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Abstract: In this study, a new parameter control scheme is proposed for the differential evolution
algorithm. The developed linear bias reduction scheme controls the Lehmer mean parameter value
depending on the optimization stage, allowing the algorithm to improve the exploration properties
at the beginning of the search and speed up the exploitation at the end of the search. As a basic
algorithm, the L-SHADE approach is considered, as well as its modifications, namely the jSO and
DISH algorithms. The experiments are performed on the CEC 2017 and 2020 bound-constrained
benchmark problems, and the performed statistical comparison of the results demonstrates that the
linear bias reduction allows significant improvement of the differential evolution performance for
various types of optimization problems.
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1. Introduction

The Computational Intelligence (CI) methods include a variety of approaches, such as Evolutionary
Computation (EC), Fuzzy Logic (FL), and Neural Networks (NN). Despite the differences among
these directions, one of the most important research areas that connects the parts if CI is the classical
numerical optimization, and thus, the development of modern optimization techniques is one of
the most important directions. The new heuristic optimization methods, including Evolutionary
Algorithms (EA) and Swarm Intelligence (SI), are usually developed by introducing new algorithmic
schemes [1] or parameter control or adaptation techniques [2]. Among the numerical optimization
techniques, the Differential Evolution (DE) algorithm [3] has attracted the attention of a large number
of researchers due to its simplicity and high performance [4]. The results of the annual competitions
on numerical optimization, conducted within the IEEE Congress on Evolutionary Computation,
show [5] that in the last few years, the winners have been mostly DE-based frameworks, which include
hybridization or novel parameter tuning techniques.

Currently, one of the main directions of studies on differential evolution is the development
of parameter adaptation techniques. The parameter tuning mechanism should rely on the search
process quality, usually fitness values and their improvement, and for a tuning scheme to be efficient, it
should be designed with respect to the algorithm properties, which leads to many different adaptation
schemes developed for specific algorithms. The final goal of every tuning scheme is similar: provide
the algorithm with the ability to tune parameters to suboptimal values at every stage of the search so
that the best possible solution is reached at the end. Several recent surveys considered the existing
variants of DE and their properties [6,7].

The parameter tuning techniques include parameter adaptation and parameter control methods:
the former change parameter values based on feedback, while the latter follow a predetermined
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control strategy. Some of the recent advances in parameter adaptation include the success-history
adaptation-based SHADE algorithm [8] and the distance-based DISH modification [9], while parameter
control includes the linear population size reduction method in the L-SHADE approach [10], as well
as rules for parameter control in the jSO algorithm [11]. All these modifications have shown that the
potential of DE improvements is far from being exhausted, and thus, new investigations in this area
are important.

In this study, the linear bias reduction technique is proposed, which changed the success-history-based
parameter adaptation scheme by introducing the generalized Lehmer mean proposed in [12] and a rule
for changing the coefficient in the Lehmer mean depending on the stage of the search. The experiments
are performed on the benchmark functions of the CEC 2017 and CEC 2020 competitions, and the
results are compared to the state-of-the-art approaches.

The paper is organized as follows: the second section contains the description of the modern
DE variants and, then, proposes the linear bias reduction approach; the third section contains the
experimental results and comparison; the fourth section contains the discussion; and the last section
concludes the paper, providing the directions for further research.

2. Materials and Methods

2.1. Differential Evolution Algorithm

The original differential evolution algorithm was proposed by Storn and Price [13], and its
main feature was the usage of differences between the vectors representing solutions, hence the
name of the algorithm. It has received much attention from researchers mainly because it is easy to
implement and it has high efficiency. The DE starts with a population of randomly initialized solutions
Xjj = rand(Xpyax,j — Xpinj), where i = 1,..., NP, j = 1,...,D, Xy j and Xqy; are the lower and
upper bounds of the search area for variable j, NP is the initial population size, and D is the problem
dimension. After initialization, the algorithm proceeds with the mutation, crossover, and selection
operations. The theoretical considerations of all these steps were studied in [14].

There are several mutation schemes known for DE, and the basic strategy is called rand /1 and
implemented as follows:

vij = Xn,j+ F(X2j — X3), 1)
where F is the scaling factor parameter and indexes 1, r2 and r3 are mutually different and randomly

generated. There were several more advanced strategies proposed, including the current-to-pbest/1,
introduced in JADE [15] and also used in the SHADE framework [8]:

i ; = Xij + F(Xppestj — Xij) + F(x1,) — %r2,/) 2)

where pbest is the index of one of the pb * 100% best in terms of fitness individuals and pbest # r1 #
r2 #i.

The mutation strategies significantly influence the algorithm performance and require specific
parameter tuning techniques; most of them randomly sample F and Cr values. There were several
modifications to the current-to-pbest/1 strategy, including the current-to-pbest-w/1 strategy introduced in
jSO [11], which significantly improved the performance:

vij = Xij + Fo(xppj — xij) + F(x1, — Xp2,)), 3)
where F,, is defined as follows:

0.7F, if NFE < 0.2NFEsax,
Fo = { 0.8F, if 0.2NFEpax < NFE < 0.ANFEax, @)

1.2F, otherwise.
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where NFE is the number of function evaluations and NFE,,,, is the total computational resource.
In L-SHADE-RSP (L-SHADE with Rank-based Selective Pressure) [16], the mutation strategy was
modified with selective pressure resulting in current-to-pbest-w/r, which allowed faster convergence.
In current-to-pbest-w/r, the last index r2 is selected considering the fitness values of the individuals
in the population, i.e., the rank values rank; =i,i = 1... NP are set, with the largest rank assigned
to the best individual (smallest goal function value in the case of minimization). The probabilities of
individuals being selected are calculated as follows:
sl rank;

= " 5
! Z]I\LPl mnkj ©)

After the mutation step, the crossover is performed, where the newly generated donor vector v;
is combined with the current vector x;. There are two types of crossover operations known for DE,
namely the binomial and exponential crossover. The exponential crossover is mostly used when there
are known connections between adjacent variables, while the binomial crossover is more popular and
implemented as follows:

uiy = {vl,], if rand(0,1) < Cror j = jrand ®)

x;j, otherwise

The jrand index is randomly generated in [1, D] and is needed to make sure that at least one
component is taken from the donor vector, and Cr is the crossover rate parameter. The jSO algorithm
additionally changes the Cr generation, so that large values of the crossover rate are not allowed at the
beginning of the search:

max(Cr,0.7), if NFE < 0.25NFEyaz,
Cr = { max(Cr,0.6), if 0.25NFEyx < NFE @)
and NFE < 0.5NFE .

After generating the trial solution u;, the bound constraint handling method is applied to make
sure that all vectors are within the search bounds:

®)

xmaxj—&-xi,j

min + %) if u; ; < xmin;
7
;= 2 ij i
’ 2, ifu;; > xmax;

After calculating the fitness of the trial solution f(u;), the selection step is performed:
CoAf Flug ) < fxs
xl’] _ {ul,] ? f(ul,]) — f(xl,]) . (9)

xij, if fuij) > f(x))

Most DE implementations use greedy selection, where the newly generated solution is accepted
only if it improves its corresponding current solution x;.

In addition, JADE, SHADE, L-SHADE, jSO, L-SHADE-RSP, and other approaches use an external
archive of solutions. The archive is initially empty and is filled with parent vectors, replaced during
selection. The archive usually has the same size as the population, and after its size hits the maximum
value, newly inserted solutions replace randomly chosen ones. The archived solutions are used in
current-to-pbest/1 mutation strategies in the last random index: 12 is either selected from the population
or the archive.

2.2. Related Studies on Differential Evolution

The original proposal of the original DE algorithm [13] included the three main control parameters
of the algorithm: the population size NP, scaling factor F, and crossover rate Cr. Most of the further
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studies on DE were focused on either developing methods to control or adapt these parameters
or proposing new mutation strategies and modifying the algorithm scheme. Some of the earliest
theoretical works [17,18] considered the convergence properties of the DE and their connection to
parameter settings on a set of benchmark problems, resulting in a set of recommendations for parameter
values mainly in connection with the current population variance [19,20].

Although these findings were important for the field, the adaptive DE variants appeared to have
more influence on the field. Starting with one of the earlier studies [21], which proposed the popular
jDE approach, which proposed the random generation of F and Cr with remembering successful values,
there was a set of other adaptive DE variants proposed, including the SDE [22], SaDE (Self-adaptive
Differential Evolution) [23], and the already mentioned JADE algorithm [15]. All these methods are
based on sampling parameter values with random values distributed either with a uniform, normal, or
Cauchy distribution. The most efficient scheme used guided adaptation, where more efficient parameter
values were determined based on fitness values, like in the JADE [15] or SHADE [8] approach. In [24],
the scale factor local search approach was proposed, where unlike the jDE algorithm, where the F
parameter is generated randomly, the local search algorithms are used, such as the golden ratio or
hill-climb. The idea of such a local search is similar to the steepest descent method, where the step size
is optimized to get the best possible improvement.

