example of
a hydraulic steering system for an articulated frame steer vehicle. This hydraulic steering system
should provide the required directional stability for road traffic safety reasons. So far, this issue,
connected mainly with the harmful phenomenon of so-called vehicle snaking behaviour, has not
been solved sufficiently practically. To meet the needs of industrial practice, taking into account the
current global state of knowledge and technology, Wrocław University of Science and Technology is
performing comprehensive experimental and computational studies on the snaking behaviour of
an articulated frame steer wheeled commercial vehicle. The results of these tests and analyses showed
that the main cause of problems that lead to the snaking behaviour of this vehicle class is the effective
torsional stiffness of the hydraulic steering system. For this reason, a novel mathematical model
of the effective torsional stiffness was developed and validated. This model comprehensively took
into account all important mechanical and hydraulic factors that affect the stiffness of a hydraulic
system, resulting in the examined snaking behaviour. Because of this, it is possible at the design
stage to select the optimal parameters of the hydraulic steering system to minimise any adverse
influence on the snaking behaviour of articulated frame steer wheeled vehicles. This leads to
minimising the number of required corrections and minimising energy losses in this hydraulic steering
system. The innovative model presented in the article can be used to optimise positioning accuracy,
for example, in manipulators and any mechanical system with hydraulic steering of any system of any
mechanical parts.

Keywords: hydraulic system stiffness; minimising energy losses; efficiency in positioning; articulated
frame wheeled vehicles; snaking

1. Introduction

In the development of wheeled vehicles for applications mainly in construction, min-
ing, agriculture, forestry, etc., the breakthrough factor was the introduction of articulated
frame steer wheeled vehicles (AFSWVs). Vehicles with such applications are defined in
the literature as commercial vehicles. In AFSWVs, in contrast to conventional vehicles
with the so-called Ackerman steering system or vehicles with steering axles, the wheels are
fixed to the frame for straight-ahead driving, i.e., they are not steerable. On the other hand,
the suspension of the selected wheels can be of any design, i.e., dependent, independent,
with or without additional spring elements. In practice, the dependent suspensions are very
often used as one of the oscillating axles (OJ, Figure 1) or one of the oscillating frames [1].
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The AFSWV usually consists of two members (frames) with large masses connected by
a steering joint. In the state of the art, vehicles with three or more members are also
known [1]. An AFSWV is steered as a result of mutual steering of members (frames)
relative to each other that are forced usually by means of a hydraulic steering mechanism.
This hydraulic steering mechanism fulfils a double role in an AFSWV. It should provide the
vehicle with the required steerability (manoeuvrability) (Figure 1) and, at the same time,
guarantee the necessary directional stability when travelling at high speeds by keeping
the same position of steering system pistons. The main advantage of AFSWVs is their
high manoeuvrability with a relatively simple solution for the undercarriage as shown in
Figure 1a–f while comparing outer and inner turning radius for different steering systems.

Figure 1. Comparison of the manoeuvrability of wheeled loaders with different undercarriage
configurations in terms of steering systems [1].

In contrast, in vehicles with the Ackerman steering system, the steering mechanisms
have a complex multi-joint lever structure. In addition, there are wear-sensitive constant
velocity (CV) joints in the driven steering wheels. Consequently, these systems, primarily
due to their structure and high dynamic operating loads, are more prone to failure.

One of the current trends in AFSWVs is the increase in their ability to travel at
speeds of 50–60 km/h or even 100 km/h. An example of this can be found in military
engineering machines [2]. These new requirements have revealed several previously
unknown dynamics problems in this class of vehicles. One of the negative phenomena is
the so-called vehicle snaking behaviour. The term snaking behaviour should be understood
as a regular increase in the deviation of the vehicle from the assumed direction (path) of
travel, which requires corrections by the driver (Figure 2). As a result, the resulting path
of travel has an oscillatory character. The amplitude of these oscillations increases with
increasing driving speed and causes the discrepancy between the assumed and actual
trajectory, which is characterised by the side-slip angle of the vehicle β (Figure 2). The
obtained amplitude Af is a result of mainly the angle of articulation angle AJ, vehicle
velocity, frames of inertia, and masses.
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Figure 2. Requirements concerning the steering system of an ASFWV (commercial vehicle), specified
in standards [3–6].

Taking the geometric centre of the front axle Of (Figure 2) as a representative point for
the analysis, the basic indicators of directional stability and the associated snaking of the
articulated vehicle are the amplitude Af of the horizontal deflection of the centre of the axle
Of and the frequency 1/Tf of its occurrence. This problem is so important that for safety
reasons, appropriate standards were prepared [3–6]. According to these requirements,
the steering system should provide a possibility of rectilinear forward travel of the AFSWV,
with a maximum speed of vmax, on a road section with a horizontal, even, hard, and dry
road surface, with a length of at least Smin = 100 m and a width equal to 1.25 times the
value of the contour track of the undercarriage running wheels W (Figure 2).

