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Abstract: The extensive investigation and profound understanding of the hydraulic characteristics of
the Francis turbine are crucial to ensure a safe and stable hydraulic system. Especially, predicting the
runner’s hydraulic efficiency with high fidelity is mandatory at the early stage of a new hydropower
project. For these purposes, the current technologies mainly include experimentation and CFD
simulation. Both methods generally have the demerits of a long period, massive investment and
high requirements for supercomputers. In this work, an analytical solution is therefore introduced
in order to predict the internal flow field and working performance of the runner while the Francis
turbine operates at the best efficiency point (BEP). This approach, based on differential-geometry
theory and the kinematics of ideal fluid, discretizes the blade channel by several spatial streamlines.
Then, the dynamic parameters of these streamlines are determined in a curved-surface coordinate
system, including velocity components, flow angles, Eulerian energy and pressure differences across
the blade. Additionally, velocity components are converted from the spatial-velocity triangle to
the Cartesian coordinate system, and the absolute-velocity vectors as well as the streamlines are
subsequently derived. A validation of this approach is then presented. The analytical solution
of hydraulic efficiency shows good agreement with the experimental value and simulation result.
Additionally, the distributions of pressure differences over the blade, velocity and Eulerian energy
are well predicted with respect to the CFD results. Finally, the discrepancy and distribution of the
dynamic parameters are discussed.

Keywords: analytical solution; mathematic analysis; Francis turbine; hydraulic characteristics;
efficiency prediction; BEP

1. Introduction

The current global energy system is experiencing an optimization process and aims to
increase its use of clean energy, including solar, wind, nuclear, hydro and other renewables.
However, this system consisting of diverse energy sources is apt to trigger swings in the
power grid. In this case, hydropower, which is superior in terms of rapid startup and
shutdown as well as in its effective regulation of power quality, has long had a crucial role
in stabilizing the power system.

The runner of a turbine serves as the core of the hydro-energy conversion. It directly
determines the stability of the hydraulic system and further obliquely affects the robustness
of the electric system. It is thereby essential to optimize the runner-design process and
predict its working performance, particularly at the early stage of a hydropower project.
For this purpose, experiments [1,2] and CFD simulations [3–5] are the two widely used
technologies. However, satisfactory results require high-end instruments such as Parti-
cle Image Velocimetry [6,7], Laser Doppler Velocimetry [8,9] or Remote Sensing Survey.
Likewise, accurate CFD results impose high demands on supercomputers. Consequently,
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the mathematical-analysis method seems a preferable alternative for overcoming these
shortcomings. However, the relevant analytical methods to date have mainly been used for
the runner’s inverse design [10–13] and seldom for solving the runner’s internal character-
istics [14].

In this ambit, a few studies focused on the direct design of centrifugal pump and its
flow analysis [15,16]. By extension, the flow on the stream surface (S1) was converted to a
2D Cartesian coordinate system by conformal transformation. The flow around the cascade
was further described by equations of integral form, based on which the relative velocity on
the blade surface was derived [17]. In their work, a discrepancy arose between calculations
and measurements, presumably attributable to both ignoring the effects of blade shape on
the flow and to the unsatisfied momentum equation in the blade channel [18]. This method
was later improved with a direct and inverse iteration, and distributions of the relative and
meridian velocities were obtained by solving continuity and momentum equations with
the streamline-curvature method [19,20].

As for the analytical method in turbines, most studies have only focused on the flow
patterns at the runner’s inlet and outlet, particularly on their velocity triangles [21,22]. On
the meridional plane, the blade of the pump-turbine was discretized and the distributions
of Eulerian energy were deduced by a direct and inverse method [23]. Therein, a surface
coordinate was first established on the S1 stream surface of a pump turbine. This decisive
step implies the importance of describing flow patterns in the S1-surface coordinate system.
Additionally, some relevant technologies have been reported. For instance, spherical coor-
dinates associated with the conformal-transformation method were adopted to investigate
the flow in a tubular turbine. The results revealed the relationship between guide-vane
opening and the flow at the vane outlet [24]. Then, the runner blade was discretized in
spherical coordinates and further designed with the help of cylindrical coordinates [25].
Special attention has also been dedicated to the mathematical models describing swirling
flow in the turbomachinery [26] and downstream of the runner [27,28]. Then, the helical
flow pattern was described by the partial differential function (PDF) of the stream function.
This PDF can be solved by converting it to constrained variational problems or under
simplified conditions, and then validated by the finite-element method [29,30].

Most of these studies tried to determine the direct and inverse design of reaction
runners. Few of them obtained the hydraulic characteristics and internal flow field under
ideal cases or by the virtue of measurements. Herein, an analytical approach based on the
classic runner-design method is introduced, named the analytical method of characteristics
(AMOC). This approach focuses on predicting the internal and external characteristics
of a Francis turbine without performing extra tests or finite-element simulations; only
the runner configuration and its operational parameters are required. In this study, a
calculation procedure is performed at the BEP under incompressible and inviscid-flow
conditions. This analytical work aims to accurately and effectively predict the optimal
hydraulic efficiency and flow field in an existing runner, to quantitatively analyze the
energy conversion on the blade and to reveal the pressure difference across the blade.

