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Abstract

:

We make use of data from a Facebook application where hundreds of thousands of people played a simultaneous move, zero-sum game—rock-paper-scissors—with varying information to analyze whether play in strategic settings is consistent with extant theories. We report three main insights. First, we observe that most people employ strategies consistent with Nash, at least some of the time. Second, however, players strategically use information on previous play of their opponents, a non-Nash equilibrium behavior; they are more likely to do so when the expected payoffs for such actions increase. Third, experience matters: players with more experience use information on their opponents more effectively than less experienced players, and are more likely to win as a result. We also explore the degree to which the deviations from Nash predictions are consistent with various non-equilibrium models. We analyze both a level-k framework and an adapted quantal response model. The naive version of each these strategies—where players maximize the probability of winning without considering the probability of losing—does better than the standard formulation. While one set of people use strategies that resemble quantal response, there is another group of people who employ strategies that are close to k1; for naive strategies the latter group is much larger.
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Over the last several decades game theory has profoundly altered the social science landscape. Across economics and its sister sciences, elements of Nash equilibrium are included in nearly every analysis of behavior in strategic settings. For their part, economists have developed deep theoretical insights into how people should behave in a variety of important strategic environments—from optimal actions during wartime to more mundane tasks such as how to choose a parking spot at the mall. These theoretical predictions of game theory have been tested in lab experiments (e.g., see cites in [1,2]), and to a lesser extent in the field (e.g., [3,4,5,6] and cites therein).



In this paper, we take a fresh approach to studying strategic behavior outside the lab, exploiting a unique dataset that allows us to observe play while the information shown to the player changes. In particular, we use data from over one million matches of rock-paper-scissors (RPS) 1 played on a historically popular Facebook application. Before each match (made up of multiple throws), players are shown a wealth of data about their opponent’s past history: the percent of past first throws in a match that were rock, paper, or scissors, the percent of all throws that were rock, paper, or scissors, and all the throws from the opponents’ most recent five games. These data thus allow us to investigate whether, and to what extent, players’ strategies incorporate this information.



The informational variation makes the strategy space for the game potentially much larger than a one-shot RPS game. However, we show that in Nash equilibrium, players must expect their opponents to mix equally across rock-paper-scissors—same as in the one-shot game. Therefore, a player has no use for information on her opponent’s history when her opponent is playing Nash.



To the extent that an opponent systematically deviates from Nash; however, knowledge of that opponent’s history can potentially be exploited.2,3 Yet it is not obvious how one should use the information provided. Players can use the information to determine whether an opponent’s past play is consistent with Nash, but without seeing what information an opponent was reacting to (they do not observe the past histories of the opponent’s previous opponents), it is hard to guess what non-Nash strategy the opponent may be using. Additionally, players are not shown information about their own past play, so if a player wants to exploit an opponent’s expected reaction, he must keep track of his own history of play.



Because of the myriad of possible responses, we start with a reduced-form analysis of the first throw in each match to describe how players respond to the provided information. We find that players use information: for example, they are more likely to play rock when their opponent has played more scissors (which rock beats) or less paper (which beats rock) on previous first throws, though the latter effect is smaller. When we do the analysis at the player level, 47% of players are reacting to information about their opponents’ history in a way that is statistically significant.4 Players also have a weak negative correlation across their own first throws.



This finding motivated us to adopt a structural approach to evaluate the performance of two well-known alternatives to Nash equilibrium: level-k and quantal response. The level-k model posits that players are of different types according to the depth of their reasoning about the strategic behavior of their opponents [15,16,17,18]. Players who are k0 do not respond to information available about their opponent. This can either mean that they play randomly (e.g., [19]) or that they play some focal or salient strategy (e.g., [20,21]). Players who are k1 respond optimally to a k0 player, which in our context means responding to the focal strategy of the opponent’s (possibly skewed) historical distribution of throws; k2 players respond optimally to k1, etc.5



Level-k theory acknowledges the difficulty of calculating equilibria and of forming equilibrium beliefs, especially in one-shot games. It has been applied to a variety of laboratory games (e.g., [19,20,22,23,24]) and some naturally occurring environments (e.g., [25,26,27,28,29]). This paper has substantially more data than most other level-k studies, both in number of observations and in the richness of the information structure. As suggested by an anonymous referee and acknowledged in Ho et al. [24], the implication of the fictitious play learning rule is that players should employ a k1 strategy, best responding to the historical frequency of their opponents’ plays on the assumption that it predicts their future choices. When k1 play is defined as the best response to past historical play, as in the current context, it is of course indistinguishable from fictitious play.



We adapt level-k theory to our repeated game context. Empirically, we use maximum likelihood to estimate how often each player plays k0, k1, and k2, assuming that they are restricted to those three strategies. We find that most of the play is best described as k0 (about 74%). On average, k1 is used in 18.5% of throws. The average k2 estimate is 7.7%, but for only 12% of players do we reject at the 95% level that they never play k2. Most players use a mixture of strategies, mainly k0 and k1.6 We also find that 20% of players deviate significantly from 13,13,13 when playing k0. We also consider a cognitive hierarchy version of the model and a naive version where players maximize the probability of winning without worrying about losing. The rates of play of the analogous strategies are similar to the baseline level-k, but the naive level-k is a better fit for most players.



We also show that play is more likely to be consistent with k1 when the expected return to k1 is higher. This effect is larger when the opponent has a longer history—that is, when the skewness in history is less likely to be noise. The fact that players respond to the level of the perceived expected (k1) payoff, not just whether it is the highest payoff, is related to the idea of quantal response: that players’ probability of using a pure strategy is increasing in the relative perceived expected payoff of that strategy.7 This can be thought of as a more continuous version of a k1 strategy. Rather than always playing the strategy with the highest expected payoff as under k1, the probability of playing a strategy increases with the expected payoff. As the random error in this (non-equilibrium) quantal response approaches zero (or the responsiveness of play to the expected payoff goes to infinity) this converges to the k1 strategy. On average, we find that increasing the expected payoff to a throw by one standard deviation increases the probability it is played by 7.3 percentage points (more than one standard deviation). The coefficient is positive and statistically significant for 63% of players.



