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Abstract: The present paper considers a manufacturing supply chain of deteriorating type inventories.
The problem addresses the extra rented warehouse (RW) to store extra inventories if the manufacturer
is producing more inventories than their owned warehouse (OW) capacity. Now, the problem is
which inventories should be used first with minimum cost and minimum deterioration. To solve
this problem, we have assumed a MFIFO (mixed first in first out) dispatching policy and constant
demand rate over a finite time horizon. Along with these we have also assumed an inspection policy
during the supply chain to separate deteriorated items and a carbon tax policy is also considered
to control carbon emissions. The rate of deterioration depends on the number of inspections. If
the number of inspections increases, it minimizes the rate of the decaying process. Due to the
adoption of the inspection policy, the supply chain moves toward a green supply chain as it removes
deteriorated inventories that minimize further decay by contact, and simultaneously separated
deteriorated products can be utilized for other purposes that solve the problem of the disposal of
deteriorating inventories and reduce emission generation. We have also established the uniqueness
of the established model. The motto of solving the mathematical model is to find the values of the
optimum value of N, the number of cycles, and n, the number of inspections that helps to minimize
total cost. At last, we illustrate the result with the help of a numerical example.

Keywords: MFIFO dispatching policy; deterioration; inspection; carbon emission

1. Introduction and Literature Review

In the present competitive business world, organizations need to manage inventories
with efficient policies especially when the supply chain is dealing with deteriorating
inventories. Sometimes due to high demand or season or the deteriorating nature of
inventories, manufacturers increase their production and therefore need RW facility to
manage a large number of inventories. Once the organization rents an extra facility to
keep the extra number of inventories, the problem that they face is which inventories
should be used first for minimum cost and minimum deterioration of inventories. The
green supply chain is also a need as carbon factor is increasing in the environment and
business firms are also responsible for carbon generation by manufacturing, transportation,
warehousing, etc.; therefore, it needs to be controlled by effective policies. Government
and policymakers initiate policies such as carbon tax, carbon cap, cap and trade and offset
policies to control carbon factors. The deterioration process is a natural process that can
not be stopped but it can be minimized if deteriorating nature inventories are managed
properly. The inspection policy is one such policy that is effective for deteriorating nature
inventories. If deteriorated inventories are removed from the supply chain at the initial
stage, then it will not deteriorate other inventories by contact and the decaying process can
be minimized to some extent. In the same way, separated deteriorated inventories can be
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utilized to earn revenue and also solve the problem of the disposal of decaying inventories.
Therefore, an inspection policy helps to reduce carbon emissions and helps to turn a supply
chain into a green supply chain. In the present work, we tried to address all the problems
mentioned above. First, we considered the constant demand rate but the inventories are
deteriorating in nature. Thus, to fulfill market demand on time, manufacturers produce
extra inventories due to which they need RW. To solve the problem of deciding which
inventory should be used first, we consider MFIFO dispatching policy by using OW and
RW inventories which means inventories that are stored first (in OW) should be used first
but simultaneously, deteriorated inventories to be replaced by from RW. We have also
assumed an inspection policy for separating deteriorating inventories from the supply
chain to minimize further deterioration and to make the supply chain a green supply chain.
We have also used a carbon tax policy to control carbon emissions. Both the inspection
policy and carbon tax policy help us to make the supply chain a green supply chain. In the
presenting paper, we have not discussed revenue from separated deteriorating inventories
as we have established a mathematical model to find the total cost.

In the literature review we first talk about deterioration. Deterioration is a natu-
ral activity that must happen with decaying types of inventories. It cannot be stopped
but it can be minimized with some tools. Many researchers, policymakers, and or-
ganizations have given distinct policies, tools, and management areas that could be
profitable for the firms handle such inventories. Many works have been conducted
in this area with different policies. A few recent works include Pal et al. (2015) [1],
Bai et al. (2016) [2], Muriana et al. (2016) [3], Önal et al. (2016) [4], Wu et al. (2016) [5],
Banerjee and Agrawal (2017) [6], Feng et al. (2017) [7], Herbon (2017) [8], Huber et al.
(2017) [9], Panda et al. (2017) [10], Panda et al. (2017) [11], Xu et al. (2017) [12], Aliyu and
Sani (2018) [13], Ferreira et al. (2018) [14], Pando et al. (2018) [15], Rozhkov, and Ivanov
(2018) [16], Tiwari et al. (2018) [17], Tiwari et al. (2020) [18], Gong et al. (2019) [19], Jing
and Mu (2019) [20], Maihami et al. (2019) [21], and Yang et al. (2019) [22]. Khakzad and
Gholamian (2020) [23] studied the prepayment policy for the retailer and the behaviour
of supply chain after applying an inspection policy for deteriorating inventories. Abdul
Halim et al. (2021) [24] discussed a production opening inventory model for deteriorating
items under overtime concept with price and available inventory focused demand.

