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Abstract: The rapid solidification process is relevant to many emerging metallurgical technologies.
Compared with conventional solidification processes, high-density microstructure defects and resid-
ual thermal stress are commonly seen in rapidly solidified metals. Among the various defects,
potentially beneficial twin boundaries have been observed in the rapidly solidified nanocrystalline
microstructures of many alloy systems. In this work, a pathway for forming twin boundaries in rapid
solidification processes is proposed. A detailed derivation of strain inhomogeneities upon thermal
shrinkage and the deformation twinning phase field method is given. By calculating cooling-induced
thermal strain inhomogeneity in nanocrystalline metals and growth thresholds for deformation
twinning using the phase field method, it is shown that residual thermal strain hotspots in the
microstructure can reach the threshold for deformation twinning when the shear elastic property of
grain boundaries is significantly different from the bulk.

Keywords: twinning; solidification; phase field

1. Introduction

Rapid solidification technologies for metals have been under development for several
decades. Depending on the cooling rate, the solidified metal may form nanocrystalline
structures or amorphous metallic glasses. While nanocrystalline metals have been known
for their high strength due to blockage of dislocation motions by high-density grain bound-
aries (GB), their relatively low ductility may pose an issue in applications that require
failure resistance [1]. Twin boundaries have been used extensively in grain-boundary
engineering to improve the mechanical properties of polycrystalline materials, but it is only
recently observed that, through rapid solidification processes, a significant fraction of twin
boundaries may be introduced into the metal microstructures [2,3].

Growth twinning and deformation twinning are the two classical mechanisms of
twin formation in metals. It is proposed that twin boundaries could be formed through
recrystallization and growth twinning in rapid solidification processes. Through the quench
of the Ni80Cu20 alloy, followed by subsequent annealing, Xu et al. observed the formation
of twin boundaries in their study [3]. Phma et al. used transmission electron microscopy to
reveal the presence of deformation nanotwins, which were formed due to the high-strain
rapid solidification inherent to laser powder bed fusion of austenitic stainless steels [4].
Wang et al. subjected a Ni-Cu alloy to high undercooling and observed the presence
of high-angle grain boundaries and twins, indicating the occurrence of recrystallization
under rapid solidification [5]. However, due to the interactions of many important factors
involved in the rapid solidification processes, including microstructures, stresses, liquid
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transport, etc., a detailed picture of the formation of twin boundaries in rapidly solidified
microstructures is still not fully clarified.

In this work, a twin boundary formation mechanism involving residual thermal
stresses and the deformation twinning in rapidly solidified microstructures is proposed.
By calculating thermally induced strain inhomogeneity in nanocrystalline metals [6] and
the critical strain for deformation twin growth using a phase-field (PF) method [7], it is
shown that the large temperature drop in rapid solidification processes can create strain
hotspots in the solidified nanocrystalline structure within which deformation twinning may
happen. This previously unexplored thermal shrinkage-induced deformation twinning
mechanism may provide an alternative pathway for the formation of twin structures in
rapidly solidified metals.

2. Materials and Methods
2.1. Thermal Strain Inhomogeneity in Polycrystalline Structures

Understanding the elastic response of materials microstructure under external de-
formation is an essential part of the study of the mechanical properties of materials. The
microstructure is not only a heterogeneous elastic media with complex structures, it also
evolves and changes its properties under the elastic load. During the structural evolution,
interfaces between different parts of the microstructure may change from the coherent state
to the semi-coherent or incoherent states and vastly modify the elastic strain field on both
sides of the interface. To apply the continuum elasticity theory to microstructures, a key pa-
rameter is the elastic property of the microstructural interfaces [7]. For the nanocrystalline
structure formed in rapid solidification processes, the elastic property of GBs is a critical
parameter. However, despite its significance, our knowledge of the elastic properties of
various grain boundaries in nanocrystalline structure is still very limited. Experimental
studies have shown that both Young’s modulus and the shear modulus decrease with
average grain size in nanocrystalline metals [8,9]. A previous numerical study based on
continuum elasticity theory also predicted a smaller Young’s modulus for nanocrystalline
materials [10]. By treating the GB as a region with a smaller density, Fecht et al. [11] found
that the bulk modulus of the GB gradually decreases to zero when the GB atomic density
is about 50% of the bulk value under hydrostatic compressive pressure. The presence
of voids and precipitates at the GB may also significantly modify the elastic response of
the boundary [12].

Pre-melting of the grain boundaries at a high temperature is another mechanism
that may drastically change the elastic shear response of the polycrystalline materials.
Many simulations and experimental results [13–18] have shown that a quasi-liquid layer
may form at the GB when the temperature is below the bulk melting temperature Tm, the
thickness of this quasi-liquid layer depends on the misorientation of the GB and it diverges
as the temperature approaches the Tm. Broughton et al. [19] examined the resistance to
shear of a (310) symmetric tilt boundary using molecular dynamics. The results suggested
that the resistance to sliding at the GB vanishes in the presence of interface pre-melting.

To account for the various factors that may contribute to the elastic properties of the
GB in the calculation of thermally induced strain inhomogeneity in the nanocrystalline
structure, the following assumptions were used: 1. The GB elastic properties are assumed
to be independent of temperature. 2. In order to account for the potential drastic change of
the GB properties discussed above, the strain inhomogeneity was calculated and compared
using various fractions of the bulk shear modulus for all materials discussed in this work.
3. The elastic properties in the grain interiors are considered independent of the grain lattice
orientation. While the approximations introduced above are strong, the calculation results
should be sufficient to give, at least, a semi-quantitative picture of the strain inhomogeneity
in the nanocrystalline structure.

A polycrystalline grain structure, as shown in Figure 1, is obtained using a previously
developed PF method [20].
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Figure 1. Grain structure from the PF method. The grain interiors are colored in white while the
boundaries are colored based on the color bar to the right where the coloring values are obtained
following the method given in Ref. [20]. The tics along the x and y axes are shown in arbitrary units.

While the material is undergoing a volumetric shrinkage from the cooling process,
strain inhomogeneities will develop in the grain structure due to the difference in elastic
properties between the bulk and the GBs. Following the method introduced by Hu et al. [21]
and Saswata Bhattacharyya et al. [6], the local strain distribution, εij(r), can be obtained by
solving the mechanical equilibrium equation by assuming linear elasticity:

∂σij(r)
∂rj

= 0, (1)

where r is the spatial coordinates, σij(r) = Cijkl(r)εkl(r) is the local stress tensor, and Cijkl(r)
is the elastic stiffness tensor which varies from the grain interiors to the GBs. The total strain
of the system εij(r) can be separated into a homogeneous strain εij and a position-dependent
heterogeneous strain δεij(r) is as follows

εij(r) = εij + δεij(r), (2)

where the homogeneous strain εij comes from the thermal shrinkage, and the heterogeneous
strain δεij(r) expresses the spatial-dependent deformation caused by the stiffness difference
in the microstructure after the thermal shrinkage. The spatial-dependent elastic stiffness
tensor Cijkl(r) is a sum of a homogeneous tensor C0

ijkl and an inhomogeneous perturbation
part δCijkl(r)

Cijkl(r) = C0
ijkl + δCijkl(r) (3)

where the homogenous part is assigned the value of the grain interiors and the perturbation
part is used to incorporate the deviation of the elastic properties of the GBs from the
grain interiors.