The paper is organized as follows: Section 2 presents the main procedures of the
AMOC approach, with detailed steps in Appendix A. Section 3 takes the form of a case
study of a Francis turbine, describing the corresponding results and its validation by the
help of the finite-volume method. Section 4 contains conclusions and outlooks.

2. AMOC Methodology Implementation
2.1. Basic Assumptions

A mathematical model describing the flow in the blade channel is justifiably crucial to
analytically determine the runner characteristics. Indeed, real flow is complicated due to its
kinematics, dynamics and thermodynamics or even their interactions. In order to simplify
this issue and effectively implement the AMOC, some hypotheses are listed as follows:

• The liquid is inviscid, single-phase and incompressible.



Sustainability 2022, 14, 1965 3 of 19

• The flow field in the runner is only subject to kinematics and described based on
monistic theory, namely the velocity at a certain point is determined only by the
streamwise distance from the origin of a streamline.

• The fluid flows smoothly in the blade channel, i.e., the relative velocity component is
aligned with the local tangential direction of the relative spatial streamline.

2.2. Implementation Procedures

The implementation procedure of the AMOC approach is illustrated in Figure 1.
This approach is based on the well-known classical-design theory of radial-axial turbine
runners under incompressible and inviscid-flow conditions. The three-dimensional runner
configuration, particularly the spatial blade channel, is discretized and projected onto the
meridional plane. Closely following this, spatial streamlines are formed by the interaction
of the blade and the stream surface. Then fluid kinematic relationships are constructed for
each streamline and later the kinematic parameters are solved.

Figure 1. Calculation flow diagram of AMOC.

Furthermore, the flow at the blade-channel inlet is irrotational, with uniform radial
and tangential velocity components. However, at the outlet of the channel, a uniform axial-
velocity profile is considered. A blade-blockage factor is introduced in order to account for
the effects of blade thickness. Some parameters are initially input in order to perform this
approach, including:

• A model of the runner and the main geometry of the blade, such as wooden figures.
• Meridional channel geometry, such as the crown, band, and blade leading-edge and

trailing-edge curves.
• The operational parameters at the BEP, such as available unit speed, head, and discharge.

Finally, the approach outputs several spatial streamlines and their relevant parameters
including the velocity components, Eulerian energy, absolute flow angle, relative flow
angle, runner’s hydraulic efficiency and pressure difference over the blade.

The general descriptions of Figure 1 are presented as follows with additional details
on the derivation shown in Appendix A.
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2.2.1. Coordinate Transformation

Meridian projection and surface mapping are performed in this section. Geometries
described in a Cartesian system are converted into a curved coordinate system by virtue
of the stream surface (S1) and the blade-chamber surface (S2). Detailed deviations can be
found in Appendix A.1. The coordination operations are defined by Equations (A1)–(A4).

2.2.2. Generatrix of Flow Section and Meridional Velocity

The cross section of the flow in the blade channel is perpendicular to the S1 stream
surface by the classical design theory of radial-axial turbine runners. Its intersection with
the meridian plane generates the so-called generatrix, which can be geometrically acquired
by inserting inscribed circles in the blade channel. As shown in Figure A3, one generatrix,
the arc ÂB derived from Equation (A5), rotates round the Z-axis to form the flow cross
section. Then the meridional velocity is computed in Appendix A.2.

2.2.3. Streamline Cluster Generation

Meridional streamlines discretize the flow channel into several passages, with each
passage conveying the same discharge. These meridional streamlines (SL) and ten relative
spatial streamlines (SSL) are derived by the steps in Appendix A.3.

Appendix A.4 elaborates the steps to determine the relative flow angle at each node
on the spatial streamlines. Then, with the known meridional velocity of the SL, the
corresponding meridional velocity on the SSL is derived in Appendix A.5. Blockage effects
due to the blade thickness are taken into account by Equations (A15) and (A16).

Using the above procedures, all of the parameters with which to further implement
the AMOC are obtained, including the revised meridional velocity Vm

′, the relative flow
angle βi and the blockage factor 1/ki at each node on the SSL.

By recalling the Law of sines and Law of cosines, the velocity components are derived
from Equations (A17) to (A21).

Afterwards, the Eulerian energy at each node on the SSL is quantified as:

EUi = Ui ·VUi (1)

where EUi denotes the Eulerian energy at node i.
Recalling the fundamental equation of a hydraulic turbine defined as the integral

form [28]: ∫
S1

(ωrb1VUb1)ρVmb1dS1 −
∫
S2

(ωrb2VUb2)ρVmb2dS2 = (ρQ)(gH)η (2)

where S1 and S2, respectively, denote the cross sections upstream and downstream of
the runner.

