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Abstract: Horizontal differentiation is generally derived from the aggregate utility function and is
assumed to be symmetric. However, empirical work suggests that asymmetric horizontal differenti-
ation can exist in practice. This paper examines the topic of asymmetric horizontal differentiation
by allowing a firm’s costly advertising to have a different impact on its own demand function
than it does on that of its rival. This leads to the interesting analytical result that advertising that
increases the cross-price effect of its rival can lead to an increase in firm profits. This introduces
the possibility of a ‘couple’ effect where firm advertising can tilt its own and its rival’s demand
functions in different directions. Several competitive advertising ‘couple’ scenarios are explored
using numerical simulation.
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1. Introduction

This paper examines a duopoly under competition through asymmetric horizontal
differentiation induced by costly advertising. In the literature, horizontal differentiation is
generally derived from the aggregate utility function and assumed to be symmetric [1–5].
However, empirical work suggests that asymmetric horizontal differentiation can exist [6].
This paper introduces an asymmetry to horizontal differentiation, allowing a firm’s ad-
vertising to have a different impact on its own demand function than it does on its rival’s
demand function. This leads to a novel analytical result regarding asymmetric horizontal
differentiation and some interesting new considerations for firm marketers and advertising
professionals regarding a ‘couple’ effect of advertising on horizontal differentiation. These
considerations are firstly explored through an analytical model, followed by an examination
of four scenarios of ‘coupled’ advertising using a numerical simulation model based on the
analytical model.

2. Literature

Bi-modal models of advertising have been proposed in the literature since it was first
suggested that advertising can be either informative or persuasive [7] and that the nature
of advertising is different for search and experience goods [8,9]. More recently, authors
have put forward models of advertising that differentiate between generic advertising,
which aims to increase demand for the entire category, and brand advertising, which
aims to increase the market share of a specific brand [10–12]. Other authors suggest that
firms can engage in mass or targeted advertising [13], or that advertising can be generic
where no comparisons are made with competitor products, or comparative where verifiable
comparisons are made [14].

The marketing literature tends to model the impact of advertising at the industry level
rather than at the firm level and then divide the total market into shares for each firm
according to some rules [10–12]. In contrast, the economics literature tends to assume that
each firm has its own demand function [1,2]. The model put forward in this paper follows
the economics literature in assuming that advertising has an impact on the demand function
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of the individual firm rather than on the industry as a whole. It assumes that advertising
can impact demand in the following two ways: it can shift the demand function to the
right by increasing the reservation price, or it can tilt the demand function by changing its
slope [15–17]. Shifting the demand function to the right has the effect of increasing firm
demand at every price point and is known as vertical differentiation. Tilting the demand
function by altering its slope leads to horizontal differentiation between the products of
the two firms. In a competitive situation, more than one firm is involved in the market,
and each firm can affect both its own and its rival’s demand function. Given that each
of the two firms in a competitive duopoly can use advertising to both shift and tilt their
own demand functions and also that of their rival through a spillover effect, this leads
to a number of different possible advertising scenarios. This paper examines horizontal
differentiation, i.e., the tilting of the demand function of the firm and its rival, by altering
the slope. In the economics literature, the demand function is derived from the aggregate
utility function and is generally assumed to be symmetric [1,2,18], although asymmetric
horizontal differentiation has also been theoretically considered [19,20] and found to exist
empirically [6]. This paper examines the relatively under-researched area of duopoly
behavior when horizontal differentiation is asymmetric.

3. Model and Method

The paper builds up an analytical model of differentiated duopoly based on the
Cournot–Bowley–Dixit approach [1,2,21,22]. The paper then describes a simulation model
based on the analytical model and uses this simulation model to examine the evolution of
the industry over time under a number of different competitive scenarios. In particular, the
simulations demonstrate the evolution of the Cournot–Nash equilibrium under advertising
as firms use advertising to create horizontal diversification in the industry. Simulation is
now well recognized as a research approach in the management [23–26] and economic [27]
sciences. While simulation does not yield a closed-form solution to the problem, it does
provide considerable insight into duopoly behavior under advertising and allows experi-
mental examination of many different scenarios. An alternative way to examine dynamic
behavior in duopoly is to use a differential game approach [28–32]; however, while this
yields a closed-form solution, it requires the simultaneous solution of two partial differ-
ential equations, which is not always feasible and often requires simplifying assumptions
such as symmetry.