Typical driver adjustments using the steering mechanism are allowed in the road
section. Simultaneously, according to [3–6], “loosing” the steering wheel or control lever
should not cause deviations from the rectilinear vehicle travel related to exceeding the
limits of the standard track 1.25 W in a section not shorter than 20 m. Driving AFSWVs
on public roads places additional higher requirements on them. The observations and
tests indicate that the snaking frequency is about 1 Hz and the amplitude Af increases
with velocity and decreases with the stiffness of the steering system. For this reason,
to keep the vehicle in the road lane, a driver uses the steering system to correct the path and
wastes energy.

Meeting the needs of the market, the Department of Off-Road Machine and Vehicle
Engineering of Wrocław University of Science and Technology in Poland has carried out
systematic work for many years in the field of simulation and experimental research
and in the field of creating innovative solutions for AFSWVs, including the issue of their
snaking behaviour.

Research showed that a significant cause of AFSWV snaking behaviour is the elastic-
damping parameters of the hydrostatic steering mechanism. It should be added that,
in practice, with too low effective (equivalent) stiffness of the AFSWV steering system,
the so-called jack-knife phenomenon may occur. In such a case, the AFSWV members
(frames) rotate in relation to each other by a certain angle of articulation γ and during
travel under constant conditions, the vehicle maintains this angle at approximately the
same level.

In this manuscript, an original, mathematical model of the effective (equivalent) tor-
sional stiffness of a hydrostatic steering system AFSWV with two hydraulic actuators
is presented. This experimentally verified model allows engineers, at the design stage,
to optimally select the parameters of the steering system in terms of increasing steering sys-
tem stiffness and minimising snaking behaviour, and saving energy by limiting the number
of required vehicle path corrections. The model can also be applied to any mechanical



Energies 2022, 15, 294 4 of 21

system with a hydraulic steering system, for example, machine manipulators that need to
ensure the accuracy of their manipulator positioning.

2. Snaking Behaviour of an Articulated Frame Steer Wheeled Vehicle—State of the Art

In the literature, there is a series of monographs and publications concerning the
directional stability of classic motor vehicles, e.g., [7,8]. Unfortunately, the results of these
works cannot be transferred directly into considerations regarding commercial AFSWVs
because the latter differ significantly from motor vehicles using a conventional steering
system for wheels since they use a so-called Ackermann steering geometry.

In addition to the steering system, the significant differences between automotive
vehicles and commercial AFSWVs are dominated primarily by the elastic-damping prop-
erties of the hydraulic steering mechanism and the dynamic properties of the large-sized
so-called inertial tyres of commercial vehicles and their interaction with a variety of ground
types [1]. The commonly used hydraulic steering system must, apart from providing the
vehicle with the required steerability, guarantee the necessary directional stability and
safety of driving at high speeds on public roads.

The movement of AFSWVs takes place under complicated operational conditions
connected with numerous factors affecting the correctness of the movement strategy chosen
by the machine operator (Figure 3).

Figure 3. Main factors influencing the directional stability of an articulated frame steer wheeled
vehicle/machine.
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The authors’ studies of AFSWVs [1,9,10] showed that some of the factors change
according to the driver’s intention (e.g., direction and speed of the vehicle’s movement v);
front-, rear-, or all-wheel drive; and driving or braking force. On the other hand, a large
group of factors is defined already in the early design stage of this vehicle class: these are
connected with the assumed design parameters of the vehicle itself, which affect, among
others, the angular oscillations ±∆γ of its member (frames) in the articulation joint AJ,
the actual movement trajectory, and the number of the operator’s corrections necessary to
maintain the vehicle on its desired course.

The most important parameters of this set include the mass distribution mf, mr,
and mem and moments of inertia Jf, Jr, and Jem of the main AFSWV members (frames);
axle base La; wheel base Bw; design solution and positioning Lf/La of the articulation
joint AJ and oscillation joint OJ of the AFSWV; and elastic-damping properties kz,i, ky,i,
kα,i, kεz,i, cz,i, and cy,i of large-size tyres. It should be emphasised that a very significant
role in the AFSWV’s snaking behaviour is played by geometry, the design solution of the
steering system, and its elastic-damping properties (ks, cs) connected with this, as well
as the so-called amplification factor of the steering system. The amplification factor of
the steering system λs = 1/n is defined as the inverse of the number of revolutions n of
the steering wheel performed to cover the full steering range of the vehicle, i.e., from
its right extreme position to the left extreme position [11]. For example, according to
the recommendations of the AFSWV manufacturers [12], the number of revolutions n of
the steering wheel performed to cover the full steering range of the vehicle is constant
and its value depends on the class of vehicle but is most often selected in the range of
3.5–6. Field tests carried out by the authors indicate that the amplification factor λs of
a steering system should have an adaptively variable value that is adequate for the required
operational conditions. For example, when loading a wheel loader onto a transport vehicle,
the amplification factor of the steering system should be in the range of 1 ≤ λs ≤ 0.5
(1 ≤ n ≤ 2), but while driving this vehicle on public roads, to ensure precise and safe correc-
tion of travel direction, an amplification factor λs value from the range of 1/4 ≤ λs ≤ 1/6
(4 ≤ n ≤ 6) is recommended. A solution for such a novel system was presented by the
authors in papers [11,13].

