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Abstract: While the operational energy use of buildings is often regulated in current energy saving
policies, their embodied greenhouse gas emissions still have a considerable mitigation potential.
The study aims at developing a multi-objective optimization method for design and renovation of
buildings incorporating the operational and embodied energy demands, global warming potential,
and costs as objective functions. The optimization method was tested on the renovation of an
apartment building in Denmark, mainly focusing envelope improvements as roof and exterior wall
insulation and windows. Cellulose insulation has been the predominant result, together with fiber
cement or aluminum-based cladding and 2-layered glazing. The annual energy demand has been
reduced from 166.4 to a range between 76.5 and 83.7 kWh/(m2 y) in the optimal solutions. The fact
that the legal requirements of 70 kWh/(m2 y) are nearly met without building service improvements
indicates that energy requirements can be fulfilled without compromising greenhouse gas emissions
and cost. Since the method relies on standard national performance reporting tools, the authors
believe that this study is a preliminary step towards more cost-efficient and low-carbon building
renovations by utilizing multi-optimization techniques.

Keywords: building renovation; embodied; life cycle assessment; low-energy building; multi-
objective optimization

1. Introduction

The European building sector is consuming a considerable amount of energy and raw materials
compared with other economic sectors. Building operation accounts for about 40% of the energy
consumption and 36% of the Greenhouse Gas (GHG) emissions in the European Union (EU) [1].
Furthermore, the construction sector is generating 38% of the total waste [2] and consuming 32% of
material resources used in the EU [3].

In order to mitigate environmental impacts related to its energy use, the EU has adopted a short
and a long-term climate and energy framework. The EU target for 2030 includes a reduction of
GHG emissions by 40% related to 1990 levels, a minimum renewable share of 32% in primary energy
production, and 32.5% improvements in energy efficiency. The EU long-term goal is a climate-neutral
economy by 2050 [4]. These targets were transposed on each Member State energy strategy with
voluntary targets, and the Denmark currently aims at a 70% reduction of GHG emissions by 2030 [5].
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The Energy Performance of Buildings Directive (EPBD) has been the main driver in the EU to
increase energy efficiency of new buildings towards Nearly Zero Energy Building (NZEB) level in
2020 [6]. However, cutting GHG emissions of existing buildings has a major potential for the building
sector to contribute to achieving climate policy targets [7,8]. Since almost 75% of the existing building
stock is energy inefficient and about 35% of buildings in EU are at least 50 years old [1], the latest version
of the EPBD is considering renovations as the primary target for increasing building stocks energy
efficiency [9]. Furthermore, 57% of the EU building activity is related to building renovation [10].

The NZEB efficiency level is currently considered as the feasible lower limit of operational energy
levels for new buildings [11]. The currently non-regulated embodied impacts, accounting for about
half of the total GHG emissions related to the current low operational energy level [12,13], have a
potential for further GHG reduction. While renovations have considerably less impacts related to
materials compared with new buildings, the major GHG mitigation potential lies in cutting operational
energy [14]. However, in order to fully utilize this potential, these reductions can be optimized by
mitigating the embodied impacts associated with them.

A crucial factor for real life GHG reductions is including economic performance indicators.
In order to achieve the NZEB energy level, the European Commission recommends a cost-optimization
approach [15,16]. Accordingly, cost-optimization is suggested for building renovation, ideally by
comparing up to forty different building configurations [17].

While operational and embodied GHG emissions and their cost are key performance indicators for
pursuing climate targets, building design includes many more aspects. Traditionally, these requirements
are handled by design iterations involving skill, rules of thumb, and quantitative analyses of individual
performance indicators. However, there exist more advanced approaches for balancing multiple,
quantifiable variables.

In parametric analysis, the choice of input parameters is crucial, since it determines the effort
put into the calculation and the number of iterations to be made. Manually implemented parameter
variations are handy, when a small number of parameters are included and when the range of variation
is low, requiring knowledge of the effect of input parameters on the result.

Parameters variation might be automated with computational tools. Depending on the number of
input quantities and variation ranges, these operations can produce large solution spaces and require a
long calculation time, since variations are calculated one by one. To reduce this effort, algorithms for the
investigation of the variables space may be employed, capable of assessing only a subset of the possible
combinations of variables. One possible solution is to adopt a stochastic logic, randomly evaluating
the variables and identifying the best solutions at the end of the study. As an alternative, optimization
techniques may be adopted using smart investigation algorithms capable of understanding which
variable values are better than others from one iteration to the subsequent, thus converging to the
optimal solution.

1.1. Literature Review

A few works on the minimization of buildings impacts in Northern European climate were
published in past years, although most of them are parametric analyses rather than optimization
studies, while one study was based on a stochastic comparison of alternatives. In [18], the optimal
mineral wool insulation level of a single family house was determined through a parametric analysis.
The building’s heating requirement was derived from national minimum requirements, and several
heating sources were compared, while the selection criteria were fourteen Life Cycle Assessment
(LCA) indicators. Additionally, ref. [19] performed a parametric analysis, evaluating the effect of six
behavioral modifications through a dynamic simulation in IDA-ICE [20], such as limiting the set point
temperatures of radiators or night ventilation techniques. In [21], one of the most comprehensive
studies in this brief review, a stochastic model was implemented coupling energy rating software
Be15 (the predecessor of Be18 [22]) and dynamic simulations in BSim [23] with a tool for sensitivity
analyses, adopting a Monte Carlo method. This approach allowed us to parametrically compare 10,000
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combinations of variables related to building envelope (e.g., walls and windows transmittance and
windows surface) or equipment (e.g., photovoltaic, mechanical ventilation rate). Another parametric
study was performed in [24], where a dynamic simulation using EnergyPlus [25] was coupled with
OpenStudio [26], a plug-in able to perform parametric analyses, in order to compare eight retrofit
packages related to envelope features, efficient equipment, or sensors installation. This study was
repeated in [27], adopting the same approach but on different case studies. Harkouss et al. [28] present
an optimization employing envelope, energy system, and cost parameters on Nearly Zero Energy
Buildings. In a successive study, the authors [29] optimize the building energy systems and recommend
optimal design solutions for four different climatic regions. One multi-objective optimization of
building performance is conducted in Danish climate conditions [30]. The study focusses on optimizing
the building shape in early design using the parameters operating energy, investment costs, visual and
thermal comfort, and applying the SPEA2 algorithm. Two subsequent, studies [31,32] apply a genetic
algorithm for optimizing the building envelope and services, respectively, in a new detached home in
the colder climate of Southern Finland. These works have a life cycle scope including both operating
and embodied energy. Another Finnish study is performed on a multi-story apartment building
renovation applying multi-objective optimization, including operating and embodied CO2 emissions
and energy [33]. The authors include design variables for both envelope and building services, leading
to an overall similar scope compared with this work. A main difference lies in the greater focus of a
more comprehensive analysis of operating energy and choice of energy system. However, the expected
development of GHG emissions from national energy production is not included in the life cycle
approach. Since energy production is likely to decrease emissions, the results might overestimate the
need for insulation and energy system efficiency. Some detailed information on embodied impacts
such as system boundary, component service life, and replacement rates are lacking.

Concluding from this literature review, a single study was found including both operational and
embodied energy, as well as greenhouse gas emissions, together with investment and replacement cost
applied to a large-scale building renovation.