If players were using the k1 strategy, we would also find that expected payoffs have a positive effect on probability of play. Similarly, if players used quantal response, many of their throws would be consistent with k1 and our maximum likelihood analysis would indicate some k1 play. The above evidence does not allow us to state which model is a better fit for the data. To test whether k1 or quantal response better explains play, we compare the model likelihoods. The quantal response model is significantly better than the k1 model for 18.3 percent of players, yet the k1 model is significantly better for 17.5 percent of players. We interpret this result as suggesting that there are some players whose strategies are close to k1, or fictitious play, and a distinct set of players whose strategies resemble quantal response. We also compare naive level-k to a naive version of the quantal response model. Here level-k does better. About 12% of players significantly favor the quantal response model and 26% significantly favor the naive level-k. The heterogeneity in player behavior points to the value of studies such as this one that have sufficient data to do within player analyses. In sum, our data paint the picture that there is a fair amount of equilibrium play, and when we observe non-Nash play, extant models have some power to explain the data patterns.



The remainder of the paper is structured as follows. Section 1 describes the Facebook application in which the game is played and presents summary statistics of the data. Section 2 describes the theoretical model underlying the game, and the concept and implications of Nash equilibrium in this setting. Section 3 explores how players respond to the information about their opponents’ histories. Section 4 explains how we adapt level-k theory to this context and provides parameter estimates. Section 5 adapts a non-equilibrium version of the quantal response model to our setting. Section 6 compares the level-k and quantal response models. Section 7 concludes.



1. Data: Roshambull


RPS, also known as Rochambeau and jan-ken-pon, is said to have originated in the Chinese Han dynasty, making its way to Europe in the 18th century. To this day, it continues to be played actively around the world. There is even a world RPS championship sponsored by Yahoo.8



The source of our data is an early Facebook ‘app’ called Roshambull. (The name is a combination of Rochambeau and the name of the firm sponsoring the app, Red Bull.) Roshambull allowed users to play RPS against other Facebook users—either by challenging a specific person to a game or by having the software pair them with an opponent. It was a very popular app for its era with 340,213 users (≈1.7% of Facebook users in 2007) starting at least one match in the first three months of the game’s existence. Users played best-two-out-of-three matches for prestige points known as ‘creds’. They could share their records on their Facebook page and there was a leader board with the top players’ records.



To make things more interesting for players, before each match the app showed them a “scouting sheet” with information on the opponent’s history of play.9 In particular, the app showed each player the opponent’s distribution of throws on previous first throws of a match (and the number of matches) and on all previous throws (and the number of throws), as well as a play-by-play breakdown of the opponent’s previous five matches. It also shows the opponent’s win-loss records and the number of creds wagered. Figure 1 shows a sample screenshot from the game.



Our dataset contains 2,636,417 matches, all the matches played between 23 May 2007 (when the program first became available to users) and 14 August 2007. For each throw, the dataset contains a player ID, match number, throw number, throw type, and the time and date at which the throw was made.10 This allows us to create complete player histories at each point in time. Most players play relatively few matches in our three month window: the median number of matches is 5 and the mean is 15.11 Figure 2 shows the distribution of the number of matches a player played.



Some of our inference depends upon having many observations per player; for those sections, our analysis is limited to the 7758 “experienced” players for whom we observe at least 100 clean matches. They play an average of 192 matches; the median is 148 and the standard deviation is 139.12 Because these are the most experienced players, their strategies may not be representative; one might expect more sophisticated strategies in this group relative to the Roshambull population as a whole.



Table 1 summarizes the play and opponents’ histories shown in the first throw of each match, for both the entire sample and the experienced players. For all the empirical analysis we focus on the first throw in each match. Modeling non-equilibrium behavior on subsequent throws is more complicated because in addition to their opponent’s history, a player may also respond to the prior throws in the match.




2. Model


A standard game of RPS is a simple 3×3 zero-sum game. The payoffs are shown in Figure 3. Its only Nash equilibrium is for players to mix 13,13,13 across rock, paper, and scissors. Because each match is won by the first player to win two throws, and players play multiple matches, the strategies in Roshambull are potentially substantially more complicated: players could condition their play on various aspects of their own or their opponents’ histories. A strategy would be a mapping from (1) the match history for the current match so far, (2) one’s own history of all matches played, and (3) the space of information one might be shown about one’s opponent’s history, onto a distribution of throws. In addition, Roshambull has a matching process operating in the background, in which players from a large pool are matched into pairs to play a match and then are returned to the pool to be matched again. In the Appendix A.1, we formalize Roshambull in a repeated game framework.



Despite the potential for complexity, we show the equilibrium strategies are still simple.



Proposition 1.

In any Nash equilibrium, for every throw of every match, each player correctly expects his opponent to mix 13,13,13 over rock, paper, and scissors.13





Proof. 

See the Appendix A.1. □





The proof shows that since it is a symmetric, zero-sum game, players’ continuation values at the end of every match must be zero. Therefore, players are only concerned with winning the match, and not with the effect of their play on their resulting history. We then show that for each throw in the match, if player A correctly believes that player B is not randomizing 13,13,13, then player A has a profitable deviation.



Same as in the single-shot game, Nash equilibrium implies that players randomize 13,13,13 both unconditionally and conditional on any information available to their opponent. Out of equilibrium, players may condition their throws on their or their opponents’ histories in a myriad of ways. The resulting play may or may not result in an unconditional distribution of play that differs substantially from 13,13,13. In Section 3, we present evidence that 82% of experienced players have first throw distributions that do not differ from 13,13,13, but half respond to their opponents’ histories.14 While non-random play and responding to information is consistent with Nash beliefs—if the opponent is randomizing 13,13,13 then any strategy gives a zero expected payoff—it is not consistent with Nash equilibrium because the opponent would exploit that predictability.




3. Players Respond to Information


Before examining the data for specific strategies players may be using, we present reduced-form evidence that players respond to the information available to them. To keep the presentation clear and simple, for each analysis we focus on rock, but the results for paper and scissors are analogous, as shown in the Appendix A.2.