Other factors include surface roughness and inclination, movement resistances, in-
fluence of wind-generated oscillations, the so-called galloping (pitch), oscillations around
the longitudinal vehicle axis x (roll), oscillations around the vertical vehicle axis z (yaw),
and oscillations of one of the members in the steering joint (OJ). As a rule, these factors
have the characteristics of random disturbances of the vehicle’s directional stability.

The significant factors affecting the AFSWVs listed above, while also taking into
account the vehicle’s design parameters and the driver’s competence and psychophysi-
cal predisposition, cause a discrepancy between the assumed and the actual movement
trajectory, defined as the side-slip angle of the vehicle β (Figure 3).

The published literature lacks extensive and comprehensive studies on the significant
problem of AFSWV’s snaking behaviour. Known interesting papers usually solve some
selected problems but they do not comprehensively take into account all the important
factors from this broad field.

The structural flexibility of a steel actuator and the compressibility of the fluid are
discussed in paper [14]. The authors indicate that the position of the piston, the bulk
modulus of the fluid, and the Young modulus of the steel tube affect the total stiffness of
a cylinder.

The stiffness model of a hydraulic cylinder, including the bulk modulus of oil,
the air content, the axial deformation of the piston rod, the expansion of a cylinder barrel,
the expansion of flexible hoses, and the deformation of the sealing of actuators, was estab-
lished in [15]. A mathematical model for the stiffness calculation was proposed. However,
this model requires some coefficient that is not shown to predict the total stiffness value.
The authors indicated that oil pressure below 6 MPa and air content play an important role.
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In paper [16], a knee load exoskeleton with a stiffness of the hydraulic actuator and
mechanical structure is discussed.

The first publications in the field of AFSWV’s snaking behaviour [17] include a math-
ematical model of an AFSWV with three degrees of freedom, with which the authors
presented a steering hydraulic system as an equivalent torsion spring with dampening. In
this model, some important parameters affecting the stiffness of this mechanism were omit-
ted, namely, nonlinear elasticity parameters of hydraulic hoses and nonlinear dependence
between modulus of elasticity of the liquid and its gas content. In addition, the influence
of wheel contact with the surface on values of this global stiffness and dampening was
not taken into account. In this paper, as well as in other subsequent publications [18–22],
it was shown that the main causes of the AFSWV’s snaking behaviour are low stiffness
and dampening of the steering system; mass distribution and inertia of the members of
the vehicle; dynamic properties of the vehicle’s tyres; front-, rear-, or all-wheel drive;
and the speed of the vehicle. In earlier papers [1,23,24], the problem of the snaking be-
haviour of AFSWVs was considered in relatively high detail. It was ascertained that the
value of equivalent stiffness of the steering system is affected by, first of all, the elasticity
of the working fluid, its air content, the elasticity of the walls of flexible hydraulic hoses,
and geometrical parameters of the hydrostatic steering mechanism. It was determined that
leaks of the separator of the working fluid in the steering system’s directional valve affect
the damping value. The so-called inertial nature of operation of large-size tyres in com-
parison to motor vehicle tyres was brought to attention. Furthermore, it was proven that
significant parameters that affect the snaking behaviour of AFSWVs are the positioning of
the centre of the gravity, location of the articulation joint and rotation joint of the rear swing
axle, and the speed of the vehicle. It was shown that front- and all-wheel drive without
a differential mechanism between axes reduces the AFSWV snaking phenomenon. On the
other hand, studies of [2,25], which were carried out using four different designs of an
AFSWV’s steering system, indicated the occurrence of an accumulated residual moment,
which, after a decrease in the vehicle’s steering resistance, causes an automatic change
in the piston stroke of hydraulic actuators. This phenomenon leads to an undesirable
change in the steering angle of the vehicle’s members, which may be a cause for snaking
behaviour. In the experiments shown in these articles, other factors that were observed to af-
fect the snaking behaviour of the AFSWV travel include delays of the steering system itself,
the amplification value of the hydraulic valves of the steering system, the kinematics of
the steering system, and the experience of the operator. Furthermore, the influence of the
lateral stiffness of the tyres on the vehicle’s trajectory was investigated. It was shown that
when the tyre inflation pressure increases, the oscillation amplitude obtained during the
determination of the trajectory exhibits a tendency to decrease in relation to the rectilinear
course expected by the driver.

The effects of the characteristics of the front and rear tyres on the snaking behaviour
of articulated steer vehicles are presented in [18]. The author indicates that the locking axle
differential mechanism can affect the trajectory of a vehicle. The stiffness of the articulation
steering system is calculated.

The hydraulic force control system created by adding hydraulic compliance is pro-
posed in [26]. The inclusion of more capacitive components allows for a reduction in the
effective bulk modulus and lowers the total mechanical stiffness. The authors presented
the possibility of improving the stability performance and disturbance rejection of the force
control system.