1.2. Study Objective and Design

This study aims at developing a method for the optimization of operational and embodied
environmental and cost parameters in building renovations. A multi-objective optimization algorithm
was applied on the renovation of a multi-story housing block, identifying the optimal combinations
of interventions for the refurbishment in terms of operational and embodied impacts and cost.
The optimization uses a set of typical interventions for improving the envelope and building services.
For each intervention, some variants in terms of materials, insulation level or technology are developed.
The method applies Danish standard performance reporting tools in order to make a first step towards
an applicable solution for the building industry. In the case study, the method is demonstrated and
tested in a Danish apartment building renovation. Furthermore, the results were compared with the
current regulation on environmental building performance, which is presently focusing on operational
energy reductions only. According to the literature review provided, it can be concluded that the
innovative content of the present work relies on the combined optimization of operating energy,
embodied environmental impacts, and cost, while including both building envelope and services in
the study and applying them to the renovation of an existing building, allowing a comprehensive
comparison of renovation interventions to identify an optimal configuration.

2. Materials and Methods

2.1. Approach

This paper presents a multi-objective optimization framework aiming at improving decision
making towards low-carbon building design. The presented optimization framework combines a
series of techniques with their respective methodological approaches. As laid out in the flowchart
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(Figure 1), the building performance simulation, the life cycle assessment, the economic analysis, and the
optimization were combined in a unique simulation process to provide the optimal design actions.
These can be applied to the preliminary design of new buildings or to renovations. The optimization
software selects the variables of the problem, namely the interventions to apply to the building, at each
iteration for creating a new building model. Then, the energy rating tool assesses the operating final
energy demand, adopting a simulation-based optimization approach. The objective functions of
the problem are based on the operating final energy demand and on the impacts and costs of the
selected interventions.
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2.2. Operating Energy

The method for calculating energy demand is based on the regulatory context of the building.
It is a national implementation of, among others, ISO 13790:2008 standard and European regulation,
and complies with the Danish building regulations [34] and guidelines [22]. Energy demand was
calculated using the Be18 tool [35]. Be18 is the legally mandatory tool for calculating new buildings’
energy demand in Denmark and corresponds to the available case study calculation, which has been
used as one of the sources. The tool is an energy performance compliance checking tool based on a
monthly quasi-steady state calculation, based on the EN/ISO 13790:2008 international standard [36].
Although this method is less detailed than a dynamic simulation, its results in cold climates proved to be
sufficiently reliable and accurate, and at the same time requiring a much lower computational time [37].
Furthermore, the adoption of Be18 ensures the compliance with Danish regulation. The calculation
scope includes energy demand related to space heating and domestic hot water. Other operating
energy consumers such as lighting or appliances are not considered according to the legal rules for
residential buildings. All preconditions such as internal heat gains, occupancy, and temperatures also
follow the standard conditions used for compliance check.
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The building components’ thermal performance was calculated according to [38], and to the
corresponding international standards ISO 6946:2007 [39], ISO 10077-1:2006 [40], and ISO 13370:2007 [41].

The ventilation system has been excluded from the optimization and was set as a constant heat
recovery efficiency of 0.8 according the minimum requirements in the Danish building regulations.
Since, from preliminary simulations, the indoor temperature never exceeds 26 ◦C, no cooling system
design was evaluated in the optimization. Mutual shading of the three buildings has not been
considered either. The thermal transmittance and solar energy transmittance of windows were
differentiated only related to glazing, neglecting differences related to frames.

2.3. Life Cycle Assessment (LCA)

LCA is an approach for assessing life cycle environmental performance of buildings or parts of it.
The applied definition uses the EN 15978:2011 [42] terminology. The selection of included life cycle
modules (Table 1) for LCA and Life Cycle Costing (LCC) depart in the common LCA and LCC practice
for new buildings in Denmark as implemented in the national tools LCAbyg [43], LCCbyg [44], and the
Danish DGNB program [45]. The incomplete life cycle applied for LCC and LCA, i.e., not including
repair or maintenance, is common in building LCA [46]. The following study has the objective of
comparing performance and cost of renovation solutions, and the renovated building is chosen to
start with a new life cycle, while omitting the existing material’s end-of-life impacts and cost. The life
cycle therefore starts with the production of renovation products (A-module), while later replacements
(B4) follow the standard nomenclature. Environmental impacts are further calculated for operational
energy use (B6) and End-of-Life (C3–4).

Life cycle cost includes the production of renovation materials (A1–3), construction (renovation,
A4–5), replacements (B4), and operational energy use (B6). End-of-Life costs related to replacements
and building demolition are not included.

Table 1. Life cycle stages included in the renovation study. Nomenclature after EN 15,978 [42].

Production (Renovation
Components)

Construction
(Renovation)

Replacement Operational
Energy Use

Waste Process.
and DisposalProduction Construction End-of-Life

A1–A3 A5 B4 B6 C3–C4

Components
impacts 4 4 4 4

Components
cost 4 4 4 4

Energy cost and
impacts 4

The source for embodied environmental impacts are generic and average data from Ökobaudat
2016 [47] based on EN 15,804 [48], due to the focus on the design stage, where products are usually not
specified yet. This database is the regular source for generic data in Denmark and is available in the
tool LCAbyg [49]. The reference period covers 50 years, starting from the beginning of the renovation.

Definitions for component service life are taken from the Danish national guidelines for life
cycle environmental and costing assessments [50]. Replacements of components are given in natural
numbers. The limitation is based on the rule that replacements are omitted when the remaining
reference period is equal or below one third of the component’s service life.

This study only calculated the Global Warming Potential (GWP) and Total Primary Energy
use (PEtot). Both of these are relevant for the respect of current climate policies [4], and are also
generally often used internationally in building LCA studies [51,52], and in particular in simplified
LCA approaches in [53]. Furthermore, too many indicators would increase the risk of not achieving
optimal solutions in the optimization.

2.4. Life Cycle Costing (LCC)

As stated in Table 1, the economic analysis included the major cost factor investments of renovation
(A1–A3, A5), operating (B6), and replacement (B4) costs, through the evaluation of the Net Present
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Value. This cost function can be considered as a rough estimation of life cycle costs related to the
building, since it does not include terms as recurring costs or residual values, but it was already
employed in previous studies [28,29,54]. Investments cover both labor and material cost for the
renovation and later replacements.

In order to compare the investments, the real interest rate approach was adopted, using an
average inflation rate for envelope materials and equipment and another average value for energy
supply. The residual value of investments after the end of the reference period was neglected.
The operating costs related to energy bills were evaluated through the Uniform Series Present-Worth
Factor (USPWF) [55], as in Equation (1):

USPWF =
(1 + r)n

− 1
r·(1 + r)n (1)

where r is the real interest rate, and n is the useful life of the building.