Using Equations (2) and (3), the mechanical equilibrium condition in Equation (1) is
written as

∂σij(r)
∂rj

= ∇j

[
C0

ijkl + δCijkl(r)
]
[εkl + δεkl(r)] = 0, (4)

where ∇j =
∂

∂rj
.

Equation (4) above can be rearranged in the following form

∇j

[
C0

ijklεkl + C0
ijklδεkl(r) + δCijkl(r)εkl + δCijkl(r)δεkl(r)

]
= 0. (5)
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In the first-order approximation, the term δCij(r)δεkl(r) in the equation above can be
neglected since it is a product of the two perturbation terms. Since the derivative of C0

ijklεkl

with respect to r is 0, Equation (5) is reduced to

∇jC0
ijklδεkl(r) = −∇jδCijkl(r)εkl . (6)

In order to solve the heterogeneous strain field δεkl(r), one should first go back to the
displacement field by using

εij(r) =
1
2

(
∂ui(r)

∂rj
+

∂uj(r)
∂ri

)
, (7)

where ui(r) denotes the ith component of the displacement field.
The displacement field ux(r) and uy(r) can be written as{

ux(r) = εxx·rx + εxy·ry + δux(r)
uy(r) = εxy·rx + εyy·ry + δuy(r)

, (8)

where δux(r) and δuy(r) are the deviations of the displacement fields from the one induced
by the homogeneous strain ε.

By using Equations (7) and (8), the first-order approximation in Equation (6) is rewrit-
ten using the δu fields as

C0
ijkl

∂2δuk(r)
∂rj∂rl

= −εkl
∂δCijkl(r)

∂rj
, (9)

The first-order δu(r) fields are obtained by solving Equation (9) in the Fourier space:

∼
δu

1

k(k) = −IGikεklk j
∼

δCijkl(k), (10)

where
∼
δu

1

k(k) and
∼

δCijkl(k) are the Fourier transformations of the first order approximation
δuk(r) and δCijkl(r), respectively, k j is the jth component of the k vector in the Fourier
space, Gij is the Green’s tensor whose inverse is defined as G−1

ik = C0
ijklk jkl , and I is the

imaginary unit.
The first-order heterogeneous strain field δε1

kl(r) is then obtained using Equations (2),
(7) and (8). To obtain the strain field beyond the first-order approximation. One needs to
rewrite Equation (5) as

∇jC0
ijklδεn+1

kl (r) = −∇jδCijkl(r)εkl −∇jδCijkl(r)δεn
kl(r), (11)

where the superscript of the heterogeneous strain indicates the order of the approximation.
Equation (11) can also be written using δu(r) as

C0
ijkl

∂2δun+1
k

∂rj∂rl
= − ∂

∂rj

[
δCijkl(r)εkl + δCijkl(r)δεn

kl(r)
]
. (12)

High-order approximations for the heterogeneous strain field δεkl(r) can be obtained
from δεn

kl(r) using Equation (12). The solution to (n + 1)th δuk(r) in the Fourier space
is then

∼
δu

n+1

k (k) = −IGikk j
∼
h ij(k), (13)

where
∼
h ij(k) is the Fourier transform of δCijkl(r)εkl + δCijkl(r)δεn

kl(r). It is shown in ref. [22]
that a reasonably accurate solution of the strain field can be obtained within 10 iterations of
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Equation (13). While the local strains obtained using this method only considered elastic de-
formation, it is a reasonable approximation to strongly strengthened nanocrystalline materials.

2.2. Phase-Field Model of Deformation Twinning

A twin structure consists of two regions with identical crystallographic orientation, but
with a mirror-image stacking sequence. The two mirror crystal structures are separated by a
planar defect known as the twin boundary. Deformation twinning is the formation of twin
boundaries from the cooperative shift of lattice atoms under external shear stress [23,24].
Upon the application of external shear stress to a material, partial dislocations can arise,
which represents lattice defects gliding along specific crystallographic planes. The overlap
and accumulation of partial dislocations can lead to the formation of a stacking fault. If
the stacking fault energy is sufficiently low, this stacking fault can propagate throughout
the lattice and result in the formation of a twin. Typically, deformation twinning occurs
in some face-centered cubic (FCC) metals with low stacking fault energy, such as silver
and copper. Many previous works were dedicated to understanding the nucleation and
growth processes of deformation twins, including a particular dislocation arrangement that
induced twinning nucleation [25–29], theoretical study on the strain due to twinning [30],
and density functional theory calculations of twinning energy pathways [31]. It has been
used extensively in grain-boundary engineering to improve the mechanical properties of
polycrystalline materials under the influence of metallurgical variables, such as tempera-
ture [32–34], strain rate [24,35], grain size and texture and crystallographic order [24].

Materials with higher stacking fault energy can also activate twinning when the grain
size decreases to nanoscale. In nanocrystalline materials, deformation twinning can occur
through both heterogeneous and homogeneous mechanisms [36,37]. The heterogeneous
mechanism involves the emission of partial dislocations from the grain boundaries onto
neighboring slip planes, while the homogeneous mechanism takes place in the grain
interiors by a nucleation mechanism involving the dynamical overlap of the stacking faults
of dislocations.

While several mechanisms may lead to the nucleation of the twin boundaries, two
essential steps, nucleation of new twinning partial dislocations and gliding of existing
twinning partial dislocations, are related to a further growth of the twins. Normal to the
existing twin boundary, nucleation of new twinning partials is needed to thicken the twins.
Along the existing twin boundary, the twinning partial dislocations need a large enough
shear stress to glide through the lattice and further grow the twin boundary to a larger
area. PF models [7,38,39] have been developed to study the growth of deformation twins
and the evolution of the twinning structures. As a coarse-grain model, the PF method did
not explicitly resolve the atomic structure of twins; instead, it incorporated the surface
energy for the twin boundary and the barrier for nucleating new twin layers (through
nucleation of partial dislocations) from atomistic calculations [40] and predicted twin
structures comparable to experiment observations [39]. It is assumed in the PF model that
the nucleation of partial dislocations is due to the instability of the crystal structure under
strong local shear stress.

There are 12 possible twinning modes in FCC metals which may take place on {111}
habit planes along 〈112〉 directions. In Figure 2, the crystallographic descriptions of the
two twinning modes (111)[112] and (111)[112] are shown. Since both the twinning modes
are in the plane (110), for the purpose of identifying the critical strain for twin growth, it is
enough to only focus on these two modes and carry out a two-dimensional (2D) calculation
on this plane, instead of performing a costly 3-dimensional calculation resolving all the
12 modes. The two modes considered in the simulations are shown in Figure 3a, and the
2D simulation domain is the x′ − y′ plane shown in Figure 3b. A 2D view of the simulation
domain and the two twinning directions on the (110) plane is shown in Figure 4.
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represent the atoms in the corners of the FCC lattice while the light-blue circles represent the face-
centered atoms. The angle between the two twinning directions is θtwin = 70.53◦. The twinning
magnitude is 1√

2
. for the FCC structure.