In [25], the parameter control strategy was proposed, where the scaling factor was linearly
decreased with the iteration number, allowing achieving better results compared to other methods.
Several studies [26,27] have proposed different approach to the parameter adaptation, where a pool of
fixed parameter values is maintained, and some of them are randomly chosen during the search process.
A number of papers described the adaptive selection of mutation strategies used in the DE algorithm,
for example adaptive DE with four mutation strategies [28] or a multi-population ensemble of mutations
strategies [29]. In [30], the multi-population DE with scaling factor inheritance was proposed, where
efficient solutions from one population were transferred to another together with the scaling factor.

Despite the demonstrated efficiency of these approaches, the annual competitions on
bound-constrained single-objective optimization organized within the Congress on Evolutionary
Computation demonstrate that the most promising approaches are DE with adaptive parameter values,
such as SHADE [31] or jDE variants, or hybrid methods, such as LSHADE-SPACMA [32], where
L-SHADE was hybridized with CMA-ES (Covariance-Matrix Adaptation Evolution Strategy) with
dynamic resource redistribution, or [33], where the super-fit individual generated with CMA-ES was
included in the population, although the multi-strategy methods also demonstrate highly competitive
results [34].

Several surveys were published discussing the problem of parameter adaptation in DE and
considering the existing methods’ advantages and drawbacks; a detailed taxonomy was presented
in [35]. According to the results of this study, one of the most efficient schemes, the success-history
adaptation, was initially introduced in the SHADE algorithm, the winner of CEC 2014 competition,
and it represents the parameter tuning techniques introduced in JADE. SHADE maintains H memory
cells, each keeping a pair (Mg j,, Mc, ), where I is the current memory index. For every mutation and
crossover operation, new values are generated as follows:

F = randc(Mpy,0.1), Cr = randn(Mc,x,0.1), (10)

where randc is a Cauchy distributed random value, randn is normally distributed, and k is chosen
in the range [1, D] for every individual. The memory cells are used as location parameters of the
distributions, and if the generated F value is below zero, it is generated again; however, if F > 1,
then it is set to one; also if Cr < 0, then Cr = 0, and if Cr > 1, then Cr = 1.

The memory cells are updated using the values of F and Cr, which allow generating solutions with
better fitness values. The successful F and Cr are stored in Sr and Sc,, as well as Af; = |f(u;) — f(x;)].
The update is performed as follows:
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MEL = 0.5(M§ | + meanyy (F)), (11)

MES L = 05(MS, , + meany (Cr)), (12)

where ¢ is the current generation number and mean,, is the weighted Lehmer mean calculated
as follows: "

g2

Zj:1 w;S j
1|

L1 WjS;

meany,;, =

(13)

Af; I

where w; = ‘5‘# and S is either S¢, or Sg.
Zk=1 Af k

Except the success-history adaptation, there are several other popular parameter adaptation

methods, for example the jDE algorithm [21], which has been shown to be very efficient in solving
complex optimization problems if a large computational resource is given [36]. In jDE, the following
mechanism was proposed: for every individual in the population, a memory cell keeping a pair of
F and Cr values is maintained. Initially, the values for all cells are set to Mp; = 0.5 and Mc¢,; = 0.9,
i=1,...,NP, and new values are generated before the mutation and crossover operations:

random(F;, F,), if random(0,1) < 7
Fig1 = ' . : (14)
Fig, otherwise
In a similar manner, the Cr values are generated:
random(0,1), if random(0,1) < &
Crigi1 = | . (15)
Crig, otherwise

The parameters 11 and 1, control the frequency of the F and Cr change and usually are set to 0.1.
If the offspring generated with these parameter values have better fitness compared to the parent,
then these F and Cr values are saved in the corresponding memory cells. The resulting jDE algorithm
appeared to be highly competitive despite its simplicity, and its modifications jDE100 [37] and j2020 [36]
have shown promising results during the CEC 2019 and CEC 2020 competitions on single-objective
bound-constrained optimization with a large computational resource.

One of the three main parameters of DE is the population size NP. There have been several important
studies on the DE population size, including [38]. Although several population size tuning algorithms
exist, for example the structured population size reduction introduced in the SPSRDEMMS (Structured
Population Size Redution Differential Evolution with Multiple Mutation Strategies) algorithm [39], the
idea proposed in L-SHADE, the Linear Population Size Reduction (LPSR) is one of the most widely
used. In LPSR, one or several individuals to be deleted is determined, and the worst in terms of fitness
are removed at the end of each generation g. The new population size is calculated as follows:

Npmin — NPyax

NP, = d
o round( NEE,

NFE) + NPyax (16)
where NP,,;,, = 4is the minimal population size and NP, is the initial population size. The population
size reduction idea is to allow a wide search at the beginning to cover as much search space as possible,
but later decrease the population size for better convergence to the best located optimum. The archive
size NA is decreased in the same way as NP.

2.3. Proposed Approach: Linear Bias Reduction

One of the problems in parameter adaptation for DE is the existence of structural bias in the
parameter adaptation process. For example, the problem of reaching different areas of the search space
by DE was discussed in [40]. The JADE and SHADE algorithms used the Lehmer mean [41] instead of



Algorithms 2020, 13, 283 60of 17

the classical arithmetical mean to avoid the structural bias in terms of parameter values, because it is
much easier for the algorithm to generate better solutions with smaller F and Cr values than larger F
and Cr, because smaller parameter values result in more local search, and thus easy improvements.
However, such greedy behavior could only be beneficial from a short-term perspective, and only for
local search. In [12], the generalized Lehmer mean was proposed, where a larger p parameter in the
mean was allowed:
IS p.gP
j=1Yi%j
meany y 1 (S) = ——— (17)
pa, Z‘S‘ w:S™m
j=1"77]

The provided equation in its general form defines a group of means, and the values of p and m
control the bias towards smaller or larger values. For example, meatng 1 ;1. (S) is the harmonic mean,
meangs 1, (S) the geometric mean, meanyq 4 (S) the arithmetic mean, and meanyq 41 (S) the
contraharmonic mean. Any biased mean could be obtained by setting the parameter values, and the
graph of possible meany, , ;1 is presented in Figure 1.

meanp m, wL(S)

Figure 1. Generalized weighted Lehmer mean depending on parameters p and m.

The behavior of the parameter adaptation in DE could be significantly influenced by the newly
generated (Mg, Mc, ) values, so that the setting of p and m may influence the sampled F and
Cr values, thus leading to a more explorative search, with large p and small m, or a more exploitative
search with small p and large m. Further, in this study, the fixed setting of m = p — 1 will be used,
as changing only the p parameter in the Lehmer mean is sufficient to control the biased mean.

Inspired by the idea of linear population size reduction, the Linear Bias Reduction (LBR) technique
is proposed. As long as in most cases, the computational resource limit is known, at the beginning of
the search process, more exploration is required to find the most promising areas of the search space,
while at the end, fast convergence is required. The linear bias reduction starts with a large pqx value
and gradually decreases the Lehmer mean parameter down to p,;,, as follows:

NFE — NFE
Pg = Pmin + (pmax - pmin) * #max (18)
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In this study, the lower limit is set to p,;, = 1, which corresponds to the arithmetic mean, while
the upper limit p,;x is changed. The idea of LBR is inherited from the linear parameter reduction
scheme L-SHADE algorithm [10] and other studies, such as [25]. The pseudocode of the L-SHADE-LBR
is presented in Algorithm 1.

Algorithm 1 L-SHADE-LBR.

1: Set NPy, NFE = 0, NP = NPyux D, NFE 4z,
2: H=5A=®, Mg, =05, M¢,, =08,r=1...H

3: Mpps+1 =09, My g1 =09, NA = 0.7NP if jSO
4 ¢=0
5: Initialize population Py = (x1, ..., Xnp,) randomly
6: while NFE < NFE,; do
7. Sr=Q,50=0,AM =0
8 fori=1to NP do
9 Current memory index r = randint[1, H 4+ 1]
10 Cr = randn(Mc,,,0.1)
11 Cr = min(1, max(0,Cr))
12: repeat
13: F = randc(Mg,,0.1)
14 until F > 0
15 F =min(1,F)
16 Get F, if jSO
17 Limit Cr if jSO
18 repeat
19 Randomly generate r; from p% best
20: Randomly generate r; from 1, NP,
21: Randomly generate r3 from 1, NAg + NP,
22: untili #£r1 #ry #13
23: forj=1to D do
24: if jSO then
25: vij = Xij + Fo(%rj = Xij) + F(%Xry j — Xry 1)
26: else
27: vij = Xij + F(xrj = Xij) + F(%Xpy j — Xry )
28: end if
29: end for
30: Get u; with Cr, and calculate f(u;)
31: if f(u;) < f(x;) then
32: xi — A, x; =u;, F— Sp, CF%SC,A,f(X,')ff(Hﬂ *)Af
33: end if
34: end for
35: Update population size NP,
36: Recalculate maximum archive size NAg.1

37: Recalculate LBR p, parameter
38: if [A| > NAgy; then

39: Remove random individuals from the archive

40: end if

41: if NP, > NP, then

42: Remove worst individuals from the population

43: end if

44: if Sp # @ and Sc, # @ then

45: if DISH then

46: Update Mg and Mc,; with LBR and Af as the weight
47: else

48: Update Mg and Mc, with LBR and distance as the weight
49: end if

50: end if

51: k=k+1,g=g+1
52: if k > H then

53: k=1

54: end if

55: end while

56: Return best solution Xy,

The next section contains the experimental setup and results of the LBR application to
state-of-the-art DE algorithms on the CEC 2017 and 2020 competitions benchmark problems.