In the present combative and developing business world, it is a very challenging and
tough task to manage decay type inventories without any loss. Moreover, a manufacturer
may find it very costly to own a more spacious and well-established warehouse. In this
situation, if the amount of manufactured inventories is more than the holding susceptibility
of the warehouse (OW), the manufacturer requires a rented warehouse (RW). Sometimes
manufacturers feel the need for extra production due to higher demand of inventories in
the market and when manufacturer are dealing with deteriorating types of inventories,
it necessary that production size is larger than demand of the market. Sometimes some
seasonable products are manufactured before the season so as to fulfil market demand
without delay. Some organizations manufacture inventories in RW and keepthem in OW.
Therefore, after placing them in RW, the next important policy is how to utilize these
inventories, which means determining which inventories must be used first for maximum
profit. Though it somewhat depends on factors such as the nature of the inventories and the
rent of RW. Distinct supply chains adopt different policies but there are some policies that
are established by policy makers and researchers. As well, these are used by the market
also. Organizations are required to choose a dispatching policy that fits their supply chain
and that can fulfil costumer demand with minimum cost, less deterioration of inventory,
and utilization of whole inventory without any loss. For this, manufacturers should have
enough knowledge about dispatching policies that suit their supply chain and provide
maximum profit. Some of these policies are:
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(a) LIFO (last in first out) policy—This policy works with the concept that RW inventories
should be used first as it reduces extra rent, which leads to minimum cost because it
is an extra cost burden on the supply chain. Chakraborty et al. (2018) [25] considered
LIFO policy in their work.

(b) FIFO (first in first out)—This policy works with the concept that OW inventories
should be used first as it reduces the deterioration rate, because the inventory that
comes first is manufactured first so it will become deteriorated first, so if it is used
first, it reduces the deterioration cost. There is one more concept behind this policy
that some RWs provide better storage policies compared to OW which reduces deteri-
oration. So, in RW inventories can be kept fresh for a longer period and it minimizes
deterioration cost and indirectly maximizes profit instead of greater cost of RW. In
the FIFO policy, inventories that is kept first, must be utilized first. There are some
RWs that charge less with a good quality of storage facilities that reduce deterioration
so that it is more profitable for firms to use OW inventories. Some works on this
policy are Niu and Xie (2008) [26], Yu (2019) [27], and Ghiami and Patrick (2020) [28].
Sometimes RW provides good preserving environmental conditions and provide
permissible delay in payments as well. Many organizations work with this policy to
make sure better originality of the stored inventory.

(c) MFIFO (mix first in first out) policy—This works with the concept of the FIFO policy
but with some modifications. In this policy, deteriorated inventories are replaced with
RW so RW inventories are also simultaneously utilized. In the present paper, we use
this policy. Xu et al. (2017) [12] worked on this policy with a constant demand rate.

(d) MLIFO (mix last in first out) dispatching policy—This policy works upon the LIFO
policy but there is some modification in the LIFO policy. In this policy RW inventories
are used first. Inventories from RW are sent to OW and then to the market. Some of
the manufactures manufacture inventories in RW and then place them in OW. Xu et al.
(2017) [12] worked with this policy on deteriorating inventories. They also considered
all the above policies and compared mathematical modeling in each case.

(e) Mixed FIFO and LIFO policy—In this policy, both inventories are utilized simultane-
ously depending on the customer’s demand. Minner and Transchel (2016) [29] and
Janssen et al. (2018) [30] considered this policy in their works.

(f) AIFO (allocation-in-fraction-out)—In this policy, OW inventories are utilized first
but some fraction of inventories are replaced from RW so under this policy, both
warehouses are used simultaneously and inventories are finished at the same time.
Other than LIFO and FIFO, Alamri and Syntetos (2018) [31] used the AIFO policy.

Green supply chain means “integrate environmental thinking into supply chain”. At
the present time world business manufacturers, policymakers, and researchers are attracted
to the problem of carbon emission during supply chain. If the supply chain is dealing
with deteriorating types of inventories then this problem requires more involvement.
Policymakers and governments established a few policies to solve these problems such as
carbon tax, cap and tax, offset policy and trade and cap, etc. Some recent works considering
the carbon emission factor are Jaber and Goyal (2009) [32], Mishra et al. (2019) [33],
Wang et al. (2019) [34], Wu and Kung (2019) [35], Bhatia et al. (2020) [36], Huang et al.
(2019) [37], Yu et al. (2020) [38], Mishra et al. (2021) [39], and Sepehri and Gholamian
(2021) [40]. Huang et al. (2019) [37] established a model considering the carbon emission
regulation policy by using the game theory approach. Yu et al. (2020) [38] studied and
established a model with preservation technology for carbon emission considering demand
as the function of stock and price.

Due to the decaying process, it is difficult to manage these inventories at a low cost but
if these inventories deal with some special policies, then it is profitable. Inspection during
supply chain to remove deteriorating inventories is one such tool that helps. Inspection
policy is a kind of tool that converts a normal supply chain into a green supply chain. If
during each cycle the inspection process is adopted, then these inventories can be separated
at the initial stage. This will help firms in two ways; one is that deteriorating inventories
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will not deteriorate other fresh inventories and the rate of decay can be minimized. The
second is, if these deteriorating inventories separates initially then it can be utilized for
any purpose which helps to generate revenue. Inspection policy also helps in reducing
emission. The separated products can be used for any other purpose based on the product
or it can be sold as a product in the market at a low price so that it solves the disposal
problem and reduces emissions; thus, with this policy, the supply chain becomes a green
supply chain. Some of the research work considers an inspection policy during the supply
chain for deteriorating inventory. Some of these are Mohammadi et al. (2015) [41], Tai et al.
(2016) [42], Bouslah et al. (2016) [43], Tai et al. (2019) [44], Khakzad and Gholamian
(2020) [23], all of whom studied the effects of inspection. The rest of the paper is arranged
in the following ways: the notations, assumptions, the mathematical model and numerical
example, sensitivity analysis and observations, and conclusion.