Within the 2D simulation plane, the crystal may stay in the twinning state or the
undeformed state. A spatially dependent order parameter field η1(r), which takes 0 in the
undeformed state and 1 in the twinning state, is introduced to characterize the twinning
region for the (111)[112] twinning mode. Similarly, η2(r) is introduced for the (111)[112]
twinning mode. The local twinning strains γ(111)[112](r) and γ(111)[112](r) can then be
expressed using η1(r) and η2(r) by the following relations:

γ(111)[112](r) = η1(r)·γtwin
(111)[112]

γ(111)[112](r) = η2(r)·γtwin
(111)[112]

(14)
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where γtwin
plane·direction is the shear strain of the fully twinned state in the corresponding

twinning mode.
By defining a reference frame where the x-axis is along the twinning direction (the

xlocal shown in Figure 4b,c and the y-axis is along the normal direction to the habit plane),
the twinning strain of the two modes can be expressed using pure shear strain tensors
as follows:

εtwin,1
ij,re f =

[
0 γtwin

2
γtwin

2 0

]
and εtwin,2

ij,re f =

[
0 −γtwin

2−γtwin
2 0

]
,

where γtwin is the magnitudes of the shear strain which is 1/
√

2 for the FCC structure [30].
The strain εtwin

plane·direction in the simulation frame x′ − y′ is related to the reference frame

shear strain by a rotation of −θtwin/2 for the twinning mode (111)[112] and a rotation of
θtwin/2 for the twinning mode (111)[112]. The strain tensors εtwin

ij in the simulation frame
are obtained by rotating the pure shear strain tensors in the reference frame around the z
axis with −θtwin/2 and θtwin/2, correspondingly:

εtwin,1
ij =

 2cos
(
− θ

2

)
sin
(
− θ

2

)
γtwin

2

[
cos2

(
− θ

2

)
− sin2

(
− θ

2

)]
γtwin

2[
cos2

(
− θ

2

)
− sin2

(
− θ

2

)]
γtwin

2 −2sin
(
− θ

2

)
cos
(
− θ

2

)
γtwin

2


εtwin,2

ij =

 −2cos
(

θ
2

)
sin
(

θ
2

)
γtwin

2 −
[
cos2

(
θ
2

)
− sin2

(
θ
2

)]
γtwin

2

−
[
cos2

(
θ
2

)
− sin2

(
θ
2

)]
γtwin

2 2sin
(

θ
2

)
cos
(

θ
2

)
γtwin

2

 (15)

To track the growth of the twinning region, a PF free energy functional considering
the two twinning modes and the corresponding elastic energy is given by

F =
∫

Ω

[
f (η1, η2) + ∑

p=1,2

κp,ij

2
∇iηp∇jηp + Eela

]
dV, (16)

where f describes the energy landscape along the twinning direction,
κp,ij

2 ∇iηp∇jηp is
the interfacial energy between the twinned structure and the original crystal for the pth

twinning mode, Eela is the elastic energy induced by twinning, Ω represents the domain of
interest. In the following sections, the meanings of these terms are discussed in detail.

2.2.1. Energy Landscape

The energy landscape term f in Equation (16) incorporates the energy barrier between
the original undeformed state and the twinning state. It has been shown in the work of
Kibey et al. [40], the energy related to forming a n + 1 layer twin structure has two parts,
the surface energy of the 2 twin boundaries 2γts f , and the barrier γut for nucleating the
n + 1 layer on the n-layer twin. For a twin structure with n ≥ 3, the twin nucleation barrier
γut becomes a constant, and the energy landscape along the twinning direction forms
a symmetric double well. For a single-mode twinning system, the double-well energy
landscape can be approximated by the following polynomial form

f (η) = ∆ fmax

[
A0 + A2(η − 0.5)2 + A4(η − 0.5)4 + A6(η − 0.5)6+A8(η − 0.5)8

]
(17)

where the factor ∆ fmax is the energy difference between the twin nucleation barrier γut and
the surface energy 2γts f , the fitting parameters in the polynomial (A0, A2, A4, A6 and A8)
are chosen such that the energy at the twinning state (η = 1) and the undeformed state
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(η = 0) are zero and the barrier height between the two states is ∆ fmax. For a two-mode
twinning system, the double-well energy landscape can be constructed as follows

(η1, η2) = ∆ fmax

[
A0 + A2 ∑

p=1,2

(
ηp − 0.5

)2
+ A4 ∑

p=1,2

(
ηp − 0.5

)4

+A6 ∑
p=1,2

(
ηp − 0.5

)6
+ A8 ∑

p=1,2

(
ηp − 0.5

)8
]

+Aγ ∑
p,q(p 6=q)

η2
pη2

q ,

(18)

where a new term Aγ ∑
p,q(p 6=q)

η2
pη2

q is added to describe the interaction between different

twinning modes.

2.2.2. Interfacial Energy

The interface between the twinning region and the undeformed matrix is defined by a
transition region where ηp varies from 0 to 1. The term ∑

p=1,2

κp,ij
2 ∇iηp∇jηp in Equation (16)

is used to account for the sum of the surface energies for two twinning modes. For a
commonly seen prime-shape twin structure, its interface can be separated into two parts:
the twin boundaries parallel to the growth direction and the dislocations at the end of the
twin [39]. The dislocation cores can be approximated as incoherent interfaces which have
much larger surface energy compared to the twin boundaries [36]. This strong surface
energy anisotropy can be incorporated using a gradient energy coefficient tensor in the
reference frame

κ
re f
p,ij =

[
κ11 0
0 κ22

]
,

where κ11 and κ22 incorporates the surface energies along the twinning direction and the
normal direction of the twinning. The value of κ11 and κ22 can be determined by the
dislocation core energy and twin boundary energy, respectively, which can be obtained
from atomic simulations and DFT calculation [39].

To calculate the term
κp,ij

2 ∇iηp∇jηp in the simulation frame, the reference frame gradi-
ent energy coefficient tensor must be rotated to the simulation frame. The gradient energy
coefficient tensor κp,ij in the simulation frame x′ − y′ is related to κ

re f
p,ij in the reference frame

by a rotation of −θtwin/2 for the twinning mode (111)[112] and a rotation of θtwin/2 for the
twinning mode (111)[112]. The rotation matrix is similar to the one used for rotating the
strain tensor in Equation (15).

2.2.3. Elastic Energy

The elastic energy term in Equation (16) is

Eela =
1
2

C′ijkl

(
εij − ε0

ij

)(
εkl − ε0

kl

)
, (19)

where C′ijkl is the elastic moduli tensor in the simulation frame, εij is the total strain tensor,

ε0
ij is the eigenstrain tensor related to the twinning strain. The eigenstrain is defined as

ε = ∑
p

ε
twin,p
ij,re f H

(
ηp
)
, (20)
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This is a summation of the twinning-induced strains from the two twinning modes
with a weight function H

(
ηp

)
given as

H
(
ηp
)
= −2η3

p + 3η2
p, (21)

This weight function ensures that the derivative of the twinning-induced strain be-
comes zero in the twinning and the undeformed states in the dynamic equations pre-
sented later.