We start by examining the dispersion across players in how often they play rock. Figure 4 shows the distribution across experienced players of the fraction of their last 100 throws that are rock.15 It also shows the binomial distribution of the fraction of 100 i.i.d. throws that are rock if rock is always played 13 of the time. The distribution from the actual data is substantially more dispersed than the theoretical distribution, suggesting that the fraction of rock played deviates from one third more than one would expect from pure randomness. Doing a chi-squared test on all throws at the player level, we reject16 uniform random play for 18% of experienced players. The rejection rate is lower for less experienced players, but this seems to be due to power more than differences in play. Players who go on to play more games are actually less likely to have their histories deviate significantly from Nash after 20 or 30 games than players who play fewer total games.



Given this dispersion in the frequency with which players play rock, we test whether players respond to the information they have about their opponent’s tendency to play rock—the opponents’ historical rock percentage. Table 2 groups throws into bins by the opponents’ historical percent rock and reports the fraction of paper, rock, and scissors played. Please note that the percent paper is increasing across the bins and percent scissors is decreasing. Paper goes from less than a third chance to more than a third chance (and scissors goes from more to less) right at the cutoff where rock goes from less often than random to more often than random.17 The percent rock a player throws does not vary nearly as much across the bins.



For a more thorough analysis of how this and other information presented to players affects their play, Table 3 presents regression results. The dependent variable is binary, indicating whether a player throws rock. The coefficients all come from one linear probability regression. The first column is the effect for all players, the second column is the additional effect of the covariates for players in the restricted sample; the third column is the additional effect for those players after their first 99 games. For example, a standard deviation increase in the opponent’s historical fraction of scissors (0.176) increases the probability that an inexperienced player plays rock by 4.2 percentage points (100×0.176×0.2376); for an experienced player who already played at least 100 games, the increase is 9.4 percentage points (100×0.176×(0.2376+0.1556+0.1381)).



As expected, the effects of the opponent’s percent of first throws that were paper is negative and the effect for scissors is positive and both get stronger with experience.18 This finding adds to the evidence that experience leads to the adoption of more sophisticated strategies [18,33]. The effect of the opponent’s distribution of all throws and the opponent’s lagged throws is less clear.19 The consistent and strong reactions to the opponent’s distribution of first throws motivates our use of that variable in the structural models. If we do the analysis at the player level, the coefficients on opponents’ historical distributions are statistically significant for 47% of experienced players.



The fact that players respond to their opponents’ histories makes their play somewhat predictable and potentially exploitable. To look at whether opponents exploit this predictability, we first run the regression from Table 3 on half the data and use the coefficients to predict for the other half—based on the opponent’s history—the probability of playing rock on each throw. We do the same for paper and scissors. Given the predicted probabilities of play, we calculate the expected payoff to an opponent of playing rock. Table 4 bins throws by the opponents’ expected payoff to playing rock and reports the distribution of opponent throws. The probability of playing rock bounces around—if anything, opponents are less likely to play rock when the actual expected payoff is high—the opposite of what we would expect if the predictability of players’ throws were effectively exploited.



Another way of measuring of the ability to exploit predictability is looking at the win and loss rates. We calculate how often an opponent who responded optimally to the predicted play would win, draw, and lose. We compare these to the rates for the full sample and the experienced sub-sample, keeping in mind that responding to this predicted play optimally would require that the opponent know his own history. Table 5 presents the results. An opponent best responding would win almost 42% of the time. If players bet $1 on each throw, the expected winnings are equal to the probability that they win minus the probability that they lose. The average experienced player would win 1.49¢ on the average throw (34.66% − loss 22.17% = 1.49), but someone responding optimally to the predictability would win 14.3¢ on average (41.66% − 27.37% = 14.29). (A player playing Nash always breaks even on average.) Though experienced players do better (as previous work has shown (e.g., [18,33])), these numbers indicate that even experienced players are not fully exploiting others’ predictability.



Since players are responding to their opponent’s history, exploiting those responses requires that a player remember her own history of play (since the game does not show one’s own history). So, it is perhaps not surprising that players’ predictability is not exploited and therefore unsurprising that they react in a predictable manner. Having described in broad terms how players react to the information presented, we turn to existing structural models to test whether play is consistent with these hypothesized non-equilibrium strategies.




4. Level-k Behavior


While level-k theory was developed to analyze single-shot games, it is a useful framework for exploring how players use information about their opponent. The k0 strategy is to ignore the information about one’s opponent and play a (possibly random) strategy independent of the opponent’s history. While much of the existing literature assumes that k0 is uniform random, some studies assume that k0 players use a salient or focal strategy. In this spirit, we allow players to randomize non-uniformly (imperfectly) when playing k0 and assume that the k1 strategy best responds to a focal strategy for the opponent—k1 players best respond to the opponent’s past distribution of first throws.20 It seems natural that a k1 player who assumes his opponent is non-strategic would use this description of past play as a predictor of future play.21 When playing k2, players assume that their opponents are playing k1 and respond accordingly.



Formal definitions of the different level-k strategies in our context are as follows:



Definition 1.

When a player uses ak0 strategy in a match, his choice of throw is unaffected by his history or his opponent’s history.





We should note that using k0 is not necessarily unsophisticated. It could be playing the Nash equilibrium strategy. However, there are two reasons to think that k0 might not represent sophisticated play. First, for some players the frequency distribution of their k0 play differs significantly from 13,13,13, suggesting that if they are trying to play Nash, they are not succeeding. Second, more subtly, it is not sophisticated to play the Nash equilibrium if your opponents are failing to play Nash. With most populations who play the beauty contest game, people who play Nash do not win [18]. In RPS, if there is a possibility that one’s opponent is playing something other than Nash, there is a strategy that has a positive expected return, whereas Nash always has a zero expected return. (If it turns out the opponent is playing Nash, then every strategy has a zero expected return and so there is little cost to trying something else.) Given that some players differ from 13,13,13 when playing k0 and most do not always play k0, Nash is frequently not a best response.22



Definition 2.

When a player uses thek1 strategy in a match, he plays the throw that has the highest expected payoff if his opponent randomizes according to that opponent’s own historical distribution of first throws.





We have not specified how a player using k0 chooses a throw, but provided the process is not changing over time, his past throw history is a good predictor of play in the current match. To calculate the k1 strategy for each throw, we calculate the expected payoff to each of rock, paper, and scissors against a player who randomizes according to the distribution of the opponent’s history. The k1 strategy is the throw that has the highest expected payoff. (As discussed earlier, it is by definition the same as the strategy that would have been chosen by under fictitious play.) Please note that this is not always the one that beats the opponent’s most frequently played historical throw, because it also accounts for the probability of losing (which is worse than a draw).23



Definition 3.