2.5. Optimization

Optimization techniques and algorithms, in general terms, allow for the identification of the
optimum (minimum or maximum) value of a function, known as objective function, whose value
depends on one or on a set of variables. Algorithms can be classified according to the nature of
the functions, the equations describing the problem, the number of objectives, or the investigation
method of the search space. Building performance optimization generally involves multi-variable
problems, i.e., the objective function depends on many variables represented by thermal transmittances
of the envelope components or performance of technical components as heating, ventilation, and air
conditioning or renewable energy systems. The objective functions usually adopted are related to four
main categories: Energy consumption, cost, environmental impact, and dwellings comfort (thermal,
visual, or acoustic). Depending on the target of the study, when more than one aspect should be
improved, the objective functions can be optimized separately (single-objective optimization) or in
a unique process (multi-objective optimization). Regarding multi-objective optimization, since this
kind of study usually involves at least two conflicting functions, the output is represented by a set of
compromise solutions, known as Pareto Front, unless some preference criteria between objective is
specified (a priori methods). Since these studies often involve many variables, suitable software has
been developed to help researchers and designers identify the optimal combination of solutions to
implement, with the most common being GenOpt or MATLAB [56].

Some popular optimization algorithms are the genetic algorithms, based on the reproduction
mechanisms of living beings. Indeed, genetic algorithms assume building configurations as parents
and their features as genes. Starting from a generation of parents, buildings genes are mixed in the
crossover phase in order to produce a new generation of solutions. This mechanism is repeated for a
predetermined number of generations, since no convergence criteria are usually applied. The feature
of producing many building configurations for each generation is referred to as population-based
algorithms, and this is a mandatory requirement for multi-objective optimization algorithms. Moreover,
since the exploration of search space is not related to mathematical method (derivatives-free algorithms),
genetic algorithms can easily handle discontinuous or highly non-linear problems [57].

Nowadays, many optimization tools are able to connect to Building Performance Simulation (BPS)
tools in order to identify the best building configuration. Some of these were developed as add-ins to
specific software, as TRNOPT for TRNSYS or Opt-E-Plus and jEPlus + EA for EnergyPlus, while other
tools can be coupled with any BPS, such as MOBO.

The optimization problem was described in MOBO, a building performance optimization software
tool developed at Aalto University. MOBO is able to read and write text-based file formats, such as
building physic models usually are. MOBO sets the values of variables in the text-based file, gives to
the BPS the command to start the simulations and collects the results for assessing the optimality
of the solution [58]. In this study, MOBO has been used for setting values for the energy demand
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calculation in Be18 and collecting the produced result files in order to set new values according to the
employed optimization algorithm. A supplementary python script has been developed for automating
the generation of Be18 output files.

The mathematical model for the optimization is an improved version of a previous project [59,60].
Improvements are the inclusion of transparent components in the envelope optimization framework,
also allowing different values according to the orientation, and the optimization of equipment for
the energy demand fulfillment together with envelope-related variables. The mathematical problem
is a mixed integer, non-linear, constrained multi-objective optimization problem, since some of the
variables are Boolean, and equality and inequality constraints were imposed. The complete model for
optimization studies 1 and 2 is reported in the Appendix A.

3. Case Study: The Renovation of an Apartment Building

The study was applied on the social housing block Traneparken, which is located in Hvalsø,
Denmark. Erected in 1969, the complex consists of three 3-level buildings based on an identical
construction principle but different in length, as shown in Figure 2f. In 2011–12, the block underwent
an extensive renovation aimed at improving the architectural expression of the façade and cutting
operational energy demand considerably. The refurbishment has been evaluated in the International
Energy Agency Annex 56 framework [61]. Furthermore, the research has been reported in an extensive
report [62], which has been used as a major source of building specifications for this study.

This study only refers to block B (as indicated in Figure 2f), which includes 24 apartments on a
heated floor area of 2048 m2 and a heated basement area of 731 m2. The building is a typical Danish
apartment building from sixties, with prefabricated concrete sandwich elements in combination with
light panel wall sections, in which the windows were integrated, as shown in Figure 2b,d. The basement
walls and deck are in situ concrete, and the sloped roof is clad with fiber cement boards. The main
building element insulation levels before the renovation are given in Table 2. The rectangular plan
shape is oriented East–West. The window to wall ratio is 0.18, and the surface over volume ratio is
0.31 m2/m3.

Table 2. Original building elements and thermal transmittance before the renovation in 2011.

Element Features Area [m2] U [W/m2
·K]

Exterior concrete walls Concrete sandwich, 50 mm mineral
wool insulation 1047.67 0.66

Exterior light walls Light board, 45 mm insulation 330.55 0.70
Shared walls between

apartments and staircase Light weight concrete, no insulation 482.91 1.20

Basement walls Concrete, no insulation 363.84 1.00

Roof 14-degree slope, fiber cement cladding,
185 mm insulation 682.62 0.20

Basement floor 100 mm expanded clay aggregate
insulation 730.80 0.40

Shared floor slab
between staircase and

basement
Concrete deck, no insulation 48.18 1.30

North windows 2-layer glazing 101.40 2.40
South windows 2-layer glazing 196.87 2.40

Staircase windows 2-layer glazing 85.83 2.40

Thermal Bridges Length [m] Ψ N, [W/m·K]

Façade/windows, doors 860.00 0.03
Foundation/basement wall 149.20 0.50

Space heating and domestic hot water are supplied by district heating through a heat exchanger
with three 300 L tanks for domestic hot water storage. The apartments are naturally ventilated in
combination with a mechanical exhaust system in the bathrooms and kitchens.
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The optimization interventions chosen for the present study are based on the interventions applied
in the actual 2011–12 renovation. They included additional façade insulation and a new brick cladding,
new roof insulation and cladding, and the new triple-glazed windows and doors. The new façades are
shown in Figure 2c,e, while the list of interventions and a comparison of the thermal transmittance
is provided in Table 3. The ventilation was improved by a mechanical ventilation system with heat
recovery and user-driven demand control. A 33-kWp photovoltaic (PV) plant was installed on the top
of the building, facing south, with an expected annual production of 32 MWh.Sustainability 2020, 12, x FOR PEER REVIEW 9 of 27 
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The interventions are expected to reduce the annual heating energy demand from 166.4 to
77.2 kWh/m2, corresponding to a reduction from 66,700 in 2012 to 45,500 € for energy bills.
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Table 3. Envelope-related interventions and comparison of thermal transmittances before and after
the renovation.

Element Intervention Old Transmittance
[W/m2

·K]
New Transmittance

[W/m2
·K] Improvement [%]

Exterior concrete walls 190 mm extra insulation and
new brick layer 0.66 0.15 77%

Exterior light walls 285 mm extra insulation and
new brick layer 0.70 0.11 84%

Basement walls

250 mm extra insulation
light-weight concrete blocks

100 mm extra
insulation (plinth)

1.00 0.25 75%

Roof 250 mm extra insulation on
extended roof construction 0.20 0.09 55%

Windows 3-layer glazing 2.40 0.80 67%

This paper describes two optimization studies, the first minimizing the energy loads through
interventions on the envelope and the second including variables related to both the envelope and
the building services. The division was made in order to retrieve separate results for the passive or
demand part of the renovation first, which is a consultancy practice often applied, while the second
study can be regarded as a whole building optimization.

In the first optimization, related to the building envelope, the operational energy demand has been
left independent on the energy source, since it depends on the equipment technology. As a consequence,
the first study only includes the final energy demand related to building operation. In the second
study, where the energy source is also assessed as a variable, operating cost, Global Warming Potential
(GWP), and Total Primary Energy (PEtot) related to the operational energy demand were included
in the respective objective functions (see arrows in Table 4). The investment cost and the embodied
impacts (GWP and Primary Energy) related to the refurbishment interventions were minimized in
both the optimizations.