2. Assumption

The following assumption is set up to establish mathematical modeling.

Assumption 1.

1. The average deterioration rate of the inventory is the linear function of the deterioration rate
of each item in each period, and it is dependent on the function of the number of inspections.
The mathematical rate of deterioration is calculated as follows for OW and RW: θ1 = θ′ +

g
n+1 ; θ2 = θ′′ + g

n+1 , respectively.
2. Demand is considered constant, which means demand remains constant in the whole cycle.
3. Inspection policy considers removing deteriorated products.
4. MFIFO dispatching policy assumes using OW and RW inventories.
5. Carbon tax policy is considered for producing each unit of carbon emission.
6. Lead time is constant.

3. Mathematical Modelling

In the present work, a model for deteriorating types of inventories with
two-warehousing MFIFO dispatching policy was developed. To design the above-mentioned
problem in the form of a mathematical model, regular inspection of items was also consid-
ered so as to deduce the deterioration rate. As a result, the deterioration rate depends on the
number of inspections. The carbon tax policy for reducing emissions was also considered.
The motto of mathematical design is to find the values of n, N and ti,j (i = 1, 2, . . . , N; j =
1, 2, 3, 4) so as to better satisfaction of customer’s demand with the minimum total cost.
It is assumed that the ith inventory level initializes at time ti1 with null stock level and
finishes at time [ti+1,1]. Initially at time ti1, manufacturing, demand, and deterioration
occur simultaneously. The manufacturer using RW for keeping up extra inventories. Figure
1 (Xu et al. 2017) [12] is representing inventory levels in OW and RW in different cycles.
Firstly during [ti1, ti2], manufactured inventories send to the OW where inventory level
increases from 0 to W. If there is any extra manufactured inventory more than W after ti2
then it must be sent to the RW. If there is any deteriorated inventory in OW during [ti2, ti3],
it arranges or fulfilled from RW. The Manufacturing work stops at ti3, and thereafter, at
ti4 the inventory level in the OW continuously decreases and reach to 0, because of decay
process and demand. Similarly, in the RW, during [ti3, ti4] the inventory level goes down
because of decaying process only. After that during [ti4, ti+1,1], in the RW, the inventory
level again goes down due to both decay process and demand. The pattern of changes
in the inventory level during supply chain is portrayed in Figure 1. Below established
differential equations depict the inventory levels at time t while the ith manufacturing
cycle. This work is mainly focused on the deteriorating inventories that need continuous
inspection. It is considered that if the deteriorating inventory is removed from the storage,
it will not lead to deterioration by contact and the rate of the deterioration slows down.
Therefore, the supplier must inspect deteriorating inventory at regular time intervals for
removing deteriorating inventory so that it cannot spoil other inventory, and thus removed
inventory can be utilized at the initial level.
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In this section, basic mathematical equations of inventory level and deteriorated
inventories in both OW and RW in different sub-cycles will be calculated. These inventory
levels are further used for calculating different costs constructing the final cost model.

dIow(t)
dt

+ θ1 Iow(t) = P− D; ti1 ≤ t ≤ ti2 (1)

dIow(t)
dt

= 0; ti2 ≤ t ≤ ti3 (2)

dIow(t)
dt

+ θ1 Iow(t) = −D; ti3 < t ≤ ti4 (3)

dIrw(t)
dt

+ θ2 Irw(t) = P− D− θ1W; ti2 < t ≤ ti3 (4)

dIrw(t)
dt

+ θ2 Ior(t) = −D; ti4 < t ≤ ti+1,1 (5)

dIrw(t)
dt

+ θ2 Ior(t) = 0; ti3 < t ≤ ti4 (6)

With the help of boundary conditions Iow(ti1) = 0, Iow(ti2) = W, Iow(ti4) = 0 and
Irw(ti+1,1) = 0, the above equation can be solved and model formulation work takes place.
The following steps followed:

Iow(t) =
(P− D)

θ1

(
1− eθ1(ti1−t)

)
; ti1 ≤ t ≤ ti2 (7)

Iow(t) = W; ti2 < t ≤ ti3 (8)

Iow(t) =
D
θ1

(
eθ1(ti4−t) − 1

)
; ti3 < t ≤ ti4 (9)

Irw(t) =
(P− D− θ1W)

θ2

(
1− eθ2(ti2−t)

)
; ti2 < t ≤ ti3 (10)

Irw(t) =
D
θ2

(
eθ2(ti+1,1−t) − 1

)
; ti4 < t ≤ ti+1,1 (11)
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Irw(t) =
D
θ2

(
eθ2(ti+1,1−ti4) − 1

)
eθ2(ti4−t); ti3 < t ≤ ti4 (12)

Here θ1 =
(
θ′ + g

n+1
)

and θ2 =
(
θ′′ + g

n+1
)
.