When a player uses thek2 strategy in a match, he plays the throw that is the best response if his opponent randomizes uniformly between the throws that maximize the opponent’s expected payoff against the player’s own historical distribution.





The k2 strategy is to play “the best response to the best response” to one’s own history. In this particular game k2 is in some sense harder than k1 because the software shows only one’s opponent’s history, but players could keep track of their own history.



Both k1 and k2 depend on the expected payoff to each throw given the assumed beliefs about opponents’ play. We calculate the expected payoff by subtracting the probability of losing the throw from the probability of winning the throw, thereby implicitly assuming that players are myopic and ignore the effect of their throw on their continuation value.24 This approach is consistent with the literature that analyzes some games as “iterated play of a one-shot game” instead of as an infinitely repeated game [34]. More generally, we think it is a reasonable simplifying assumption. While it is possible one could manipulate one’s history to affect future payoffs with an effect large enough to outweigh the effect on this period’s payoff, it is hard to imagine how.25



Having defined the level-k strategies in our context, we now turn to the data for evidence of level-k play.



4.1. Reduced-Form Evidence for Level-k Play


One proxy for k1 and k2 play is players choosing throws that are consistent with these strategies. Whenever a player plays k1 (or k2) her throw is consistent with that strategy. However, the converse is not true. Players playing the NE strategy of 13,13,13 would, on average, be consistent with k1 a third of the time.



For each player we calculate the fraction of throws that are k1-consistent; these fractions are upper bounds on the amount of k1 play. No player with more than 20 matches always plays consistent with k1. The highest percentage of k1-consistent behavior for an individual in our experienced sample is 84%. Figure 5a shows the distribution of the fraction of k1-consistency across players. It suggests that at least some players use k1 at least some of the time: the distribution is to the right of the vertical 13-line and there is a substantial right tail. To complement the graphical evidence, we formally test whether the observed frequency of k1-consistent play is significantly greater than expected under random play. For each player with at least 100 games, we calculate the probability of observing at least as many throws consistent with k1 if the probability of a given throw being k1-consistent were only 1/3. The probability is less than 5% for 47% of players.



Given that players seem to play k1 some of the time, players could benefit from playing k2. Figure 5b shows the distribution of the fraction of actual throws that are k2-consistent. The observed frequency of k2 play is slightly to the left of that expected with random play, but we cannot reject random play for a significant number of players. This lack of evidence for k2 play is perhaps unsurprising given that players are not shown the necessary information.



If we assume that players use either k0, k1, or k2 then we can get a lower bound on the amount of k0. For each player we calculate the percentage of throws that are consistent with neither k1 nor k2. We do not expect this bound to be tight because, in expectation, a randomly chosen k0 play will be consistent with either the k1 or k2 strategy about 13+(1−13)×13≈ 0.56 of the time. The mean lower bound across players with at least 100 matches is 37%. The minimum is 8.2% and the maximum is 77%.



The players do have an incentive to use these strategies. Averaging across the whole dataset, always playing k1 would allow a player to win 35.09% (and lose 32.61%) of the time. If a player always played k2 he would win 42.68% (and lose 27.74%) of the time. While these numbers may be surprising, if an opponent plays k1 just 14% of the time and plays randomly the rest of the time, the expected win rate from always play k2 would be 0.14×1+0.86×0.33=0.426. It seems that memory or informational constraints prevent players from employing what would be a very effective strategy.



Multinomial Logit


Before turning to the structural model, we can use a multinomial logit model to explore whether a throw being k1-consistent increases the probability that a player chooses that throw. For each player, we estimate a multinomial logit where the utilities are


Uij=αj+β·1{k1,i=j}+εij,








where j=r,p,s and 1{k1,i=i} is an indicator for when j is the k1-consistent action for throw i. Figure 6 shows the distribution of βs across players. The mean is 0.52.



The marginal effect varies slightly with the baseline probabilities, ∂Pr{i}∂xi=β×Pr{i}(1−Pr{i}), but is approximately 131−13=29 times the coefficient. Hence, on average, a throw being k1-consistent means it is 12 percentage points more likely to be played. Given that the standard deviation across experienced players in the percent of rock, paper, or scissors throws is about 5 percentage points, this is a large average effect. The individual-level coefficient is positive and significant for 64% of players.





4.2. Maximum Likelihood Estimation of a Structural Model of Level-k Thinking


The results presented in the previous sections provide some evidence as to what strategies are being employed by the players in our sample, but they do not allow us to identify with precision the frequency with which strategies are employed—we can say that throws are k1 more often than would happen by chance, but cannot estimate what fraction of the time a player is playing a throw because it is k1. To obtain point estimates of each player’s proportion of play by level-k, along with standard errors, we need additional assumptions.



Assumption 1.

All players use only the k0, k1, or k2 strategies in choosing their actions.





Assumption 1 restricts the strategy space, ruling out any approach other than level-k, and restricting players not to use levels higher than k2. We limit our modeling to levels k2 and below, both for mathematical simplicity and because there is little reason to believe that higher levels of play are commonplace, both based on the low rates of k2 play in our data, and rarity of k3 and higher play in past experiments.26



Assumption 2.

Whether players choose to play k0, k1, or k2 on a given throw is independent of which throw (rock, paper, or scissors) each of the strategies would have them play.





Assumption 2 implies, for example, that the likelihood that a player chooses to play k2 will not depend on whether it turns out that the k2 action is rock or is paper. This independence is critical to the conclusions that follow. Please note that Assumption 2 does not require that a player commit to having the same probabilities of using k0, k1, and k2 strategies across different throws.