Table 4. Envelope-related interventions and comparison of thermal transmittances before and after
the retrofit.

Objective Function Unit 1. Optimization
(Envelope)

2. Optimization
(Whole Building)

Operational energy (final
energy) kWh
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Operational energy
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Operational energy cost DKK - Included
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The study was based on the case of an existing renovation, and many of the design options are
related to this case. Nevertheless, the developed methodology is expected to be transferable to building
design in general, both new and existing buildings and different building types.

The chosen refurbishment interventions take the actual interventions adopted for the renovation
case as a starting point. These interventions have then been varied in thickness (insulation),
materials (claddings), and type (energy services), thereby extending the space of solutions in order
to establish a set of independent variables for the optimization. The actually applied solution in the
renovation case thereby becomes one among other possible results in the optimization study.

A list of all the envelope interventions type in the insulation, cladding, windows and
glazing, and balconies glazing categories is given in Appendix A. For each category (insulation,
cladding, window frame and glazing, balconies glazing), there are at least two possible variants.
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Regarding insulation, these variants are also assessed with different thicknesses. All the values are
referred to the functional equivalent.

The renovation interventions for the roof and façade include additional insulation and cladding.
Whereas the optimization must include one type of cladding, the level of additional insulation may
vary between 0 and 40 cm for concrete walls and roof, and is divided into discrete intervals of 5 cm.
Since some horizontal sections of the façade, the exterior light walls, are set back by 9 cm from
the outer surface of the concrete sandwich, as shown in Figure 2a), these sections are assumed a
minimum insulation level of 9 cm for filling out the cavity, achieving a planar surface, the resulting
insulation thickness varying between 9 and 44 cm. Regarding the cladding material, the bricks
thickness was set equal to 0.108 m and its conductivity to 0.89 W/(m·K). The thermal resistance of the
other claddings was neglected, as explained in the Appendix A. Windows were divided into a set
facing North and another facing South, in order to allow different solutions for each one. According to
practical experience and narrowing the number of variable combinations, heated spaces are restricted
to either double or triple glazing, while unheated spaces such as staircases and balconies may also
have single glazing. The physical and thermal properties of main envelope materials are provided in
the Supplementary Material.

The life cycle inventory includes components of the building envelope and service equipment
as well as impacts from energy supply. Roof and façade renovation components are subdivided
into insulation and cladding. The division into functional design layers allows for optimizing
insulation and cladding separately. The original case consists of several window types. However,
a standardized window frame/glazing ratio complying with the calculation rules in the building
regulations [34] have been used instead. The parameters making up the life cycle inventory are
provided as Supplementary Material.

Some exceptions from the building regulations and guidelines were made in order to simplify the
building model for the optimization. Firstly, variations of shading, and thus solar gains and daylight,
which may occur as a consequence of varying wall thickness in correspondence of the windows,
have been neglected. Additionally, the dependence of thermal bridges on the insulation thickness
and cladding systems has been omitted as well. For simplifying the calculation of unheated spaces,
the insulation of the roof area above the staircases is excluded from the optimization and instead
insulated statically according to legal minimum requirements. Opaque components of the unheated
balconies including facade light panels, roof, and floor, are excluded from the optimization as well and
assumed insulated to a level of transmittance of 0.6 W/m2

·K. Where necessary, the building model
used for the analysis steps have been harmonized regarding conflicting information on dimensions
and floor area.

Based on generic assumptions in the Danish national life cycle costing tool LCCbyg [44] in the
2019 version, cost for replacement and future energy cost were extrapolated using an interest rate
of 5%, and the present value is calculated using a discount rate of 4% for building materials and for
energy vectors (electricity, natural gas, and district heating) and 2% for equipment.

Costs related to building components were based on the Danish building price database [63].
Costs and impacts related to scaffolding, digging works for basement wall renovation, balconies’
structural elements, as well as removal of the existing heating unit, are assumed to be identical for all
solutions and thus neglected. Since the building is already equipped with a basement for the heating
system and equipped with water piping and electrical components for the existing service equipment,
these elements were neglected as well.

The assessment of some impacts and cost with influence for the optimization was omitted for
simplification reasons. They include the need for structural support for the brick cladding variant,
compared to lighter cladding solutions, which do not need such support. Further, the 5 cm insulation
intervals do not reflect actual product dimensions and are combined neglecting the need for a
substructure for thicker insulation dimensions. The cost for changing the heat source from the present
district heating to, i.e., gas between the public grid and the building are not included either.
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All envelope interventions include a bulk discount, interpolated from the available cost data
intervals in the price database. In the cost for windows, the bulk discount is neglecting the possibility
of no balcony glazing in the optimization.

The building services for space heating and domestic hot water include the most used solutions
in Denmark. Furthermore, energy supply through renewables was assessed, including solar thermal
collectors for heat production and PV for electricity production. Rules or restrictions for the choice
of heat source, i.e., the obligation to use district heating in such areas, are ignored in this study.
Nevertheless, the Danish law lets the occupants to regulate the air temperature in every single room of
the buildings, thus imposing on them to install centralized heating systems. This requirement imposes
to assess only the feasibility of centralized equipment for the whole building, as district heating, air to
water heat pump, or natural gas boiler. For these reasons, the study was focused on the assessment
of the best technology to be coupled to the currently installed heat exchanger, with a rated power
equal to 55 kW. The adopted building service technologies for the supply of electricity, space heating,
and domestic hot water represent the most common energy sources for Danish domestic buildings.

Environmental impacts for the supply of electricity, natural gas, and district heating were projected
throughout the reference period according to the tool LCAbyg, which are based on a report for the
Danish Energy Agency [64]. Since the values are available only for the years 2015, 2020, 2025, 2035,
and 2050, a linear trend was assumed between one value and the subsequent for the missing years.

Although the MOBO library includes four algorithms to solve multi-objective problems,
namely NSGA II, Pareto Archive NSGA II, Omni-Optimizer, and Random Search, this category
of algorithms is known to be not indicated to handle constrained problems [65]. For this reason,
many optimizations were performed using different algorithms and related parameters, finding that
Omni-Optimizer genetic algorithm [66] with 40 individuals and 200 generations was the most adequate
to the problem assessed in this study, providing many solutions in the Pareto Front that satisfied the
constraints. The resulting Pareto Front was investigated to understand which kind of renovation
solutions should be preferred, after the removal of non-feasible solutions, and the utopia point criterion
was adopted to identify the best compromise solution [67]. This criterion is based on the evidence that,
in the multi-dimensional space of the objective functions, the origin of axes would represent a building
with null values of each objective function, and thus an ideal solution. As a consequence, the lower the
Euclidean distance of a building solution is from the origin of axes, the better the renovation actions
are, according to the adopted criteria.