The total strain εij can be separated into two parts as Equation (2). εij is the homoge-
neous strain representing the macroscopic deformation of the grain, and the heterogeneous
strain δεij refers to the local strain deviation. The heterogeneous strain should follow∫

δεijdV = 0.
To obtain the strain field during the twinning process, the mechanical equilibrium

equation
∇jσij = ∇jC′ijkl

(
εkl + δεkl − ε0

kl

)
= 0, (22)

is solved using the Fourier spectral method [41].
Using Equations (7), (8) and (19), Equation (22) becomes

C′ijklk jkl
∼
δuk(k) = C′ijklk jε

0
kl(r) (23)

in the Fourier space, where
∼
δuk(k) is the Fourier transformations of the heterogeneous

displacement δuk(r) and k j is the jth component of the k vector. The strain field can then be
derived based on Equation (7).

2.2.4. Order Parameters Evolution

The evolution of the twinning order parameters is calculated based on the time-
dependent Ginzburg–Landau (TDGL) equation

∂ηp

∂t
= −L

(
∂ f
(
ηp
)

∂ηp
− κp,ij∇i∇jηp +

∂Eela
∂ηp

)
(24)

where L is a kinetics coefficient, t is time.
Since the total deformation of the system is an input parameter which is a constant

during the evolution of the twin structure, a penalty term

P = ∑
ij

Mij

[(
1
V

∫
ε0

ijdV − εij

)(
ε

twin,p
ij

1
V

∫ ∂H
(
ηp
)

∂ηp
dV

)]
, (25)

where Mij are a penalty constant, is added to the free energy term. Equation (24) becomes

∂ηp

∂t
= −L

(
∂ f
(
ηp
)

∂ηp
− κp,ij∇i∇jηp +

∂Eela
∂ηp

− P

)
. (26)

In the Fourier space, Equation (26) becomes

∂
∼
η p(k, t)

∂t
= −L

∂
∼
f
(
ηp
)

∂ηp


k

+ κp,ijkik j
∼
η p(k, t) +

∂
∼
Eela
∂ηp


k

− L
∼
Pk (27)

where k = (k1, k2) is a vector in the Fourier space,
∼
η p(k, t),

[
∂
∼
f (ηp)
∂ηp

]
k

,
(

∂
∼
Eela
∂ηp

)
k
, and

∼
Pk represent the Fourier transform of the twin order parameter, the derivative of the
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local energy density function, the derivative of local elastic energy, and the penalty term,
respectively.

Equation (27) is then approximated using the following semi-implicit Fourier spectral
method

∼
η

n+1
p,k =

∼
η

n
p,k − L∆t

[(
∂
∼
f (ηp)
∂ηp

)n

k

−
(

∂
∼
Eela
∂ηp

)n

k
−
∼
P

n

k

]
1 + L∆tκp,ijk

, (28)

where ∆t is the time step size, and the superscripts n and n + 1 indicate the field at time
step n and n + 1.

3. Results and Discussion

In this work, the growth of the deformation twins in three FCC metals, aluminum,
nickel, and copper, aisre examined. Although aluminum has a relatively high stack-
ing fault energy, deformation twinning in nanocrystalline aluminum has also been well-
recognized [36]. The elastic constants C, twin nucleation barriers γut and the stacking fault
energy γts f for the three materials [40] are listed in Table 1.

Table 1. Summary of the elastic constants, twin nucleation barriers, and the stacking fault energies
for Al, Ni, and Cu.

Material C11[GPa] C12[GPa] C44[GPa] γut[mJ/m2] 2γtsf[mJ/m2]

Al 114 62 32 215 113
Ni 261 151 132 324 110
Cu 225 153 115 200 40

The evolution of the twinning structure is tracked by solving Equation (28) under
the equilibrated strain field through Equation (23). All the calculations were conducted
in a square domain with 1024∆x× 1024∆y grids where the grid size ∆x = ∆y = 0.1 nm
with periodic boundary conditions. A PF model length scale l = 1

10

√
κ11
|∆ fmax | = 0.2 nm is

used to characterize the thickness of the transition layer of η at the twin-matrix bound-
ary where ∆ fmax is given in Equation (17). The energy landscape function f in the en-
ergy functional Equation (16) was non-dimensionalized as f ∗ = f

|∆ fmax | , and the val-
ues of coefficients were set to A0 = 1.0, A2 = −12.43, A4 = 61.17, A6 = −152.31,
A8 = 166.45 for all three materials (note: ∆ fmax is different for the 3 materials). For the
deformation twinning simulation in aluminum, its dimensionless gradient coefficients were
κ∗11 = κ11

l2|∆ fmax |
= 112 and κ∗22 = κ22

l2|∆ fmax |
= 0.09, its elastic constants were adopted from

C∗11 = C11
| fmax | = 114, C∗12 = C12

| fmax | = 62 and C∗44 = C44
|∆ fmax | = 32. The dimensionless parame-

ters of the other two materials are calculated in the same approach and listed in Table 2.
The dimensionless numerical parameters for solving Equation (28) were ∆x∗ = ∆x

l = 0.5,
∆t∗ = L|∆ fmax|∆t = 10−4. For the penalty constants in Equation (25), M11 = 1000,
M12 = M21 = 4000 and M22 = 1000 were used.

Table 2. Summary of dimensionless parameters for Al, Ni, and Cu.

Material C*
11 C*

12 C*
44 κ*

11 κ*
22

Al 114 62 32 112 0.09
Ni 121.96 70.56 61.68 49.6 0.09
Cu 140 95.625 71.875 8.77 0.09

To validate our numerical model, the theoretically predicted twinning direction was
first reproduced. An initial twin may grow or shrink depending on the magnitude of the
local shear strain in the reference frame. For a single crystal, the local shear strain can
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be controlled by applying a homogenous strain α·εtwin,1
ij , with the factor α controlling the

magnitude, to the simulation box which can be transformed to pure shear in the reference
frame by rotating θtwin/2. To verify the model, the growth of a single twin in Al under a
fixed homogeneous strain with the magnitude factor α = 0.1 was carried out. The growth
of the twin structure is shown in Figure 5. A circular-shaped twin domain of radius 5∆x
was initialized at the center of the system (as shown in Figure 5a). A bi-convex lenticular
twinning shape commonly seen in experiments is obtained after 50,000 time steps (as
shown in Figure 5b). The angle between the twinning growth direction and the horizontal
direction is 35.4◦ which is consistent with the crystallographic theory illustrated in Figure 4.

Materials 2023, 16, x FOR PEER REVIEW 11 of 16 
 

 

 

Figure 5. The twinning order parameter profile of a single twin growth under 0.1 ∙ 𝜀𝑖𝑗
𝑡𝑤𝑖𝑛,1 at (a) the 

initial state (b) 50,000∆𝑡∗. As shown in the color bar, the yellow part corresponds to the twinning 

region with the order parameter η = 1, the purple part corresponds to the original lattice with the 

order parameter η = 0. 

A critical strain magnitude can be obtained by applying 𝛼 ∙ 𝜀𝑖𝑗
𝑡𝑤𝑖𝑛,1 to the simulation 

box with an existing lenticular twin structure and identify the threshold 𝛼 below which 

the twin structure will disappear. The critical shear strains and the corresponding magni-

tude parameter 𝛼 for Al, Ni, and Cu are obtained through multiple simulations and are 

listed in Table 3. 

Table 3. Summary of the critical strain magnitude α  and the corresponding critical shear strain 

magnitude in the reference frame for Al, Ni, and Cu. 