The basis for the model is the commonly made assumption that price is a decreasing
function of the sum of the quantities produced by the two firms [1,2,21,22]. Product
differentiation is represented by using the following two different proportionality constants:
the own-price effect is the proportionality constant reflecting the impact of own firm
quantity on own price, and the cross-price effect is the proportionality constant reflecting
the impact of rival firm quantity on own price. The indirect demand functions (Figure 1)
for the two firms are formally represented as follows:

pi = ai − biqi − diqj, pi, qi, ai, bi, di ≥ 0, i = 1, 2, j = 3− i (1)

where p is price, q is the quantity produced, a is the reservation price, b is the own-price
effect, d is the cross-price effect, and the subscripts i and j refer to the firm and its rival.
Whereas the literature generally assumes that cross-price effect d is symmetric for the two
firms [1,2], this paper extends the formulation to allow cross-price effect to be asymmetric.
This is represented as d1 and d2 in Equation (1). Authors [19] relate these indirect demand
functions to the quasilinear quadratic consumer utility model expressed in matrix form
(p. 8, Equations (4) and (4) bis). Authors [6] show that asymmetric horizontal differentiation
exists in practice.
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Firm profits are represented as follows:

Πi = (pi − ci)qi − Ai, ci ≥ 0 i = 1, 2 (2)

where cost is assumed to be a linear function of quantity and c is a proportionality constant
representing unit variable cost; A represents expenditure on advertising.

The standard procedure is used to determine the equilibrium point at which the
duopoly will operate as follows: substitute expression for price (1) into the profit expres-
sion (2); differentiate profit with respect to quantity and set the result to zero to obtain
quantity for optimal profit; solve the resulting two equations (usually referred to as reaction
functions) to get the following:

qi =
2bj(ai − ci)− di(aj − cj)

4bibj − didj
, i = 1, 2, j = 3− i (3)

This expression gives quantity for the two firms at the Cournot–Nash equilibrium for
an asymmetric duopoly.

Substituting expression (3) for equilibrium quantity into (1) gives equilibrium price as
follows:

pi =
2aibibj − ajbidi + bi(2bjci + cjdi)− cididj

4bibj − didj
, i = 1, 2, j = 3− i (4)

Substituting the above expressions for equilibrium quantity (3) and price (4) into (2)
gives equilibrium profit as follows:

Πi =

4a2
i bib2

j − 4aibibj(ajdi + 2bjci − cjdi) + a2
j bid2

i + 2ajbidi(2bjci − cjdi)

+bi(4b2
j c2

i − 4bjcicjdi + c2
j d2

i )

(4bibj − didj)
2 − Ai, i = 1, 2, j = 3− i (5)

Dixit points out that there are two aspects to differentiation, and this affects competi-
tion in different ways [1]. Firstly, he suggests that products are differentiated if absolute
advantage, θi = ai − ci, is different for the two firms. Advertising that acts to increase
the size of the market by shifting the demand function to the right does so by increasing
the value of the reservation price, a, thereby creating an absolute advantage for the firm.
Advertising that increases the size of the market can also create a competitive advantage for
the firm if advertising effectiveness is asymmetric for the two firms. This view is different
from that of authors who suggest that advertising that increases demand—generic- or
category-building advertising—is cooperative rather than competitive [12].

The exception to this is where products are pure commodities. Here d = b and the
values of parameters a and b remain symmetric for both firms for all time; this implies a
market where the demand functions of both firms coincide for all time. Advertising shifts
this joint demand function to the right; demand for both firms grows but neither firm
gains a competitive advantage over the other. In this situation a competitive advantage can
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arise only through a cost advantage. Moreover, as both firms gain equally from a firm’s
advertising there is no incentive for a firm to advertise unless the rival also advertises,
and to an equal extent. Unilateral advertising leads to a competitive disadvantage as the
non-advertiser gains from advertising-induced industry growth but bears none of the
cost. Such a situation suggests that in commodity markets advertising will only take place
at industry level and this is borne out in practice where advertising for undifferentiated
products such as olive oil, milk, and fruit is often carried out by industry, regional, or
national bodies rather than by individual firms.

