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Abstract: In this work, a dynamic analysis describing the charge and discharge process of a superca-
pacitor for the DC-link between a photovoltaic source and a constant power load is presented. The
analysis results in a complete nonlinear and dynamic model that can be used for simulation and
control for DC–DC converters, achieving fast recharge times and accurate steady-state voltages in
the DC link to avoid overcharging the supercapacitor during low power absorption scenarios. The
proposed approach includes parasitic elements for the supercapacitor and efficiency effects on the
conversion stage, proposing equations useful for design and control. Stability is also discussed for the
charge process of the supercapacitor. Validation of the analytical model is performed by comparison
with LTSpice simulation, confirming a good agreement between theory and simulation.

Keywords: photovoltaics; Supercapacitors; DC–DC; dynamic systems; circuit simulation

1. Introduction

The power conversion of PV sources for DC and AC applications is almost always re-
quired to ensure that their strongly variable voltage and current are regulated in accordance
with the electrical and electronic components for which the energy is generated [1–3]. This
conversion makes use of DC–DC converters that, in general, adapt the voltage for the next
stage of conversion (or the final load). This approach is also valid in the case of discrete
PV + Storage hybrid systems, where the DC–DC converters are used for matching the out-
put voltage of the solar cell with the charging voltage of the integrated storage device [4].
Since the PV source is a strongly non-linear device based on the photogeneration process [5],
it is not only necessary to adapt the voltage to the load, but also to the source, to ensure that
the operating point of the PV source is the one where the maximum power is delivered [6–9].
This process, commonly referred to as maximum power-point tracking (MPPT), introduces
the necessity for a dedicated DC–DC converter, since a single converter does not have the
degrees of freedom to adapt both input (for MPPT) and output (for correct load functioning)
voltage. The two converters, usually connected in cascade, are interleaved with a storage
element that has the purpose of stabilizing the voltage and decoupling the converter on the
PV side from the converter on the load side. This stage is called the DC-link, and according
to the applications, it can be implemented with batteries or capacitors. The former allows
the DC-link stage to act as an energy-storage stage, which is particularly useful due to the
intermittent nature of the PV source. However, a capacitor-based DC-link is much simpler,
leaves less overall footprint, and is more durable [10–14].

The development of new technologies for high-capacity capacitors, known as Superca-
pacitors (SC), introduced the possibility of achieving a degree of energy-storage capabilities

Energies 2023, 16, 5864. https://doi.org/10.3390/en16165864 https://www.mdpi.com/journal/energies

https://doi.org/10.3390/en16165864
https://doi.org/10.3390/en16165864
https://creativecommons.org/
https://creativecommons.org/licenses/by/4.0/
https://creativecommons.org/licenses/by/4.0/
https://www.mdpi.com/journal/energies
https://www.mdpi.com
https://orcid.org/0000-0001-8888-0388
https://orcid.org/0000-0001-9655-3504
https://orcid.org/0000-0001-7987-0487
https://orcid.org/0000-0001-8086-6979
https://orcid.org/0000-0002-0269-6676
https://orcid.org/0000-0001-9185-5925
https://doi.org/10.3390/en16165864
https://www.mdpi.com/journal/energies
https://www.mdpi.com/article/10.3390/en16165864?type=check_update&version=1


Energies 2023, 16, 5864 2 of 19

without resorting to a battery-based DC-link. Novel technologies of SC also include inter-
esting results in terms of materials [15], including recycling materials [16] and natural and
organic sources [17,18]. SC offers acceptable energy density (albeit still lower than Li-based
batteries) with very high-power density. SCs are also less expensive and age much less
quickly due to their charge and discharge patterns.

Unfortunately, the electrical behavior of a SC is different from a battery’s, also due
to the variable voltage across its terminal as dependent on the state of charge [19–21].
A battery exhibits an almost constant voltage across its terminals for the majority of its
discharge (and charge) process. SC behavior is similar to a that of a classic capacitor, and
thus, in the best of cases, discharges exponentially. Although the decoupling capabilities of
the SC are ensured, the voltage range that it exhibits during operative conditions is large,
and this requires special care in the control of the DC–DC converters, especially the one
connecting the SC to the non-linear PV source.