3. Results

The evaluation of the linear bias reduction approach was performed on two sets of benchmark
problems, in particular the CEC 2017 [5] and CEC 2020 [42] competitions on bound-constrained
single-objective optimization. These two sets of test problems were chosen because they represent two
different scenarios: the CEC 2017 tests algorithms on 30 different 10, 30, 50, and 100D problems with a
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limited computational resource, and CEC 2020 has only 10 problems in 5, 10, 15, and 20 dimensions,
but allows exponential growth of the computational resource available. For CEC 2017 problems, the
resource was set to 10,000D fitness evaluations, and for CEC 2020 it was set to 50,000, 10°, 3 x 10°,
and 107 for 5D, 10D, 15D, and 20D respectively. All test problems were shifted and rotated to avoid
the cheating of the algorithms.

The LBR modification was tested with the L-SHADE, jSO, and DISH algorithms, and the following
parameters were set for all algorithms: initial population size NP,y = 25 -log(D) - v/D for CEC 2017,
NPuax = 30D -+/D for CEC 2020, final population size NP,,;, = 4, pbest = 0.17, archive size
NA = NP, number of memory cells H = 5. The initial value of p;;ax in LBR was set to 40 for F update
and 32 for Cr update; these values were chosen according to the experimental results reported in [12].
The algorithm was implemented in C++ with GCC and run on a PC with Ubuntu 20.04, an Intel Core
i7 8700 k processor, and 32 GB RAM, with the results” post-processing performed using Python 3.6.

The comparison of the results was performed for L-SHADE, jSO, and DISH with and without LBR.
In the case that LBR was not used, the p-values in the Lehmer mean were set to two. The Mann-Whitney
statistical test with normal approximation, tie-breaking, and the significance level set to 0.01 was
applied to identify the difference between algorithm modifications. Table 1 presents the results of
comparing the basic L-SHADE with L-SHADE-LBR on all dimensions of the CEC 2017 test problems.
The values in the table show the number of wins (+), non-significant differences (=), and losses (—)
summed over all functions.

Table 1. Statistical comparison of algorithms with and without LBR, Mann-Whitney test, CEC 2017 problems.

Algorithm 10D 30D 50D 100D
L-SHADE vs. L-SHADE-LBR  0+/27 = /3— 8+/21=/1— 17+/12=/1— 16+/10=/4—
jSO vs. jSO-LBR 0+/29=/1— 5+/24=/1— 10+/20=/0— 12+/16=/2—
DISH vs. DISH-LBR 0+/30=/0— 2+/28=/0— 4+/25=/1— 9+/16 = /5—

The results presented in Table 1 show that the LBR gives up to 16 improvements for L-SHADE
on 100-dimensional functions and 17 improvements for 50-dimensional functions. The jSO and DISH
algorithms, which perform better than L-SHADE, and LBR give smaller improvements for these
algorithms. Furthermore, the greater the dimension of the test problems, the more improvements are
achieved, i.e., for example, for 10-dimensional problems, the LBR does not deliver any improvements,
and for L-SHADE and jSO, there are even several performance deteriorations. Most of the improvements
are for multimodal, hybrid, and composition functions.

Tables 2-5 contain the results for all CEC 2017 functions for all dimensions. The results presented
in Tables 2-5 show that the linear bias reduction has the largest influence on 50- and 100-dimensional
functions. Best values for each function are highlighted with bold. Table 6 contains the Mann-Whitney
tests for the CEC 2020 benchmark problems.

The results presented in Table 6 shows that the LBR allows up to two improvements for the
L-SHADE algorithm for 10D, 15D, and 20D, and one decreased performance. The improvements were
mainly for functions f5 and f6, i.e., hybrid functions. For the jSO algorithm, there were up to three
improvements for 15D, and for the DISH algorithm, which also included jSO adaptations, there were
up to two improvements, which were observed for {5, {6, and {7.
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Table 2. Results for CEC 2017 problems, 10D.
Function L-SHADE jSO DISH

f1 0.0 £ 0.0 0.0 £ 0.0 0.0 + 0.0

2 0.0 £ 0.0 0.0 £ 0.0 0.0 + 0.0

3 0.0 £ 0.0 0.0 £ 0.0 0.0 £ 0.0

f4 0.0 £ 0.0 0.0+ 0.0 0.0+ 0.0

5 1.466332x10° + 7.966326x 10~ 1.820984x10° + 8.296894x 101 2.028990x10° + 9.021237x 10!
f6 0.0 £ 0.0 0.0 £ 0.0 0.0 + 0.0

7 1.165531x 10! + 4.999618x 10! 1.206354x 10! + 5.092644x 107! 1.202930% 10! =+ 5.555746x 10!
f8 1.338034x 100 + 8.316749x 101 1.878932x10° + 8.513805%x 10! 1.853360% 109 + 1.042962 x 10°
9 0.0+ 0.0 0.0 +0.0 0.0+ 0.0

10 2.224059x 10! + 4.032137 x 101 1.822742x 10! + 3.227775x 101 3.377682x 10! + 5.852428 x 101
f11 1.181580%x10 1 +4.216185x10~1  1.516416x10~1 + 3.630057x 10! 0.0+ 0.0

12 1.526398% 10! + 3.919816x10? 2.734428 %1071 + 1.723809x 10! 1.673563x 10! =+ 4.110506 % 10*
13 2.441962x10° + 2.352857 x 109 2.474151x10° + 2.390764 x 100 3.043588x10° + 2.362332x 100
f14 4.638013x1072 + 1.575738x10" 1 4.747525x1072 + 1.948063x10~1  3.902250x 102 + 1.931283x 10!
15 1.346569%x 1071 £+ 1.999631x10~1  1.225807x 107! + 1.933628 x10~1  3.401098x10~! + 2.058195x 10~}
f16 4510030x10~1 +1.916985x10~1  3.580149x10~! + 1.948515x10~!  5.429780x10~! + 3.146415x 10!
17 1.572282x1071 + 1.571081x10~!  1.409888x10 1 + 1.729228x10~!  9.310686x 101 + 2.782305x 10°
18 2.218042x10~1 +1.984943%x10"1  1.422543x107! + 1.699201x10"1  1.992204x10~1 + 1.953476x 10~}
19 9.994697 x 1073 + 1.044910x10~2  1.164565x102 4 1.284938 %1072  1.266488x 1072 =+ 1.275577x 102
20 6.121039x 1073 + 4.328228x 1072  6.121039x103 + 4.328228x1072  3.672626x1071 + 1.476685x 10~}
21 1.450680x 10% + 5.038353 x 101 1.506000% 10% + 5.160565 x 10 1.302909x 102 + 4.692892x 101
22 1.000056x10% + 3.965344x10~2  1.000078 x 102 + 5.532071x 102 1.000000x 102 + 0.0

23 3.010949x 102 + 1.487577 x 109 3.024831x 102 + 1.330968 x 100 3.010731x 102 + 1.481965x10°
24 2.592233 %102 + 1.036631 x 102 2.666515x102 + 1.025191 x 102 2.748786 102 + 9.709894 x 101
25 4237633 %102 + 2.248348 x 10! 4.095063 %102 + 1.979616x 101 4.095055 %102 + 1.979735x 101
26 3.000000x102 + 0.0 2.941176 x 102 + 4.159452 x 101 3.000000% 102 + 0.0

27 3.893875x 102 + 2.231327x 101 3.892298x 102 + 5.642233x 10! 3.894176x 102 + 2.032786x 10!
28 4231326102 + 1.442053 x 102 3.578377x 102 + 1.172708 x 102 3.294695x 102 + 8.948919x 10!
29 2.332684x 102 + 2.297889 x 109 2.334880x 102 + 1.961177 x 100 2.347158 102 + 3.342209x 100
30 3.244280x10* + 1.586213x10° 3.945063 x 102 + 2.293938 x 102 1.641868x10% + 1.133010x 10°