The second aspect of differentiation suggested by Dixit is known as horizontal and
occurs when own-price effect and cross-price effect are different, i.e., d 6= b; he formally
defines this type of differentiation as γ = d

b . When products are differentiated then
0 < γ < 1. Note that when the products of the two firms are commodities then d = b
and γ = 1, and when products are totally differentiated, making the firms effectively into
monopolies, d = 0 and γ = 0. Firm advertising that tilts the demand function decreases
the value of the cross-price parameter d. This type of advertising therefore increases the
level of differentiation between the products of the two firms. Decreasing the value of
the cross-price effect decreases the impact of competition and makes the firm more of a
monopolist. At the limit advertising can drive the cross-price effect to zero making the
firm a complete monopolist. Although in theory, cross-price effect can take a negative
value, implying that products are complements rather than substitutes, this paper does
not consider complements and therefore does not allow the cross-price effect to become
negative.

Whereas the literature to date has assumed that the cross-price effect is symmetric [1,2]
for the two firms the major contribution of this paper is to allow cross-price effect to
be asymmetric, i.e., each of the two firms has a different cross-price effect as shown in
Equation (1) above. A symmetric horizontal differentiation parameter suggests, under
Cournot competition, that a quantity placed on the market by firm two has the same
impact on firm one’s price as has the same quantity of firm one’s product on firm two.
This paper takes the view that these impacts can be asymmetric e.g., a quantity of Coca-
Cola’s product placed on the market may have a different impact on Pepsi’s price as
will an identical quantity of Pepsi cola’s product on Coca-Cola’s price. Such asymmetry
provides an opportunity to examine more precisely the impact of a change in horizontal
differentiation on firm profitability.

To carry out this examination three situations are considered analytically. First, the
impact of a change in the firm’s own cross-price effect is considered. It can be shown that a
decrease in the firm’s own cross-price effect will lead to an increase in firm profits. Second,
a decrease in the rival firm’s cross-price effect will lead to a decrease in firm profits and
the converse is as follows: an increase in the rival firm’s cross-price effect will lead to an
increase in firm profits. Third, if the cross-price effect parameters are the same for both
firms then a decrease in cross-price effect will lead to an increase in firm profit. These three
effects are now formalized as propositions.

3.1. Proposition One
‘A Decrease in the Firm’s Own Cross-Price Effect Leads to an Increase in Firm Profits’

Differentiating own profit (5) with respect to own cross-price effect gives the following:

dΠi
ddi

=
4bibj(2bj(ai−ci)−di(aj−cj))(dj(ai−ci)−2bi(aj−cj))

(4bibj−didj)
3 ,

i = 1, 2, j = 3− i
(6)

When ai > ci and bi > di, which is true for any feasible duopoly, the first two terms in
the numerator and the denominator are positive; when absolute advantage (θi = ai − ci) is
not too far apart for the two firms then the third term in the numerator is negative making
the whole expression negative. Therefore, as own firm cross-price effect decreases, i.e., as
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the firm moves towards being a monopolist, firm profits increase. While this is as expected
intuitively it is also a novel result.

3.2. Proposition Two
‘A Decrease in the Rival Firm’s Cross-Price Effect Leads to a Decrease in Firm Profits. By
Corollary an Increase in the Rival Firm’s Cross-Price Effect Leads to an Increase in Firm
Profits’

Differentiating own firm profits with respect to rival firm cross-price effect gives the
following:

dΠi
ddj

=
2bidi(4a2

i b2
j−4aibj(ajdi+2bjci−cjdi)+(ajdi+2bjci−cjdi)

2)

(4bibj−didj)
3

i = 1, 2, j = 3− i

After multiplying out, collecting terms and factorizing, this can be rewritten as follows:

dΠi
ddj

=
2bidi(diθj − 2bjθi)

2

(4bibj − didj)
3 , i = 1, 2, j = 3− i (7)

where θi = ai − ci represents absolute advantage. For bi > 0, di > 0, and bi > di, which
are always so by definition, the above expression is always positive. This means that as
rival firm’s cross-price effect increases (i.e., as the rival firm moves away from monopoly)
own firm’s profits increase. This suggests somewhat counterintuitively that a firm can
increase its profits by making its rival more like itself, i.e., it may be of benefit to a firm
to use advertising to un-differentiate its rival from itself. This is a novel result and is a
contribution of this paper.