3. Experimental Tests of Effective Torsional Stiffness for the Hydraulic Steering System

To identify the torsional stiffness of the AFSWV torsion system, experimental tests
were carried out on a Ł220 loader (Figure 4).
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Figure 4. Articulated frame steer test machine (wheel loader Ł220) equipped with a measurement
system for the identification of torsional stiffness of a steering mechanism: 1,2—cut-off valves in-
stalled at the outlet and the inlet of a hydraulic line of the steering system; 3,4,5,6—cut-off valves
installed at the outlet and the inlet of the steering hydraulic actuator; 7—angle sensor for measure-
ment of articulation angle ∆γ; p—sensors to measure chambers pressure of the steering cylinders;
L—transducer for measurement of the piston rod displacement of the steering actuator; A,B—force
measurement in the hydraulic actuator pin; F—the device generating the steering torque ∆Ms for the
machine members (frames) in the steering joint.

During the tests, the steering system wheel was locked and the machine members
(frames) in the articulated joint were rotated due to AJ joint at vehicle standstill by using
an external force device between the vehicle’s frames. Torsional stiffness tests of the
hydraulic steering system were performed with proper use of cut-off valves 1, 2, 3, 4, 5, and
6 to measure the influence of flexible hydraulic hoses (Figure 4, compression of the fluid
and wall expandicity). The tests were carried out with the rear axle of the machine raised
(test mode 1). To identify the influence of the tyres on the effective torsional stiffness in the
steering joint, tests were carried out analogically only for the machine standing with all
wheels on concrete (test mode 2). Test results are presented in Figure 5.

The experimental results showed a very significant influence of flexible hydraulic
hoses used in the steering system on effective torsional stiffness ks in the articulated joint.
It should be noted that the parameters of the large-sized tyres of the tested machine also
affected the effective stiffness in the articulated joint.
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Figure 5. Test results of the effective torsional stiffness ks = ∂Ms/∂γ of the hydraulic steering
mechanism of the test machine (wheel loader Ł220); ∆MS—steering torque around the articulation
joint; ∆γ—articulation angle.

In the literature and materials of companies producing flexible hydraulic hoses,
there is no comprehensive information on their elastic properties, especially the wall
expandicity. Some information on this subject can be found in works [24,27,28]. To identify
the influence of the flexible hydraulic hoses used in hydraulic systems, the Department
of Off-Road Machine and Vehicle Engineering carried out experimental research in a
laboratory station (Figure 6).

Figure 6. Schematic diagram of a laboratory stand for hydraulic hoses internal volume expansion:
1—tank; 2—manual pump; 3,5—cut-off valves; 4—pressure sensor ∆pi of the fluid; 6—tested hy-
draulic hose; 7—measurement vessel.

The tests were carried out for the following pressures ∆pi in the hoses: 2.5, 5, 7.5, 10,
12.5, and 16 MPa at 20 ◦C using hydraulic oil. The measurement was commenced after
filling a hydraulic hose with the fluid having a volume of V0 and removing the air in the
form of possibly included bubbles. The fluid outflow from manual pump 2 was cut off
with valve 5. Then, generating the flow using 2 resulted in a pressure increase to value ∆pi,
leading to a deformation of the tested hose; then, valve 3 was closed. When valve 5 was
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opened, a fluid volume ∆Vzm was liberated to the measurement vessel 7 that was a sum
of the volume ∆Vp resulting from the hydraulic hose wall expandicity and the volume
resulting from the fluid’s compressibility ∆Vc, namely,

∆Vzm = ∆Vp + |−∆Vc| (1)

where

∆Vc = −
V0,p∆pi

Bf
(2)

To make the tests of elastic properties of hydraulic hoses independent from the com-
pressibility of the fluid applied, similar tests were carried out on a laboratory stand using
a thick-walled steel pipe instead of the flexible hydraulic hose. In this case, the following
dependence was valid: ∆Vzm = ∆Vf. Example test results are shown in Figure 7.

Figure 7. Test results for changes in the hose internal volume ∆Vp and changes in the fluid volume
∆Vf vs. internal pressure ∆pi in the hose.

For the purpose of quantitative comparative analysis of the elastic properties of various
hydraulic hoses, a volume expansion factor λp was introduced, which was defined as:

λp =
∆Vp

V0,p
(3)

Selected results of experimental tests, taking into account relevant constructional
as well as operational parameters of typical flexible hydraulic lines used in the steering
systems of industrial vehicles, are presented in Figure 8. More results are published in [24].

Figure 8. Influence of internal pressure ∆pi on volume expansion coefficient λp of hoses with
a nominal diameter of 16 mm (DN16) and two carcass layers (2SN) vs. their length lp [24].
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Depending on the requirements, the experimental results enabled the determination
of the bulk modulus of hoses Bp according to the adopted definitions [29], namely,

- tangent bulk modulus Bp of the hose:

Bp =
∂pi
∂λp

, (4)

or
- secant bulk modulus Bp of the hose:

Bp =
∆pw
∆λp

(5)

Based on Equation (4) for the hydraulic hoses used in the test machine (Figure 6), their
bulk modulus values were determined as shown in Figure 9.