Function L-SHADE-LBR jSO-LBR DISH-LBR

f1 0.0 £ 0.0 0.0 £ 0.0 0.0 £ 0.0

22 0.0 £ 0.0 0.0 £ 0.0 0.0 + 0.0

3 0.0+ 0.0 0.0+ 0.0 0.0+ 0.0

f4 0.0 £ 0.0 0.0+ 0.0 0.0 + 0.0

5 1.931394 %100 + 8.221626x101 1.833883 %100 + 8.894004x 10! 1.775343 %109 + 6.914080x 101
f6 0.0+ 0.0 0.0+ 0.0 0.0+ 0.0

7 1.208296x 10! + 5.567794x 107! 1.216231x 10! + 5.829416x 107! 1.201511x 10! =+ 6.008566x 107!
8 2.185022x10° + 8.815939 x 101 1.853397x 100 + 9.033848x 101 2.263072x10° + 9.046168x 10!
f9 0.0 £ 0.0 0.0 £ 0.0 0.0 + 0.0

10 3.481015x 10! + 5.336775x 10! 5.487013x 10! + 8.016722x 101 2.936753x 10! + 5.244595x 10!
f11 0.0+ 0.0 0.0 £ 0.0 0.0 + 0.0

12 7.398462x100 + 2.818943 x 101 1.674478 101 + 4.117527x 10! 2.640647x10° + 1.640653 x 101
13 2.803025x 100 + 2.437121 x 10° 2.675462 %100 + 2.342831 x10° 3.290499 %100 + 2.290796 x 10°
f14 1.560720x10~1 + 3.618380x 101  1.462447x10~1 + 3.453513x10~1  1.170540x10~1 + 3.205656x 10~}
15 2.393091x 10~ 1 +2.081327x10"1  2.935211x10~1 +2.028156x10~1  2.354370x 101 + 2.096280x 10!
16 7.189243x1071 £ 3.081263x10~1  5.107098x10~1 + 2.956673x 10~  5.481845x10~1 + 2.890193x 10~}
17 4551964 %1071 + 3.136878x10~1  5.855833x 10! + 3.998470x10~!  5.405732x10~! + 3.427532x 107!
f18 22173561071 4+ 2.083894x10~1  5.850836x 107! + 2.756645x10°  2.256478 x10~1 + 2.133737x 101
19 1.122558 %102 4+ 2.105432x 1072 1.145965%x102 4+ 1.292694x10~2  8.007165%x 10> + 1.032611x 102
£20 8.095347x10~1 + 2.808347x10°  3.672626x10~! £+ 1.716079%x10~!  3.978678x 107! + 1.524131x 101
21 1.323348x 102 + 4.782543 x 10} 1.363186x10% + 4.917879x 10} 1.444566x10% + 5.104734x 10!
22 1.000079x10% + 5.559800x 1072  1.000068x10% 4+ 4.797234x10~2  1.000268x 102 + 9.379501 x 102
23 3.010237 x 102 + 1.490490 x 10° 2.955855x 102 + 4.183554 x 10! 3.013980x 102 + 1.570153 x 10°
24 3.018687 x 102 + 7.386128 x 10! 2.656853x102 + 1.019472 x 102 2.654399x 102 + 1.018634 x 102
25 4.015055x 102 + 1.221117 x 10 4.059703x 102 + 1.730538 x 101 4.068576x102 + 1.801739 x 101
£26 3.000000x 102 + 0.0 3.000000x 102 + 0.0 3.000000x 102 + 0.0

27 3.894635x 102 + 1.538980x10~1  3.893975x10% 4+ 2.171814x10~1  3.894477x10% + 1.761875x 10!
28 3.294695x 102 + 8.948919 x 101 3.361344 102 + 9.902322 x 101 3.411471x 102 + 1.032896 x 102
£29 2.350070x 102 + 2.765177 x 10° 2.345793 %102 + 3.214256 x 10° 2.337357x 102 + 2.522189 x 100
£30 3.244093x10* + 1.586216 % 10° 1.641771x10* + 1.133012x 10° 3.945173 %102 + 4.152092 x 102
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Table 3. Results for CEC 2017 problems, 30D.

10 of 17

Function L-SHADE jSO DISH
f1 0.0 £ 0.0 0.0 £ 0.0 0.0 + 0.0
2 0.0 £ 0.0 0.0 £ 0.0 0.0 + 0.0
3 0.0 £ 0.0 0.0 £ 0.0 0.0 + 0.0
f4 5.432730x 10! + 1.761079 x 10’ 5.856160x 101 + 0.0 5.856160x 10! + 0.0
f5 7.093248x10° + 1.514062 x 10° 5.984748 x10° + 1.259837 x 10° 8.566069x10° + 1.414316x10°
f6 1.610282x10~8 + 4.409940x 108  2.683804x 1077 + 1.897736x10~8  1.125136 107 + 3.080402x10~7
7 3.643252x 10! + 1.163031x 109 3.635001x 10! + 1.050653 x 10° 3.901514 x 10! + 1.897382x10°
£8 7.636827x100 + 1.421298x 100 5.947331x10° + 1.286650x 109 8.606066x 100 + 1.668634 x10°
f9 0.0 £ 0.0 0.0 £ 0.0 0.0 + 0.0
10 1.541919%10% + 2.100733 x 102 1.588640%10% + 2.124062 x 102 1.633723x10% + 2.570738 x 102
11 1.480573 %101 + 2.154669 x 10! 1.286354x 101 + 2.135075x 10! 6.873639x10° + 1.395100 % 10!
12 9.665733x 102 + 3.204188x 102 2.131759x 102 + 1.341268 x 102 2.351108x 102 + 1.392522x 102
13 1.507205x 101 + 7.899218 % 10° 1.747101x 10! + 5.664911 x 10° 1.616138x 101 + 5.997028 x 10°
14 2.133530x 10" + 9.644383x 10! 2.136757x 10! + 3.272063 x 100 2.194751x 10! + 3.183398 x 100
f15 2465098 x 100 + 1.482018 x10° 1.524179%10° + 9.985145x 10~} 1.212446x10° + 8.005678x 10!
f16 6.228463x 101 + 7.399308 x 101 3.557114x 10! + 3.589944 x 10! 4.984834x10! + 6.435235x 10!
17 3.486476x 10! + 5.016896 % 109 3.316091x 10! + 5.201363 x 109 3.505441x 10! + 6.723407 x 10°
18 2.146325x 10! + 3.044085x 109 2.077898x 10! + 4.073286x 10! 2.081425x 10! + 4.281106x 10!
19 5.078805x10° + 1.737644 x 109 5.462701x10° + 1.914274x 109 5.006098x10° + 1.699874 x 100
20 3.322552x 10! + 5.277263x 109 3.011395x 10! + 4.949041 x 100 2.957005x 10! + 7.071608 x 10°
21 2.068744 %102 + 1.548801 x 10° 2.063994 x 102 + 1.477586 % 10° 2.087112x 102 + 1.873729x10°
22 1.000000x 102 + 0.0 1.000000x10% £ 0.0 1.000000x10% £ 0.0
23 3.485940x 102 + 2.713869 x 10° 3.483330x 102 + 2.099438 x 10° 3.509930x 102 + 2.924522 x10°
24 4.237707 x 102 + 1.651448 x 10° 4.251463 %102 + 1.305455x 100 4.262602x102 + 2.262393x10°
25 3.867463x102 + 2.090470x10~2  3.867043x10% 4 1.523778x10"2  3.866993x10% + 9.419400x 103
26 9.245550x 102 + 4.373209 x 10" 9.254841x 102 + 3.466222 x 10! 9.327218x 102 + 3.297828 x 10!
27 5.016845x 102 + 5.896865 x 10° 4.926597 102 + 7.915101 x 10° 4.981355x 102 + 7.186093 x10°
28 3.114948x 102 + 3.531211 x 10* 3.064948 102 + 2.600802 x 10 3.217193x 102 + 4.403163 x 10!
29 4.353955x102 + 1.046230x 10" 4.392384x102 + 1.303416 x 10" 4.348371x102 + 1.639610x 10"
£30 1.994910% 10% + 5.095366 % 10 1.969638x10% + 1.586864 x 10 1.975658 x 10° + 3.868023 x 10!
Function L-SHADE-LBR jSO-LBR DISH-LBR
f1 0.0+ 0.0 0.0+ 0.0 0.0+ 0.0
22 0.0+ 0.0 0.0 + 0.0 0.0 + 0.0
3 0.0 £ 0.0 0.0 £ 0.0 0.0 + 0.0
f4 5.856160x 101 + 0.0 5.867054 x 10! + 7.703027 x 101 5.856160x 10! + 0.0
5 7.138668x 100 + 1.934874x 100 8.172221x 109 + 1.624578x 100 7.300936x10° + 1.628259x 100
f6 5.733510x 1078 + 1.749795x10~7  2.952184x1078 + 5.629595%x10~8  5.360755%x 108 + 1.577789x10~7
7 3.729442 %10 + 1.342658 x 109 3.843567 x 101 + 1.603208 x 10° 3.783948 x 101 + 1.356820x10°
£8 7.340093x 100 + 1.966085 x 10° 8.462537x10° + 2.018838x 10° 7.322912x10° + 2.011191 x 10°
9 0.0+ 0.0 0.0+ 0.0 0.0+ 0.0
10 1.568173x10% + 2.895061 x 102 1.524144x10% + 2.684248 x 102 1.568425x10% + 2.629532 x 102
11 4.027302x 100 + 8.265100 % 10° 4306909 x 100 + 8.200147 x 10° 7.472353x 100 + 1.565693 x 101
12 8.106433x 101 + 7.149354 x 10 9.996226 10! + 6.182176x 10! 6.730995x 10" + 6.684616x 101
13 1.552083%x 10! + 6.133034 x 10° 1.610696 x 101 + 5.854376x10° 1.684447x 101 + 4.239543 % 10°
f14 2.171615x 10! + 1.195599 x 109 2.195247x 10! + 1.241087 x 100 2.203156x 10! + 1.276744 x10°
f15 1.184498x10° + 7.500999%x 10! 1.166798 x10° + 7.381401x 10! 1.213596x10° -+ 9.026724x 10!
f16 5.466729x 10! + 7.181852x 101 3.527649 x 10! + 4.731054 x 101 3.623068x 10! + 5.130314 x 101
17 3.449224x 10! + 7.695939 x 109 3.388604 x 10! + 6.728233x10° 3.355475x 101 + 7.485698 x 10°
18 2.084219x 10! + 3.720811x 101 2.006454x 10! + 3.965811 % 109 2.045489x 10! + 2.704982 x 100
19 4.817716x100 + 1.898779 x 10° 4.076852 %100 + 1.356127 x 10° 4.425025x100 + 1.967937 x 10°
£20 2.972537x10! + 8.035391 x 109 2.704956 10! + 6.845223x 109 2.679755x 10! + 7.130091 x 10°
21 2.083516x 102 + 1.807313x10° 2.085552 %102 + 1.968052 x 10° 2.080673 %102 + 2.171051 x 10°
22 1.000000x10% + 0.0 1.000000x10% + 0.0 1.000000x10% + 0.0
23 3.505319 %102 + 3.690104 x 10° 3.507215x 102 + 3.276329 x10° 3.498206x 102 + 3.709504 x 10°
24 4.263549x102 + 2.213716x 100 4.259219x102 + 1.872762 %100 4.262288x102 + 2.572837 x 100
25 3.866960x102 + 7.127660x10™>  3.866957x10% 4 5.585311x10~2  3.866962x10% + 6.091826x10~>
26 9.561221x 102 + 4.264016 x 10 9.313090x 102 + 4.626237 x 10 9.371625x 102 + 4.567299 x 101
27 4.932655x102 + 7.774858 x 10° 4.932667 102 + 7.143169 x 10° 4.899617x 102 + 6.927315x10°
28 3.042600x 102 + 2.111257 x 10 3.085200x 102 + 2.924355x 10! 3.000000x 102 + 0.0
29 4.348186x102 + 1.955936 x 10 4.340111x 102 + 1.408097 x 101 4.350100x 102 + 1.643612x 10!