Given these assumptions, we can calculate the likelihood of observing a given throw as a function of five parameters: the probability of using the k0-strategy and choosing a given throw (k^0r,k^0p,k^0s) and the probability of using the k1 and k2 strategies (k^1,k^2). The probability of observing a given throw i is


k^1·1{k1=i}+k^2·1{k2=i}+k^0i,








where 1{·} is an indicator function, equal to one when the statement in braces is true and zero otherwise. This reflects the fact that the throw will be i if the player plays k1 and the k1 strategy says to play i (k^1·1{k1=i}) or the player plays k2 and the k2 strategy says to play i (k^2·1{k2=i}) or the player plays k0 and chooses i (k^0i). Table 6 summarized the parameters; the probabilities sum to one, k^1+k^2+k^0r+k^0p+k^0s=1, so there are only 4 independent parameters.



For each player, the overall log-likelihood depends on 12 statistics from the data. For each throw type (i=R,P,S), let n12i be the number of throws of type i that are consistent with k1 and k2, n1i the number of throws of type i consistent with just k1, n2i the number of throws of type i consistent with just k2, and n0i the number of throws of type i consistent with neither k1 nor k2. Given these statistics, the log-likelihood function is


L(k^1,k^2,k^0r,k^0p,k^0s)=∑i=r,p,sn12iln(k^1+k^2+k^0i)+n1iln(k^1+k^0i)+n2iln(k^2+k^0i)+n0iln(k^0i).








For each experienced player we use maximum likelihood to estimate k^1,k^2,k^0r,k^0p,k^0s.27 Given the estimates, standard errors are calculated analytically.28



This approach allows us to not count as k1 those throws that are likely k0 or k2 and only coincidentally consistent with k1; it is more sophisticated than simply looking at the difference between the rate of k1-consistency and 1/3 as we do in Figure 5a. If a player is biased towards playing rock and rock is the k1 move in disproportionately many of their matches, we would not want to count those plays as k1. Conversely, if a player always played k1, we would not want to say that 1/3 of those were due to chance. Essentially, the percentage of the time a player uses the k1 strategy is estimated from the extent to which that player is more likely to play rock (or paper or scissors) when it is k1-consistent than when it is not k1-consistent.



Table 7 summarizes the estimates of k0, k1, and k2: the average player uses k0 for 73.8 % of throws, k1 for 18.5 % of throws and k2 for 7.7 % of throws. Weighting by the precision of the estimates or by the number of games does not change these results substantially. As the minimums and maximums suggest, these averages are not the result of some people always playing k1 while others always play k2 or k0. Most players mix, using a combination of mainly k0 and k1.29



Table 8 reports the share of players for whom we can reject with 95% confidence their never playing a particular level-k strategy. Using standard errors calculated separately for each player from the Hessian of the likelihood function, we test whether 0 or 1 fall within the 95% confidence intervals of k^1, k^2, and 1−k^1−k^2. Almost all players (93%) appear to use k0 at some point. About 63% of players use k1 at some stage, but we can reject exclusive use of k1 for all but two out of 6389 players. Finally, for only about 12 percent of players do we have significant evidence that they use k2.



For each player, we can also examine the estimated fraction of rock, paper, and scissors when they play k0. The distribution differs significantly from random uniform for 1252 players (20%). This is similar to the number of players whose raw throw distributions differ significantly from uniform (18%), suggesting that the deviations from uniform are not due to players playing k1 and the distribution of the indicated k1 play deviating significantly from uniform.



For this analysis we made structural assumptions that are specific to our setting and use maximum likelihood estimation to identify player strategies given that structure. This is a similar approach to papers that identify player strategies in other settings. Kline [36] presents a method for identification under a continuous action space and applies this method to two-person guessing games. Hahn et al. [37] present a method for a setting with a continuous action space where the parameters of the game evolve over time. They can identify player strategies for a p-beauty contest (where the goal of the game is to guess the value p times the average of all the guesses) by checking that a player behaves consistently with a strategy given the changing values of p<1. The main difference is that in our context, the action space over which players randomize is discrete. Houser et al. [38] presents a method for a dynamic setting with discrete action where different player type beliefs cause them to perceive the continuation value of the actions differently, given the same game state. In our setting, we do not find evidence that players are to a significant extent choosing actions to manipulate their histories and hence maximize a continuation value, so we are able to use a simpler framework.




4.3. Cognitive Hierarchy


The idea that players might use a distribution over the level-k strategies naturally connects to the cognitive hierarchy model of Camerer et al. [39]. They also model players as having different levels of reasoning, but the higher types are more sophisticated than in level-k. Levels 0 and 1 of the cognitive hierarchy strategies are the same as in the level-k model; level 2 assumes that other players are playing either level-0 or level-1, in proportion to their actual use in the population, and best responds to that mixture. To test if this more sophisticated version of two levels of reasoning fits the data better, we do another maximum likelihood estimation. Since we again limit to two iterations of reasoning, this is a very restricted version of cognitive hierarchy.



The definitions of ch0 and ch1 are the same as k0 and k1.



Definition 4.

When a player uses thech2 strategy in a match, he plays the throw that is the best response if the opponent

	
randomizes according to the opponent’s historical distribution 79.92% of the time



	
chooses (randomly between) the throw(s) that maximize expected payoff against the player’s own historical distribution 20.08% of the time










The percentages come from observed frequencies in the level-k estimation. When players play either k0 or k1, they play k073.8073.80+18.54=79.92% of the time.30 Analogous to Assumptions 1 and 2 above, we assume that players use only ch0, ch1 and ch2, and that which strategy they choose is independent of what throw the strategy dictates.



Table 9 summarizes the estimates: the average player uses ch0 for 75.0% of throws, ch1 for 16.1% of throws, and ch2 for 9.0% of throws. Weighting by the precision of the estimates or by the number of games a player plays does not change these substantially. These results are similar to what we found for level-k strategies; this suggests that the low rates we found of k2 were not a result of restricting k2 to respond only to k1 and ignore the prevalence of k0 play.




4.4. Naive Level-k Strategies


Even if a player expects his opponent to play as she did in the past, he may not calculate the expected return to each strategy. Instead he may employ the simpler strategy of playing the throw that beats the opponent’s most common historical throw. Put another way, he may only consider maximizing his probability of winning instead of weighing it against the probability of losing as is done in an expected payoff calculation. We consider this play naive and define alternative versions of k1 and k2 accordingly.



Definition 5.

When a player uses the naive k1 strategy in a match, he plays the throw that will beat the throw that his opponent has played most frequently in the past.





Definition 6.