Now calculating total inventory level in own warehouse in ith cycle is as follows:

Ii
ow =

∫ ti2

ti1

Iow(t)dt +
∫ ti3

ti2

Iow(t)dt +
∫ ti4

ti3

Iow(t)dt

Ii
ow =

∫ ti2

ti1

(P− D)

θ1

(
1− eθ1(ti1−t)

)
dt +

∫ ti3

ti2

Wdt +
∫ ti4

ti3

D
θ1

(
eθ1(ti4−t) − 1

)
dt

Ii
ow =

(P− D)(
θ′ + g

n+1
) (ti2 − ti1) +

(P− D)
(

e(θ
′+ g

n+1 )(ti1−ti2) − 1
)

(
θ′ + g

n+1
)2 + W(ti3 − ti2)+

D(
θ′ + g

n+1
)2

(
e(θ
′+ g

n+1 )(ti4−ti3) − 1
)
− D(

θ′ + g
n+1
) (ti4 − ti3)

(13)

Now calculating total inventory level in rented warehouse in ith cycle is as follows:

Ii
rw =

∫ ti3

ti2

Irw(t)dt +
∫ ti4

ti3

Irw(t)dt +
∫ ti+1,1

ti4

Irw(t)dt

Ii
rw =

∫ ti3

ti2

(P− D− θ1W)

θ2

(
1− eθ2(ti2−t)

)
dt +

∫ ti4

ti3

D
θ2

(
eθ2(ti+1,1−ti4) − 1

)
eθ2(ti4−t)dt+

∫ ti+1,1

ti4

D
θ2

(
eθ2(ti+1,1−t) − 1

)
dt

Ii
rw =

(
P− D−

(
θ′ + g

n+1
)
W
)(

θ′′ + g
n+1
) (ti3 − ti2) +

(
P− D−

(
θ′ + g

n+1
)
W
)(

θ′′ + g
n+1
)2

(
eθ2(ti2−ti3) − 1

)
+

D(
θ′′ + g

n+1
)2

(
e(θ
′′+ g

n+1 )(ti+1,1−ti4) − 1
)

e(θ
′′+ g

n+1 )(ti4−ti3) − D(
θ′′ + g

n+1
) (ti+1,1 − ti4)

Ii
rw =

(P− D− θ1W)

θ2
(ti3 − ti2) +

(P− D− θ1W)

θ22

(
eθ2(ti2−ti3) − 1

)
+

D
θ22 eθ2(ti4−ti3)

(
eθ2(ti+1,1−ti4) − 1

)
− D

θ2
(ti+1,1 − ti4)

(14)

3.1. Fixed Manufacturing Cost

This is the fixed manufacturing cost that occurs in the supply chain as a result of
the production process and includes activities such as raw materials cost, manufacturing
charges, packing, and so on that serve to prepare a product for consumer usage. This is
often referred to as the manufacturing cost. It is determined as follows in ith cycle.

ith cycle = PC = NC1

3.2. Holding Cost of Desirable Items in OW and RW in ith Cycle

This is the expense incurred in the supply chain as a result of storing prepared stocks
in a warehouse. Rent, power bills, maintenance fees, and other expenditures are incurred
at a warehouse. For one cycle, the holding cost is determined as follows.

ith cycle = HC = hw Ii
ow + hr Ii

or (15)
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3.3. Deterioration Cost in OW and RW in ith Cycle

Deterioration costs occur as a result of inventory degradation. Inventory deterioration
is regarded as a loss for the supply chain. As a result, it is assessed as a degradation cost.
The cost of degradation for one cycle is determined as follows:

ith cycle = DC = Dc

(
θ1 Ii

ow + θ2 Ii
or

)
(16)

3.4. Cost of Inspection

The cost of inspection is linearly dependent on the number of inspections per cycle
and cost of hiring the number of inspectors, which can be given by:

Cins = Nnr (17)

3.5. Emission Cost

If the inventories’ nature is a deteriorating type, then it will definitely lead to carbon
emission. The disposal of deteriorating inventory causes emissions and according to
Government policy any business organization that is responsible for carbon emission has to
pay the government as a penalty following any one policy established by the Government.
In our work we have considered the carbon tax policy. For this let us assume that emissions
due to the per unit of disposal of deteriorating inventory be ν. Emission cost also creates
pressure on the supply chain for reducing emission generation.

Therefore, total emission due to deteriorating inventories is:

Er = νχ
(

θ1 Ii
ow + θ2 Ii

or

)
(18)

3.6. Total Cost

Now, the mathematical design for the total cost model under the MFIFO policy is
as follows:

TC1
(

N,
{

tij
})

= NC1 +
N

∑
i=0

(hw + θ1DC + θ1νχ)Ii
ow +

N

∑
i=0

(hr + θ2DC + θ2νχ)Ii
or + Nnr; j = 1, 2, 3, 4 (19)

TC1
(

N,
{

tij
})

= NC1 +
N
∑

i=0
(hw + θ1DC + θ1νχ)

 (P−D)
θ1

(ti2 − ti1) +
(P−D)