3.3. Proposition Three
‘If the Cross-Price Effect Parameters Have the Same Value for Both Firms Then a Decrease
in Cross-Price Effect Leads to an Increase in Firm Profit’

For completeness, the symmetric situation is examined when cross-price effect is the
same for both firms i.e., d1 = d2 = d; as discussed earlier this is the representation commonly
used in the literature [1,2]. Differentiating profit with respect to cross-price effect gives the
following:

dΠi
dd =

2bi

{
8a2

i b2
j d− 2aibj(aj(4bibj + 3d2)− 4bibjcj + d(8bjci − 3cjd)) + a2

j d(4bibj + d2)

+2aj(4bibj(bjci − cjd) + d2(3bjci − cjd)) + (4bibjcj − d(4bjci − cjd))(cjd− 2bjci)
}

(4bibj−d2)
3

i = 1, 2, j = 3− i

(8)

The sign of this expression cannot be determined with certainty. However, if the firms
have symmetric cost and demand functions, i.e., a1 = a2; b1 = b2; c1 = c2; d1 = d2, the
sub-expression within curly bracket reduces to −(2b− d)3 and the full expression, in turn,

reduces to the following: dΠi
dd = − 2b(a−c)2

(2b+d)3 .

This is negative for a > c, which is always true for real firms. This means that for
a symmetric standard differentiated duopoly own profit increases as the differentiation
parameter decreases, i.e., profit increases as both firms approach their monopoly point.
This is as expected intuitively and is in accord with previous results [1,2].

An interesting outcome of the above examination is that there may be merit in firm
advertising in such a way as to produce a ‘couple’ effect, i.e., to decrease its own cross-
price effect and at the same time to increase its rival’s cross-price effect. Such a couple
effect is now examined using a numerical simulation approach with advertising as the
mechanism for altering cross-price effect. To create the simulation model, the following two
aspects of advertising need to be considered: the response to advertising and the amount
of advertising. Advertising can impact demand in the following number of ways: it can
increase vertical differentiation by increasing its own reservation price, or by increasing



Games 2022, 13, 37 6 of 14

or reducing its rival’s reservation price, or it can increase horizontal differentiation by
reducing its own cross-price effect or by increasing or reducing its rivals cross-price effect.

Vertical differentiation is modeled as a shift in the demand function. Advertising is
assumed to have a linear relationship with reservation price as follows:

ai = aiold + ϕi Ai + ρϕj Aj, i = 1, 2, j = 3− i (9)

where ϕi represents the effect of firms’ advertising on their own reservation prices, Ai is the
amount (in monetary units) of advertising undertaken by firm i, ρ represents advertising
spillover, and Aj represents advertising undertaken by the rival firm [33]. The advertising
spillover factor ρ represents the proportion of firm advertising that impacts on its rival’s
reservation price as follows: where ρ = 0 firm advertising has no impact on its rival; where
ρ = 1 firm advertising has the same impact on its rivals as it does on its own reservation
price. Reservation price is an accumulator and embodies advertising-generated goodwill. It
is assumed that there is no organic growth or decay in reservation price, i.e., the only factor
that impacts demand is advertising. The impact of such a shift in the demand function has
been examined in [16].

To model horizontal differentiation, which can be imagined as a tilt rather than a shift
in the demand function, a linear relationship between advertising and cross-price effect,
similar to that of Friedman’s [33] approach discussed above, is assumed as follows:

di = diold − σii Ai − σji Aj, i = 1, 2, j = 3− i (10)