This equation defines the change in flux of the moment of momentum along both the
streamwise and spanwise directions. According to the second assumption in Section 2.1,
this equation is integrated as:

γ

g
Q0 · (EUb1 − EUb2) = γQ0H0ηr0 (3)

then, the runner hydraulic efficiency can be computed where, γ is the liquid unit weight
and g is the gravity acceleration. EUb1 and EUb2 separately denote Eulerian energies at the
blade inlet and outlet. H0 is the rated head and ηr0 is the runner’s hydraulic efficiency at
the BEP as computed by the AMOC.
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Figure A5 shows the discretization of the blade inlet and outlet, as well as the notation
of each subsection. With the length-weighted method, the Eulerian energy in Equation (3)
is therefore replaced by the average value, quantified as:

EUb1 =
9

∑
J=1

ξb1J ·
EUb1J + EUb1(J+1)

2
(4)

where

ξb1J =
Lb1J

9
∑

J=1
Lb1J

EUb2 =
9

∑
J=1

ξb2J ·
EUb2J + EUb2(J+1)

2
(5)

where

ξb2J =
Lb2J

9
∑

J=1
Lb2J

where J denotes the ordinal of the SSL. J = 1, 2, . . . , 9 due to ten SSLs derived here as shown
in Figure A4. The subscript b1 and b2 denote blade inlet and outlet separately. EU denotes
the length-averaged Eulerian energy. EUJ denotes the Eulerian energy on the Jth SSL.
LJ denotes the length of the subsection. ξJ denotes the weighted factor of each segment.

2.3. Transformation of Velocity Component

The velocity components are converted from velocity triangles to the Cartesian system
by vector operation and coordinate operation in Appendix B. Then, the absolute streamlines
are derived by interpolation and extrapolation.

3. Case Study and Results Discussion
3.1. Basic Parameters of Runner Model

This AMOC procedure was performed on a Francis turbine model (A858a-36.6) with
an X-shaped blade that was conceptualized and developed by Prof. Hermod [31,32]. A
prototype of this model serves at the Three Gorges right bank station. Corresponding
runner and blade illustrations are separately presented in Figures 2 and 3. The main
dimensions of this model and its operational parameters at the BEP are tabulated in Table 1.
The X-blade runner features a twisted blade and a negative angle at the inlet in order to
reduce the cross flow in the blade channel [32]. These features make the second and third
assumptions more reasonable.

Figure 2. Runner of Francis turbine.
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Figure 3. X-shaped blade.

Table 1. Main specifications of the Francis turbine model.

Geometric Dimensions
D1 mm D2 mm N Blade shape

372.9 366.0 15 X

BEP Parameters
n0 r/min Q0 m3/s H0 m ρ kg/m3

1122 0.492 30 997

3.2. Validation and Result Analyses

With respect to the same turbine model, the results predicted by the AMOC approach
were evaluated by experimental data and using the CFD software ANSYS Fluent 19.2. In
the numerical simulation, the three-dimensional model and flow passage are illustrated
in Figure 4. This system consisted of the spiral case, guide vanes, runner and draft tube.
A grid with two million elements was employed to the whole domain. Then, the Navier–
Stokes equations coupled with the k-ε turbulence model were solved in the steady state.
A total head of 30 m was prescribed at the system inlet, and an average static pressure of
0 Pa was used at the system outlet. This simulation configuration has been widely used
in the field of hydraulic turbomachines. Simulation results have shown good agreement
with experiments [10,33], at least at the BEP. A ThinkPad laptop T460p was used to per-
form the simulation, and it took almost twelve hours to get satisfactory results for one
operation point.

Figure 4. Geometric model of the whole flow system for the turbine.

3.2.1. Time Consumption and Turbine Hydraulic Efficiency

By performing the AMOC, the whole implementation process consumed around two
hours to obtain all of the desired results using an identical laptop. From this point, the
time consumption of AMOC was 1/6 of the CFD calculation. Here, the efforts of 3D
modeling were not taken into account, let alone the various cases throughout the whole
operation range.
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Part of the data report obtained at the blade inlet and outlet after running the AMOC is
listed in Table 2, including various components of the velocity triangles, Eulerian energy, the
length of each subsection and the optimal hydraulic efficiency computed from Equation (1)
to Equation (5). That is,

ηr0 = (EUb1 − EUb2)/g/H0 = (305.507− 26.846)/9.81/30 = 0.9469 (6)

Table 2. Analytical results of AMOC implementation.