(
eθ1(ti1−ti2)−1

)
θ1

2 +

W(ti3 − ti2) +
D

θ1
2

(
e(θ
′+ g

n+1 )(ti4−ti3) − 1
)
− D

θ1
(ti4 − ti3)

+

N
∑

i=0
(hr + θ2DC + θ2νχ)

 (P−D−θ1W)
θ2

(ti3 − ti2) +
(P−D−θ1W)

θ2
2

(
eθ2(ti2−ti3) − 1

)
+

D
θ2

2 eθ2(ti4−ti3)
(

eθ2(ti+1,1−ti4) − 1
)
− D

θ2
(ti+1,1 − ti4)

+ Nnr

In addition, the following relations exist:

Iow(ti2) =
(P− D)

θ1

(
1− eθ1(ti1−ti2)

)
= W (20)

Iow(ti3) =
D
θ1

(
eθ1(ti4−ti3) − 1

)
= W (21)

Irw(ti3) =
D
θ2

(
eθ2(ti+1,1−ti4) − 1

)
eθ2(ti4−ti3) =

(P− D− θ1W)

θ2

(
1− eθ2(ti2−ti3)

)
(22)

We use the Lagrangian method to find the optimal values of:

tij(i = 1, 2, . . . . . . , N; j = 1, 2, 3, 4)
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L
(

N,
{

tij
})

= NC1 +
N
∑

i=0
(hw + θ1DC

+θ1νχ)

 (P−D)
θ1

(ti2 − ti1) +
(P−D)

(
eθ1(ti1−ti2)−1

)
θ1

2 +

W(ti3 − ti2) +
D

θ1
2

(
e(θ
′+ g

n+1 )(ti4−ti3) − 1
)
− D

θ1
(ti4 − ti3)


+

N
∑

i=0
(hr + θ2DC

+θ2νχ)

 (P−D−θ1W)
θ2

(ti3 − ti2) +
(P−D−θ1W)

θ2
2

(
eθ2(ti2−ti3) − 1

)
+

D
θ2

2 eθ2(ti4−ti3)
(

eθ2(ti+1,1−ti4) − 1
)
− D

θ2
(ti+1,1 − ti4)


+Nnr +

N
∑

i=1
λ1

i

(
(P−D)

θ1

(
1− eθ1(ti1−ti2)

)
−W

)
+

N
∑

i=1
λ2

i

(
D
θ1

(
eθ1(ti4−ti3) − 1

)
−W

)
+

N
∑

i=1
λ3

i

(
D
θ2

(
eθ2(ti+1,1−ti4) − 1

)
eθ2(ti4−ti3) − (P−D−θ1W)

θ2

(
1− eθ2(ti2−ti3)

))

(23)

where λ1
i , λ2

i , λ3
i are the lagrangian multipliers.

Lemma 1. For a given cycle number N, we prove the uniqueness of the optimal values of tij (i = 1, 2,
. . . , N, j = 1, 2, 3, 4) that satisfy ti2 − ti1 = ti−1,2 − ti−1,1; ti3 − ti2 = ti−1,3 − ti−1,2; ti4 − ti3 =
ti−1,4 − ti−1,3; ti+1,1 − ti4 = ti,1 − ti−1,4.

Proof. Refer to Appendix A. �

Now by using Lemma 1 we can write TC
(

N,
{

tij
})

= TC(N) and (ti+1,1 − ti4) =
H
N −

(ti2 − ti1 + ti3 − ti2 + ti4 − ti3). With the help of Lemma 1 we can say that tij;
(i = 1, 2, ....., N; j = 1, 2, 3, 4) is uniquely determined.

Now we can solve the cost optimization problem for the MFIFO dispatching policy
with the above-specified constraint.

TC1
(

N,
{

tij
})

= NC1 + N(hw + θ1DC + θ1νχ)Ii
ow + N(hr + θ2DC + θ2νχ)Ii

or + Nnr; (24)

j = 1, 2, 3, 4

S.T
(P− D)

θ1

(
1− e−θ1(ti2−ti1)

)
= W (25)

D
θ1

(
eθ1(ti4−ti3) − 1

)
= W (26)

(ti4 − ti3) Irw(ti3) =
(P− D− θ1W)

θ2

(
1− eθ2(ti3−ti2)

)
=

D
θ2

(
eθ2(ti+1,1−ti4) − 1

)
eθ2(ti4−ti3)

ti2 − ti1, ti3 − ti2, ti4 − ti3, ti+1,1 − ti4 > 0
(27)

Theorem 1. The cost function is convex with the number of cycle N.

Proof. To prove the theorem we use the result (ti+1,1 − ti4) =

H
N − (ti2 − ti1 + ti3 − ti2 + ti4 − ti3) in our model for cost function and then find

∂2TC(N,{tij})
∂N2 .