where σii and σji are own cross-advertising effect and cross cross-advertising effect, re-
spectively, and where advertising acts to alter d the cross-price effect parameter. This
formulation also allows for advertising spillover, i.e., firm advertising can impact the cross-
price effect of its rival and vice versa. Various scenarios and asymmetries can be easily
specified. For example, setting σ12 = 0 and σ21 = 0 restricts firm advertising so as to impact
on own firm cross-price effect only. Asymmetry can be imposed by setting σ11 6= σ22 or σ12
6= σ21 i.e., the two firms have different impacts on cross-price effects. Figure 2 demonstrates
the impact of advertising on demand.
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A specific form of asymmetry provides the following interesting scenario: when
d1 = d2 = d, and σ11 = σ12 and σ22 = σ21. Here cross-price effects remain identical for
both firms for all time even under advertising. This implies that, although firms are
differentiated, firm performance will be symmetrical for all time: differentiation may
increase profitability of both firms but does not generate a competitive advantage for either
firm. This assumption that cross-price effects remain the same for the two firms is the
norm in the literature. Another specific asymmetry can be imposed by setting σ11 6= σ12
and σ22 6= σ21 i.e., each firm’s advertising affects its own and its rival’s cross-price effects
differently; under this type of asymmetry advertising can lead to increased profitability
and to competitive advantage for the firm.
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To determine the amount of advertising the Dorfman–Steiner condition is used [34].
This gives the optimal level of advertising for the firm and is expressed as follows:

A =
ηA
η

R (11)

where A stands for the amount of advertising, R is revenue, η is price elasticity of demand,
and ηA is advertising elasticity of demand. Note that the common rule of thumb used
by business managers—where advertising expenditure is taken to be a fixed proportion
of revenue—is a specific instance of the Dorfman–Steiner condition where the ratio of
elasticities is a constant. Advertising elasticity of demand is the following by definition:

ηA =
A
q
· dq

dA
(12)

To determine dq
dA the demand function (1) is expressed in the following direct form:

qi = αi − βi pi − δi pj, pi, qi ≥ 0, i = 1, 2, j = 3− i

where αi =
aibj−ajdi
bibj−didj

, βi =
bj

bibj−didj
and δi =

di
bibj−didj

.
Expressions for reservation price (9) and cross-price effect (10) are inserted into this ex-

pression, and quantity then differentiated with respect to advertising to yield the following:

dqi
dAi

=

aibj(2Aiσiiσij + Aj(σiiσjj + σijσji)− diσij − djσii)
+aj(A2

i σ2
iiσij + 2Aiσiiσij(Ajσji − di) + A2

j σijσ
2
ji − 2Ajdiσijσji + bibjσii + d2

i σij)

−A2
i σii(Ajσii(ρϕiσjj − ϕjσij)− bj ϕiσij − σii(djρϕi − pjσij))

−2Aiσii(A2
j σji(ρϕiσjj − ϕjσij)− Aj(bjρϕjσij + di(ρϕiσjj − ϕjσij)+

σji(djρϕi − pjσij))− bibjρϕi + bj piσij + di(djρϕi − pjσij))
+A3

j σ2
ji(ϕjσij − ρϕiσjj)

+A2
j (bj(ρϕj(σiiσjj + σijσji)− ϕiσjiσjj) + σji(2di(ρϕiσjj − ϕjσij)+

σji(djρϕi − pjσij)))
+Aj(bibj(ρϕiσji + ϕjσii)− bj(di(ρϕjσij − ϕiσjj) + dj(ρϕjσii − ϕiσji)+
pi(σiiσjj + σijσji))− di(di(ρϕiσjj − ϕjσij) + 2σji(djρϕi − pjσij)))
+bibj(bj ϕi − diρϕi − pjσii)
+bj(dj piσii − di(dj ϕi − piσij))
+d2

i (djρϕi − pjσij)

(A2
i σiiσij + Ai(Aj(σiiσjj + σijσji)− (diσij − djσii) + A2

j σjiσjj

−Aj(diσjj + djσji)− bibj + didj)
2

i = 1, 2; j = 3− i

(13)

This expression is inserted into (12) to determine advertising elasticity of demand
and, in turn, to determine the optimal amount of advertising using the Dorfman–Steiner
condition (11). Note that when advertising impacts only on reservation price and not on
cross-price effect (i.e., shifts but does not tilt the demand function) expression (13) reduces
to as follows (as used in [16]):

dqi
dAi

=
ϕi(bj − ρdi)