Genetic algorithms as Omni-Optimizer allows evaluate many objective functions without
attributing a weight to each of them, thus reducing each function’s value independently from
its order of magnitude. If one of the objectives is to be preferred with respect to the others, the Pareto
front can be subject to a normalization and weighting phase before the selection of the best compromise
solution. This practice is sometimes employed also in LCA sector, in order to combine many impact
indicators in a single index, in order to make the selection of the best solution for the decision maker
easier [68]. Nevertheless, the weighting phase is inherently dependent on the subjectivity of the analyst,
and a selection based on the indexes risk to be less transparent than the analysis of each indicator.
Since only four objective functions were assessed in the present study, with two of them (embodied
energy and embodied global warming potential) being not conflicting, the aim of this research study is
to identify the optimal compromise solution, and no weighting was applied to the solutions.

The mutation rate for the optimization algorithm was evaluated according to the formula derived
by Mühlenbein, which states that the mutation rate should be set equal to the reciprocal of the bit-string
length [69]. For our study, this criterion was evaluated through the following Equation (2) [70]:

mr =
1

10·NC + log2
∏NI

i=1 VIi
(2)

where mr is the mutation rate, NC is the number of continuous variables (that are codified through
10 bits per variable), NI is the number of integer variables, and VI is the number of values that each
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integer variable can assume. This formula provides values allowing to change a gene per each offspring
and per each generation, on average, as it is common practice [71]. In this work, mutation rate was set
equal to 0.01515 for Optimization Study 1, and to 0.01053 for Optimization Study 2, while crossover
rate was set equal to 0.9 in both studies.

4. Results

4.1. Optimization Study 1–Envelope

The optimization related to the envelope features allowed for the identification of 2986 feasible
solutions, while the related Pareto Front is made up of 483 compromise solutions. An overview of the
results is provided in Figure 3, where the solutions obtained from the optimization are presented in
six graphs showing the six possible combinations of the four objective functions for all the feasible
solutions (blue rhombi), for the Pareto Front (green triangles), for the solutions minimizing separately
each objective function, i.e., extreme solutions (red squares) and for the best compromise solution
(orange circle), i.e., the solution identified through the utopia point criterion.

Although a bi-dimensional Pareto Front usually has a typical trend, in Figure 3 the different views
of the front do not resemble this trend, since the additional dimensions change its shape.

It is possible to state that the Pareto Front is composed by three groups of solutions, with each
group including at least one of the extreme solutions. The extreme solutions providing minimum
GWP and minimum Embodied Energy are very close since these functions are concurrent objectives,
as confirmed by the quasi-linear trend in the graph relating these two functions.
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The main features of the solutions from the Pareto Front with the lowest Euclidean distance from
the origin are shown in Table 5, ordered according to increasing Euclidean distance value. It is possible
to see that the most common insulation material in the results is cellulose for external walls, while no
additional insulation is usually applied to the roof. Fibrocement is always selected as cladding material,
both for walls and roof, and double-glazing was considered for staircase and apartment windows in
both orientations, while no glazing is the most common solution for balconies. A curious feature is
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that the window frames are usually composed of different materials, i.e., wood for North-oriented
windows and PVC for South-oriented windows. PVC-framed windows have the lowest investment
cost and embodied energy, while wood frames have the lowest GWP, thus the optimization converged
to different frame materials due to the different windows surfaces between North (about 100 m2) and
South façade (about 200 m2).

Table 5. Values of variables in the solutions of the optimization study 1 with the lowest Euclidean
distance from the origin.

# of Solution 1383 1750 1532 1277 1541 1739 1469 1196

Final energy demand
[kWh/m2/y] 78.9 83.7 80.7 77.6 80.8 83.6 79.9 76.5

Specific investment cost
[DKK/m2] 1522 1438 1556 1564 1549 1406 1515 1631

Concrete walls insulation
material Cellulose Cellulose Cellulose Cellulose Cellulose EPS Cellulose Cellulose

Light walls insulation
material Cellulose Cellulose Cellulose Mineral

wool
Mineral

wool Cellulose Mineral
wool Cellulose

Roof insulation material no insulation no insulation no insulation Cellulose Cellulose no insulation Cellulose no insulation
External walls insulation

thickness 0.25 m 0.10 m 0.20 m 0.25 m 0.20 m 0.10 m 0.10 m 0.25 m

Light walls insulation
thickness 0.14 m 0.14 m 0.44 m 0.14 m 0.14 m 0.19 m 0.24 m 0.34 m

Basement walls insulation
thickness 0.30 m 0.30 m 0.10 m 0.20 m 0.05 m 0.20 m 0.20 m 0.10 m

Roof insulation thickness - - - 0.10 m 0.35 m - 0.40 m -
External walls cladding

material
Fiber-

cement
Fiber-

cement
Fiber-

cement
Fiber-

cement
Fiber-

cement
Fiber-

cement
Fiber-

cement
Fiber-

cement

Roof cladding material Fiber-
cement

Fiber-
cement

Fiber-
cement

Fiber-
cement

Fiber-
cement

Fiber-
cement

Fiber-
cement

Fiber-
cement

Balcony glazing no glazing no glazing no glazing no
glazing

no
glazing no glazing no

glazing
single

glazing

Staircase glazing double
glazing

double
glazing

double
glazing

double
glazing

double
glazing

double
glazing

double
glazing

double
glazing

North façade windows
glazing

double
glazing

double
glazing

double
glazing

double
glazing

double
glazing

double
glazing

double
glazing

double
glazing

South façade windows
glazing

double
glazing

double
glazing

double
glazing

double
glazing

double
glazing

double
glazing

double
glazing

double
glazing

North façade windows
frame PVC Wood Wood Wood Wood Wood Wood Wood

South façade windows
frame PVC PVC PVC PVC PVC PVC PVC PVC

The annual final energy demand of the optimal solutions varies between 76.5 and 83.7 kWh/m2/y,
which is close to the value of 77.2 kWh/m2/y, related to the actually conducted 2012 renovation.
These results can be compared with average energy demand and legal boundaries using the primary
energy source factors of the Danish building regulations, being 1.9 for electricity demand and 0.85 for
district heating. Thus, the performance of the optimum results in primary energy terms vary between
74.5 and 81.5 kWh/m2/y, a reduction of 41–46% compared with approximately 138 kWh/m2/y, which is
the estimated average primary energy demand for Danish apartment buildings from 1961–72 [72,73].
The 2018 building regulations provide two alternative ways of fulfilling energy efficiency requirements,
either by complying with an energy demand limit or by meeting component heat loss limits. The energy
demand limit is 70 kWh/heated m2/y, which is 6–16% lower than the results. The specific investment
for the optimal solutions varies between 1400 and 1630 DKK/m2 (about 190–220 €/m2).