SSL V
m/s

W
m/s

U
m/s

β
◦

α
◦

EU
m2/s2

L
mm EUm2/s2

Blade inlet

SSL-0 16.229 4.195 17.085 71.236 14.169 268.829
7.905

305.507

SSL-0.0625 16.361 4.179 17.100 72.828 14.124 271.325
7.960

SSL-0.125 16.445 4.186 17.133 73.538 14.131 273.225
15.770

SSL-0.25 16.614 4.230 17.274 74.005 14.166 278.274
15.577

SSL-0.375 16.852 4.290 17.534 73.849 14.153 286.505
15.288

SSL-0.5 17.219 4.343 17.934 73.603 14.004 299.634
15.122

SSL-0.625 17.602 4.436 18.446 72.174 13.881 315.193
14.758

SSL-0.75 17.932 4.594 19.067 68.891 13.826 332.012
14.080

SSL-0.875 18.273 4.776 19.853 64.022 13.591 352.623
13.066SSL-1 18.511 5.081 20.726 57.639 13.406 373.192

Blade outlet

SSL-0 5.385 8.943 5.921 35.663 104.470 −7.966
23.288

26.846

SSL-0.0625 5.533 10.272 6.761 29.733 112.968 −14.597
21.686

SSL-0.125 5.160 10.012 7.741 30.516 99.864 −6.843
35.446

SSL-0.25 5.392 9.451 9.767 32.539 70.507 17.574
26.720

SSL-0.375 5.853 10.144 11.594 30.310 61.004 32.895
20.423

SSL-0.5 6.031 11.290 13.249 26.973 58.104 42.221
17.256

SSL-0.625 6.450 12.061 14.771 25.331 53.139 57.150
14.977

SSL-0.75 6.983 12.593 16.175 24.245 47.777 75.907
13.097

SSL-0.875 6.720 14.220 17.475 21.495 50.842 74.151
12.220SSL-1 7.104 14.881 18.681 20.737 47.879 89.001

ηr0 % 94.69

This turbine model was tested by the Harbin electrical-machine factory in China.
The main results used to validate the analytical approach are shown in Table 3 [34]. The
optimal efficiency derived from the test was 94.63%. This value in the runner hill chart
is 94.7% as illustrated in Figure 5 [35]. Moreover, the optimal hydraulic efficiency of the
runner predicted by the Navier–Stokes solver is 94.57%. The efficiency value computed
by the different methods are compared in Table 4. The relative errors are calculated, and
these minor discrepancies quantitatively validate that the AMOC enables the accurate
prediction of the runner’s optimal hydraulic efficiency. Admittedly, the experimental value
of the efficiency was calculated between the cross sections upstream of the runner and
downstream of the runner, and this value takes into account the hydraulic efficiency, the
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mechanical efficiency and the volumetric efficiency, respectively, whereas the analytical
approach in this paper predicts only the hydraulic efficiency from the blade inlet towards
the outlet. At the BEP, the mechanical and volumetric loss is negligible, which leads to a
good agreement between the experimental and the analytical approaches.

Table 3. Main test results of the model runner.

Case and Variable n11 r/min Q11 m3/s η % Cavitation Coefficient

BEP 73.7 670 94.63 /
Limitation case / 992 86.60 0.08

Figure 5. Hill chart for model A858a-36.6 under 30 m test head.

Table 4. Efficiency comparison with different methods.

Methods Efficiency Value %

AMOC 94.69 94.69
Test 94.63 94.63
CFD 94.57 94.57

Relative error % 0.06 0.06 0.13

3.2.2. Velocity Distribution in Blade Channel

By data processing and velocity conversion, many more visual illustrations are pre-
sented. Figure 6 shows both the vector and scalar of the absolute velocity along the SSLs.
Additionally, the absolute streamlines are partially plotted in the left figure by blue lines.
It is evident that the radial flow gradually transfers to the axial direction due to the blade
configuration. The meridional velocity correspondingly tends to perform in the same
manner along the SSL. The runner additionally rotates clockwise. Therefore, the direction
of absolute velocity evolves, namely being horizontal to the right at the blade inlet and
inclined downwards at the outlet, as demonstrated by the blue lines in Figure 6a. This
pattern greatly depends on the runner configuration and indeed, the flow features here co-
incide with the turbine at medium specific speed. Meanwhile, the length of the red arrows
represents the magnitude of absolute velocity. Its streamwise evolution implies that the
velocity smoothly decreases, which agrees well with the distribution of the velocity scalar
in Figure 6b. Due to the effects of circumferential velocity, the maximum and minimum
values separately emerge at the inlet near the band and at the outlet adjacent to the crown.
These locations would possibly suffer from large stress, thereby inducing flow separation
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and other elusive hydraulic turbulence. Overall, in this section, the velocity distributions
from the AMOC feature smooth transitions, which is justifiably rational at the BEP.

Figure 6. Distribution of absolute velocity on the SSL by AMOC: (a) Velocity vector and streamline;
(b) Velocity scalar.

Additionally, the Navier–Stokes solver provides the absolute velocity and Eulerian
energy distributing on a certain S2 surface, as shown in Figure 7. To further aid in the assess-
ment of the results, the runner crown and the band are superimposed onto the flow fields.
There is good agreement in the velocity distribution, as evidenced in Figures 6b and 7a.
The absolute velocity in Figure 7a smoothly evolves from the blade’s leading edge towards
the trailing edge in the same manner as shown in Figure 6. Therefore, the main flow
features and velocity magnitude are well approximated by the AMOC approach, and the
S2 surface is basically divided into three parts: red, green and blue. Their boundaries, to
some extent, coincide with the blade’s leading and trailing edges. This implies the feature
of the X-shaped blade, namely less cross flow from the crown to the band.

Figure 7. Distribution of results obtained by the Navier–Stokes solver on S2 surface: (a) Absolute
velocity; (b) Dimensionless Eulerian energy.