Material 𝜶 Critical Shear  

Al 0.016 0.0113 

Ni 0.006 0.0042 

Cu 0.029 0.0205 

In a polycrystalline system, the deformation twinning may happen in the region 

where the shear strain in the grain interiors surpasses the critical shear strain shown in 

Table 3. Previous research on nanocrystalline systems has revealed that as the grain size 

approaches approximately 10 nm [42–45], the dominant deformation mode transitions 

from dislocation slip, commonly observed in coarse-grained metals, to twinning. Thus, it 

is possible to establish a correlation between the local shrinkage-induced deformation and 

potential regions of twinning. 

The method introduced in the thermal strain inhomogeneity section is used here to 

estimate the shear strain in the polycrystals induced by thermal shrinkage. There is typically 

a large temperature drop involved in rapid solidification processes, the thermal expansion 

coefficients become temperature-dependent in this case [40,41,46]. The total strains from the 

thermal shrinkage over the large temperature range can be estimated by integrating the ex-

pansion coefficient over that relevant temperature range. For Al, Ni, and Cu, the total hy-

drostatic strain from the thermal shrinkage, when cooling the materials from the melting 

point to the room temperature, are 𝜀𝐴𝑙
0 = −0.0187 , 𝜀𝑁𝑖

0 = −0.0232  and 𝜀𝐶𝑢
0 = −0.0203 . 

These strains are then applied to the polycrystalline structure shown in Figure 1. 

Given the significant distinction between GBs and bulk, coupled with the sensitivity 

of GBs to temperature changes, it becomes imperative to assign different modulus values 

when simulating a homogeneous strain on the polycrystalline system. Considering the 

presence of various mechanisms such as pre-melting and segregation, which can signifi-

cantly influence the elastic behavior of GBs, certain approximations must be made regard-

ing the GB elastic properties. In this particular study, an approximation approach was 

employed, where the shear modulus in the GB region was set as a fixed fraction of the 

shear modulus in the grain interiors. Three sets of simulations were performed, each with 

varying values for the grain boundary (GB) shear modulus. In these simulations, the GB 

Figure 5. The twinning order parameter profile of a single twin growth under 0.1·εtwin,1
ij at (a) the

initial state (b) 50, 000∆t∗. As shown in the color bar, the yellow part corresponds to the twinning
region with the order parameter η = 1, the purple part corresponds to the original lattice with the
order parameter η = 0.

A critical strain magnitude can be obtained by applying α·εtwin,1
ij to the simulation box

with an existing lenticular twin structure and identify the threshold α below which the
twin structure will disappear. The critical shear strains and the corresponding magnitude
parameter α for Al, Ni, and Cu are obtained through multiple simulations and are listed
in Table 3.

Table 3. Summary of the critical strain magnitude α and the corresponding critical shear strain
magnitude in the reference frame for Al, Ni, and Cu.

Material α Critical Shear

Al 0.016 0.0113
Ni 0.006 0.0042
Cu 0.029 0.0205

In a polycrystalline system, the deformation twinning may happen in the region where
the shear strain in the grain interiors surpasses the critical shear strain shown in Table 3.
Previous research on nanocrystalline systems has revealed that as the grain size approaches
approximately 10 nm [42–45], the dominant deformation mode transitions from dislocation
slip, commonly observed in coarse-grained metals, to twinning. Thus, it is possible to
establish a correlation between the local shrinkage-induced deformation and potential
regions of twinning.

The method introduced in the thermal strain inhomogeneity section is used here
to estimate the shear strain in the polycrystals induced by thermal shrinkage. There is
typically a large temperature drop involved in rapid solidification processes, the thermal
expansion coefficients become temperature-dependent in this case [40,41,46]. The total
strains from the thermal shrinkage over the large temperature range can be estimated by
integrating the expansion coefficient over that relevant temperature range. For Al, Ni, and
Cu, the total hydrostatic strain from the thermal shrinkage, when cooling the materials
from the melting point to the room temperature, are ε0

Al = −0.0187, ε0
Ni = −0.0232 and

ε0
Cu = −0.0203. These strains are then applied to the polycrystalline structure shown

in Figure 1.
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Given the significant distinction between GBs and bulk, coupled with the sensitivity of
GBs to temperature changes, it becomes imperative to assign different modulus values when
simulating a homogeneous strain on the polycrystalline system. Considering the presence of
various mechanisms such as pre-melting and segregation, which can significantly influence
the elastic behavior of GBs, certain approximations must be made regarding the GB elastic
properties. In this particular study, an approximation approach was employed, where the
shear modulus in the GB region was set as a fixed fraction of the shear modulus in the grain
interiors. Three sets of simulations were performed, each with varying values for the grain
boundary (GB) shear modulus. In these simulations, the GB shear modulus was assigned
as 30%, 50%, and 70% of the bulk value, respectively. Additionally, the GB bulk modulus
was uniformly set to 50% of the bulk value. By extracting shear strains from the simulations
within the grain interiors, a comparison was made with the critical shear strains specified
in Table 3 for the three materials. Regions in which the shear strain in the grain interiors
exceeded the critical shear strain for twinning were visualized in Figures 6 and 7.
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Only the regions with the local shear strain larger than the critical shear strain are colored.
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When the value of shear modulus is set at 30% of the bulk value, all three materials
report possible twinning regions near the junction of the GBs, as shown in Figure 6. Among
the materials examined, nickel has the largest fraction of possible twinning regions. The
local strain induced by thermal shrinkage can be remarkably significant in certain areas,
reaching up to 14 times the critical shear strain. Among the materials studied, Nickel stands
out as the only material that exhibits potential twinning regions when the shear modulus
of grain boundaries (GBs) is set at 50% of the bulk value. The distinctive behavior exhibited
by Nickel can be ascribed to its high melting point of 1445 °C and its relatively low critical
twinning shear strain. Nickel’s superior melting temperature compared to copper and
aluminum enables it to undergo a more pronounced thermal shrinkage (ε0

Ni = −0.0232)
subsequent to quenching. Furthermore, Nickel possesses a relatively reduced critical shear
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strain (εtwinning
Ni = 0.0042) conducive to deformation twinning. These properties enable

Nickel to undergo a more pronounced response to thermal shrinkage, thereby facilitating
more occurrences of twinning regions. It is noted that the activation of other deformation
mechanisms may significantly reduce the magnitude of the thermal- hrinkage-induced
shear in the polycrystalline structure; experimental evidence [47] indicates that the large
critical shear strain from Table 3 can be reached at least in Nickel alloys.

In copper, although twinning regions are present, their fraction is considerably smaller
compared to Nickel. The simulative potential twinning in Nickel and Copper is supported
by Wang et al. [5], who observed dense dislocations and twinning in the substructures
of Ni-Cu alloys under high undercooling conditions. In the case of aluminum, one can
also identify large regions where the thermal shrinkage-induced local strain exceeded
the critical shear. This is only possible for nanocrystalline aluminum where deformation
through dislocation motions is strongly suppressed. In regular polycrystalline aluminum,
the critical shear for deformation twinning cannot be reached since the dislocation cross
slip may happen at a much smaller shear strain [36,44,45,47–51].