The purpose of this work is to investigate the dynamics of the SC in an energy-
conversion chain, starting from a PV source and ending with a constant-power load, which
is a very common DC load able to support, for example, USB powered devices. To investi-
gate the dynamic of the system, a circuit model of the chain, representing the conversion at
frequencies below the ones of the dynamic response for the converter but including the ones
regulating the charge and discharge processes of the SC, is proposed [22,23]. The model
includes the non-linear nature of the PV source, the efficiency of the converter distributed
among voltage and current drops, and both ideal and parasitic models for the SC.

With respect to current research, the novelty of this work contribution is twofold.
First, an analytical complete dynamic model including parasitic components is presented
for a very actual scenario of low–mid power generation from renewable sources. The
investigation of this model highlights novel results such as the feasible operating ranges
for the charge operation of the DC-link supercapacitor, determining stable and unstable
equilibrium points of the dynamic system. Second, a numerical approach to estimate the
duty cycle for the final-voltage charge is presented, considering the full non-linear nature of
the photovoltaic source. Moreover, both results are validated against LTSpice time-domain
simulations, considering both the low-frequency DC model of the power conversion stage
and its fully dynamic high-frequency implementation. All LTSpice models are reported in
their completeness for repeatability of the proposed study. The analytical and numerical
analysis presented can be used as a foundation for advanced control algorithms and
energy-storage management systems.

The manuscript is structured as follows. First, the energy conversion chain will be
described, and individual circuit models will be proposed for the block constituting it.
Then, according to the parasitic model considered in the SC, three different state–space
models for three different chains are derived. Then, feasibility regions for the final voltage
charge are discussed, and the numerical problem to derive the duty-cycle is formalized and
solved. Following, the validation procedure in the LTSpice environment is presented along
with the simulation results. Final remarks and a conclusion close the manuscript.

2. Materials and Methods
2.1. Modelling for the Blocks of the Conversion Chain

The energy-conversion chain considered in this work is composed of five blocks. The
first block is the primary source of energy, represented by a generic PV device under variable
conditions of irradiance and temperature. The second block is the first DC–DC converter,
operating to regulate the energy conversion between the PV source and the following DC-
link supercapacitor. The third block is the supercapacitor itself, which features a capacitance
and operating voltage range according to the design of the remainder of the system. The
fourth block is the second DC–DC converter, operating to regulate the energy conversion
between the DC link and the final load. The fifth block is the load itself, which is assumed
as a CV&CP load (constant voltage and constant power). Each individual block of the
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conversion chain can be represented by a suitable circuit model that can later be coupled to
achieve a full dynamic representation of the system.

For the first block, the equivalent circuit model known as “single diode” or “one diode”
is used to represent the behavior of the photovoltaic source. The model is lightweight and can
be used to represent a large variety of silicon-based PV sources and other technologies [24],
and the process for the identification from experimental data or the produced datasheet
values is well understood in the literature [25]. The model-circuit representation is given in
Figure 1.
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Figure 1. Single diode model for a PV device.

The model drawback is the implicit nature of its current-voltage relationship, which is
given by (1):

ipv = Iirr − Io

(
e

vpv+Rsipv
nVT − 1

)
−

vpv + Rsipv

Rsh
(1)

where Iirr is the photogenerated current, Io is the reverse saturation current of the diode, n
is the modified quality factor of the diode, Rsh is the shunt resistance and Rs is the series
resistance. The VT term represent the thermal voltage (≈26 mV at 293.15 K). The five
parameters {Iirr, Io, Rs, Rsh, n} can be identified in specific irradiance G and temperature T
conditions addressed in literature as Standard Test Conditions (STC). The conditions are
G = 1000 W/m2 and T = 293.15 K. Individual equations are reported in the literature to
calculate the parameters in conditions different from STC.