For the solution with minimum Euclidean distance, identified as the best compromise solution,
whose features are shown in the first column of Table 5, the Embodied Energy of the interventions is
equal to 1625 GJ, the embodied GWP is 105.9 tons of CO2-eq, and the investment cost is 3,672,627 DKK
(about 500 k€). The relative contribution of insulation, cladding, and transparent materials to each
objective function is shown in Figure 4.
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4.2. Optimization Study 2–Envelope and Equipment

The optimization of both the envelope and equipment of the building allowed for the identification
of 744 feasible solutions, with the Pareto Front being composed of only 8 compromise solutions.
Although the optimization study was repeated with many algorithms and combinations of parameters,
the number of feasible solutions in this case study was relatively scarce. A possible explanation may
be that the much larger availability of alternatives than in the first optimization, as illustrated in the
Appendix A, caused problems in the generation of alternatives. An overview of the results of this
optimization is provided in Figure 5, where the three combinations of the three objective functions
are shown. As for the previous case study, in Figure 5 are illustrated the feasible solutions (blue
rhombi) and the Pareto Front (orange squares), also highlighting the extreme solutions (grey triangles).
The Pareto Front is divided in two clusters because some solutions are equipped with fiber-cement for
the external walls cladding (less impacting), while most of the solutions in the Pareto Front have an
aluminum cladding.
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Different from the first study, where the energy demand in use phase was clearly conflicting with
embodied impacts and investment costs, in this optimization each objective function is composed by a
term related to the supply of material and a term related to the operation of the building, making less
evident the conflict between the objectives. Furthermore, all of the feasible solutions are concentrated
in a small region of the search space.

Since the Pareto Front is made up of eight solutions only, these alternatives’ features are all shown
in Table 6, ordered according to increasing Euclidean distance value. These building solutions have
very similar features, all of them showing null additional insulation layers and the same glazing for
each component. In detail, North and South oriented windows have double-glazing, as well as the
staircase, while balconies have no glazing. The main consequence is that the thermal transmittance
of the envelope is the same for each building solution. The walls’ cladding is most commonly
aluminum-based in the solutions, because it is the cheapest solution, although having the highest
environmental impact. Fiber-cement, however, is the second-best performing solution with the lowest
impact, while having the highest cost. As roof material, only tiles appear among the optimal roof
cladding solutions. As in the previous case, North-oriented window frames are usually composed by
wood, while PVC is often preferred for South-oriented windows. Even regarding the equipment, the
solutions are very similar, with heating system being always based on district heating, disregarding
installation of solar collectors or recurring to natural gas. This result was predictable, due to the low
solar radiation available in Denmark and to the high values of specific impacts and cost of natural
gas. The low level of solar radiation may also explain why PV is selected in only one of the optimal
solutions. The annual final energy demand of all the optimal solutions is equal to 115.4 kWh/m2/y,
over the Danish requirement for the voluntary renovation class 2.

Table 6. Values of variables in the solutions of Optimization Study 2 with the lowest Euclidean distance.

# of Solution 19 15 12 6 2 5 1 8

Final energy demand
[kWh/m2/y] 115.4 115.4 115.4 115.4 115.4 115.4 115.4 115.4

Specific investment cost
[DKK/m2] 4605 4605 4605 4605 4532 4571 4532 4605

Concrete walls insulation no
insulation

no
insulation

no
insulation

no
insulation

no
insulation

no
insulation

no
insulation

no
insulation

Light walls insulation no
insulation

no
insulation

no
insulation

no
insulation

no
insulation

no
insulation

no
insulation

no
insulation

Roof insulation no
insulation

no
insulation

no
insulation

no
insulation

no
insulation

no
insulation

no
insulation

no
insulation

Basement walls insulation no
insulation

no
insulation

no
insulation

no
insulation

no
insulation

no
insulation

no
insulation

no
insulation

External walls cladding
material

Fiber-
cement

Fiber-
cement

Fiber-
cement Alumin. Alumin. Alumin. Alumin. Alumin.

Roof cladding material Tiles Tiles Tiles Tiles Tiles Tiles Tiles Tiles

Balcony glazing no
glazing

no
glazing

no
glazing

no
glazing

no
glazing

no
glazing

no
glazing

no
glazing

Staircase glazing double
glazing

double
glazing

double
glazing

double
glazing

double
glazing

double
glazing

double
glazing

double
glazing

North wall windows
glazing

double
glazing

double
glazing

double
glazing

double
glazing

double
glazing

double
glazing

double
glazing

double
glazing

South wall windows
glazing

double
glazing

double
glazing

double
glazing

double
glazing

double
glazing

double
glazing

double
glazing

double
glazing

North wall windows frame Wood Wood PVC Wood Wood Wood PVC Alumin.
South wall windows frame Wood PVC PVC Wood PVC PVC PVC PVC

PV surface [m2] 0 0 0 0 0 0 1.93 0
Solar collectors’ surface

[m2] 0 0 0 0 0 0 0 0

Heating technology District
heating

District
heating

District
heating

District
heating

District
heating

District
heating

District
heating

District
heating

For the best compromise solution, that is even the solution with minimum GWP, solution 19
in Table 6, primary energy use is equal to 23,800 GJ, GWP is 432 tons of CO2-eq, and the investment
cost is 11,435,000 DKK (about 1500 k€), given for the reference study period of 50 years. The relative
contribution of embodied and operating terms to each objective function is shown in Figure 6, where the
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embodied contribution is related only to the envelope, since no renovation on equipment was selected
for this solution.
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5. Discussion and Conclusions

The building sector has to provide a considerable contribution in carbon reduction in the coming
years, if the climate change policies are to be met. Since existing buildings have the largest carbon
cutting potential, investments in renovations should be directed to achieving the highest possible
carbon life cycle reduction.

The present study aimed at contributing to the development of multi-objective optimization as an
aid for integrated building design, where numerous technical and financial performance parameters
have to be balanced simultaneously. In a housing block renovation case study, the parameters energy,
GWP, and cost both for operational and embodied phase are included in a multi-criteria optimization.

The optimization workflow has generally proved to be usable for supporting design decisions in
large-scale renovations. Time-consuming explorative analyses can be avoided, because designers can
direct their attention towards larger and cheaper carbon reductions from an initial state in the project.

Resulting from the first study on envelope optimization, eight solutions from the Pareto front
were defined as the optimum set based on the minimum Euclidean distance. The results suggest
cellulose insulation, double-glazing, wooden or PVC window frames, and fiber cement clad roof and
façades. Glazed balconies are not among the suggested solutions.

Interestingly, the optimum set deviate in window frame materials for the North and South façade.
Since the study does not differentiate thermal conductivity of framing material, the result cannot be
the product of an actual optimization. Instead, the phenomenon was most likely caused by differing
areas of North- and South-facing windows, which assumedly lie on different sides of an optimization
tipping point.

Most of the solutions show one of the four parts of the envelope with no or very little additional
insulation, predominantly the roof. Obviously, a cost-efficient reduction in GHG emissions had been
achieved by improving all but one included part of the envelope, while further improvements were
too costly. Further, the heat-loss contribution and thus improvement potential by the roof is lower in
multi-storey buildings due to the geometrical relation with the facades.

The study confirms that the legal energy requirements for deep renovations can be met
cost-efficiently and with low overall GHG emissions. With an energy demand of 76.5–83.7 kWh/(m2 y),
the optima almost meet the 70 kWh/(m2 y) renovation class 2 limit with envelope optimization alone.
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The minor remaining savings can be expected to be achieved by building service improvements.
This subsequent study is not a part of this work.

The second study, including envelope and services, confirms that district heating, the predominant
heating technology in Danish urban areas, is preferable compared with renewable building-level heat
sources. The reasons are suspected to be low cost and GHG emissions of district heating and less
favorable climatic conditions for solar power production.

5.1. Limitations

For simplification reasons, some factors in the performance simulations were neglected.
This applies to the solar shading effect of the wall dimension due to varying insulation thickness.
The position and dimension of façade openings was neglected too, since these are less relevant design
options in existing buildings. Daylight simulations have not been included as a performance indicator.
Here, the optimum solutions show that wall thickness and number of glazing layers are less likely to
challenge the existing daylight level.