30

1.969240%10% + 9.962199 x 10°

1.972825x 10 + 2.132789x 10!

1.966696 % 10° + 9.911583 x 10°
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Table 4. Results for CEC 2020 problems, 50D.

11 0f 17

Function L-SHADE iSO DISH
f1 0.0 £ 0.0 0.0 £ 0.0 0.0 + 0.0
22 0.0 £0.0 0.0 £ 0.0 0.0 + 0.0
3 0.0 £ 0.0 0.0 £ 0.0 0.0 + 0.0
f4 5.235449x 10! + 4.437343 x 101 5.987294x 10! + 4.656380x 101 5.533534x 10! + 4.638192 x 101
5 1.858622x 101 + 2.721102x10° 1.090016 x 10! + 2.044454 x 10° 1.643115% 10" + 2.349557x 10°
f6 1.826999%x10~% + 9.247796 x10~%  3.321219%x10~7 4+ 7.189487x10~7  1.159359x 106 + 1.645192x10~°
7 6.474578 %101 + 1.859098 x 10° 6.125818 x 101 + 1.330959 x 10° 6.533251x 101 + 2.386148 x10°
£8 1.786065% 10! =+ 2.476184x10° 1.059279x 10! + 1.794339x 100 1.642296x 10! + 2.506320 % 10°
9 0.0 £ 0.0 0.0 £ 0.0 0.0 + 0.0
10 3.145981 x 103 + 3.519306 x 102 3.289575x10° + 3.466515x 102 3.287218x 103 + 3.405172x 102
11 4.479648 x 10! + 7.262966 x 10° 2.847299x 10! + 3.609160 x 10° 2.765099 x 101 + 3.060072x10°
12 2.211379x103 + 5.051756 x 102 1.791286x10% + 4.034954 x 102 1.688626x10% + 4.222375 % 102
13 5.887959x 10! + 3.102544 x 10 5.325204x 10! + 2.649015x 101 3.130917x 10! + 1.675635x 101
f14 2.896163x 10! + 3.059013 x 109 2.516679x 10! + 1.954335x 100 2.528063x 10! + 2.405140% 10°
f15 3.628762x 10! + 8.435876x10° 2.536133x 10! + 3.286879 x 100 2.407813x 10! + 2.946462 x 100
f16 3.678356 %102 + 8.492899 x 101 3.514246 x 102 + 1.238785x 102 4.255240% 102 + 1.338552 x 102
17 3.210085x 102 + 8.169067 x 10 2.288290x 102 + 7.119400 x 101 2.673055x 102 + 7.762843 x 101
18 3.657321x 10! + 9.959862 x 109 2.552774x 10 + 2.227834 %100 2.530384x 10! + 1.768854 x 100
19 2.229348x 10! + 5.693372 % 109 1.598069 x 101 + 3.193897 x 10° 1.473478 x 101 + 2.609984 x 10°
£20 1.403643x10% + 6.340770x 10 1.545319%10% + 5.105286 x 10 1.195946 x 10% + 5.365881x 10!
21 2.167895x 102 + 2.526317 x 109 2.112500x 102 + 2.551442 x 100 2.176929x 102 + 2.782886 % 100
22 1.090866 % 10° + 1.616684 x 10° 2.492513x 103 + 1.798316 x 103 2.005652x10% + 1.887346x10°
23 4.306553x102 + 5.383210% 109 4.292150x 102 + 5.785777 x 100 4311355102 + 6.917497 x 100
24 5.070785x 102 + 3.570835 % 10° 5.065977 %102 + 3.750386 x 100 5.083627 x102 + 4.562561 x 10°
25 5.403542 x 102 + 2.684350x 10! 4.823364x102 + 6.109998 x 10° 4.811605x 102 + 3.115865x10°
26 1.222280%10% + 5.892037 x 10! 1.137749x10% + 5.618732x 101 1.127770x 103 + 5.926815x 10!
27 5.254951 %102 + 1.084758 x 10! 5.098628 <102 + 9.343850 % 10° 5.120206 x 102 + 1.296607 x 101
28 4.901310x 102 + 2.315774x 10! 4.625180x 102 + 1.261646x 10! 4598068102 + 6.772419x10°
29 3.695921x 102 + 2.035753 x 10 3.693345x 102 + 1.245696 x 101 3.660005x 102 + 1.532970x 101
30 6.485235x10° + 6.118087 x 10* 6.093376x10° + 3.282382x10* 6.120136x10° + 4.048972x 10*