Figure 9. Dependence of the bulk modulus Bp of hydraulic hoses 2SN, with d = 16 mm used in the
steering mechanism of the test machine vs. internal pressure ∆pi for various hose lengths lp.

The research by the authors of this paper and [27] showed that for the flexible hoses
with typical installation bends and with an increase in the hydraulic oil temperature during
operation from 20 ◦C to approx. 60 ◦C, the bulk modulus Bp of these hoses, which were
obtained in the laboratory tests presented above, should be reduced by approx. 15%.
Thus, the effective bulk modulus Bp,e of these hoses will be assumed as Bp,e = 0.85 Bp in
further considerations.

Hydraulic oil maintained under atmospheric pressure for a prolonged period may
contain 7–10% of dissolved gas depending on its type, which practically does not affect the
compressibility of these fluids. However, the compressibility of the oil depends to a large
degree on the content of undissolved gas in the form of air bubbles, foam, etc. Oil flexibility
is characterised by the so-called fluid bulk modulus Bf (N/m2). In practice, hydraulic oil is
a mixture of the fluid and a small amount of gas; thus, according to [30], the bulk modulus
of the mixture may be calculated by considering a superposition of fluid deformations and
undissolved gas, namely:

Bf,a =
Bf∆pi

∆p + ε∆pi
, (6)

where
ε = Va

Vf,a
is the gas volume to gas-liquid mixture volume ratio under ∆pi pressure,

where this value was determined.
Example test results in this regard are presented in the form of graphs [30] (Figure 10).
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Figure 10. Comparison of the experimental results with a series of “compression-only” bulk modulus
curves for an isothermal process [30].

Moreover, it should be emphasised that the fluid bulk modulus Bf significantly de-
pends on pressure and temperature (Figure 11).

Figure 11. Isothermal bulk modulus of mineral oil in the initial drive phase; for low pressures,
substantial changes in the fluid bulk modulus value might occur.

A comparison of different fluid models showed that the Nykanen model [30–33] is
a suitable model for the authors’ analyses, considering undissolved gas:

Bf,a =

((
p0
pi

) 1
n
ε+ 1− ε

)2

ε
npi

(
p0

∆pi

) 1
n
+ 1−ε

Bf

, (7)
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Estimating the air volume fraction is important. The method for the effective bulk
modulus is proposed in [33]. Aeration of oil rapidly reduces the bulk modulus.

Air contamination strongly decreases the efficiency of fluid power systems and
when the allowable limits are exceeded, the performance of the system deteriorates. The
study [34] examined the air release process due to the flow in the system. The results show
that relative air release decreases with an increase in air load and oil flow rate. Additionally,
the design of the internal tank strongly influences the air release process.

4. Modelling and Validation of Effective Torsional Stiffness for the Hydraulic
Steering System

During the operation of machines with articulated frame steering, as a result of the
effect of the steering torque ∆Ms generated by external loads affecting a machine traveling
straight ahead, there is a displacement of both pistons in hydraulic cylinders of the steering
mechanism by a value of displacement ∆si in the inner cylinder and by a value of ∆so in
the outer cylinder (Figure 12).

Figure 12. Schematic diagram of the AFSV units (frames) coupled using the hydraulic
steering cylinders.

The front member (frame) and rear member (frame) should be precisely held relative to
each other, ensuring the vehicle’s travel is consistent with the driver’s intent. Unfortunately,
because of the steering system’s flexibility, the vehicle members oscillate in the steering
articulation joint AJ by an angle of ±∆γ relative to each other.

The effective (equivalent) torsional stiffness of the steering system may be defined as

ks =
∂Ms
∂γ

, (8)

while for small turn angles (γ < 5◦), a linear character of the stiffness may be assumed, namely,

ks =
∆Ms
∆γ

(9)

In this motion phase of the machine, the hydraulic cylinders should be “stiff” and
stabilise the machine’s front.
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Under the influence of external steering torque ∆Ms, an equivalent reaction torque is
generated in the steering system, which, according to Figure 12, may be written as

∆Ms − η∆ps

π
(

D2 − d2
t

)
4

ho(a, b, c, d, ∆γ)− ∆ps
πD2

4
hi(a, b, c, d, ∆γ) = 0 (10)

After a transformation, one obtains

∆Ms = η∆ps

π
(

D2 − d2
t

)
4

[
ho(a, b, c, d, ∆γ) +

D2

D2 − d2
t

hi(a, b, c, d, ∆γ)

]
(11)

According to [1], one may write

ho(γ) =
|c[b sin(∆γ)− a cos(∆γ)]−d[b cos(∆γ) + a sin(∆γ)]|√

[c sin(∆γ)− a cos(∆γ) + d]2 + [a sin(∆γ) + b cos(∆γ) + c]2
, (12)

and

hi(γ) =
|c[b sin(∆γ) + a cos(∆γ)]+d[b cos(∆γ)− a sin(∆γ)]|√

[d− b sin(∆γ)− a cos(∆γ)]2 + [b cos(∆γ)− a sin(∆γ) + c]2
(13)