The current-voltage relationship shown in (1) can be used in practical applications
through numerical methods that calculate the current ipv given a known voltage vpv, or
vice-versa. However, the numerical solution of (1) is not practical if, for example, the PV
device should be included in Kirchhoff Voltage Laws (KVL) or Kirchhoff Current Laws
(KCL) for formulating state-space equations. In this case, an alternative formulation can
be used, which exploits the Lambert-W function to give an explicit expression of vpv as
a function of ipv (2) and ipv as a function of vpv (3).

vpv = Rsh(Iirr + Io)− (Rs + Rsh)ipv − nVTW
(

IoRsh
nVT

e
Rsh(Iirr+Io−ipv)

nVt

)
(2)

ipv = −nVT
Rs

W
(

Rs

nVT
· IoRsh
Rsh + Rs

·e
Rsh

Rs+Rsh
∗ vpv+Rs(Iirr+Io)

nVt

)
+

(Iirr + Io)Rsh − vpv

Rsh + Rs
(3)

The formulation with (2) and (3) are explicit and can be implemented easily in KVL
and KCL. Indeed, the formulation is still numeric, but the computational burden is moved
from the generic root-finding that is present in (1) to the solution of the Lambert-W, which
can be optimized and is in general an easier task. Equations (2) and (3) provide a complete
electrical characterization of the first block and can be completed with update equations
for the parameters to account for variable irradiance and temperature conditions [26–28].

The second block is represented by the first DC–DC converter. The role of this converter
is to set the operating point of the PV device to ensure proper current flowing inside the
DC-link. In general, if the DC-link is implemented by means of a SC, its voltage should be
low. For this reason, a step-down converter could be used to convert the voltage from the
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PV source to the SC. However, this could limit the operating conditions of the PV device in
the case of smaller systems. On the other hand, step-up-down topologies such as the SEPIC
or Zeta converters can be implemented with very little effort and offer large voltage gains
with high efficiency. The Zeta converter topology is the one considered for this block and
is shown in its ideal lossless representation in Figure 2. The Zeta converter is a topology
particularly suitable for photovoltaic (PV) applications due to several advantages. It can
achieve a high voltage gain, making it suitable for boosting the low voltage output of PV
panels to the desired level. This is especially useful when the PV array operates at low
voltage levels, as it allows efficient energy conversion without the need for additional
voltage-boosting stages. Unlike the Boost converter, which typically requires multiple
stages for voltage conversion, the Zeta converter can perform the voltage step-up or step-
down conversion in a single stage. This simplifies the converter topology, reduces the
component count, and improves overall efficiency. Finally, the Zeta converter is capable of
accommodating a wide input-voltage range, allowing it to handle the fluctuations in the
PV panel output more effectively [29–32].
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The complete derivation and sizing for the converter can be found in the literature.
Under the assumption of continuous-conduction mode (CCM), the converter-voltage gain
and current gain in steady state can be approximated as:

Mv =
vout

vin
=

D
(1− D)

(4)

Mi =
1

Mv
(5)

where Mv is the lossless voltage gain, Mi is the lossless current gain, and D is the duty
cycle for which the Q1 transistor is in conduction and the Q2 transistor is in interdiction.
In case lossy elements are present in the converter, the efficiency is in general distributed
between the voltage and current gain, since:

η =
vout·iout

vin·iin
= Mv,l ·Mi,l = ηv Mv·ηi Mi (6)

where η is the efficiency of the converter and Mv,l and Mi,l are the lossy voltage and current
gain. The distribution of the efficiency η as the scaling terms ηv and ηi depends on the
specific values of the parasitic components. Equations (4)–(6) yield a simple steady-state
representation of the converter through two mutually-coupled controlled generators, as
shown in Figure 3a.
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Indeed, a reciprocal representation with the current generator on the primary side and
the voltage generator on the secondary side is possible as well, as shown in Figure 3b. Both
representations are correct and allow the formulation of KVL/KCL. The choice of one over
the other for formulation resides in the representation of the third block.

Under the reasonable assumption that the DC–DC converter operates to achieve
Maximum Power Point Tracking (MPPT) on the PV device, the voltage gain will be set as:

ηv Mv =
vout

vmp
; ηv

(
1

Mi

)
=

vout

vmp
; Mi =

vmp

vout
ηv (7)

where vmp is the voltage where maximum power is exhibited by the PV source. Indeed,
a reciprocal approach could be taken in case of imposing the current gain, albeit much
less common. The third block is the DC-link, which is constituted by a SC. The SC can be
represented by a capacitor with a capacitance C and a variable degree of parasitic elements.
The simpler representation shown in Figure 4a is a simple, lossless capacitor. Inclusion
of a parallel self-discharge resistor, rsh, is shown in Figure 4b. Inclusion of an additional
equivalent series resistance (ESR), rs, is shown in Figure 4c, which constitutes the complete,
lossy representation of the SC.
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Where ib(t) is the branch current, the behaviour of the SC in the three represented
equivalent circuits can be determined by the following state equations:

.
vc(t) =

1
C
(ib(t)) (8)

.
vc(t) =

1
C

(
ib(t)−

vc(t)
rsh

)
(9)

where (8) can be used for Figure 4a and (9) can be used for Figure 4b,c. The presence of
the rs element does not directly alter the state equation but influences the branch current
according to how the element is connected to the rest of the circuit.