Function L-SHADE-LBR jSO-LBR DISH-LBR
f1 0.0 £ 0.0 0.0 £ 0.0 0.0 + 0.0
2 0.0 £ 0.0 0.0 £ 0.0 0.0 + 0.0
£3 0.0 +£0.0 0.0+ 0.0 0.0+ 0.0
f4 6.309933x 10! + 4.861348x10? 5.566785x 10! + 4.698233x 10! 4.758795x 10! + 4.251127x 101
5 1.151320% 10! =+ 2.639832 % 10° 1.326464x 10! + 2.814235x10° 1.142791x 10! + 3.021920 % 10°
f6 8.654442x1077 £ 9.973005x10~7  3.268284x107 + 6.168995x10~7  1.133130x10° + 1.432097x10~°
7 6.261671x 10" + 2.090590 % 10° 6.495951x 101 + 2.964682x 100 6.340675x 10! + 2.379764 x10°
8 1.129984x 10! + 2.991564 x 10° 1.405517x 10! + 2.486846 % 10° 1.080723 %10 + 2.867020 % 10°
f9 0.0 £ 0.0 0.0 + 0.0 0.0 + 0.0
10 3.291896x 103 + 3.546988 x 102 3.251439x 103 + 3.159284 x 102 3.280655x 103 + 3.345557 x 102
11 2.434579x 10! + 3.577627 x 10° 2.366605x 10! + 3.226247 x 10° 2.435336x 10! + 3.915678 x 100
12 1.221989x10% =+ 3.673815x 102 1.231565%10% =+ 3.631003 x 102 1.101802x 10° + 2.769593 x 102
13 2.996118x 10! + 1.994031 x 101 2.509417x 10! + 2.325881 % 10! 2.884285x 10! + 2.311451 x 10!
14 2469884 x 10! + 2.257149 %100 2.434175x 10" + 2.010046 x 10° 2.408265x 10! + 2.364445x 100
f15 2.124024x 10" + 1.743464 x10° 2.098253 %101 + 1.794117 x 10° 2.006068 10! + 1.504636x 10°
16 3.748420x 102 + 1.328029 x 102 4.129801x 102 + 1.369084 x 102 3.800765x 102 + 1.210071 x 10%
17 2439444 %102 + 8.263835x 10! 2.795374x 102 + 1.127910x 102 2.368689x 102 + 9.354595 x 101
f18 2.261803x 10! + 1.476114x10° 2.290233x 10! + 1.433200 % 10° 2.229708 x 10! + 9.553674 x 101
19 1.152990%x 101 + 2.462608 x 10° 1.167486x 101 + 3.407432x10° 1.085855x 101 + 2.264789 x 10°
£20 1.311696x 102 + 5.913158 x 10? 1.463096x10% =+ 8.239168x 10! 1.140987 x 102 + 5.954660x 10!
21 2.134822 %102 + 3.087330x 10° 2.150670x 102 + 2.682522 x10° 2.122163x 102 + 3.509845 x 10°
22 2.137994x 103 + 1.867652 % 10° 1.807509 % 10% + 1.762836x 103 1.971311x10% + 1.854554 x 103
23 4.291962x 102 + 6.293038 x 109 4.299165x 102 + 5.907164 x 109 4.310311x102 + 8.161084x10°
24 5.082245x 102 + 4.368923 x 10° 5.068221 %102 + 3.243129x10° 5.076325x 102 + 4.327285x 100
25 4.806366x102 + 2.299212 % 109 4.809218x102 + 2.728328 x 100 4.804641x102 + 1.608251 % 10°
26 1.137797x10% + 6.906183 x 10 1.140350x 10% + 5.343276x 10! 1.129101 x 10% + 6.948572x 10!
27 5.091280x 102 + 1.372703 x 101 5.062935x 102 + 8.969971 x 10° 5.027209x 102 + 1.332971 x 101
28 4.588490x 102 + 5.684342x 10714 4.588490x10% + 5.684342x10"14  4.588490x 102 + 5.684342 x 10~ 14
29 3.689658 x 102 + 1.435579x 10! 3.645692 x 102 + 1.356443x10! 3.618460x 102 + 1.293478 x 10!

30

6.042557x10° + 3.470244 x 10*

6.052686x10° + 2.884529 x 10*

6.030053 % 10° + 3.227074 x 10*
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Table 5. Results for CEC 2017 problems, 100D.

12 of 17

Function L-SHADE iSO DISH

f1 0.0 £ 0.0 0.0 £ 0.0 0.0 + 0.0

22 2.115272x 10! + 7.398144 x 10! 3.621475x10° + 2.321462 x 10° 2.681979x 10! + 1.323709 x 102
3 2.318827x1076 4+ 3.171098x107¢  1.189379x 107> + 1.466348x10™>  1.798921x10~7 + 2.335796x 10~
f4 1.058027x 102 + 6.168533 x 10’ 1.841503%10% + 3.456924 x 101 1.985144x10% + 1.507302x 10*
f5 6.018822x 10! + 7.650742x 100 2.881188x 10! + 5.095198 x 10° 3.903405x 10! + 4.302748 x10°
f6 2.768146x1072 + 2.094528 %1072 6.501323x10~% + 1.049251x10~3  1.157600x10~% + 3.452856x10*
7 1.548649%10% + 6.128553 x 10° 1.344337x10% + 3.132118 x 10° 1.395379%x 102 + 5.342167 x 10°
£8 5.553710x 10! + 7.466852 x 109 2.763175x 10! + 4.045294 x 109 3.991552x 10! + 3.695467 x 100
9 0.0+ 0.0 0.0 £ 0.0 0.0+ 0.0
10 9.323340x 10° + 4.989688 x 102 9.672592x103 + 5.809016 x 102 9.829538x10° + 4.826719 x 102
11 4.977651x102 + 1.154684 x 102 1.398680% 10% + 4.061085x 10! 1.037060% 10% + 2.911234x 10!
12 2.859917 x10* + 1.360122 x 10* 1.881319%10* + 9.745573 x 103 1.760383x10* + 7.710254 x 103
13 4.605786x102 + 2.511310x 102 1.473008 x 102 + 3.623802x 10! 1.498773x 102 + 3.307054 x 101
f14 2.557099x 102 + 4.291528 x 10* 7.044519x 101 + 1.206246 x 10 6.030425x 101 + 9.448970% 100
f15 2.477823x102 + 5.117302 x 10! 2.053792x 102 + 4.548641 x 10! 1.577945%10% + 3.308829x 10!
16 1.556113x 10° + 2.800367 x 102 1.608918 x 10% + 2.842634 x 102 1.718316x10% + 3.021229 x 102
17 1.202785%10% + 1.818120 % 102 1.096731x10% + 2.224261x 102 1.205546 % 10% + 1.764183 x 102
18 2.505036x 102 + 5.809274 x 10 2.154752x 102 + 5.280900 x 10 1.852876x 102 + 4.461551 x 10!
19 1.872595%10% + 2.511073x 10! 1.325648 x 102 + 2.787079 x 10! 9.679019x 10! + 2.009190 % 10*
£20 1.315492x10% + 2.221504 x 102 1.415311x10% + 1.801826 % 102 1.400301x 103 =+ 1.908523 x 102
21 2.683218x102 + 5.769608 x 109 2.521659x 102 + 4.632993 x 100 2.616113x102 + 6.682406 % 10°
22 1.040296 x 10* + 5.472091 x 102 1.082725%10* =+ 3.703361 x 102 1.069680 % 10* + 5.856186 % 102
23 5.802729 %102 + 1.030188 x 10! 5.690771 %102 + 1.305997 x 101 5.676531x102 + 1.120739x 101
24 9.211472x102 + 1.071240x 10! 9.011854 x 102 + 8.832015x 10° 9.021128x 102 + 8.999005 x 10°
25 7.374379x102 + 3.838504 x 101 7.328269x 102 + 3.355738 x 101 7.234544 %102 + 4.379540x 101
26 3.491742x103 + 1.258458 x 102 3.205070x 103 + 9.033496 x 101 3.225848x 103 + 9.340949 x 101
27 6.178230x 102 + 2.298992 x 10 5.971925x 102 + 2.012176x10* 5.780971x 102 + 1.877897 x 101
28 5.361838x 102 + 3.127036 x 10! 5.351704x 102 + 2.750945 x 101 5.269297 x 102 + 2.456277 %101
£29 1.243196x10% =+ 1.472281 %102 1.155445x 10% + 1.799635 x 102 1.289836x 103 + 2.137914 x 102
30 2.440230x 103 + 1.492281 x 102 2.361227x103 + 1.419884 x 102 2.356999x 103 + 1.423812x 102

Function L-SHADE-LBR jSO-LBR DISH-LBR

f1 0.0 £ 0.0 0.0 + 0.0 5.038721x10~7 4 1.209810x 10~
2 1.673566 x 10* + 8.143557x10* 2.786236x 103 + 1.828659 x 10* 1.619229%x10° + 9.865543x10°
£3 2.598700x107° + 3.046766x10°°  5.200551x107° + 5.106623x10°°  1.867233x10~* + 2.098053 x 10~ *
f4 2.001814x 102 + 1.061642 x 10 2.026510% 102 + 1.067640x 101 1.986945x 102 + 9.981837 x 10°
f5 2.282564x 10! + 5.374418 x10° 2.973385x 10! + 5.185268 x 10° 2.126504x 101 + 4.943471x10°
f6 4.324963x1075 4+ 3.097421x10™°  1.037825x1075 + 1.022042x 10>  2.023262x 107> =+ 1.675807x 107>
7 1.258454x10% =+ 4.037642x10° 1.316895% 102 =+ 4.837579x 10° 1.250752x 102 + 5.169489 x 10°
£8 2.262054x 10! + 5.062372 % 109 2.849150x 10! + 5.048100% 100 2.191965x 10! + 4.776998 x 10°
f9 0.0+ 0.0 0.0+ 0.0 0.0 + 0.0