When a player uses the naive k2 strategy in a match and has played throw i most frequently in the past, then he plays the throw that beats the throw that beats i.





Table 10 summarizes the estimates for naive play. The average player uses k0 for 72.2% of throws, naive k1 strategy for 21.1% of throws and naive k2 strategy for 6.7% of throws. As before, weighting by the precision of the estimates or by the number of games a player plays does not change these results substantially. Most players use a mixed strategy, mixing primarily over k0 and naive k1 strategy.



The opposite naive strategy would be for players to minimize their probability of losing, playing the throw that is least likely to be beat. Running the same model for that strategy we find almost no evidence of k1 or k2 play, suggesting that players are more focused on the probability of winning. This is consistent with the reduced-form evidence that the effect on the probability of the opponent’s fraction of past scissors played is about eight times as large as the effect of the opponent’s fraction of past paper played.




4.5. Comparisons


Since the fraction of each strategy players use is not a good indication of the overall fit of the model, we do a likelihood comparison test of the three models—baseline level-k, cognitive hierarchy, and naive level-k—for each player. If llj is the log-likelihood of model j then


Probj=exp(llj)exp(llk)+exp(llch)+exp(llnaive)



(1)




is the probability that the data was generated by model j, assuming it was generated by one of the three models. Using the likelihoods based only on throws for which all three strategies are uniquely defined, Table 11 reports the number of players for whom each model has the highest probability. We look both at all 5405 players that have 100 such throws and the subset of players for whom the most likely model has a probability over 95%. Among all players, naive level-k is the most common (50%) and cognitive hierarchy (35%) is more common than level-k (15%). The difference is even starker among the players who strongly favor one model: naive level-k is the best fit for 85% of such players. It seems that many players appear to be playing traditional k1 mainly because it frequently indicates the same throw as the naive k1 strategy.



The game and context is different, but all three of these related models suggest that players of Roshambull use considerably fewer levels of iteration in their reasoning process compared to participants in other games and other experiments. Bosch-Domenech et al. [25] found that less than a fourth of the players who used the k-strategies we discuss in this paper were k0 players. Whereas we found that on average players used zero iterations of reasoning between 72% and 75% of the time. Camerer et al. [39] suggest that players iterate 1.5 steps on average in many games. In comparison, in our level-k model we find that our average player uses 1×0.185+2×.077=0.339 levels of iterated rationality.31 Stahl and Wilson [16] reported that an insignificant fraction of players was k0, 24% were k1 players, 49% were k2 players, and the remaining 27% were “Nash types.” In contrast, we found that the majority of plays were k0 (ch0) and that k1 (ch1) outnumbered k2 (ch2), though in this game k0 is closer to Nash than either k1 or k2.



One explanation for the differences between our results and the past literature is that most of the players do not deviate substantially from equilibrium play, making the expected payoffs to k1 relatively small. Also, the setup of RPS does not suggest a level-k thinking mindset as strongly as the p-beauty contest games or other games specifically designed to measure level-k behavior. Our more flexible definition of k0 play may also explain its higher estimate. The dearth of k2 play is especially striking in our context given the high returns to playing k2. This is likely a result of the Facebook application not showing players their histories, so players had to keep track of that on their own to effectively play k2.



Another explanation is that we restrict the strategy space, excluding both Nash equilibrium and alternative ways in which the players could react to their opponent’s information. It seems players respond more to the first throw history than other information, but there may be other strategies that combine pieces of information in ways which we do not model. Bosch-Domenech et al. [25], for example, considered equilibrium, fixed point, degenerate, and non-degenerate variants of iterated best response, iterated dominance, and even “experimenter” strategies. Not all of these translate into the RPS setup, but any strategies that our model left out might look like k0 play when the strategy space is restricted.




4.6. When Are Players’ Throws Consistent with k1?


Though we find relatively low levels of k1 play, we do find some; the result that many of the players seem to be mixing strategies raises the question of when they choose to play k0, k1, and k2. Our structural model assumes that the strategy players choose is independent of the throw dictated by each of the strategies. It does not require that which strategy they choose be independent of the expected payoffs, but the maximum likelihood estimation (MLE) model cannot give us insight into how expected payoffs may affect play. This is partially because the MLE model does not allow us to categorize individual throws as following a specific strategy.



To try to get at when players use k1, we return to using k1-consistency as a proxy for possible k1 play. We test two hypotheses. First, the higher the expected payoff to playing k1, the more likely a player is to play k1. For example, the expected return to playing k1, relative to playing randomly, is much higher if the opponent’s history (or expected distribution) is 40% rock, 40% paper, 20% scissors than if it is 34% rock, 34% paper, 32% scissors. Also, a high k1 payoff may indicate that the opponent is unlikely to play a lot of k2 (which leads to mean reversion), which increases the expected return to k1.



The second hypothesis is that a player will react more to a higher k1 payoff when his opponent has played more games. A 40% rock, 40% paper, 20% scissors history is more informative if it is based on 100 past throws than if it is based on only 10 throws.32 We bin opponent history length into terciles and interact the dummy variables for the middle and top tercile with the k1 payoff. We also analyze whether these effects vary by player experience; we interact all the covariates with whether a player is in the restricted sample (they eventually play ≥100 matches) and whether they have played 100 matches before the current match.



Table 12 presents empirical results from testing these hypotheses.33 The k1 payoff is the expected payoff to playing k1 assuming the opponent randomizes according to his history. Its standard deviation is 0.23. Using coefficients from Column 3, we see that for inexperienced players a one-standard-deviation increase in payoff to the k1 strategy, increases the probability the throw is k1-consistent by 1.6 percentage points (0.23·0.071≈1.6%) when opponents have played fewer than 14 games, 9 percentage points (0.23·(0.071+0.318)≈9%) when opponents have a medium history, and 14 percentage points (0.23·(0.071+0.528)≈14%) when opponents have played over 46 games. Given that 43% of all throws are k1-consistent, these latter two effects are substantial. Experienced players react slightly less to the k1-payoff when opponents have short histories, but their reactions to opponents with medium or long histories are somewhat larger.



While we expect the correlation between opponent’s history length and playing k1 to be negative—since longer histories are less likely to show substantial deviation from random—we do not have a good explanation for why the direct effect of opponent’s history length is negative, even when controlling for the k1 payoff. Perhaps the players are more wary of trying to exploit a more experienced player.