The fourth and fifth blocks operate in a coupled mode: since the load is expected to
operate at a constant voltage vload for variable absorbed power pload, the secondary DC–DC
converter operating the conversion between the DC-link and the load must be controlled to
ensure that the output voltage vout is always equal to vload.

To ensure vout = vload, the voltage gain of the converter is:

Mv =
vload
vin

(10)

If the load must operate with pload and vload, regardless of its inner nature, the absorbed
current will be iload = iout = pload/vload. Assuming the converter operates, for simplicity,
with unitary efficiency η = Mv Mi = 1, the output current seen from the primary side of
the load is:

iin =
iload
Mi

= iload·Mv =
iload·vload

vin
=

pload
vin

(11)

R =
pload

v2
in

(12)

Thus from (9) it is possible to derive a representation as a controlled generator, and
from (10) as a voltage-controlled resistor. Clearly, both representations are non-linear
elements. The three representations are shown in Figure 5.

2.2. Full Chain Dynamic Model

Full modeling of the dynamic system should take into account both the interaction
between the DC–DC converter and the storage elements [33–35] and between the DC–DC
converter and the photovoltaic source [1,36–39]. Also, the model must implement a current
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sink for a constant power load operating at a specific desired voltage, such as the case for
a USB powered device [40,41]. The proposed model taken individually exhibits a different
dynamic behavior from the one shown in the full-chain dynamic model presented hereafter.
The most notable difference is that the concurrence of a power-limited nonlinear source
such as a PV device with a constant power load creates a non-feasible area where, even
if the theoretical maximum delivered power by the PV device is higher than the power
required by the load, the SC will not charge unless an appropriate MPPT strategy adapting
the operating point is implemented.

Since the only dynamic element present is the capacitance in the SC block, the system
behaves as a non-linear first-order system. Thus, its dynamics should be described from
the complete state-equation describing the voltage across the capacitor. According to the
representation of the SC block, different equations or sets of equations must be considered.

2.2.1. Ideal Supercapacitor Dynamic Model (IDSC)

In this case, the SC is represented without any parasitic component. A simple explicit
state equation can be formulated as following:

.
vc =

1
C

(
ηi Miipv

[
vc

ηv Mv

]
− pload

vc

)
(13)

where the term ipv
[
vpv
]

is given by (3). Under the assumption that the converter operates
in MPPT according to Equation (7):

.
vc =

1
C

(
ηi Miipv

[
vmp

]
− pload

vc

)
(14)

.
vc =

1
C

(
ηi

(
vmp

vout
ηv

)
imp −

pload
vc

)
(15)

.
vc =

1
C

(
ηpmp − pload

vc

)
(16)

Interestingly, the state equation can be solved analytically leading to the time expres-
sion of the capacitor voltage. From a known initial voltage vc(0):

vc(t) = ±
√

2·t·[ηpMP − pUSB]

C
+ vc(0)

2 (17)

2.2.2. Self-Discharge Supercapacitor Dynamic Model (SDSC)

The derivation in this case is very similar to the IDSC one, since the only difference is
the presence of an additional term in the state equation describing the branch current.

.
vc =

1
C

(
ηi Miipv

[
vc

ηv Mv

]
− pload

vc
− vc

rsh

)
(18)

.
vc =

1
C

(
ηpmp − pload

vc
− vc

rsh

)
(19)

The main difference resides in the presence of an additional term relative to the current
flowing on the shunt resistance. The solution in this case is a superposition of the previously
found solution with a discharge exponential.