By using a numerical example, it is observed that
∂2TC(N,{tij})

∂N2 > 0 proves the convexity of
total cost with cycle number N. �
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4. Numerical Illustration

Here we considered a numerical example to illustrate the established model for a
manufacturing supply chain that considered a MFIFO dispatching policy with inspection
to remove the deteriorating inventories during cycle as discussed above. Numerical
example is:

H = 10; g = 8; θ′ = 0.054; θ′′ = 0.050; r = 5; W = 35; P = 300; D = 100;

hw = 5; hr = 8; Pc = 100; Dc = 2; ν = 1.5; χ = 1.45

Here with the use of above numerical values the optimum values of decision vari-
ables are:

ti2 − ti1= 0.17500000000000002; ti3 − ti2= 0.005958868986241095;

ti4 − ti3= 0.35000000000000003; ti+1,1 − ti4= 0.183327; n = 3; N = 14

Now to study the behaviour of the established cost model with decision variables
and different parameters and making a conclusive report, we constructed the following
Tables 1–3. These tables were constructed with slight changes in numerical 1 and optimum
values of decision variables. A graphical representation is also given to illustrate the results.
An analysis of Tables 1–3 and the graphical representation explain the sensitivity analysis
and observation section.

Table 1. Behaviour of total cost with the changes in decision variables.

ti2−ti1 ti3−ti2 ti4−ti3 N n TC

0.1760 0.005958 0.350 10 3 1087.83

0.1770 0.005958 0.350 10 3 1103.94

0.1780 0.005958 0.350 10 3 1120.11

0.1760 0.005959 0.350 10 3 1071.83

0.1760 0.005960 0.350 11 3 1071.89

0.1760 0.005961 0.350 12 3 1071.94

0.1760 0.005958 0.351 13 3 1088.05

0.1760 0.005958 0.352 10 3 1104.35

0.1760 0.005958 0.353 10 3 1120.69

0.1760 0.005958 0.350 10 4 639.538

0.1760 0.005958 0.350 10 5 289.579

0.1760 0.005958 0.350 15 3 1711.12

0.1760 0.005958 0.350 16 3 2397.05

0.1760 0.005958 0.350 17 3 3109.65
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Table 2. Behaviour of total cost with the changes in parameters such as θ′, θ ′′ , N, n, hw, hr, TC.

θ’ θ” N n hw hr TC

0.051 0.050 10 2 5 8 1072.27

0.052 0.050 10 2 5 8 1072.77

0.053 0.050 10 3 5 8 1073.26

0.050 0.052 10 4 5 8 1073.74

0.050 0.053 11 2 5 8 1074.71

0.050 0.054 10 2 5 8 1075.69

0.050 0.054 11 2 5.1 8 1088.84

0.050 0.054 10 3 5.2 8 1102.00

0.050 0.054 10 2 5.3 8 1115.15

0.050 0.050 10 2 5 8.1 1057.92

0.050 0.050 10 2 5 8.2 1044.07

0.050 0.050 10 2 5 8.3 1030.21

0.050 0.050 10 2 5 8.4 1016.35

0.050 0.050 10 2 5.4 8.5 1055.12

Table 3. Changes in ti+1,1 − ti4 with the changes in N, ti2 − ti1, ti3 − ti2, ti4 − ti3.

N ti2−ti1 ti3−ti2 ti4−ti3 ti+1,1−ti4

15 0.1750 0.005958 0.350 0.13570

16 0.1750 0.005958 0.350 0.09404

15 0.1760 0.005958 0.350 0.182327

15 0.1770 0.005958 0.350 0.181327

14 0.1780 0.005958 0.350 0.180327

14 0.1750 0.005959 0.350 0.183326

14 0.1750 0.005960 0.350 0.183325

14 0.1750 0.005958 0.351 0.182327

14 0.1750 0.005958 0.352 0.182326

5. Sensitivity Analysis and Observations

1. By the mathematical calculation in Table 1 it is observed that as the values of ti2 −
ti1, ti3 − ti2, ti4 − ti3, ti+1,1 − ti4 and N increase, the total cost also increases. This
implies that for minimizing the total cost, cycle length and sub cycles should be
smaller. If the cycle is smaller then inventories need to be utilized in a limited time to
minimize deterioration. Therefore, smaller cycles and sub cycles minimize the total
cost and management becomes easy.

2. As the value of n increases, total cost decreases. This shows that inspection during
supply chain for deteriorating inventories is a profitable step. Inspection during
supply chain reduces the deterioration rate and reduces deterioration cost. In the
same way, this policy reduces carbon emission that also reduces carbon tax; therefore
this policy helps to minimize the cost. Along with this, it helps to make a supply chain
a green supply chain. It is observed in Table 1 that if we increase n, we can minimize
the total cost. But it is also observed that when we put n = 3, 4, 5 total cost decreases,
but as we put n = 6 or more the total cost becomes negative; therefore, it is observed
that n should be between 3 and 5 for minimum cost.
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3. In Table 2, we studied the behaviour of cost model with respect to the deterioration
rate. It is observed that as θ′ and θ′′ increases, total cost also increases but when
θ′ < θ′′ total cost is lower compared to when θ′ > θ′′ . Therefore, it is concluded that
the deterioration rate should be lower to minimize cost. The same way as we studied
the behaviour of total cost with hw and hr, it is observed that as hw increases total cost
increases, but when hr increases total cost decreases.

4. Table 3 is constructed by using the result of Lemma 1 which is ti+1,1 − ti4 = H
N −

(ti2 − ti1 + ti3 − ti2 + ti4 − ti3); this result gives the value of (ti+1,1 − ti4) length of
fourth sub cycle.