5. (Non-Equilibrium) Quantal Response


The above evidence that k1-consistent play is more likely when the expected payoff is higher, naturally leads us to a model of play that is more continuous. In some sense level-k strategies are all or nothing. If a throw has the highest expected payoff against the opponent’s historical distribution, then the k1 strategy says to play it, even if expected payoff is very small. A related, but different strategy is for players to choose each throw with a probability that is increasing in its expected payoff against the opponent’s historical distribution of play. This is related to the idea behind quantal response equilibrium [30], but replacing the requirement that players be in equilibrium so their beliefs are correct with the requirement that their expectations be based on the k1 assumption that the opponent will play according to his historical distribution.34 We refer to this modified version of quantal response equilibrium as “non-equilibrium quantal response;” it has been used in a variety of economic contexts (see [41] and cites therein).



In this context, players doing one iteration of reasoning play as if the payoff to throwing rock on throw i were


Uirock=αrock+β·(oppiscissors−oppipaper)+ϵirock,








where oppj is the fraction of the opponents’ previous 1st throws that were of type j and ϵis are logit errors. (The payoffs for paper and scissors are analogous.) The probability of playing a given throw is increasing in the assumed expected return to that throw. This smooths the threshold response of the k1 strategy into a more continuous response.35 The naive version would be to play as if the payoff to throwing rock on throw i were


Uirock=αrock+β·oppiscissors+ϵirock.











We estimate the parameters separately for each player. Figure 7 shows the distribution of the β coefficient across individuals. The coefficients for the naive model are higher on average and more dispersed than the baseline. The mean coefficient for the baseline (naive) model is 1.42 (2.47).36 The expected return is the probability of winning minus the probability of losing (probability of winning), so it ranges from −1 to 1 (0 to 1). The standard deviation is 0.232 (0.137), so, on average, a standard deviation increase in the expected return to an action, increases the percent chance it is played by approximately 7.3 percentage points (7.5 percentage points).37 The standard deviation across experienced players in the percent of the time they play a throw is 5%, so this effect is significant, but not huge.



The coefficient on expected return is significant for 63% (65%) of players. The mean of the effect size conditional on being significant is 2.10 (3.56). Converting to margins, this corresponds to a standard deviation increase in expected return resulting in an 11 percentage point increase in the probability of playing a given throw, which is quite large.




6. Likelihood Comparison


Which is a better model of player behavior, the discrete “if it is the k1 throw, play it” or the more continuous “if its k1 payoff is higher, play it with higher probability”? Since the strategies are similar, if players were using one there would still be some evidence for the other, so we use a likelihood test to see which model better fits players’ behavior. To facilitate the comparison, we estimate a “level-k1” model—the level-k model with no k2—which also has three independent parameters.38



As in Section 4.5, if we assume that one of two models, level-k1 (LK) and quantal response (QR), generated the data and have a flat prior over which it was, then according to Bayes theorem, the probability that it was quantal response is


P(QR|data)=P(data|QR)P(data|LK)+P(data|QR).



(2)




We do this calculation for both the standard level-k and the naive level-k (which we compare to an analogous naive QR model).



Figure 8 plots the distribution of this probability across players. For the baseline strategies, level-k and QR are evenly matched. For 55.7% of players the QR is a better model; more interestingly, there are substantial numbers of players both to the left of 0.05 and to the right of 0.95. For 1193 players (17.88%) the level-k1 model is a statistically better fit and for 1180 players (17.68%) the QR is a statistically better fit. This suggests some players’ focus more on whether the throw has the highest expected return (k1) and other players respond more to the level of the expected return (QR). For the naive strategies, the models do about equally well in the overall population, but for players whose play is significantly more consistent with one of the models, they seem to act on whether a throw is most likely to win rather than to have their play probability be increasing in the probability of winning: for 26.41% of players the naive level-k1 model is a statistically better fit and for 12.25% of players the naive QR is a statistically better fit.



We do not have any demographic information on players to look at who tends to use which type of strategy.39 However, we can look at whether the number of games they play or their coefficients estimated from the two models predict which model is a better fit. Table 13 presents this analysis, separately for all players and those for whom one model was a significantly better fit. Players who play more games tend to favor the level-k model. Perhaps unsurprisingly, those with a higher estimated fraction of k1 play, k^1, and those with a lower β coefficient from the QR model also favor the level-k model over the QR.




7. Conclusions


The 20th century witnessed several breakthrough discoveries in economics. Arguably the most important revolved around understanding behavior in strategic settings, which originated with John von Neumann’s (1928) minimax theorem. In zero-sum games with unique mixed-strategy equilibria, minimax logic dictates that strategies should be randomized to prevent exploitation by one’s opponent. The work of Nash enhanced our understanding of optimal play in games, and several theorists since have made seminal discoveries.



We continue the empirical work on the topic by analyzing an enormous set of field data on RPS games with information about opponents’ past play. In doing so, we can explore the models—both equilibrium and non-equilibrium—that best describe the data. While we find that most people employ strategies consistent with Nash, at least some of the time, there is considerable deviation from equilibrium play. Adapting level-k thinking to our repeated game context, we use maximum likelihood to estimate the frequency with which each player uses k0, k1 and k2. We find that about three quarters of all throws are best described as k0. A little less than one fifth of play is k1 or fictitious play, with k2 play accounting for less than one-tenth of play. Interestingly, we find that most players are mixing over at least two levels of reasoning. A model where players focus on winning, without worrying about losing, suggests similar levels for each strategy and is a better fit for most players. Since players mix across levels, we explore when they are most likely to play k1. We find that consistency with k1 is increased when the expected return to k1 is higher.



We also explore the QR model. Our adapted version of QR has players paying attention to the expected return to each strategy. We find that a one-standard-deviation increase in expected return increases the probability of a throw by 7.3 percentage points. In addition, for about a fifth of players the QR model fits significantly better than the level-k model, but for another one fifth the level-k model fits significantly better. It seems that some players focus on the levels of the expected returns, while others focus on which throw has the highest expected return.