3.2.3. Eulerian Energy in Blade Channel

In the (m, θ) curved coordinate system, the length of the SSL projection on the m-
axis and gH0 are used to normalize the coordinate and Eulerian energy, respectively, of
each point on the corresponding SSL. Figure 8a displays the resultant distribution of the
dimensionless Eulerian energy on five spatial streamlines. The contour of this energy on
the S2 surface is illustrated in Figure 8b. Obviously, Eulerian energy shows both a spanwise
ascent and a streamwise descent trend. On the other hand, the fluid potential energy is
converted to mechanical energy by pushing the runner. This process is reflected in the
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figures as the Eulerian energy declines from the blade inlet towards the outlet. Hence, the
slope of the curves in Figure 8a can be regarded as a criterion to define the local ability of
energy conversion. This ability is proportional to the absolute value of the specific slope. By
extension, a larger absolute value corresponds to the steep decline of the curve, triggering
more energy conversion. Therefore, the corresponding location on the blade works more
efficiently. As for the five curves in the figure, the gradient varies with the streamwise
position. In a similar manner, it can be inferred that the whole blade surface converts
energy unevenly, as seen in the color map in Figure 8b. This non-uniform energy transition
affects the runner performance from a micro perspective and, in turn, provides a decisive
step in the runner optimization, design and manufacturing process. Additionally, the right
figure schematically highlights two special locations of maximal and minimal Eulerian
energy, showing the same behavior as the absolute velocity in Figure 6b, and the energy
value is observed to be close to zero on the outlet curve. This happens to coincide with
the absence of residual momentum downstream of the runner in the optimal case. Similar
distribution patterns can be found between Figures 7b and 8b. Due to the high dimensional
interpolation required to obtain Figure 8b, the shape of the S2 surface is slightly changed.
The general contour distribution is still in accord with the Fluent results.

Figure 8. Distribution of Eulerian energy: (a) On three SSLs; (b) On the stream surface.

3.2.4. Pressure Difference over the Blade

The pressure difference over the blade is related to the meridional velocity and the
meridional derivative of the velocity moment, expressed as [10,36]:

p+ − p− =
2πρ

N
·V′m ·

∂(rVU)

∂m
(7)

where p+ and p− separately denote the static pressure on the pressure surface and the
suction surface of the blade.

The coefficient of pressure difference is defined as:

Cp =
p+ − p−

ρgH0
(8)

Consequently, the pressure difference at each node can be calculated using the cor-
responding revised meridional velocity and the circumferential component of absolute
velocity, especially when the real blade thickness is taken into account. As a result, the
coefficient of pressure difference across the blade is presented in Figure 9. As expressed
by Equation (7), the pressure difference is proportional to the revised meridional velocity
and to the derivative of the tangential velocity moment. These two parameters are larger
towards the band. Therefore, the pressure difference theoretically increases in the spanwise
direction. An overall agreement is observed between the AMOC approach and the Fluent
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results, though some noticeable discrepancies arise. This may be attributed to the hypothe-
ses, errors during interpolation and the simplifications of this model. In this ambit, the
treatment by degenerating the real blade into an S2 surface perhaps had the largest impact,
since the AMOC calculates the pressure difference along a spatial streamline, while this
value is obtained from the pressure surface and suction surface in the Navier–Stokes solver.

Figure 9. Distribution of Cp along spatial streamlines: (a) AMOC implementation; (b) ANSYS Fluent
Navier–Stokes solver.

In Figure 9a, the spanwise Cp distribution seems to be chaotic due to the shape of the
spatially twisted blade, while the streamwise distribution basically declines. During the
first half chord, namely 0 < m’ < 0.5, most of the load was applied to the region adjacent
to both the crown and the band, whereas the medium region was subjected to less load.
On the contrary, the liquid load mainly worked on the downstream region near the band
for 0.5 < m’ < 1. This coincides with the higher Eulerian energy near the lower part at the
blade outlet, as shown in Figures 7b and 8b. It is notable that on the edge of the blade outlet
(m’ = 1) the pressure difference is slightly away from zero. This is probably attributed to
the enlarged turbulence by the blade-channel vortex and to the outlet residual circulation,
which ensured a preferable wake flow and further, a higher runner efficiency. In such a
case, the flow pattern leaving the blade fails to meet the Kutta–Joukowski condition. In
addition, when Cp reaches the peak value, the corresponding velocity difference over the
blade also becomes the largest. The flow is likely to separate from the blade surface, and
this separation can be arithmetically predicted by the definition of stagnation enthalpy
in rotational machinery. This scenario will be quantitatively analyzed in the future work
combining CFD technology. In summary, the Cp distribution mainly depends on the blade
geometry and flow pattern in the blade channel. By calculating this value, the specific load
distribution can be obtained, and the local energy conversion ability on the blade can be
clearly evaluated.

4. Conclusions and Outlook

This paper predicted the characteristics of a Francis turbine operated at the BEP by an
analytical approach, the AMOC. Implementations of this method were based on differential-
geometry theory and the kinematics of ideal fluid, as well as the monistic theory, which
was proposed decades ago but is relatively simple and can be efficiently performed. All
of these merits make the monistic theory justifiably popular in mathematical models and
analytical solutions.