5. Figures 2–5 shows the behaviour of total cost with respect to different decision vari-
ables. Figure 2 represents the behaviour of total cost with respect to ti2 − ti1 and n.
It is observed that the graphical representation also justified our results of Table 1
that the total cost is increasing with increase in ti2 − ti1 (same way with each sub
cycle) and decreasing with increases in n. Similarly Figure 3 represents the behaviour
of total cost with respect to N and n and it is observed that as n increases total cost
decreases, and as N increases the total cost also increases. This supports our results
in Table 1. Figure 4 is a graphical representation of total cost with respect to ti2 − ti1
and ti3 − ti2 and it is concluded that with the increase in sub cycle length, total cost
increases. Hence, by all the graphical representations and numerical calculations in
Tables 1 and 2, it is observed that total cost increases as ti2− ti1, ti3− ti2, ti4− ti3 and N
increases; therefore to minimize the cost, ti2 − ti1, ti3 − ti2, ti4 − ti3 and N should be
minimized and the number of inspection n should be maximized.

6. Figure 5 represents the behavior of the total cost with respect to the deterioration rate.
The graph with blue colour represents the cost when θ′ > θ′′ meaning θ′′ is constant
and θ′ is increasing whereas the graph with red colour represents the total cost when
θ′ < θ′′ meaning θ′ is constant and θ′′ is increasing. This graph also concludes that
when θ′ > θ′′ , TC is lower compared to when θ′ > θ′′ .
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6. Conclusions

In the present competitive business world organizations need to manage inventories
with efficient policies, especially when the supply chain deals with deteriorating inventories.
Sometimes due to high demand or season, or any other reasons, the manufacturer increases
their production; therefore, in that case they need to manage a large number of inventories
with the help of RW. Once the organization rents an extra facility to keep an extra number
of inventories, the problem arises regarding which dispatching policy could be best for
their supply chain. Along with this the organizations that are dealing with the deteriorating
type of inventories need to remove deteriorating inventories at an initial level so as to stop
or minimize the deterioration. In this paper, we considered the MFIFO dispatching policy
along with inspections. Inspection during supply chain is a perfect tool to convert a supply
chain into a green supply chain because it helps to remove deteriorated inventories at the
initial level, which helps to stop further decay process by contact. As well, it reduces the
problem of disposal of deteriorating inventories because the inventories that are removed
can be utilized for any purpose depending on the type of inventories. In our work, we
considered inspection policy, constant demand, and deterioration as the function of the
number of inspections. By using mathematical modeling it is seen that inspection during
supply chain reduces cost. For a given cycle number N, we obtain the uniqueness of the
optimal values of tij. This paper describes an MFIFO policy with inspection and carbon tax
policy with the objective of minimizing cost.

Application, Limitations and Further Work

The established mathematical modeling is applicable only on deteriorating types of
inventories. It is applicable only if the manufacturer considers only constant demand and
making extra inventories due to deteriorating nature inventories. It is not useful if the
manufacturer is producing extra inventories due to high demand, due to peak season,
because in that case demand will be stochastic, but this model considers only constant
demand. Also, it is applicable only for the MFIFO dispatching policy but not applicable if
the supply chain follows any other policies. This work can be extended with non-constant
demand. In the present paper, we did not discuss the revenue from separated deteriorating
inventories as we established a mathematical model to find the total cost; thus, we did not
focus on revenues. This work can be extended with a profit model as well.
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Notation

Symbol Description
D Constant demand
P Number of manufactured items
θ′ The fix rate of deterioration in OW
θ1 The effective rate of deterioration in OW
θ ′′ The fix rate of deterioration in RW
θ2 The effective rate of deterioration in RW
hw Stocking charges of inventory in OW
hr Stocking charges of inventory in RW
HCow Total Stocking charges of inventory in OW
HCor Total Stocking charges of inventory in RW
W Maximum limit of OW
C1 Fixed manufacturing cost
Dc Deterioration cost/unit deteriorating inventory
Iow Inventories at time t on OW
Ior Inventories at time t on OR
Ii
ow Total inventory level in OW in ith manufacturing cycle

Ii
or Total inventory level in RW in ith manufacturing cycle

I′ow Total deteriorating inventory level in OW in ith manufacturing cycle
I′or Total deteriorating inventory level in RW in ith manufacturing cycle
Er Emission cost
Cins Cost of inspection per cycle
TC Total cost for one cycle
r Hiring cost of inspector

g
Coefficient representing the effect of deteriorated product on desirable
product

χ Tax/unit emission production
ν Emission/unit due to disposal of a deteriorating product
Decision variables

ti1
Initial period of the ith manufacturing cycle along with t11 = 0 and
tn+1,1 = H; i = 1, 2, ......, N

ti2
At this time OW inventory level reaches to its maximum limit W in ith
manufacturing cycle where i = 1, 2, ......, N

ti3

At this time OR inventory level reaches to its maximum inventory limit
and manufacturing work stops in ith manufacturing cycle where
i = 1, 2, ......, N

ti4
At this time RW inventory level reaches to zero in ith manufacturing
cycle where i = 1, 2, ......, N

N Number of cycles
n Number of inspections during cycle

Appendix A

Here we prove the uniqueness of optimal values of tij(i = 1, 2, ......, N; j = 1, 2, 3, 4). By
using Equation (23).