There are several limitations to our analysis, which would be interesting to explore in future work. Examining play beyond the first throw could shed light on convergence of strategies within a match. Our dataset does not include demographic information on the players, so we could not analyze the interaction between strategies and player characteristics. The differences in strategic choices, though, lead to additional questions: who are the players who employ more advanced strategies, and why? Finally, there are other simple games that may lend themselves better to level-k models, including many variants of RPS with more strategies available to the players and with different payoff structures.



Beyond theory testing, we draw several methodological lessons. First, while our setting is very different from the single-shot games for which that level-k theory was initially developed, our finding that players mix across strategies raises questions for experiments that attempt to categorize players as a k-type based on only a few instances of play. Second, with large data sets, subtle differences in theoretical predictions can be tested with meaningful power. As the Internet continues to provide unique opportunities for such large-scale data, we hope that our study can serve as a starting point for future explorations of behavior in both strategic and non-strategic settings.
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Appendix A. Behavior in Strategic Settings: Evidence from a Million Rock-Paper-Scissors Games


Appendix A.1. Proof of Proposition 1


We formalize the process of playing rock-papers-scissors over Facebook as a sequence of best-of-three matches described by the game Γ nested inside a larger game Γ^, which includes the matching process that pairs the players. We do not specify the matching process, as it turns out that it does not matter and the following holds for any matching process.40 Players may exit the game (and exit may not be random) after any subgame, but not in the middle of one. All players have symmetric payoffs and discount factor δ across subgames. Our results are similar to Wooders and Shachat [42] for two-outcome games.



Each nested game Γ is a “best-of-three” match of RPS played in rounds, which we will call “throws”. For each throw, both players simultaneously choose actions a∈A={r,p,s} and the outcome for each player is a win, loss, or tie; r beats s, s beats p, and p beats r. A player wins Γ by winning two throws. The winner of Γ receives a payoff of 1 and the loser gets −1. Please note that Γ is zero-sum. Therefore, at any stage of Γ^ the sum across players of all future discounted payoffs is zero.



Each match consists of at least two throws. Because of the possibility of ties, there is no limit on the length of a match. Let


Kl=A2×A2…×A2⏟ltimes








be the set of all possible sequences of l throws by two players. Let Kl⊂Kl be the set of possible complete matches of length l: sequences of throw pairs such that no player had 2 wins after l−1 throws, but a player had two wins after the lth throw. Let K=∪Kl be the set of possible complete matches of any length. Let K^l⊂Kl be the set of possible incomplete matches of length l: sequences of throw pairs such that no player has 2 wins.



A player’s overall history after playing t matches is the sequence of match histories for all matches he has played,


hit∈Ht=K×K…×K⏟ttimes.











Let H−i denote the history of all players in the pool other than i. Players may not observe their opponents’ exact histories. Instead a player observes some public summary information of his opponent’s history. Let f:Ht→St∀t be the function that maps histories into summary information. Denote by st an element of St.



A strategy for a player is a mapping from any history of the game so far, own history of previous games, and summary information about an opponent’s history to a distribution of actions. σ:Ht×Sr×K^l→ΔA. The set of all players strategies is œ.



It is helpful to define a function #wini:K^l∪Kl→{0,1,2}∀l, which denotes the number of wins for player i after a match history. Similarly #winj is the number of wins for player j and #win=max{#wini,#winj} is the number of wins of the player with the most wins.



In Nash equilibrium, at any throw of any match, the distribution chosen must maximize the EP. The payoff consists of the flow payoff plus the continuation value from future matches if the match ends on this throw, or the EP from continuing the match with the updated match history if the match does not end on this throw. Let η(hit,œ) be the value of being in the pool (and playing future matches) with a history hiti, given all players’ strategies and vi(kijl,hiti,sjtj,œ) be the value (including future matches) of a player i during a match against player j if his history is hiti, his signal about his opponent is sjtj, and the match so far is kijl. Both η(·) and ν(·) could depend on the set of histories of other players the pool, but we do not include that notation because what follows holds for any such set. An equilibrium strategy must satisfy


σi(k^ijl,hiti,sjtj)∈argmaxσiEσi,σjui({k^ijl,(ai,aj)},hiti,sjtj,œ),








where


u({k^ijl,(ai,aj)},hiti,sjtj,œ)=1+δ·η({hiti,{k^ijl,(ai,aj)}},œ)#wini({k^ijl,(ai,aj)})=2,−1+δ·η({hiti,{k^ijl,(ai,aj)}},œ)#winj({k^ijl,(ai,aj)})=2,vi({k^ijl,(ai,aj)},hiti,sjtj,œ)#win({k^ijl,(ai,aj)})<2.











In the first two cases there is the immediate payoff from the match ending plus the inter-match continuation value, In the last case there is just the intra-match continuation value, which includes the later inter-match continuation value from when the match eventually ends. The inter-match discount factor is δ, we have implicitly set the intra-match discount factor to 1.41



Because each match is symmetric and zero-sum, the inter-match continuation values are unimportant—they always equal zero.



Lemma A1.

Under Nash equilibrium play, η(ht)=0∀ht∈Ht∀t.





Proof. 

Suppose that η(hit)≠0. If η(hit)<0, then a player with that history could deviate to always playing 13,13,13. The player would win half their matches and lose half their matches and have continuation value 0. If η(hit)>0, then since Γ^ is zero-sum at every stage, there must exist hjr such that η(hjr)<0, which by the same logic cannot happen in equilibrium. □





Since inter-match continuation values are all zero, the intra-match continuation value is just the probability of eventually winning the match minus the probability of eventually losing the match. This means that continuation values are zero-sum: vi(k^ij,hi,sj)=−vj(k^ij,hi,sj).



The symmetry of the match also implies that regardless of history, whenever players are tied for the number of wins in the match, the continuation value going forward is 0 for both players.



Lemma A2.

In Nash equilibrium if #wini(k^ijl)=#winj(k^ijl), then vi(k^ijl,hi,sj)=vj(k^ijl,hj,si)=0.





Proof. 

Assume #wini(k^ijl)=#winj(k^ijl). Suppose vi(k^ij,hi,sj)≠0. If vi(k^ij,hi,sj)<0, player i has a profitable deviation to play (13,13,13) for the remainder of the match and they will win with probability one half, 