By performing the AMOC procedures, the blade channel was discretized using the
spatial relative streamlines, then the relevant hydraulic parameters were calculated, includ-
ing velocity components, flow angles, Eulerian energy and the pressure difference across
the blade. The runner’s optimal hydraulic efficiency was further derived from the Eulerian
energy. An arithmetical procedure was proposed to convert the velocity components from
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the spatial-velocity triangle to the Cartesian coordinate system. The resultant distributions
revealed the dynamic evolution of the absolute-velocity vector, magnitude and streamline
from the blade inlet to the outlet. Correspondingly, the Eulerian energy was distributed
with a similar pattern, and its streamline gradient can represent the energy-conversion
ability of the blade. Moreover, the pressure difference derived from flow dynamics eluci-
dates the loading on a blade surface, especially for an X-shaped blade. Herein, most of the
loading clusters were near both the crown and the band on the first half of blade, whereas
regions near the band dominantly suffered from liquid loading on the downstream half.

The results from the AMOC were compared both to the model test and to the Navier–
Stokes solution by the optimal hydraulic efficiency, the absolute velocity, the Eulerian
energy and the pressure distribution across the blade. The analytical efficiency value was
94.69%, showing good agreement with the test and numerical simulation. A relevant
minor discrepancy and similar flow patterns implied that the proposed AMOC can reliably
predict the internal flow field and hydraulic efficiency of a Francis turbine at the BEP. The
approach represents a key step towards runner design and selection with short duration
and high efficiency.

The basic assumptions of this approach, i.e., inviscid fluid smoothly flowing through
the blade channel, hardly deteriorated the precision of predicting the hydraulic efficiency.
This satisfactory result is probably attributed to using the length-weighted-average method
to calculate the Eulerian energy at the blade inlet and outlet. The uneven energy distribution
was therefore cancelled out. Furthermore, the predicted pressure difference at the blade
outlet generally coincided with the real conditions despite a slight deviation from the
theoretical value. This phenomenon may benefit from a compensation for viscosity and
backflow by introducing a blade-blockage factor, or from an induced pressure gradient by
the residual circulation at the blade outlet.

One possible improvement to this AMOC approach would be to obtain a better
prediction of the pressure difference, especially in the region near the blade inlet. In the
AMOC approach, the blade degenerated to a smooth stream surface. However, the blade
shape near the leading edge had a large curvature due to better dynamic characteristics.
Therefore, it is in fact possible to carefully deal with the region adjacent to the blade’s
leading edge.

5. Patents

Yu Chen, Jianxu Zhou, Wenqing Jiang, et al. Calculation methodology and system of
the best efficiency for a hydraulic reaction runner: China, ZL201810870576.1[P]. 21 April 2020.

Author Contributions: Conceptualization, methodology, computation, visualization, writing-original
draft, Y.C.; methodology, resources, supervision, writing-review and editing, J.Z. (Jianxu Zhou) and
B.K.; formal analysis, validation, writing-review, Q.G.; funding acquisition, J.Z. (Jianxu Zhou) and
J.Z. (Jian Zhang). All authors have read and agreed to the published version of the manuscript.

Funding: This research was funded by the National Natural Science Foundation of China, grant
number 51879087, 51839008, by the High-education Natural Science Foundation of Jiangsu Province,
grant number 21KJB570001, and by the Research Foundation for High-level Talents of NJIT, grant
number YKJ202131.

Institutional Review Board Statement: Not Applicable.

Informed Consent Statement: Not Applicable.

Data Availability Statement: Not Applicable.

Acknowledgments: The authors would like to thank the support by the China Scholarship Council
and the Harbin electrical machine factory in China.

Conflicts of Interest: The authors declare no conflict of interest.



Sustainability 2022, 14, 1965 13 of 19

Appendix A

Appendix A.1. Coordinate Transformation

Two definitions are introduced firstly, the stream surface (S1) and the blade chamber
surface (S2). S1 is a rotational symmetric surface such as the trumpet-shaped light-green
face in Figure A1. It defines the flow trajectory in the channel without a blade from the
radial to the axial direction. S2 is identical to the real blade surface when the runner has an
infinite number of infinitely thin blades, such as the purple face in Figure A1. Meanwhile,
S2 can be composed of the chamber lines of the spanwise blade cascade. Therefore, S2
is named the blade-chamber surface. In Figure A1, a curved coordinate system (m, θ)
located on the S1 surface is established. The θ–axis denotes the azimuthal direction on
the horizontal plane, while the m-axis denotes the generatrix line of the S1 surface on the
vertical plane. The spatial relative streamline (SSL), which is the intersection of S1 and S2,
is marked as the red curve in Figure A1. Node coordinates on this streamline are therefore
converted from a Cartesian system to the (m, θ) system, expressed as:

ri
2 = xi

2 + yi
2 (A1)

zi = zi (A2)

mi = mi−1 + (∆zi
2 + ∆ri

2)
0.5

/ri (A3)

θi = atan
(

xi
yi

)
− atan

(
x0

y0

)
(A4)

where i denotes the ith node on the SSL. (xi, yi, zi) denotes the coordinates of the ith node in
the Cartesian system. (mi, θi) denotes the coordinates of the ith node in the curved system.
(x0, y0) are the coordinates of the SSL origin. ∆zi = zi − zi−1 is the axial interval of the
adjacent nodes. ∆ri = ri − ri−1 is the radial interval of the adjacent nodes.