2.2.3. Full Supercapacitor Dynamic Model (FSC)

In this case, the voltage across the supercapacitor is different from the voltage across
the output of the first DC–DC converter, and this difference depends on the current drawn
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from the PV source. This results in an implicit-state equation that must be solved in
conjunction with a KCL to derive the branch current on the supercapacitor.

.
vc =

1
C

(
ηi Miipv − pload

vc

)
ηi Miipv −

(
ηv Mvvpv − vc

rs

)
− pload

vc

vpv
[
ipv
]
− vpv = 0

(20)

The system can only be integrated numerically, deriving at each time-step the vpv
voltage and ipv current from the last two equations, and substituting the ipv in the first-state
equation to compute (e.g., thorough Euler or Runge–Kutta integration) the next timestep
value of the capacitor voltage.

2.3. Equilibrium Points for Final Voltage Charging

In practical applications, the produced power from the PV source will be larger than
the power drawn from the load. Assuming perfect MPPT, this leads to an unstable system
without equilibrium points, where the voltage across the capacitor rises indefinitely. In
particular, the square-root-of-time expression in (17) represents the fastest possible charging
velocity that can be achieved in this system.

In real scenarios, however, this charge curve must be abandoned when in proximity of
the SC maximum voltage to avoid damaging the component. In this case, a voltage gain
(and thus, a duty-cycle) for the primary DC–DC converter must be determined with the
aim of creating an equilibrium point for the SC voltage equal to the SC nominal maximum
voltage vc = vMAX .

Let us first consider the IDSC chain with η = 1. The equilibrium point to be found is
the one where the current drawn from the load pload/vMAX is equal to the current coming
from the converter ηpmp/vMAX . This is an operating condition where this equilibrium for
a possible Mv, Mi can be better explained graphically. In Figure 6, several I–V characteristics
of a 54 W PV source are represented, as seen from the secondary side of the first PV panel,
for different Mv, Mi gains. The thick, black line is the IV characteristic at Mv = Mi = 1
(thus equal to one of the PV devices). The red and blue crosses represent four combinations
of loads (imposing the pload) and SC (imposing the vMAX), as reported in Table 1. The
dashed line represents the ensemble of the maximum power points.

Table 1. Load and supercapacitor combinations to determine the existence of a feasible equilib-
rium condition.

Symbol pload vMAX

Red Cross 60 W 10 V
Red Circle 60 W 20 V
Blue Cross 40 W 10 V
Blue Circle 40 W 20 V
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As can be seen from the figure, the two blue combinations fall within the possible
operating points that can be determined on the secondary side of the first DC–DC converter,
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whereas the red combinations are not. In a lossless and completely ideal chain as the IDSC
with η = 1, an equilibrium point is always found as long as pload < pmp.

Relaxing the condition on the efficiency, three possible scenarios can be studied:
efficiency is distributed among voltage and current gain η = ηvηi, efficiency is negligible
on the current gain η = ηv and efficiency is negligible on the voltage gain η = ηi. The result
is shown in Figure 7a–c.

Energies 2023, 16, x FOR PEER REVIEW 10 of 20 
 

 

converter, whereas the red combinations are not. In a lossless and completely ideal chain 
as the IDSC with ߟ = 1, an equilibrium point is always found as long as ݌௟௢௔ௗ <  .௠௣݌

Relaxing the condition on the efficiency, three possible scenarios can be studied: effi-
ciency is distributed among voltage and current gain ߟ =  ௜, efficiency is negligible onߟ௩ߟ
the current gain ߟ = ߟ ௩ and efficiency is negligible on the voltage gainߟ =  ௜. The resultߟ
is shown in Figure 7a–c. 

 
Figure 7. Effects of the efficiency, in terms of I-V PV characteristics seen from the SC side, on both 
voltage and current (a), only current (b) and only voltage (c). Blue circle and red × represent points 
from Table 1. 

The dashed black line represents the ensemble of the maximum power points for ߟ =
1, kept as a reference. As can be seen, the voltage and current distribution of the efficiency 
strongly alters the lieu of feasible operating points that can be obtained at the secondary 
side of the first DC–DC converter. An even distribution of efficiency for voltage and cur-
rent in Figure 7a shifts the ensemble towards the origin, slightly limiting both maximum 
voltage and current. A distribution of efficiency skewed towards voltage or current limits, 
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voltage and current (a), only current (b) and only voltage (c). Blue circle and ×, and red circle and ×
represent points from Table 1.