When the value of the shear modulus of GBs is set at 70% of the bulk value, all
three materials show no potential twinning region, which is much different compared to
a 30% case. The explanation for this phenomenon can be attributed to multiple factors.
Firstly, grain boundaries with higher shear modulus exhibit greater resistance to defor-
mation, making them less susceptible to the thermal shrinkage-induced strain which is
the primary driving force for twinning. Secondly, the shear modulus of grain boundaries
influences the transmission of shear stress across them. Higher shear modulus at grain
boundaries, closer in value to that of the grain interior, facilitates a more efficient load
transfer and redistribution between neighboring grains, thereby promoting a more homo-
geneous distribution of strain. Consequently, in the case where the grain boundary shear
modulus is set to 70% of the bulk value, the resulting local strain is more uniform and of a
smaller magnitude. This uniform and limited strain distribution ultimately precludes the
emergence of potential deformation twinning in all three materials. Since the deformation
twinning in the results depends strongly on the grain boundary shear modulus, one might
be able to validate the results by observing the twinning behavior of materials with a trace
amount of alloying element that segregates strongly to the GB area, therefore modifying
the GB shear properties.

The simulative findings emphasize the significance of deformation twinning, which
predominantly occurs near grain boundaries. This phenomenon is particularly pronounced
in materials such as nickel, with high melting points and relatively low critical shear strains.
Understanding the prevalence and behavior of deformation twinning provides insights for
real-world applications. Twin boundaries act as effective barriers to dislocation motion, re-
sulting in improved strength, hardness, and ductility of the material. By carefully selecting
the appropriate material or alloy, it is possible to anticipate a higher prevalence of twinning
boundaries within the material. Materials can be designed to exhibit enhanced strength,
ductility, and strain-hardening capabilities. For instance, Zhang et al. [52] conducted a
study on stainless steel films produced via Magnetron-sputter deposition. They found
that the films, characterized by a high density of twins along the {111} crystallographic
plane, exhibited a hardness approximately one order of magnitude higher than that of bulk
stainless-steel films. This indicates that the introduction of twin boundaries can significantly
enhance the mechanical properties of the material, leading to a substantial increase in hard-
ness. Furthermore, it opens up possibilities for intentionally inducing physical shrinkage
to promote deformation twinning as a strategy for enhancing material properties. These
research outcomes are instrumental in guiding the design and optimization of materials,
ultimately leading to improved performance and reliability in practical applications.

It is noted that the current model did not explicitly consider the effect of the semi-solid
mushy zone which has been extensively studied in previous works [53–55]. Shrinkage-
induced stress within intergranular liquid channels in the mushy zone has long been
related to the formation of solidification defects [56,57]. Due to the limitation of the method
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used in this work, this important contribution of stress within the microstructure was not
considered. However, it has been shown that considering the mushy zone will significantly
increase the stress inhomogeneity in the microstructure which might be added on top of
the macroscopic stress distribution in the materials [53]. One should also note that the
grain size in this work is controlled by the interface thickness in the PF model used in
the calculation of thermal shrinkage induce strain. It has been shown that this interface
thickness can be chosen to be much larger than the physical thickness of grain boundaries
as long as the interface region in the model is much smaller than the grain interior in the
model [58]. From this point of view, the grain size used here could be any size larger than
a couple of nm which is set by the ratio of the grid points between the grain interior and
the GB in the model. However, since the model did not consider the role of dislocations in
the deformation process, the strain calculation can only be close to realistic for grain sizes
smaller than 100 nm.

4. Conclusions

The deformation twinning mechanism for the formation of twin structures in rapid
solidification processes is examined numerically in this work. Critical shear strains for the
growth of deformation twins were calculated for Ni, Cu, and Al using a PF approach. The
critical strain is then compared with the thermal shrinkage-induced strain in polycrystalline
structures. The main findings are summarized below.

1. For Ni, the calculated critical shear strain for deformation twinning is about 0.4%
which is similar to the experimentally observed residual strain.

2. The formation of deformation twins is strongly affected by the shear modulus of
the GBs.

3. When the GB shear resistance is significantly reduced, the shear strains in grain
interiors become large enough to trigger the deformation twinning.

While the current model did not consider the semi-solid mushy zone explicitly, one
may expect that the additional stress generated in this region may further increase the
strain inhomogeneity in the solidified microstructure.

Author Contributions: Conceptualization, N.W.; methodology, N.W.; formal analysis, B.H., J.Y. and
Z.L.; investigation, N.W.; resources, N.W., B.H. and J.Y.; data curation, B.H.; writing—original draft
preparation, B.H.; writing—review and editing, N.W. and B.H.; visualization, B.H.; funding acquisi-
tion, N.W. and Y.W. All authors have read and agreed to the published version of the manuscript.

Funding: This research was partially supported by The State Key Laboratory of Rolling and Au-
tomation, grant number No. 2020RALKFKT006 and the Shantou Science and Technology Bureau
(200909094890694).

Institutional Review Board Statement: Not applicable.

Informed Consent Statement: Not applicable.

Data Availability Statement: The computer codes required to reproduce these findings or data
cannot be shared at this time as they are part of an ongoing study.

Acknowledgments: The authors acknowledge the support of GTIIT High Performance Computing
Center for computer time.

Conflicts of Interest: The authors declare no conflict of interest.

References
1. Meyers, M.A.; Mishra, A.; Benson, D.J. Mechanical properties of nanocrystalline materials. Prog. Mater. Sci. 2006, 51, 427–556. [CrossRef]
2. Zhang, Y.; Yuan, G.; Wang, Y.; Fang, F.; Zhang, W.; Zhang, X.; Wang, G. The evolution of Σ3 grain boundaries in the strip-cast

Hi-B grain orientated Fe-6.5% Si alloy. Scr. Mater. 2021, 196, 113768. [CrossRef]
3. Xu, X.L.; Liu, F. Recrystallization and twinning in rapidly solidified nickel based alloys without man-made plastic deformation.

J. Alloy. Compd. 2014, 615, 156–162. [CrossRef]

https://doi.org/10.1016/j.pmatsci.2005.08.003
https://doi.org/10.1016/j.scriptamat.2021.113768
https://doi.org/10.1016/j.jallcom.2014.06.099


Materials 2023, 16, 4503 15 of 16

4. Pham, M.S.; Dovgyy, B.; Hooper, P.A. Twinning induced plasticity in austenitic stainless steel 316 L made by additive manufactur-
ing. Mater. Sci. Eng. A 2017, 704, 102–111. [CrossRef]

5. Wang, H.; An, Y.; Xu, X.; Guo, X.; Hu, Y. Rapid solidification microstructure evolution and grain refinement of deeply undercooled
nickel alloys. Mater. Charact. 2020, 170, 110703. [CrossRef]

6. Bhattacharyya, S.; Heo, T.W.; Chang, K.; Chen, L.Q. A spectral iterative method for the computation of effective properties of
elastically inhomogeneous polycrystals. Commun. Comput. Phys. 2012, 11, 726–738. [CrossRef]

7. Heo, T.W.; Wang, Y.; Bhattacharya, S.; Sun, X.; Hu, S.; Chen, L.Q. A phase-field model for deformation twinning. Philos. Mag. Lett.
2011, 91, 110–121. [CrossRef]

8. Nieman, G.W.; Weertman, J.R.; Siegel, R.W. Mechanical Behavior of Nanocrystalline Metals; No. CONF-9010292-4; Argonne National
Lab: Lemont, IL, USA, 1990.