Equation (9) may be written as

∆Ms = η ∆ps

π
(

D2 − d2
t

)
4

he(a, b, c, d, D, dt, ∆γ), (14)

and
∆Ms = η ∆Fc, o he(a, b, c, d, D, dt, ∆γ), (15)

where
∆Fc, o = ko∆so. (16)

The change in the ∆so value may be defined as

∆so = ho(a, b, c, d, ∆γ) tan(∆γ) (17)

Substituting Equations (14) and (15) into Equation (13), one obtains

∆Ms = η koho(a, b, c, d, ∆γ) tan(∆γ) he(a, b, c, d, D, dt, ∆γ) (18)

As already mentioned, the global linear stiffness k0 in a hydraulic cylinder mainly
depends on the flexibility of hoses and the flexibility of the fluid, taking into account
undissolved air. The actuator’s body may be assumed to be stiff in this case.

The equivalent modulus Be of elasticity of the hydraulic steering system of an articu-
lated vehicle, taking into account the moduli of oil-gas mixture Bf,a and flexible hydraulic
hoses Bp,e, may be expressed as the following dependence:

1
Be

=
1

Bf,a
+

1
Bp,e
·
Vp,s

Vc
, (19)

Vc = Vp,s + (Vo + Vi) (20)

Because of a complex composite structure of flexible hydraulic hoses, it is best for prac-
tical purposes to determine the modulus Bp experimentally (Figure 9). The bulk modulus
of flexible hydraulic hoses of the test machine with a length of l = 0.64 m, determined based
on our experimental studies (Figure 9) is described by a regression model:

Bp = −0.0389∆p4
s + 2.0562∆p3

s − 37.876∆p2
s + 313.74∆ps (21)
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Meanwhile, the effective bulk modulus of these flexible hydraulic hoses, considering
their curvature radius and temperature of 60 ◦C, is described by the following equation
(valid up to 16 MPa):

Bp,e = 0.85 Bp. (22)

Multiplying Equation (15) by Vc, one obtains

c =
Vc

Bf,a
+

Vp,s

Bp
= cf,a + cp (23)

Substituting Equation (16) into (19), one obtains

c =
Vp, s + Vo + Vi

Bf,a
+

Vp,s

Bp
(24)

Adopting a constant value of the hydraulic capacity of the system allows for the
application of a mechanical analogy in the form of elastic bonds with a constant stiff-
ness k. The analogous stiffness of elastic bonds k of a mechanical system, which is re-
sponsible for the hydraulic capacity of the system, is defined, in a general sense, by the
following dependency:

k def
=

A2

c
(25)

According to Figure 7, in the case of a hydraulic steering system, the authors obtained
a formula defining the global stiffness, reduced to the outer steering hydraulic cylinder,
in the following form:

ko =

π
(

D2 − d2
t

)
4

2

1
c

(26)

At this point, it should be mentioned that the surface area of the hydraulic cylinder’s
piston and the fluid column height in the cylinder affect the oil stiffness in the cylinder and,
consequently, the effective stiffness of the steering system. The stiffness of oil kf is given by
the following formula:

kf = Bf A/hf (27)

while the stiffness of air kair is given by the following formula:

kair = Bair A/hair (28)

5. Validation of Mathematical Model for Effective Torsional Stiffness of the Hydraulic
Steering System

The mathematical model of the equivalent torsional stiffness ks of a hydraulic steering
system, presented above, was validated experimentally on a test machine shown above
with a steering hydraulic cylinders configuration (mode A), as shown in Figure 13. The
experiment is performed for three steering system configurations geometrical parameters
as shown in Figure 13 mode 1–3. Parameters a-d relates to the dimensions shown on
Mode 3.



Energies 2022, 15, 294 15 of 21

Figure 13. Configurations of the hydraulic steering geometry used in the simulation calculations.

Figure 14 presents the results of validation of the mathematical model of equivalent
torsional stiffness ks of a hydraulic steering system carried out on a test machine.

Figure 14. Validation of the mathematical model of the equivalent torsional stiffness ks of a hydraulic
steering system on a test machine.

These results indicate a good, practically acceptable accordance of calculation results
of the model with experimental results. Taking into account the positive results of the
validation of the mathematical model, a series of variant calculations was carried out that
considered significant parameters of the hydraulic steering mechanism.
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6. Computational Results

Based on this, the effective stiffness of the steering system of the test machine (mode A)
was calculated with and without the flexible hydraulic hoses, as presented in Figures 15 and 16.

Figure 15. Results of calculations of the effective stiffness ks of the test machine’s steering system
(mode A) without the flexible hydraulic hoses.

Figure 16. Results of calculations of the effective stiffness ks of the test machine’s steering system
(mode A) with the flexible hydraulic hoses.

The results of the calculations showed that the elastic hydraulic hoses significantly
decreased the stiffness of the steering system by almost 50% for the given case.