The dashed black line represents the ensemble of the maximum power points for
η = 1, kept as a reference. As can be seen, the voltage and current distribution of the
efficiency strongly alters the lieu of feasible operating points that can be obtained at the
secondary side of the first DC–DC converter. An even distribution of efficiency for voltage
and current in Figure 7a shifts the ensemble towards the origin, slightly limiting both
maximum voltage and current. A distribution of efficiency skewed towards voltage or
current limits, respectively, the maximum voltage and maximum current. Due to the effect
of efficiency, previously feasible combinations of pload, vMAX can fall outside the lieu of
operating points.
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The introduction of the non-ideality in the SC stage consists in using the SDSC or
the FSC chain instead of the IDSC. The inclusion of SDSC results in an additional current
to consider, the one absorbed by the load. This current is rsh/vMAX at the equilibrium.
Thus, this shifts the operating points “upward” in the I–V plots shown before. A simple
example is given for the η = 1 case, where an rsh resistance with range rsh = {10–1000} Ω
is considered (note that this range is highly unrealistic for an SC, but it is useful for
visualization purposes). As could be expected, the effect of self-discharge is more present
for higher vMAX values (Figure 8).
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However, it should be noted that the equivalent self-discharge resistance for series-
connected SCs decreases for each added cell; thus, in practical cases, this effect is indepen-
dent of the vMAX. Finally, the FSC chain behaves in the same manner as the SDSC chain.
This is due to the positioning of the rs element, which does not alter the KCL used to study
the SDSC.

2.4. Duty Cycle for Final Voltage Charging

In the previous, the IDSC, SDSC and FDC chains were analyzed to understand whether,
given a couple of pload, vMAX, a combination of voltage and current gain could be found
that would ensure that the SC would have vc = vMAX at equilibrium. In this section, the
strategy to determine the gains (and the relative duty-cycles) are discussed.

The desired gains are the ones that ensure:

.
vc =


1
C

(
ηi Miipv

[
vMAX
ηv Mv

]
− pload

vMAX

)
= 0 IDSC

1
C

(
ηi Miipv

[
vMAX
ηv Mv

]
− pload

vMAX
− vMAX

rsh

)
= 0 SDSC

1
C

(
ηi Miipv

[
vMAX
ηv Mv
· rs+rsh

rsh

]
− pload

vMAX
− vMAX

rsh

)
= 0 FSC

(21)

Albeit the current across the capacitor is null, in this case, the optimal gain value is
different between SDSC and FSC due to the (in general negligible) voltage divider term.

Regardless of the specific chain, (21) expresses a numerical problem in the two un-
knowns Mv, Mi. Since those are the lossless gains, and Mv = 1/Mi, the problem can be
reduced to a single unknown. Expressing the voltage gain as Mv = D

1−D , it is possible
to rewrite (21) as a set of equations in D for which the zero corresponds to a duty-cycle
leading the SC to charge at vMAX .



Energies 2023, 16, 5864 12 of 19

f IDSC(D, vMAX , pload) =

(
ηi

(
1− D

D

)
ipv

[(
1− D

D

)
vMAX

ηv

]
− pload

vMAX

)
(22)

fSDSC(D, vMAX , pload) =

(
ηi

(
1− D

D

)
ipv

[(
1− D

D

)
vMAX

ηv

]
− pload

vMAX
− vMAX

rsh

)
(23)

fFSC(D, vMAX , pload) =

(
ηi

(
1− D

D

)
ipv

[(
1− D

D

)
vMAX

ηv
· rs + rsh

rsh

]
− pload

vMAX
− vMAX

rsh

)
(24)