9. Bush, M.B. Modelling of nanophase materials. Mater. Sci. Eng. A 1993, 161, 127–134. [CrossRef]
10. Kim, T.Y.; Dolbow, J.E.; Fried, E. Numerical study of the grain-size dependent Young’s modulus and Poisson’s ratio of bulk

nanocrystalline materials. Int. J. Solids Struct. 2012, 49, 3942–3952. [CrossRef]
11. Fecht, H.J. Thermodynamic properties and stability of grain boundaries in metals based on the universal equation of state at

negative pressure. Acta Metall. Mater. 1990, 38, 1927–1932. [CrossRef]
12. Tingdong, X.; Lei, Z. The elastic modulus in the grain-boundary region of polycrystalline materials. Philos. Mag. Lett. 2004, 84,

225–233. [CrossRef]
13. Rappaz, M.; Jacot, A.; Boettinger, W.J. Last-stage solidification of alloys: Theoretical model of dendrite-arm and grain coalescence.

Metall. Mater. Trans. A 2003, 34, 467–479. [CrossRef]
14. Fensin, S.J.; Olmsted, D.; Buta, D.; Asta, M.; Karma, A.; Hoyt, J.J. Structural disjoining potential for grain-boundary premelting

and grain coalescence from molecular-dynamics simulations. Phys. Rev. E 2010, 81, 031601. [CrossRef]
15. Lobkovsky, A.E.; Warren, J.A. Phase field model of premelting of grain boundaries. Physica D Nonlinear Phenom. 2002, 164,

202–212. [CrossRef]
16. Mishin, Y.; Boettinger, W.J.; Warren, J.A.; McFadden, G.B. Thermodynamics of grain boundary premelting in alloys. I. Phase-Field

Model. Acta Mater. 2009, 57, 3771–3785.
17. Berry, J.; Elder, K.R.; Grant, M. Melting at dislocations and grain boundaries: A phase field crystal study. Phys. Rev. B 2008,

77, 224114. [CrossRef]
18. Wang, N.; Spatschek, R.; Karma, A. Multi-phase-field analysis of short-range forces between diffuse interfaces. Phys. Rev. E 2010,

81, 051601. [CrossRef]
19. Broughton, J.Q.; Gilmer, G.H. Grain-boundary shearing as a test for interface melting. Model. Simul. Mater. Sci. Eng. 1998,

6, 87. [CrossRef]
20. Chen, L.Q.; Yang, W. Computer simulation of the domain dynamics of a quenched system with a large number of nonconserved

order parameters: The grain-growth kinetics. Phys. Rev. B 1994, 50, 15752. [CrossRef]
21. Hu, S.Y.; Chen, L.Q. A phase-field model for evolving microstructures with strong elastic inhomogeneity. Acta Mater. 2001, 49,

1879–1890. [CrossRef]
22. Yu, P.; Hu, S.Y.; Chen, L.Q.; Du, Q. An iterative-perturbation scheme for treating inhomogeneous elasticity in phase-field models.

J. Comput. Phys. 2005, 208, 34–50. [CrossRef]
23. Christian, J.W. The Theory of Transformations in Metals and Alloys; Elsevier: Amsterdam, The Netherlands, 2002.
24. Mahajan, S.; Williams, D.F. Deformation twinning in metals and alloys. Int. Metall. Rev. 1973, 18, 43–61. [CrossRef]
25. Cottrell, A.H.; Bilby, B.A., LX. A mechanism for the growth of deformation twins in crystals. Lond. Edinb. Dublin Philos. Mag. J.

Sci. 1951, 42, 573–581. [CrossRef]
26. Sleeswyk, A.W. 1

2 < 111> screw dislocations and the nucleation of {112}<111> twins in the bcc lattice. Philos. Mag. 1963, 8,
1467–1486.

27. Venables, J.A. On dislocation pole models for twinning. Philos. Mag. 1974, 30, 1165–1169. [CrossRef]
28. Ogawa, K. Edge dislocations dissociated in {112} planes and twinning mechanism of bcc metals. Philos. Mag. 1965, 11, 217–233. [CrossRef]
29. Leslie, W.C. Microstructural effects of high strain rate deformation. In Metallurgical Effects at High Strain Rates; Springer: Boston,

MA, USA, 1973; pp. 571–586.
30. Qin, B.; Bhadeshia, H.K.D.H. Plastic strain due to twinning in austenitic TWIP steels. Mater. Sci. Technol. 2008, 24, 969–973. [CrossRef]
31. Kibey, S.; Liu, J.B.; Johnson, D.D.; Sehitoglu, H. Energy pathways and directionality in deformation twinning. Appl. Phys. Lett.

2007, 91, 181916. [CrossRef]
32. Williams, D.F. A Discussion of Schmid Factors for Twinning in BCC Crystals. Met. Sci. J. 1967, 1, 94–96. [CrossRef]
33. Ikeda, S.; Takeuchi, T. Stress and delay time for the appearance of twinning deformation in iron single crystals. J. Phys. Soc. Jpn.

1965, 20, 2152–2160. [CrossRef]
34. Hull, D. Effect of grain size and temperature on slip, twinning and fracture in 3% silicon iron. Acta Metall. 1961, 9, 191–204. [CrossRef]
35. Yang, P.; Xie, Q.; Meng, L.; Ding, H.; Tang, Z. Dependence of deformation twinning on grain orientation in a high manganese

steel. Scr. Mater. 2006, 55, 629–631. [CrossRef]
36. Yamakov, V.; Wolf, D.; Phillpot, S.R.; Gleiter, H. Deformation twinning in nanocrystalline Al by molecular-dynamics simulation.

Acta Mater. 2002, 50, 5005–5020. [CrossRef]

https://doi.org/10.1016/j.msea.2017.07.082
https://doi.org/10.1016/j.matchar.2020.110703
https://doi.org/10.4208/cicp.290610.060411a
https://doi.org/10.1080/09500839.2010.537284
https://doi.org/10.1016/0921-5093(93)90483-U
https://doi.org/10.1016/j.ijsolstr.2012.08.023
https://doi.org/10.1016/0956-7151(90)90304-Y
https://doi.org/10.1080/09500830410001663383
https://doi.org/10.1007/s11661-003-0083-3
https://doi.org/10.1103/PhysRevE.81.031601
https://doi.org/10.1016/S0167-2789(02)00377-9
https://doi.org/10.1103/PhysRevB.77.224114
https://doi.org/10.1103/PhysRevE.81.051601
https://doi.org/10.1088/0965-0393/6/1/008
https://doi.org/10.1103/PhysRevB.50.15752
https://doi.org/10.1016/S1359-6454(01)00118-5
https://doi.org/10.1016/j.jcp.2005.02.015
https://doi.org/10.1179/imr.1973.18.2.43
https://doi.org/10.1080/14786445108561272
https://doi.org/10.1080/14786437408207269
https://doi.org/10.1080/14786436508221852
https://doi.org/10.1179/174328408X263688
https://doi.org/10.1063/1.2800806
https://doi.org/10.1179/msc.1967.1.1.94
https://doi.org/10.1143/JPSJ.20.2152
https://doi.org/10.1016/0001-6160(61)90069-4
https://doi.org/10.1016/j.scriptamat.2006.06.004
https://doi.org/10.1016/S1359-6454(02)00318-X