The calculations based on the model, as presented above, confirmed that at a constant
oil volume, a linear increase in effective torsional stiffness ks with an increase in the surface
area of the hydraulic cylinder (Figure 17). The calculations also showed that an increase
in the capacitance c of the hydraulic steering system and an increase in the undissolved
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air content Ein the oil were accompanied by a significant decrease in effective torsional
stiffness ks (Figure 18).

Figure 17. Influence of effective surface area of a hydraulic cylinder at a constant capacitance of the
hydraulic system c = const, and bulk modulus of oil Bf on equivalent torsional stiffness ks of the
steering system.

Figure 18. Influence of the capacitance of the hydraulic steering system on its equivalent torsional
stiffness ks.

Another very important factor that affects the equivalent stiffness of the steering
system is the configuration of hydraulic cylinders, which is characterised by the parameters
a, b, c, and d, shown in Figure 19. As one can see from these calculations, the configuration
of hydraulic cylinders had a significant influence on the so-called structural stiffness of the
steering system as a component of the equivalent stiffness of this steering system.
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Figure 19. Influence of the configuration of hydraulic cylinders of the steering mechanism on its
torsional stiffness ks.

7. Conclusions

Based on the experimental and simulation studies, it was shown that the stiffness of
the steering system played a very significant role on the directional stability and energy
demand of the steering system. Numerous driver path corrections lead to an increase
in power demand. Low steering system stiffness required a high number of articulation
angle corrections and huge energy losses could be observed. The most popular method for
increasing hydraulic stiffness leads to an increase in the system pressure to minimise the
effect of low fluid stiffness. This method needs energy to keep the system pressurised. In
this study, more efficient solutions for the increase in stiffness were proposed.

A global, experimentally verified novel mathematical model of effective (equivalent)
torsional stiffness of a hydrostatic steering system for AFSWVs with two hydraulic cylin-
ders was developed and experimentally verified. Since this model took into account all
the significant parameters, it enables engineers to optimally select, at the design stage,
the parameters of the steering system that will ensure the required directional stability of
an AFSWV, preventing snaking behaviour.

Simulation tests carried out using the proposed new model showed that the following
factors significantly affected the effective stiffness of the steering system:

1. Flexible hydraulic hoses: their design solution, together with the material, their
geometry, bend curvatures, internal pressure, and temperature of the oil, as well as
their operating time. The flexibility of hydraulic hoses is described globally by the
effective bulk modulus Bp,e. Because of the complex composite structure of flexible
hydraulic hoses, for practical reasons, this modulus is best determined experimentally
for the hoses used in a given case.

2. Effective bulk modulus of the working fluid vs. content of undissolved air, fluid
temperature, and pressure. Many researchers assume this modulus as constant, which
generates errors. The presented test results showed that undissolved air content in
the fluid significantly decreased the effective modulus of bulk elasticity of the fluid,
leading to a decrease in the effective stiffness of the steering system. For example,
simulation tests for the test machine indicated that the flexibility of hydraulic hoses,
taking into account the flexibility of the fluid contained in them, can decrease the
effective stiffness of the steering system as much as 50% under operating conditions.
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3. Reduced hydraulic capacity (capacitance) of the steering system. Its increase is
accompanied by a decrease in the effective stiffness of the hydraulic steering system.

4. Placement geometry of the hydraulic steering cylinders (described by geometrical
parameters a, b, c, and d), which is an indicator of the so-called structural stiffness. In
the presented mathematical model, two hydraulic steering cylinders were replaced
from the point of view of energy with one equivalent hydraulic cylinder. The sim-
ulation results confirmed that the larger the equivalent arm of the force generated
in the equivalent steering cylinder, the higher the effective stiffness of the steering
mechanism.

5. The effective surface area of an equivalent hydraulic cylinder: the larger the surface
area at a constant capacitance of the steering system, the higher the effective stiffness
of the steering mechanism.
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Nomenclature

A Cross-section of the cylinder (m2)
a, b, c, d Geometrical parameters connected with the layout of the hydraulic cylinders of the

steering system (m)
Bair Bulk modulus of air (Pa)
Be Equivalent bulk modulus of the hydraulic fluid reduced to take account of entrapped

air of hose elasticity and temperature (Pa)
Bf Bulk modulus of the (deaerated) oil (Pa)
Bf, a Bulk modulus of the fluid as a mixture of the fluid and undissolved gas (Pa)
Bp or Bp Tangent or secant bulk modulus of hose (Pa)
Bp,e Effective bulk modulus of flexible hydraulic hoses reduced to take account of

temperature (Pa)
c Reduced hydraulic capacity (capacitance) of the system (m5/N)
cf,a Capacitance of the oil–gas mixture (m5/N)
cp Capacitance of flexible hydraulic hoses (m5/N)
cz,i Normal tyre damping (Ns/m)
cy,i Lateral tyre damping (Ns/m)
D, dt Piston and piston rod diameter in hydraulic cylinders of the steering mechanism (m)
∆Fc, o The resulting force of the effect of ∆Ms (N)
hair Height of the cylinder chamber filled with air (m)
he Equivalent arm of vicarious hydraulic cylinder that is energetically equivalent to