Any one of equations in (22)–(24) can be equaled to zero and solved numerically
(using (3) for the current-voltage relationship) for different values of pload and vMAX
to determine the desired duty cycle D. In general, for a given Equations (22)–(24), and
a specific pload and vMAX, there are two numerical solutions to (22)–(24). This is because
a given current, leading to equilibrium, can be achieved both in the near open-circuit
area of the PV converter and near the short-circuit area of the PV converter, as seen in
similar previous works [42]. Visualization of the solutions for (22)–(24) requires some
constraints, since considering the variable D and the two parameters pload and vMAX results
in a three-dimensional function for which the zero-crossing cannot be visualized. Thus, in
the following plots, the pload will be assumed as constant. In Figure 9a, the absolute values
of the f ISDC are shown for a pload < pmp. Then, to compare the magnitude of the variations
among the different (22)–(24), in Figure 9b a cross-section of the surface for vMAX = 6 V
is shown also for fSDSC and fFSC. In this case, series rs = 1 Ω and shunt rsh = 50 Ω
resistances were considered in the SDSC and FSC cases. Again, the quantities are elevated
for visualization purposes, but it is relevant to understand that very little difference occurs
at a steady state between the purely ideal IDSC case and the parasitic-affected SDSC and
FSC cases. The two solutions are not both stable. In fact, the sign of the

.
vc can be studied to

derive a phase portrait shown in Figure 10, where it can be seen that the equilibrium points
found for higher D and lower vMAX are a boundary towards an unstable region where the
SC will simply discharge to zero instead of reaching the equilibrium point. In practical
terms, since the low boundary of D is often limited by design, this creates a minimum
voltage for the SC below which there is no way to recharge it anymore.
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Figure 9. Absolute value of the time derivative of the SC voltage in logarithmic form (a), showing
three regions separated by two curves where the function reaches zero for the IDSC. The IDSC, SDSC
and FSC are shown for a fixed vMAX = 6 V in (b), underlining the very little difference between the
models at steady state.
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3. Validation Results

The methodology and the equations proposed herein are validated through a time-
domain simulation of the IDSC, SDSC and FSC chains in an LTSpice environment. The
schematic is depicted in Figure 11. As can be seen, the PV source can be implemented using
an ideal diode specifying the N and Is parameters. The PV device implemented in the figure
delivers a power of pmp = 47 W at vmp = 16.6 V. The conversion stage is implemented via
controlled generators, including the efficiency already divided in the current and voltage
contribution. The SC link is represented in the FSC form with parametric resistances which
can be set at very high (shunt) and low (series) values to restore the semi-ideal SDSC or
the fully ideal IDSC chains. The load is represented by a current generator operating at
constant power. It should be noted that this behavioral source rolls back to a pure resistor if
the voltage across it falls below a certain threshold, to avoid divergence during simulation.
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3.1. Test A: Final Voltage Charge and Stability Region

In this test the SC is initially kept at a variable charge between 2 V and 16 V. The
charging is performed at a fixed duty-cycle (D = 0.6), and the load absorbs a constant power
of pload = 20 W. The final voltage and the equilibrium points delimiting, for D = 0.6, the
stability region, are computed with (24). The charging profiles are shown in Figure 12 (left)
along with the vertical aligned | fFSC| in Figure 12 (right). Confirming the hypothesis, the
SC charges (or discharges) towards the equilibrium point as long as the initial condition
is within the stability region shown in green. If it falls below, in the region shown in red,
it will simply discharge to zero. The slight difference in the equilibrium points (less than
0.5 V) can be attributed to the different model used by the diode in LTSpice.
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Figure 12. Time-domain voltage of the SC (left) and stability regions (right) according to (21). If
the SC initial voltage is within the stable region, it charges towards the stable equilibrium voltage;
otherwise, it discharges to zero.

3.2. Test B: Short and Heavy Load Perturbation

In this test, the chain initially works at a nominal load pload = 20 W, and the SC
is charged to the final value (initial value is 10 V). After it reaches the charged state,
a heavy and short (5 s) load perturbation is applied. The load is incremented by 300% to
pload = 50 W, thus driving the system outside the feasible area. As can be seen, the voltage
across the capacitor drops rapidly, and if the perturbation were to continue indefinitely, it
would reach zero as expected. Time-domain simulations are shown in Figure 13.
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3.3. Test C: Long and Heavy Load Perturbation

This test is similar to the previous one, but in this case, the perturbation from the
nominal condition (pload = 20 W) is going to be longer (15 s). The notable difference that
can be appreciated is that the discharge induced in the capacitor by the load perturbation
leads the SC in the unstable region; thus, even after the perturbation has ended, the SC is
not able to recover and simply discharges to zero as expected. Time-domain simulations
are shown in Figure 14.
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3.4. Test D: Dynamic Response