bibj − didj
, i = 1, 2; j = 3− i

The simulation model was created by coding up the expressions for price (1), profit
(2), quantity (3), and advertising amount (11, 12, 13) using the Powersim simulation
software package; the simulation model was then used to examine a number of differ-
ent competitive scenarios. The model can be fully specified using fifteen parameters
representing demand, cost, and advertising effectiveness for the two firms as follows:
ai, bi, ci, di., ϕi, σij, i = 1, 2; j = 3− i, and ρ. Firms are initially symmetric; initial values for
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parameters were set at the following: a1 = a2 = 25, b1 = b2 = b = 0.0001, d1 = d2 = 0.00005,
and c1 = c2 = c = 8. These parameters are broadly representative of a fast-moving consumer
good in a price-sensitive marketplace. The market demand is such that price decreases by
$1 for every 10,000 additional units put on the market by the firm; price also decreases by
$1 for every 20,000 additional units put on the market by its rival implying that there exists
a considerable level of differentiation between the products of the two firms.

Different advertising scenarios may be created by changing the values of the advertis-
ing parameters. Parameters a, b, and c remain constant for all simulation runs. As vertical
differentiation is not examined in this paper parameters ϕ and ρ are set to zero for all
scenarios. The only parameter whose values change during a simulation run is the demand
parameter d; this parameter is altered as a result of advertising and represents the changing
nature of product differentiation over time. Reducing the value of d acts to change the
nature of the industry from duopoly towards monopoly. The nature of advertising as
portrayed in this paper is therefore more persuasive than informative, i.e., advertising
is assumed to persuade more people to buy the product or to persuade people that the
products are different in nature.

Advertising is assumed to act on the cross-price effect and so values for parameters
σ11, σ12, σ21, and σ22 must be set. To see the impact of advertising on demand let parameter
σ11 take a value of 0.0000000002 (2 × 10−10); this means that an advertising expenditure
of $0.5 m would decrease the firm’s own cross-price effect by 0.00001; i.e., half a million
dollars’ worth of advertising would decrease the cross-price effect parameter from its initial
value of 0.00005 to 0.00004; that in turn would mean that to reduce price by $1 a total of
25,000 rather than 20,000 additional units would have to be put on the market by the rival.
In this way advertising has increased the level of product differentiation and reduced the
impact of competition in the industry.

4. Results

Four competitive scenarios were considered. In the first scenario, the cross-price effect
remains the same for both firms for all time, i.e., both the firm and its rival advertise so
as to tilt upwards both their own and their rival’s demand function. By ‘tilt upwards’ is
meant that advertising acts to decrease the value of d, the cross-price parameter. The second
scenario examines the situation where only one firm advertises so as to tilt both its own
and its rival’s demand upwards. The third scenario examines the ‘couple’ effect, where
only one firm advertises, but this time it tilts its own demand function upwards and tilts its
rival’s downwards. The fourth scenario examines the ‘couple’ effect, where both firms tilt
their own demand function upwards and their rival’s downwards. For each scenario, the
model generates the Cournot–Nash equilibrium values for quantity and the consequent
values for price and profitability. Figures 3–6 show the evolution of the Cournot–Nash
equilibrium values for the two firms over time for each of the four scenarios.
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4.1. Scenario One: Both Firms Advertise So as to Tilt Upwards Both Their Own and Their Rivals
Demand Functions

In this situation, the cross-price effect remains the same for both firms for all time, i.e.,
d1 = d2 = d, a common assumption in duopoly modeling [1,2]. To achieve this set σ11 = σ22
= σ12 = σ21 = σ to ensure cross-price effects remain symmetric for the two firms. Figure 3
shows the simulation results when σ is given a value of 1.5 × 10−10. Both firms continue
differentiating their products until cross-price effects reach zero in period four. Both firms
are now at their monopoly position, advertising is stopped, and consequently, firm growth
also stops (recall that the model does not allow the cross-price effect d to become negative;
the simulation is programmed to stop further advertising once the cross-price effect reaches
zero). Because the firms are symmetric at the beginning of the simulation, and because
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both firms are equally effective at advertising, the performance of the two firms remains
symmetric. Note that although both firms have improved their performance in an absolute
sense, neither firm has gained a competitive advantage over the other.