Figure A1. Blade-chamber surface, stream surface and their meridian projection.

Figure A2. Generatrix of flow cross section in blade channel.
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Appendix A.2. Generatrix of Flow Section and Meridional Velocity

In the meridional plane in Figure A2, an inscribed circle tangents to both the crown
and the band with tangency points A and B. OA and OB denote the radius of the circle
with the center O. Then, the generatrix can be equivalent to the arc ÂB, which is tangent to
the radius OA and OB, respectively, on points A and B. Its length can be calculated by the
following empirical formula:

AB =
2
3
(AB + OA) (A5)

where OA is the radius value and AB is the chord length.
Then, the arc ÂB rotates around the Z-axis to obtain the flow cross section. Its area S

and meridian velocity Vm are subsequently computed:

S = 2π ·DE ·AB (A6)

Vm = Q0/S (A7)

where line OC is perpendicular to the chord AB. Point D is located on 1/3 of the line OC,
and the length CD = 1/3OC. Q0 denotes the discharge at the BEP.

Appendix A.3. Streamline Cluster Generation

The meridional channel is discretized by the meridional streamlines. An example of the
medium streamline, named SL-0.5, is presented in Figure A3. It divides the channel into two
parts. The coordinates of point F, which are the intersection of generatrix ÂB and SL-0.5, can
be derived by the following equations. Equations (A8)–(A10) are established by geometrical
features and Formula (A11) defines the same discharge passing arc ÂF and arc F̂B.

(zF − zO′)
2 + (rF − rO′)

2 = R2 (A8)

(zF − zA)
2 + (rF − rA)

2 = R2 + R2 − 2R2 cos γ1 (A9)

(zF − zB)
2 + (rF − rB)

2 = R2 + R2 − 2R2 cos γ2 (A10)

R · γ1 · 2π · rF + rA
2

= R · γ2 · 2π · rF + rB
2

(A11)

where (r, z) with different subscripts denotes the coordinates of corresponding points. O′

is the center of arc ÂB. R denotes its radius. γ1 and γ2 denote the radian angle of ∠AO′F
and ∠BO′F.

With various inscribed circles in the meridional channel, a series of intersection points
are obtained, which then make up the streamline SL-0.5. In the same manner, SL-0.25 is
produced, thereby evenly dividing the region between SL-0.5 and the crown. Likewise,
SL-0.75 halves the channel between SL-0.5 and the band.

Subsequently, the S1 stream surface is established by rotating the meridional streamline
around the Z-axis. Meanwhile, the S2 surface is defined by the centers of incircles and
their tangency points in the wooden blade figures. The resultant relative spatial streamline
is then generated by intersecting the S1 and S2 surfaces, named SSL-No., where the No.
coincides with the number of the SL. Finally, ten SSLs including the crown and the band
are illustrated in Figure A4. They represent ideal flow trajectories on the blade surface.
Additionally, the origins and endpoints of these lines are separately located on the blade’s
leading edge and trailing edge.
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Figure A3. Sketch of meridional streamline.

Figure A4. Sketch of spatial relative streamline.

Appendix A.4. Relative Flow Angle

Figure A5 shows the projection of the (m, θ) coordinates, velocity triangle and spatial
streamline onto a plane. The spatial streamline is evenly divided into n segments in order
to further discretize the spatial flow field. According to the third assumption, the relative
flow angle (β) in Figure A5a at each node can be derived from interpolating the angles
between the local tangent and the horizontal direction. Considering different positions of
the node, three scenarios are presented as follows, and the corresponding schematic of the
flow angle is shown in Figure A5b–d, respectively.

i = 1
tan β1 = τ2 ·

m2 −m1

θ2 − θ1
− τ3 ·

m3 −m1

θ3 − θ1
(A12)

τ2 =
θ3 − θ1

θ2 − θ1

τ3 =
θ3 − θ2

θ2 − θ1

2 ≤ i ≤ n
tan βi = τi ·

mi −mi−1

θi − θi−1
+ τi+1 ·

mi+1 −mi
θi+1 − θi

(A13)

τi =
θi+1 − θi

θi+1 − θi−1

τi+1 =
θi − θi−1

θi+1 − θi−1
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i = n + 1
tan βn+1 = τn ·

mn+1 −mn

θn+1 − θn
− τn−1 ·

mn+1 −mn−1

θn+1 − θn−1
(A14)

τn =
θn+1 − θn−1

θn − θn−1

τn−1 =
θn+1 − θn

θn − θn−1

where βi denotes the relative flow angle at the ith node and τi denotes the interpolating
coefficient.

Figure A5. Velocity triangle and flow angle at different locations on SSL: (a) velocity triangle;
(b) origin of streamline; (c) endpoint of streamline; (d) medium positions.

Appendix A.5. Meridional Velocity at SSL Nodes and Effects of Blade Thickness

It is notable that the SL is the meridional projection of the corresponding SSL, so they
have identical m-axial components. Additionally, Equation (A7) defines the distribution of
Vm on SL. Therefore, based on the (m, Vm) pairs on the SL, Vm at each node on the SSL is
subsequently interpolated.