This test compares the adynamic response of the chain, where the only dynamic ele-
ment is composed by the SC, with the fully dynamic response of the circuit with a properly
sized Zeta converter. The converter was sized to ensure a CCM for D = 0.5 and an operative
switching frequency of 10 kHz. The LTSpice model of the dynamic converter is shown in the
top part of Figure 15, and the comparison of the voltage waveforms between the adynamic
previous results and the dynamic measured ones can be seen in the bottom part of Figure 14.
As can be seen, the charging dynamics are slightly different in the dynamic case (as the
transfer function of the dynamic converter influences the time-domain response), but the
steady-state value is practically identical. Moreover, the same considerations concerning
the stable and unstable regions are still valid in the dynamic time domain analysis.
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Figure 15. Dynamic LTSpice model of the FSC chain (top) and comparison (bottom) of the capacitor
voltage curve in the dynamic case (blue) and adynamic case (red).

4. Discussion

The proposed model, the insight derived from its analysis, and the validation obtained
from the simulations are useful tools to understand the possibilities that are available
for a SC-based DC-link in the very common application of PV conversion for constant
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power loads. The dynamic-state equations derived in Section 2 are validated against time-
domain simulations, offering an accurate and computationally lightweight alternative for
time-domain simulation of these kinds of systems in environments that do not natively
implement circuit simulation.

The estimation of the feasible region for the final-voltage charge with different distri-
bution of the efficiency towards voltage and/or current highlights the necessity of deeper
consideration when analyzing power converters. In fact, most of the analysis assumes
a resistive load (for which the efficiency skewness is irrelevant), but for non-linear applica-
tions such as the one proposed in this manuscript, the effects of voltage and current drop
are dramatically different. Since this contribution comes from different parasitic elements
inside the converter, a possible evolution of this work is to consider the correlation between
such parasitic elements and the shrinking of the feasible area.

The study of the stable and unstable regions opens a discussion on the possible
operating conditions where the system can or cannot operate. In fact, operating in the
unstable region leads to a discharge of the SC. The minimum possible duty-cycle supported
by the converter creates a lower boundary for the SC voltage, thus limiting in fact the
available energy that can be extracted from it. This is not necessarily a very limiting factor,
since many modern SC technologies, such as the hybrid SC [14], are already lower-bound
limited in voltage, yet the consideration of this boundary is at this point critical during the
design stage of the system. It turns out from the simulations that the proposed voltage-
conversion system equipped with an SC-based DC-link is very effective in the case of
constant power loads (as in the case of resistive loads or battery storage devices). However,
the effectiveness and stability of this system are highly dependent on the initial charging
conditions of the SC, which must exhibit a starting voltage above a certain threshold to be
charged under stability conditions. In order to avoid unstable working conditions, it would
be more effective to use hybrid SCs with a minimum starting voltage [20] in the DC-link
section, or to associate standard SC’s with an undervoltage protection circuit.

5. Conclusions

In this work, a fully dynamic model for the conversion chain between a photovoltaic
source and a constant power load with a supercapacitor-based DC-link is proposed. The
system was studied considering the circuit model, including the non-linear nature of the PV
source, the efficiency of the DC–DC converter, and the parasitic elements on the supercapac-
itor model. The study investigated the dynamic nature of the system, highlighting critical
aspects such as a bounded region of feasibility for the charge of the SC element and the
presence of a stable and unstable set of equilibrium points leading to a final-voltage charge.
The proposed approach offers a valuable tool for implementation of control algorithms,
further refinement of the analysis by considering the DC–DC converter individual parasitic
components, and development of MPPT strategies incorporating both the non-linear nature
of the PV source and the dynamic behavior of the DC-link stage. Validation in terms of
hardware full-chain implementation or through hardware-in-the-loop approaches consti-
tutes the future development of this work. Concerning the converter, a practical approach
for the converter implementation can be found in [43]. Concerning the implementation of
the storage, interesting results to be investigated can be found in [44], and, in a completely
passive PV and battery configuration, in [45]. It should be noted, however, that as shown
in this work, the converter efficiency plays a major role in the general performance of the
system, and for this reason, efficient and isolated converters operating at high frequency
could be the best choice [46].
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