10 1.003350x 10* =+ 5.181942 x 102 9.919141 x 103 + 5.053399 x 102 9.883996x10° + 5.542053 x 102
11 5.681264x 10! + 2.615972x 101 6.601018x 10" + 3.161370x 10 6.454649 x 10! + 3.386242 x 101
12 1.084098 < 10* + 4.835960x 10° 1.171083x10* + 5.317012x 103 1.629061x10* + 7.410286 x 103
13 1.252693x10% + 2.955466x 10! 1.221712x 102 + 3.504948 x 101 1.239350x 102 + 3.319592 x 101
f14 4.026492x10! + 4.654467 x 109 3.953127x 10! + 4.084129x 100 3.520826x 10! + 3.548234 % 10°
15 9.450216x 10! + 3.081027 x 10! 9.918180x 10! + 3.475378 x 101 9.316875x 10! + 3.463347x 10!
16 1.762196x10% + 2.895494 x 102 1.653987 x 10% + 3.149891 x 102 1.610269%10% + 3.171456 x 102
17 1.177577x10% =+ 2.796055 x 102 1.214972x10% + 2.455955 % 102 1.195693x 10% + 2.879482 x 102
18 9.865988 x 101 + 2.318114 x 10! 9.849790x 10! + 2.673075x 101 8.753706x 101 + 1.577905x 101
19 5.375456x 10! + 6.426384 %100 5.332317x 10! + 6.965122x 100 4.849865x 10! + 6.528906 % 10°
£20 1.361891x10% + 2.361198 x 102 1.382355%10% + 1.833415x 102 1.440578 x 103 =+ 2.375126 % 102
21 2.498712x 102 + 4.793399 x 109 2.528137x102 + 6.324763 x 100 2.474338x 102 + 4.624437x 100
22 1.089671x10* =+ 5.882543 x 102 1.056397 x 10* =+ 5.692429 x 10> 1.064701x10* + 6.777621 x 102
23 5.685648 x102 + 1.051014 x 10! 5.673360x 102 + 9.183117x 109 5.682635x102 + 9.777963 x 10°
24 8.976863x 102 + 8.162956 % 10° 8.979166x 102 + 6.615433 x10° 8.970015x 102 + 7.936307 x 10°
25 6.981912x 102 + 4.440744 x 10 7.117357x10% + 4.069772x 10 6.780342x 102 + 4.988064 x 10’
26 3.120648 x 103 + 8.549825x 10! 3.144199 %103 + 9.002875x 10! 3.076108 x10% + 9.972924 x 101
27 5.746185x 102 + 2.402400x 10 5.729895x 102 + 1.855867 x 10 5.600763 x 102 + 2.094522 x 10!
28 5.161411x 102 + 1.977592 x 10 5.203338x 102 + 2.475601 x 10 5.205190x 102 + 2.297309 x 101
29 1.268410%10% + 2.138615 x 102 1.240134x10% + 1.761199 x 102 1.265436x10% + 1.745885 x 102

30

2.301197x103 + 1.302743 x 10%

2257047103 + 1.092659 x 10

2.254460x 103 + 1.133409 x 102
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Table 6. Statistical comparison of algorithms with and without LBR, Mann-Whitney test, CEC 2020 problems.

Algorithm 5D 10D 15D 20D
L-SHADE vs. L-SHADE-LBR = 0+/8=/1- 2+/7=/1- 2+/6=/2- 1+/8=/1-
iSO vs. jSO-LBR 0+/9=/0- 1+/9=/0- 3+/7=/0- 2+/8=/0-
DISH vs. DISH-LBR 0+/9=/0- 2+/8=/0- 2+/7=/1- 2+/8=/0-

Tables 7-10 contain the mean and standard deviation results for all functions and algorithms for
5-, 10-, 15-, and 20-dimensional problems. Best values for each function are highlighted with bold.

Table 7. Results for CEC 2020 problems, 5D.

Func. L-SHADE jSO DISH
1 0.0+ 0.0 0.0 £0.0 0.0 £0.0
2 2.10142x107 ! £ 9.06803x1072  4.26469x1071 + 4.06753x10~  3.67067x10~! + 2.07562x 101
3 5.28447x10° 4+ 1.11465x 101 5.25455x10° + 1.00384 x 10° 5.26472x10° 4+ 2.30645x 101
f4 1.12273x10~1 £ 2.46869%x10"2  9.77072x10~2 4+ 4.59113%x10~2  1.09207x10~! + 4.67916x102
f5 0.0 £0.0 0.0 £0.0 6.24099x1072 + 1.87230x 1071
f6 0.0+£0.0 0.0 +£0.0 0.0+0.0
£8 0.0 £0.0 0.0 +£0.0 0.0 £0.0
9 1.00000x 102 + 0.0 1.00000% 102 + 0.0 1.00000% 102 £ 0.0
10 3.42630x10% 4+ 1.42101 x 10" 3.39473x10% + 1.76526 x 101 3.39473x10% 4+ 1.76526 x 10"
Func. L-SHADE-LBR jSO-LBR DISH-LBR
f1 0.0 £0.0 0.0 £ 0.0 0.0 £0.0
2 426469x107 1 + 4.06753x10~1  1.15746x10° + 2.03217x 100 1.35031x 100 + 2.35366 %109
£3 5.25455x10° + 1.00384 x 10° 5.36259x10% 4+ 1.81877x 101 5.01955x10° + 1.19377x10°
f4 9.77072x10~2 4+ 459113x102  8.97824x102 + 5.08256x10~2  9.31253%x 1072 + 5.43166x10~2
5 0.0+ 0.0 6.24099%x 1072 + 1.87230x 10! 0.0+ 0.0
f6 0.0+ 0.0 0.0 £ 0.0 0.0+0.0
f8 0.0 £0.0 0.0 +£0.0 0.0 £0.0
9 1.00000x 102 + 0.0 1.00000% 102 + 0.0 1.00000% 102 =+ 0.0
10 3.39473x10% + 1.76526 x 10} 3.36315x10% + 2.00340 x 101 3.19473x 102 + 8.65478 x 10!
Table 8. Results for CEC 2020 problems, 10D.
Func. L-SHADE jSO DISH
1 0.0+ 0.0 0.0+ 0.0 0.0+0.0
2 1.17808x 10° + 1.45778 x 100 1.84593x 100 + 1.83951x 10° 1.84081x10° + 1.86378x10°
£3 1.09229x 10! + 2.57045%x 101 1.14946 x 10! + 3.42269% 101 1.14560% 10 + 3.15783x 10!
f4 2.66548x1071 4+ 3.96601x1072  2.80188x 101 + 4.31393%x1072  2.68712x 107! + 4.43370x 102
5 1.29016x10~1 + 1.31744x10~1  1.05751x10~! 4+ 1.28970x10~1  1.53622x10~1 + 1.78070x 101
f6 7.61459x1072 + 4.86606x1072  1.70091x10~2 4+ 1.63884x10~2  6.68416x10~2 + 3.85526x 102
7 7.99651x1072 4+ 1.71343x10~1  6.86388x1072 + 1.52324x10~1  1.40205x10~1 + 2.24697x 10!
£8 1.00000x 102 + 0.0 1.00000% 102 + 0.0 1.00000% 102 + 0.0
9 2.34825x10% + 1.07191 x 102 2.21541x10% 4+ 1.13696 x 102 2.02562x10% + 1.02820x 102
10 4.16120x10% + 2.22173x 10} 3.98009x10% + 0.0 3.98009x10% + 0.0
Func. L-SHADE-LBR jSO-LBR DISH-LBR
1 0.0+ 0.0 0.0 +0.0 0.0+0.0
22 1.84593%10° + 1.83951 % 10° 6.33319%x 107! 4+ 9.86976x 10! 1.86907 % 10° + 1.69093 x10°
3 1.14946 x 10! + 3.42269%x 101 1.11115x 10! + 3.65883x 101 1.13203x 10! + 3.67866x10~1
f4 2.80188x10~1 4+ 4.31393x1072  2.71553x 101 + 4.90826x10~2  2.70102x 10! + 4.86311x 102
f5 1.05751x10~1 +1.28970x10~1  3.67719x10°1 £2.19512x10~1  4.29479x 102 + 8.28999x 102
f6 1.70091x 1072 + 1.63884x1072  3.52478x10~ ! + 1.48118x10~1  1.31651x102 + 1.05516x 102
7 6.86388x1072 + 1.52324x10~1  1.98363x10~1 +2.13177x10~1  1.12443x10~2 + 5.56388x 102
£8 1.00000x 102 + 0.0 1.00000% 102 + 0.0 1.00000% 102 + 0.0
9 2.21541x10% + 1.13696 x 102 2.01274x10% + 1.09669 x 102 2.21412x10?% + 1.13577x 102
10 3.98009x10% + 0.0 3.98000x10% 4+ 4.77485x1072  3.98000x 102 + 4.77485x 102
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Table 9. Results for CEC 2020 problems, 15D.