In addition, blade thickness, to some extent, blocks the flow passage, changing the
velocity’s magnitude and direction. Herein, the AMOC is only concerned with its effect
on magnitude, while the flow direction is kept aligned with the SSL and the blocked flow
passage is subjected to the unchanged discharge, which is expressed by:

S · 2πri ·Vmi = S · (2πri − Nei) ·Vmi
′ (A15)

where ri denotes the radius of the ith node. N denotes the blade number. ei denotes the
corresponding thickness derived from diameter of the incircles in the wooden blade figure.
Vm
′ denotes the revised meridional velocity at node i. Then the blockage factor, accounting

for the thickness effect, is defined as:

1
ki

=
Vmi

Vmi
′ =

2πri − Nei
2πri

(A16)
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Appendix A.6. Velocity Triangle

According to the resolved parameters, each component in the velocity triangle at
every node can be computed. By extension, in the triangle sketched in Figure A5a, the
circumferential velocity component is:

Ui = ri ·ω = ri ·
2πn0

60
(A17)

where ω is the angular speed and n0 is the rated rotation speed.
By recalling the Law of sines, the relative velocity is:

Wi =
Vmi
′

sin βi
=

ki ·Vmi
sin βi

(A18)

With the Law of cosines in the velocity triangle, the velocity components and flow
angles satisfy the following equations:

Vi
2 = Ui

2 + Wi
2 − 2 ·Ui ·Wi · cos βi (A19)

Wi
2 = Ui

2 + Vi
2 − 2 ·Ui ·Vi · cos αi (A20)

Thus, the absolute velocity Vi and the corresponding absolute flow angle αi can be
calculated. Then, Vi is projected in the circumferential direction as:

VUi = Vi · cos αi (A21)

where VUi denotes the tangential component of Vi at node i.

Appendix B

Transformation of Velocity Component

To obtain the absolute streamline through each node, the absolute velocity should be
decomposed in the Cartesian coordinate system into three components, VX, VY and VZ.
Specific decomposition is shown in Figure A6, and the positive direction of each component
coincides with the coordinate axis.

Any two adjacent nodes on the SSL are designated as Fi(xi,yi, zi) and Fi+1(xi+1, yi+1,
zi+1). The projection of Fi+1 onto the Z-axis is Fi+1

′(0, 0, zi+1). Then, the two vectors can be
expressed by coordinates:

FiFi+1 = (xi+1 − xi, yi+1 − yi, zi+1 − zi) (A22)

Fi+1Fi+1
′ = (−xi+1,−yi+1, 0) (A23)

Due to the segment Fi+1Fi+1
′ acting as the radius of the dotted circle line in Figure A6,

it is known that Fi+1Fi+1
′⊥U and Fi+1Fi+1

′⊥VZ. That is, Fi+1Fi+1
′ is the normal vector of the

plane formed by U and VZ. Recalling the vector operation:

FiFi+1 · Fi+1Fi+1
′ =

∣∣FiFi+1
∣∣·∣∣Fi+1Fi+1

′∣∣· cos γ3 (A24)

where γ3 is the angle between vector FiFi+1 and Fi+1Fi+1
′.

By introducing coordinate values of each vector, the Equation (A24) is elaborated as:

−xi+1 · (xi+1 − xi)− yi+1 · (yi+1 − yi) =

[(xi+1 − xi)
2 + (yi+1 − yi)

2 + (zi+1 − zi)
2]

0.5
· (xi+1

2 + yi+1
2)

0.5 · cos γ3
(A25)

Then γ3 is derived.
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With the third assumption, the relative velocity W at node Fi+1 ranges with the vector
FiFi+1 in Figure A6a, and the radial velocity Vr is the projection of W onto vector Fi+1Fi+1

′.
Then the following two equations are deduced:

Vr = W · cos γ3 (A26)

VZ
2 = V′2m −Vr

2 (A27)

The positive value of VZ defines its vertically downward direction. The angle between
the Y-axis and vector Fi+1

′Fi+1 is set as γ4 as shown in Figure A6b. Then

Fi+1
′Fi+1 · j =

∣∣Fi+1
′Fi+1

∣∣·∣∣j∣∣· cos γ4 (A28)

where j is the positive unit vector of the Y-axis. The above equation is later elaborated by
the coordinate operation and γ4 is solely determined in [0, π]. That is:

yi+1 = (xi+1
2 + yi+1

2)
0.5 · 1 · cos γ4 (A29)

Therefore, VX and VY can be obtained by decomposing Vr and VU along the X-axis
and Y-axis, respectively:

VX = −Vr · sin γ4 −VU · cos γ4 (A30)

VY = −Vr · cos γ4 + VU · sin γ4 (A31)

The positive directions of Vr and VU are presented in Figure A6b. In particular,
at the origin of SSL, namely i = 1, the angle between W1 and F1F1

′ is approximated by
the angle between F1F2 and F1F1

′. Using the above procedures in this section, one can
successfully convert the velocity components from the velocity triangle to the Cartesian
coordinate system.

Figure A6. Diagram of the velocity triangle and decomposition: (a) spatial sketch; (b) top view.
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