Insulation levels were divided into theoretical, discretely ignoring actually available product
dimensions. This is not considered a problem during the initial design stages. The inclusion of these
minor aspects is recommended to be included in detailed analyses in later project stages.

The energy demand is calculated using standard preconditions aiming at building permit design.
This includes the application of the obligatory energy performance rating tool for the Danish market and
required assumptions for indoor temperature and other occupancy-related factors. As actual energy
consumption usually exceeds the calculated standard energy demand, more specific assumptions
should be used in real life projects. This bias is expected to lead to higher insulation levels.

In the secondary study, the combination of both building services and envelope alternatives
has shown complexity challenges. The number of possible solutions has obviously exceeded the
manageable extent for producing reliable results. Even though the optima mostly denied any extra
insulation, the authors decided to include these considerations for illustrating that the application of
a reliable optimization algorithm with correct parameter settings may lead to sub-optimal solutions
instead of approaching the true Pareto front, or give unexpected results if the number of variables is too
high. A way out may be reducing the number of variables by a two-step optimization, where building
services are optimized based on a previously conducted envelope optimization.

The second study does not take into account cost and impacts for piping for connecting the building
with the district-heating network, since these works were already in place in case of the selected
building. In new constructions or existing cases with a different heating technology, district heating
might be challenged. Furthermore, the water temperature for heating has not been taken into
account. Here, low temperature technology, such as solar heating, might perform better in cases where
low-temperature DHW or radiant floor heating is an option.

5.2. Applicability

This work focuses on showing the potential of optimizing emission and cost performance of
selected building parts. However, in real life, the façade would not be renovated just in parts,
but from a more holistic perspective. Additionally, roof insulation would not be as costly as assumed,
when subtracting the cost for a necessary replacement of roof cladding due to wear.

The preparatory work for applying multi-objective optimization has shown being the most
time-consuming procedure. It included defining the objective functions, thermal properties,
GWP impacts, and cost for all cladding alternatives, insulation types for roof and façade and glazed
components. It is expected that this effort is primarily related to initiating the method and database,
while time may be saved on subsequent projects. However, the calculation time for the optimization has
not shown to be a barrier for practical application. Eight thousand building alternatives (40 individuals
for 200 generations) were simulated in about 20 min on a 38-core computer, corresponding to three
hours for an office quad-core computer, which is comparable with complex rendering visualizations.
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Having conducted one of the first studies in a Danish context, the authors hope to contribute the
first steps in order to implement multi-objective optimization in building design as a means to achieve
carbon reductions.

5.3. Future Work

As future developments of the present work, a dual step approach to the building optimization is
suggested, with the first being focused on the envelope components and the second to be oriented to
the design of building services equipment. In order to simplify the initial set-up prior to optimization,
a template and guide would help a broader range of actors to test and improve the method. By publishing
a prototype set-up, the method can be made available for industry testing, generating valuable input
for evaluating some improvements.

Besides feasibility improvements, work might also be put into adjusting the study scope for
gaining greater value in real life application. Here, legal requirements may be included as a constraint
in order to produce compliant optima from the beginning.
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Appendix A

Mathematical Model of the Optimization Study

In this section, the mathematical model for this optimization study is shown. It is a mixed integer,
non-linear, constrained multi-objective optimization problem. With reference to the scheme in Figure 1
and referring to the optimization study 1, for each iteration, the values of variables selected by MOBO
were combined to evaluate the new thermal transmittance U, temperature reduction factors b of each
envelope component (as defined in EN 12831:2003 standard [74]), solar energy transmittance g of
each transparent component, and the glazing-frame ratio Ff of the windows behind eventual balcony
windows, all of which are the inputs of Be18.

The variables were modeled as discrete variables, also using Boolean variables to set the constraints,
with a total combination number equal to 5.84 × 1017. To indicate the variables in the following
equations, a bold style was used. The objective functions employed in this study are shown in
Equations (A1)–(A3):

PEtot =
M∑

i=1

UEEi·mi +
E∑

k=1

UEEk·ek +
E∑

k=1

UOEk·lk (A1)

GWP =
M∑

i=1

UECi·mi +
E∑

k=1

UECk·ek +
E∑

k=1

UOCk·lk (A2)

http://www.mdpi.com/2071-1050/12/18/7807/s1
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Cost =
M∑

i=1

UIi·mi +
E∑

k=1

UIk·ek +
E∑

k=1

UOCk·lk (A3)

where UEE is the unit embodied energy, m is the amount of material (thickness or surface), e stands
for the k-th equipment, UOE is the unit operating energy, l stands for the k-th equipment’s energy
flow, UEC is the unit embodied carbon, UOC is the unit operating carbon, UI is the unit investment
cost, and UOC is the unit operating cost. Each objective function is composed by a term related to
the envelope materials (embodied impacts and investment cost), a term related to the equipment
materials, and an operating term related to the load of each equipment. Although these equations
were employed for both optimization studies, since the equipment technology was not specified in
the first optimization study, only a few of these terms were evaluated and optimized. Furthermore,
embodied energy and operational energy were considered as separate terms in the first optimization
study since the former was evaluated in primary energy terms (PEtot), while the latter was evaluated
in final energy terms.

In this work, in order to better fit the market data, the cost relation for some components were
expressed as linear functions, instead of using only a unit value [75], as in Equation (A4):

Z = C·S + C0·δ (A4)

where Z is the investment cost, S is the component size (e.g., insulation thickness), δ is a Boolean
variable indicating whether or not the component is to be installed, and C and C0 are the cost function
parameters, obtained through least squares regression on market data, to be used in Equation (A3).

The equations for the calculation of dependent variables are shown in Equations (A5)–(A7),
(A10)–(A12), (A14), (A15), (A18)–(A25), (A28), (A29), and (A31)–(A34), while the constraints which the
problem is subject to, involving independent and dependent variables, are provided in Equations (A8),
(A9), (A13), (A16), (A17), (A26), (A27), (A30), (A35), and (A36). For simplicity of reading, these equations
were grouped according to the envelope components.

The envelope related variables considered in this study are:

• Additional insulation material for external walls: EPS, rock wool or cellulose;
• additional insulation thickness for external walls: 0–0.40 m with 0.05 step;
• additional insulation material for light walls: EPS, rock wool or cellulose;
• additional insulation thickness for light walls: 0.09–0.44 m with 0.05 step;
• additional insulation material for roof: rock wool or cellulose;
• additional insulation thickness for roof: 0–0.40 m with 0.05 step;
• additional insulation thickness for basement walls: 0–0.40 m of EPS with 0.05 step;
• new cladding for external walls: 4 different claddings (bricks, slate, fibrocement board,

aluminum board);
• new cladding for roof: 4 different claddings (fibrocement board, ceramic tiles, bituminous

membrane, zinc with double standing seam);
• new windows glazing: Double or triple, with different values for north and south orientation;
• new windows frame: PVC, aluminum or wood, with different values for north and

south orientation;
• glazing for balconies: Single, double, triple, or nothing;
• glazing for staircase: Single, double, or triple.