two hydraulic cylinders of steering mechanism (m)
hf Height of the cylinder chamber filled with oil (m)
ho, hi Moment arm in the outer and inner hydraulic cylinders of the steering mechanism in

relation to the steering joint AJ (m)
ko Global linear stiffness reduced to outer steering hydraulic cylinder, resulting mainly

from the flexibility of liquid, taking into account the undissolved air and the flexibility
of hydraulic hoses (N/m)
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ks or ks Tangent or secant effective torsional stiffness for the hydraulic steering system (Nm/rad)
kz,i Normal tyre stiffness (N/m)
ky,i Lateral tyre stiffness in the contact region of the tyre (N/m)
kα,i Cornering stiffness (cornering rate) (N/rad)
kε,zi Cornering stiffness (aligning rate) (Nm/rad)
lp Hose length (m)
∆MS Steering torque about the articulation joint (Nm)
n Polytropic constant (-)
∆p Instantaneous absolute pressure (Pa)
∆pi Internal pressure in the hydraulic hose (Pa)
p0 Atmospheric pressure (Pa)
ps0 Initial hydraulic cylinders pressure during considerations where ps0 = 0 (Pa)
∆ps Pressure in the steering hydraulic cylinders resulting from the effect of moment ∆Ms

generated during the movement of the machine (Pa)
∆so, ∆si Piston displacement in the outer or inner hydraulic cylinder of steering mechanism (m)
Va Gas volume (m3)
Vc Total fluid volume in the steering hydraulic system (m3)
∆Vc,p Hydraulic hose volume change due to oil elasticity (m3)
Vf Thick-walled steel pipe oil volume change due to oil elasticity (m3)
Vf,a Gas–liquid mixture volume (m3)
∆Vf,t Volume change resulting from compressibility of the liquid (m3)
Vi Fluid volume in the inner hydraulic cylinder of the steering system (m3)
Vo Fluid volume in the outer hydraulic cylinder of the steering system (m3)
∆Vp Change in the internal volume of the hose under the influence of pressure ∆pi of the

working fluid (m3)
∆Vp,t Volume change resulting from deformations of the tested hydraulic hose (m3)
Vp,s Fluid volume in flexible hydraulic hoses (m3)
V0,p Initial internal volume of the tested hose filled with a liquid (m3)
Vzm Total hose volume change (m3)
η Efficiency of the steering hydraulic cylinders (-)
λp Volume expansion factor of hydraulic hoses (-)
∆γ Articulation angle between the front and rear units (frames) of the vehicle (rad)
ε = Va

Vf,a
Volumetric fraction of entrained air at atmospheric pressure (-)

β Side slip angle of vehicle (rad)
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13. Dudziński, P.; Hapel, G.; Skurjat, A. Method and Device for Automatic Adaptive Vehicle Control. Patent No. 216468,
21 August 2009. (In Polish)

14. Jiang, W.; Luo, X.; Chen, X. Influence of structural flexibility on the nonlinear stiffness of hydraulic system. Adv. Mech. Eng. 2016,
8, 1687814016663806. [CrossRef]

15. Feng, H.; Du, Q.; Huang, Y.; Chi, Y. Modelling study on stiffness characteristics of hydraulic cylinder under multi-factors.
J. Mech. Eng. 2017, 63, 447–456. [CrossRef]

16. Zhu, J.; Wang, Y.; Jiang, J.; Sun, B.; Cao, H. Unidirectional variable stiffness hydraulic actuator for load-carrying knee exoskeleton.
Int. J. Adv. Robot. Syst. 2017, 14, 1729881416686955. [CrossRef]

17. Horton, D.N.L.; Crolla, D.A. Theoretical Analysis of the Steering Behaviour of Articulated Frame Steer Vehicles. Veh. Syst. Dyn.
1986, 15, 211–234. [CrossRef]

18. Azad, N.L.; McPhee, J.; Khajepour, A. The effects of front and rear tires characteristics on the snaking behaviour of articulated
steer vehicles. In Proceedings of the 2005 IEEE Vehicle Power and Propulsion Conference, Chicago, IL, USA, 7 September 2005;
Volume 7–9.

19. He, Y.; Khajepour, A.; McPhee, J.; Wang, X. Dynamic modelling and stability analysis of articulated frame steer vehicles.
Int. J. Veh. Syst. 2005, 12, 28–59. [CrossRef]

20. Azad, N.L.; McPhee, J.; Khajepour, A. Off-road lateral stability analysis of an articulated steer vehicle with a rear-mounted load.
Int. J. Veh. Syst. Model. Test. 2005, 1, 106–130. [CrossRef]

21. Rehnberg, A.; Drugge, L.; Trigell, A.S. Snaking stability of articulated frame steer vehicles with axle. Int. J. Heavy Veh. Syst. 2010,
17, 119–138. [CrossRef]

22. Rehnberg, A. Suspension Design for Off-Road Construction Machines. Ph.D. Thesis, KTH, School of Engineering Sciences (SCI),
Stockholm, Sweden, 2011.
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