Func. L-SHADE jSO DISH
1 0.0+ 0.0 0.0 +£0.0 0.0+0.0
2 1.11444 % 10° + 1.55539%x 100 1.02993x 100 + 1.03052x 10° 3.18849x10° + 2.45075x 10°
3 1.56548 x 10 + 1.19675%x 101 1.59237x 10! + 2.36877x 101 1.59270% 10 + 2.35040x 10!
f4 3.49454x1071 +3.99602x1072  3.62932x101 + 5.18875%x1072  3.70914x 107! + 4.04489x 102
5 2.72357x10° 4+ 1.21873x10° 8.36060x 107! + 2.85275x 10! 2.82653x10° + 1.14969x10°
f6 1.87866x10° + 1.91004 x 10° 7.52602x10~1 4+ 7.72092x10~2  7.95332x10~! + 3.08505x10!
7 5.20809x 107! 4 6.24344x1072  5.13873x101 £ 5.19186x1072  7.84397x 10! + 1.13748x 10!
f8 1.00000x 102 + 0.0 1.00000% 102 + 0.0 1.00000% 102 £ 0.0
9 3.81793x10% + 2.42286x 10" 3.88236x10% + 2.36353x 100 3.89188x102 + 1.14562x10°
10 4.00000x10% + 0.0 4.00000x10% + 0.0 4.00000x10% + 0.0
Func. L-SHADE-LBR jSO-LBR DISH-LBR
f1 0.0+ 0.0 0.0+ 0.0 0.0+ 0.0
2 1.02993x10° + 1.03052x 10° 1.28117x10° + 1.36090x 109 9.91480x10~! + 1.03583x10°
3 1.59237 x 101 + 2.36877x 101 1.57505% 10! + 1.53824x 101 1.59450% 10 + 2.06851x 10!
f4 3.62932x1071 4+ 5.18875x1072  3.80445x10~1 + 4.43296x1072  3.72271x 107! + 4.30883x 102
5 8.36060x10~ 1 4+ 2.85275x10~ 1 1.52051x10° +9.02712x10~1  8.68646x 10~ + 4.30019x 10!
f6 7.52602x10~1 4+ 7.72092x1072  6.77266x10~ 1 + 1.30617x10~1  7.71839x10~1 + 1.49955%x 10!
7 5.13873x107! £ 5.19186x1072  8.95471x10~1 + 1.24307x10~1  5.06856x 107! + 3.73802x 102
f8 1.00000x 102 + 0.0 1.00000% 102 + 0.0 1.00000% 102 £ 0.0
9 3.88236x10% + 2.36353x10° 3.89321x10% + 1.06397x 100 3.89540x10% + 6.90534x 1071
10 4.00000x10% + 0.0 4.00000x10% + 0.0 4.00000x10% + 0.0
Table 10. Results for CEC 2020 problems, 20D.
Func. L-SHADE jSO DISH
f1 0.0 £0.0 0.0 +£0.0 0.0 £0.0
2 1.21924x1071 £+ 4.36906x1072  2.92990x10~! + 4.85360x 10~}  2.48343x10~! + 4.09772x 101
£3 2.04116x10! +5.76301x102  2.05948x 10" + 1.81538x 101 2.07393x10! + 2.76334x 1071
f4 4.42784x1071 + 4.24157x1072  4.64267x1071 +£4.97379x 1072  4.63768x107! + 4.83692x 102
5 1.01366 x 102 + 6.99335x 10! 2.01814x10% 4 1.12021 x 109 6.41469x10° + 4.26252x10°
f6 2.31513x10~! £ 5.99600x1072  2.66587x1071 + 6.28029%x1072  9.35968x 10! =+ 3.25339x 10!
7 9.97161x107 1 4+ 1.46926x10°  6.74912x 101 + 1.05720x10~1  6.67590x 10~ + 2.66941x 10!
f8 1.00000x 102 + 0.0 1.00000% 102 + 0.0 1.00000% 102 =+ 0.0
f9 3.97749x10% £+ 1.21733x10° 3.97785x10% &+ 1.10925x 109 3.97699x 102 + 2.99098 x 10°
10 413658 x10% +3.04777x1073  4.13657x102 + 1.79505x10~%  4.13657x10% + 1.13687x 1013
Func. L-SHADE-LBR jSO-LBR DISH-LBR
f1 0.0 £0.0 0.0 £ 0.0 0.0 £0.0
2 2.92990x 107! 4+ 4.85360x10"1  2.58541x10~ 1 + 4.19616x10~1  2.51160x10~! + 4.09793x 10!
£3 2.05948x 10! + 1.81538x 101 2.05692x 10t + 2.22046x 101 2.05423x10! 4+ 1.49670x 1071
4 4.64267x1071 +£4.97379x1072  4.64425x107! £ 3.98595x1072  4.66623x101 + 4.65800x 102
5 2.01814x10° & 1.12021x 10° 3.72641x10° & 1.37385x10° 2.11216x10° + 1.23587x 10°
f6 2.66587x10~1 4+ 6.28029x1072  3.30280x 101 +2.01361x10~1  2.39600x10~! £+ 5.25111x 102
7 6.74912x10~ 1 + 1.05720x10~1  8.89405x101 + 1.51139x10~1  6.72319x10~ ! 4+ 1.19042x 101
£8 1.00000x 102 =+ 0.0 1.00000x 102 + 0.0 1.00000x 102 + 0.0
9 3.97785x10% 4+ 1.10925x10° 3.97576x10% + 1.65870x 100 3.98260x10% + 1.24851x10°
10 4.13657x10% + 1.79505x10™%  4.13657x10% £+ 1.79505%10~%  4.13657x10% + 1.13687x 1013

4. Discussion

Every evolutionary algorithm should be designed and tuned according to the specific purpose;
for example, if the goal is to find the best possible function value in a very limited time period, the
convergence speed of the algorithm is crucial; however, if the computational resource is relatively
large, then the explorative properties of the algorithm become more important. Obviously, both the
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fast convergence and the high explorative properties are important, and the algorithm that is able to
combine them and make use of both could be recommended for real-world usage.

The linear bias reduction scheme proposed in this study follows this idea: the experiments showed
that it improves the performance of several state-of-the-art non-hybrid DE variants on both the CEC
2017 and CEC 2020 problems due to larger parameter values sampled at the beginning of the search,
which promote exploration, and smaller closer to the end of the search. The LBR approach does not
require any significant additional computational overhead and could be easily implemented in most
modern DE-based optimizers, improving their performance.

Although the idea of exploring at the beginning of the search and exploiting at the end is not
new to the field of evolutionary algorithms, it could be implemented in many ways, for example with
linear population size reduction; however, as this study shows, not all of them are discovered and
properly studied. The idea of LBR is relatively simple and could be used for other approaches with
corresponding modifications.

For example, in a genetic algorithm for tuning mutation probability, a similar success-history-based
adaptation could be used, as was shown in [43]. Implementing the LBR proposed in this study for
this version of GA could significantly improve the performance. In general, any parameter adaptation
mechanism used in any EA or SI algorithm, where the tuning of numerical parameters is required,
could be modified with LBR with minor changes depending on the algorithm. The implementation of
LBR for multiobjective algorithms is also possible; however, to the best of our knowledge, there have
been only a few numerical parameter tuning variants proposed for multiobjective optimization. As long
as LBR only relies on the amount of computational resource, if the resource is known in advance, it
could be incorporated into the algorithm.

5. Conclusions

This paper proposes a parameter tuning modification for the differential evolution algorithm
called linear bias reduction, which allows more exploration at the beginning of the search and faster
convergence to the best located optimum at the end. The LBR is a relatively simple technique, which
could be used not only for DE, but for other approaches. The performed experiments proved its
efficiency, especially for complex hybrid functions, and at the same time, there were only a few
performance losses for more simple problems. The further directions of study may include, but are
not limited to experimenting with non-linear bias reduction, bias increase, and various initial and
final parameter values in LBR, as well as implementing LBR-like techniques for other evolutionary or
swarm intelligence algorithms.
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The following abbreviations are used in this manuscript:

EA Evolutionary Algorithm

DE Differential Evolution

L-SHADE Linear population size reduction Success History-based Adaptive Differential Evolution
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