EXTERNAL WALLS (EW)

UEW = 1
1

UEW,0
+ sm.w.
λm.w.

·δm.w.+
scell
λcell
·δcell+

sEPS
λEPS

·δEPS+(δslate+δ f ib.cem.+δalum)·(Rsi−Rse)+
sbrick
λbrick

·δbrick
(A5)



Sustainability 2020, 12, 7807 20 of 25

UEWBB =
1

1
UEW

+ (δ1 balco + δ2 balco + δ3 balco)·δbrick·(Rsi −Rse)
(A6)

bEWBB = δ0 balco + b1g·δ1 balco + b2g·δ2 balco + b3g·δ3 balco (A7)

δm.w. + δcell + δEPS ≤ 1 (A8)

δslate + δ f ib.cem. + δalum + δbrick = 1 (A9)

LIGHT WALLS (LW)

ULW= 1
1

ULW,0
+ sm.w.
λm.w.

·δm.w.+
scell
λcell
·δcell+

sEPS
λEPS

·δEPS+(δslate+δ f ib.cem.+δalum)·(Rsi−Rse)+
sbrick
λbrick

·δbrick
(A10)

ULWBB =
1

1
ULW

+ (δ1 balco + δ2 balco + δ3 balco)·δbrick·(Rsi −Rse)
(A11)

bLWBB = δ0 balco + b1g·δ1 balco + b2g·δ2 balco + b3g·δ3 balco (A12)

δm.w. + δcell + δEPS ≤ 1 (A13)

BASEMENT WALLS (BW)

UBW =
1

1
UBW,0

+
sEPS
λEPS

(A14)

ROOF (R)

UR =
1

1
UR,0

+
(

sm.w.
λm.w.
·δm.w. +

scell
λcell
·δcell

)
+

(
δtile + δ f ib.cem.

)
·(Rsi −Rse)

(A15)

δm.w. + δcell ≤ 1 (A16)

δtile + δ f ib.cem. + δbitum + δzinc = 1 (A17)

WINDOWS (W)

UW_north =
1

δ2,north
U2g

+
(1−δ2,north)

U3g
+ Rsi + Rse

(A18)

UW_south =
1

δ2,south
U2g

+
(1−δ2,south)

U3g
+ Rsi + Rse

(A19)

UWBB=
1

δ2,south
U2g

+
(1−δ2,south)

U3g
+ Rsi + Rsi·(δ1 balco + δ2 balco + δ3 balco) + Rse·δ0 balco

(A20)

gW_north = g2g·δ2,north + g3g·
(
1− δ2,north

)
(A21)

gW_south = g2g·δ2,south + g3g·
(
1− δ2,south

)
(A22)

gWBB =
(
g2g0b·δ0 balco + g2g1b·δ1 balco + g2g2b·δ2 balco + g2g3b·δ3 balco

)
·δ2,south

+
(
g3g0b·δ0 balco + g3g1b·δ1 balco + g3g2b·δ2 balco + g3g3b·δ3 balco

)
·

(
1− δ2,south

) (A23)

bWBB = δ0 balco + b1g·δ1 balco + b2g·δ2 balco + b3g·δ3 balco (A24)

F f _WBB = F f ,0·δ0 balco + F f ,1·(δ1 balco + δ2 balco + δ3 balco) (A25)

δPVC,north + δwood,north + δalum,north = 1 (A26)

δPVC,south + δwood,south + δalum,south = 1 (A27)
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BALCONIES (B)

UV =
δbrick(

1
U1g

+ Rsi + Rse

)
·δ1 balco +

(
1

U2g
+ Rsi + Rse

)
·δ2 balco +

(
1

U3g
+ Rsi + Rse

)
·δ3 balco

(A28)

gV = g1g·δ1 balco + g2g·δ2 balco + g3g·δ3 balco (A29)

δ0 balco + δ1 balco + δ2 balco + δ3 balco = 1 (A30)

STAIRCASE WINDOWS (ST)

UST =
1

1
U1g
·δ1 stair +

1
U2g
·δ2 stair +

1
U3g
·δ3 stair + Rsi + Rse

(A31)

gST = g1g·δ1 stair + g2g·δ2 stair + g3g·δ3 stair (A32)

bSAW = b1g·δ1 stair + b2g·δ2 stair + b3g·δ3 stair (A33)

bSBF = b1g·δ1 stair + b2g·δ2 stair + b3g·δ3 stair (A34)

δ1 stair + δ2 stair + δ3 stair = 1 (A35)

where U is the thermal transmittance, s is the material thickness, λ is the thermal conductivity,
b is the temperature reduction factor, Rsi and Rse are the internal and external surface resistances,
respectively, as defined in ISO 6946:2007 standard [39], g is the solar energy transmittance, Ff is the
glazing/frame ratio, and δ are Boolean variables indicating if a component or variable is selected or
not. Subscripts have the following meaning: m.w. stands for mineral wool, cell stands for cellulose,
fib.cem. stands for fiber cement, alum stands for aluminum, balco stands for balconies, BB stands for
behind balconies, numbers from 0 to 3 indicate the glazing, tile stands for ceramic tiles, bitum stands for
bituminous membrane, and north and south indicate the exposition of the windows.

In Equations (A5) and (A10), three out of four cladding structures include ventilated air cavities
larger than 1500 mm2 per meter of length, thus the transmittance of the cladding structure was
neglected, according to standard ISO 6946:2007 [39]. In the same way, in Equation (A15), two out
of four cladding structures include ventilated air cavities larger than 1500 mm2 per meter of length,
thus the transmittance of the cladding structure was neglected, while the remaining cladding structures
have negligible thermal resistance.

The mathematical model described above is composed by:

• 40 independent variables, describing cladding and insulation material and thickness for external
walls, light walls, roof, and basement walls, and glazing and frame material for windows, balconies,
and staircase;

• 22 dependent variables, that are combinations of the independent variables composing useful
input values to the Be18 model;

• 3 inequality constraints, allowing the exclusion or the selection of only one insulation material for
external walls, light walls, and roof;

• 6 equality constraints, with 2 of them allowing the selection of only one cladding material for
external walls and roof, 2 of them allowing the selection of only one glazing for balconies and
staircase, and 2 of them allowing the selection of only one frame material for windows in 2 different
orientations). The selection of only one glazing for windows is guaranteed by the modeling
through a unique Boolean variable.

For the second optimization study, including envelope and equipment related variables, the only
difference is related to the addition of the following variables and constraints, while the previous
model was employed also in this study. The equipment related variables considered in this study are:
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• PV system area;
• solar thermal collector area;
• natural gas boiler rated power;
• district heating heat exchanger rated power (for a standard temperature difference);
• heat pump rated power.

The areas of solar technologies were modeled as continuous variables while the remaining
equipment sizes were modeled as discrete variables. Boolean variables were also included for each
component to set the constraints. Since from the simulations the indoor temperature never overcomes
26 ◦C, no cooling system design was evaluated in the optimization. Taking into account only the discrete
variables, the total combination number is equal to 8.98 × 1020. The unique additional constraint of
this model is related to solar technologies surface, whose sum has to be lower than the available roof
area (220 m2), as in Equation (A36).

SPV + SSTC ≤ 220 (A36)

where SPV is the PV system area and SSTC is the STC area.
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