∂L
(

N,
{

tij
})

∂λ1
i

=

(
(P− D)

θ1

(
1− eθ1(ti1−ti2)

)
−W

)
= 0 (A1)

∂L
(

N,
{

tij
})

∂λ2
i

=

(
D
θ1

(
eθ1(ti4−ti3) − 1

)
−W

)
= 0 (A2)

∂L
(

N,
{

tij
})

∂λ3
i

=

(
D
θ2

(
eθ2(ti+1,1−ti4) − 1

)
eθ2(ti4−ti3) − (P− D− θ1W)

θ2

(
1− eθ2(ti2−ti3)

))
= 0 (A3)
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∂L(N,{tij})
∂ti1

= (hw + θ1DC + θ1νχ)

(
(P−D)

(
eθ1(ti1−ti2)−1

)
θ1

)
+ (hr + θ2DC + θ2νχ)

(
D
θ2

(
eθ2(ti1−ti−1,3) − 1

))
−

λ1
i (P− D)

(
eθ1(ti1−ti2)

)
+ λ3

i−1Deθ2(ti1−ti−1,3) = 0

(A4)

∂L(N, {tij})
∂ti2

= (hw + θ1DC + θ1νχ)

(
(P− D)(1− eθ1(ti1−ti2))

θ1
−W

)

+

( (hr + θ2DC + θ2νχ)

(P−D−θ1W)
θ2

(
eθ2(ti2−ti3) − 1

) )
+λ1

i (P− D)eθ1(ti1−ti2) + λ3
i (P− D− θ1W)eθ2(ti2−ti3) = 0

∂L(N, {tij})
∂ti3

= (hw + θ1DC + θ1νχ)

(
W +

D
θ1

(
1− e

(
θ′+ g

n+1

)
(ti4−ti3)

))

+(hr + θ2DC+θ2νχ)

( (P−D−θ1W)
θ2

(
1− eθ2(ti2−ti3)

)
−

D
θ2

eθ2(ti4−ti3)(eθ2(ti+1,1−ti4) − 1)

)
(A5)

− λ2
i Deθ1(ti4−ti3) − λ3

i

{
D
(

eθ2(ti+1,1−ti4) − 1
)

eθ2(ti4−ti3) + (P− D− θ1W)eθ2(ti2−ti3)
}
= 0 (A6)

∂L
(

N,
{

tij
})

∂ti4
= (hw + θ1DC + θ1νχ)

(
D
θ1

(
e(θ
′+ g

n+1 )(ti4−ti3) − 1
))

+

(hr + θ2DC + θ2νχ)
D
θ2

(
eθ2(ti4−ti3)

(
eθ2(ti+1,1−ti4) − 1

)
− eθ2(ti4−ti3)eθ2(ti+1,1−ti4) + 1

)
+ λ2

i Deθ1(ti4−ti3) − λ3
i Deθ2(ti4−ti3)

(A7)

By using Equations (A1)–(A6), we get the following results.

λ3
i eθ2(ti+1,1−ti3) − λ3

i−1eθ2(ti1−ti−1,3) =

(
hr

θ2
+ DC + νχ

)
eθ2(ti1−ti−1,3) − eθ2(ti+1,1−ti3) (A8)

Substituting Equations (A2), (A3) and (A6) into (A7) we get

(hw + θ1DC + θ1νχ)
D
θ1

(
eθ1(ti4−ti3) − 1

)
− (hr + θ2DC + θ2νχ)

D
θ2

(
eθ2(ti4−ti3) − 1

)
= λ3

i

{
Deθ2(ti4−ti3) + (P− D− θ1W)

} (A9)

By using Equations (A2) and (A9) we get Here we have assume that

θ1 = θ2

(hw + θ1DC + θ1νχ)
D
θ1

(
eθ1(ti4−ti3) − 1

)
− (hr + θ2DC + θ2νχ)

D
θ2

(
eθ2(ti4−ti3) − 1

)
= λ3

i P (A10)

By substituting (A10) in (A8)

[(hr + θ2DC + θ2νχ)(P− θ2W)− (hw + θ1DC + θ1νχ)θ2W]
(

eθ2(ti+1,1−ti3) − eθ2(ti1−ti−1,3)
)
= 0 (A11)

From Equation (A11), it is concluded that

ti+1,1 − ti3 = ti1 − ti−1,3 when (hr + θ2DC + θ2νχ)(P− θ2DC) 6= (hw + θ1DC + θ1νχ)θ2W.

It is assumed that our model satisfy this condition and we get optimum unique time
length in each cycle. On the bases of above proof we can say that each time period is
equal to same time point of next cycle. By using (A2) and (A3), we can get (ti2 − ti1) =
1
θ1

ln
[

(P−D)
(P−D)−Wθ1

]
and (ti4 − ti3) = 1

θ1
ln
[

Wθ1+D
D

]
. By using ti+1,1 − ti1 = H

N and ti+1,1 −
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ti3 = (ti+1,1 − ti4) + (ti4 − ti3). It is observed that ti3− ti2 = ti−1,3− ti−1,2 and ti+1,1− ti4 =
ti1 − ti−1,4. This proof the Lemma 1.
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