Materials 2023, 16, 4503 16 of 16

37. An, X.; Ni, S.; Song, M.; Liao, X. Deformation twinning and detwinning in face-centered cubic metallic materials. Adv. Eng. Mater.
2020, 22, 1900479. [CrossRef]

38. Clayton, J.D.; Knap, J. A phase field model of deformation twinning: Nonlinear theory and numerical simulations. Physica D
Nonlinear Phenom. 2011, 240, 841–858. [CrossRef]

39. Hu, S.; Henager, C.H., Jr.; Chen, L. Simulations of stress-induced twinning and de-twinning: A phase field model. Acta Mater.
2010, 58, 6554–6564. [CrossRef]

40. Kibey, S.; Liu, J.B.; Johnson, D.D.; Sehitoglu, H. Predicting twinning stress in fcc metals: Linking twin-energy pathways to twin
nucleation. Acta Mater. 2007, 55, 6843–6851. [CrossRef]

41. Chen, L.Q.; Shen, J. Applications of semi-implicit Fourier-spectral method to phase field equations. Comput. Phys. Commun. 1998,
108, 147–158. [CrossRef]

42. Wilson, A.J.C. The thermal expansion of aluminium from 0 to 650 ◦C. Proc. Phys. Soc. 1941, 53, 235. [CrossRef]
43. Hahn, T.A. Thermal expansion of copper from 20 to 800 K—Standard reference material 736. J. Appl. Phys. 1970, 41, 5096–5101. [CrossRef]
44. Chen, M.; Ma, E.; Hemker, K.J.; Sheng, H.; Wang, Y.; Cheng, X. Deformation twinning in nanocrystalline aluminum. Science 2003,

300, 1275–1277. [CrossRef] [PubMed]
45. Wu, X.L.; Zhu, Y.T. Inverse grain-size effect on twinning in nanocrystalline Ni. Phys. Rev. Lett. 2008, 101, 025503. [CrossRef] [PubMed]
46. Kollie, T.G. Measurement of the thermal-expansion coefficient of nickel from 300 to 1000 K and determination of the power-law

constants near the Curie temperature. Phys. Rev. B 1977, 16, 4872. [CrossRef]
47. Lu, G.; Kioussis, N.; Bulatov, V.V.; Kaxiras, E. Generalized-stacking-fault energy surface and dislocation properties of aluminum.

Phys. Rev. B 2000, 62, 3099. [CrossRef]
48. Wu, X.L.; Ma, E. Deformation twinning mechanisms in nanocrystalline Ni. Appl. Phys. Lett. 2006, 88, 061905. [CrossRef]
49. Li, Y.; Qian, D.; Xue, J.; Wan, J.; Zhang, A.; Tamura, N.; Chen, K. A synchrotron study of defect and strain inhomogeneity in

laser-assisted three-dimensionally-printed Ni-based superalloy. Appl. Phys. Lett. 2015, 107, 181902. [CrossRef]
50. Bufford, D.; Liu, Y.; Zhu, Y.; Bi, Z.; Jia, Q.X.; Wang, H.; Zhang, X. Formation mechanisms of high-density growth twins in

aluminum with high stacking-fault energy. Mater. Res. Lett. 2013, 1, 51–60. [CrossRef]
51. Guan, Q.F.; Pan, L.; Zou, H.; Wu, A.M.; Hao, S.Z.; Zhang, Q.Y.; Zou, G.T. Stacking fault tetrahedra in aluminum. J. Mater. Sci.

2004, 39, 6349–6351. [CrossRef]
52. Zhang, X.; Misra, A.; Wang, H.; Nastasi, M.; Embury, J.D.; Mitchell, T.E.; Hoagland, R.G.; Hirth, J.P. Nanoscale-twinning-induced

strengthening in austenitic stainless steel thin films. Appl. Phys. Lett. 2004, 84, 1096–1098. [CrossRef]
53. Rappaz, M.; Dantzig, J.A. Solidification; EPFL Press: Lausanne, Switzerland, 2016.
54. Asta, M.; Beckermann CKarma, A.; Kurz, W.; Napolitano, R.; Plapp, M.; Purdy, G.; Rappaz, M.; Trivedi, R. Solidification

microstructures and solid-state parallels: Recent developments, future directions. Acta Mater. 2009, 57, 941. [CrossRef]
55. Zhu, M.; Zhang, L.; Zhao, H.; Stefanescu, D.M. Modeling of microstructural evolution during divorced eutectic solidification of

spheroidal graphite irons. Acta Mater. 2015, 84, 413–425. [CrossRef]
56. Wang, N.; Smith, N.; Provatas, N. Investigating gas-phase defect formation in late-stage solidification using a novel phase-field

crystal alloy model. Phys. Rev. Mater. 2017, 1, 043405. [CrossRef]
57. Wang, N.; Kocher, G.; Provatas, N. A phase-field-crystal alloy model for late-stage solidification studies involving the interaction

of solid, liquid and gas phases. Philos. Trans. R. Soc. A Math. Phys. Eng. Sci. 2018, 376, 20170212. [CrossRef] [PubMed]
58. Karma, A.; Rappel, W.J. Quantitative phase-field modeling of dendritic growth in two and three dimensions. Phys. Rev. E 1998,

57, 4323. [CrossRef]

Disclaimer/Publisher’s Note: The statements, opinions and data contained in all publications are solely those of the individual
author(s) and contributor(s) and not of MDPI and/or the editor(s). MDPI and/or the editor(s) disclaim responsibility for any injury to
people or property resulting from any ideas, methods, instructions or products referred to in the content.

https://doi.org/10.1002/adem.201900479
https://doi.org/10.1016/j.physd.2010.12.012
https://doi.org/10.1016/j.actamat.2010.08.020
https://doi.org/10.1016/j.actamat.2007.08.042
https://doi.org/10.1016/S0010-4655(97)00115-X
https://doi.org/10.1088/0959-5309/53/3/305
https://doi.org/10.1063/1.1658614
https://doi.org/10.1126/science.1083727
https://www.ncbi.nlm.nih.gov/pubmed/12714676
https://doi.org/10.1103/PhysRevLett.101.025503
https://www.ncbi.nlm.nih.gov/pubmed/18764195
https://doi.org/10.1103/PhysRevB.16.4872
https://doi.org/10.1103/PhysRevB.62.3099
https://doi.org/10.1063/1.2172404
https://doi.org/10.1063/1.4934839
https://doi.org/10.1080/21663831.2012.761654
https://doi.org/10.1023/B:JMSC.0000043606.48550.f4
https://doi.org/10.1063/1.1647690
https://doi.org/10.1016/j.actamat.2008.10.020
https://doi.org/10.1016/j.actamat.2014.10.057
https://doi.org/10.1103/PhysRevMaterials.1.043405
https://doi.org/10.1098/rsta.2017.0212
https://www.ncbi.nlm.nih.gov/pubmed/29311210
https://doi.org/10.1103/PhysRevE.57.4323

	Introduction 
	Materials and Methods 
	Thermal Strain Inhomogeneity in Polycrystalline Structures 
	Phase-Field Model of Deformation Twinning 
	Energy Landscape 
	Interfacial Energy 
	Elastic Energy 
	Order Parameters Evolution 


	Results and Discussion 
	Conclusions 
	References