4.2. Scenario Two: One Firm Advertises So as to Tilt Upwards Both Its Own and Its Rival’s
Demand Functions, the Rival Firm Does Not Advertise

Some form of asymmetry is required for one firm to gain a competitive advantage
over the other, for example, in market structure, cost structure, or advertising effectiveness.
The effectiveness of advertising that induces horizontal differentiation is now allowed
to become asymmetric. Figure 4 shows results when only one firm advertises, but this
advertising has an equal impact on its own and on its rival’s demand. This is a case of
perfectly cooperative spillover as follows: the rival firm gains from the firm’s advertising
but does not bear any of the cost, consequently gaining a competitive advantage. This
result suggests that, as is the case with cooperative shifting advertising, firms will not
carry out unilateral cooperative demand tilting advertising as they are in effect providing
a public good. However, as both firms lose their absolute advantage as compared with
scenario one, there is an incentive for both firms to advertise. There is a prisoners’ type
dilemma here for firms as follows: it is in their interest to advertise in order to gain an
absolute advantage, but it is also in their interest to shirk from advertising in order to gain
a competitive advantage.

4.3. Scenario Three: One Firm Advertises So as to Tilt Its Own Demand Function Upwards and Its
Rival’s Downwards, Its Rival Does Not Advertise

This scenario examines the situation where a firm again advertises unilaterally, but in
this case, it also acts to tilt downwards the demand curve of its rival. This would make its
rival more like itself, i.e., it would be an act of undifferentiation. However, results show that
this ‘couple’ effect—simultaneously tilting its own demand curve upwards and its rival’s
downwards—yields the firm a significant competitive advantage, although in absolute
terms, the firm performs less well than in scenario one (Figure 5).

The results pose the following interesting question for the firm: should it seek the
highest absolute performance or the greatest competitive advantage? Seeking the highest
absolute performance would encourage the firm to pursue scenario one, i.e., it would
advertise in a standard tilting fashion and encourage its rival to do likewise. Seeking to
maximize competitive advantage would encourage the firm to pursue scenario three, i.e., it
would unilaterally carry out coupled advertising and discourage its rival from advertising.
The results point out that maximizing shareholder value (highest absolute performance)
does not necessarily result in maximum competitive advantage (highest relative advantage).
Some trade-offs of shareholder value against competitive advantage may be required
depending on firm priorities. The marketing and strategy literature emphasize market
share and competitive advantage, respectively, both of which are relative advantages; the
economics and finance literature tends to emphasize maximizing shareholder value, an
absolute advantage.

4.4. Scenario Four: Both Firms Advertise So as to Tilt Own Demand Function Upwards and
Rival’s Downwards

This scenario examines the situation when both firms carry out ‘coupled’ advertising.
Both firms now act to tilt upwards their own demand functions and downwards that of
their rival. The results show that both firms’ performance collapsed (Figure 6). Although
the two firms invest in advertising, the two couple effects act against one another and the
firms do not move to the monopoly position. However, the cost of advertising lowers the
profitability of both firms. Coupled advertising, therefore, provides another prisoner’s
dilemma situation for firms as follows: if they carry it out unilaterally, they can gain a
significant competitive advantage; but if their rival also carries it out, then both are worse
off. Seeking to maximize competitive advantage by using coupled advertising would seem
to be a risky strategy for a firm as follows: the potential upside gain is large but does
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not maximize shareholder value, and the potential downside loss is significant. Seeking
to maximize shareholder value using standard advertising is less risky as follows: the
potential upside gain is large as the firm achieves monopoly profits, and the downside risk
is relatively small, as follows: it may lose some competitive advantage to a rival that shirks.

5. Discussion

Advertising has six possible impacts on demand, as shown by the dotted arrows
in Figure 2, and given that there are two firms, there are twelve possible firm actions.
These actions can also be carried out in combination, and there exist threshold levels
and asymmetries, resulting in many possible competitive scenarios, of which this paper
examined four. A clear implication from this paper is that the firm needs to be clear about
the objective of its advertising—to grow the market or to differentiate the product—as in
each case it acts on a different parameter and seeks a different effect. Creating advertising
messages to achieve such specific ends may pose an interesting challenge for marketers
and strategists.

Under the market share view, generic advertising is seen as category-building and
therefore cooperative, while brand advertising is regarded as share-stealing and therefore
competitive. This paper has shown that the impact of advertising can simultaneously
be both competitive and cooperative. Under demand-tilting advertising, both firms act
to horizontally differentiate their own firm products, reducing the impact that the rival
product has on firm sales and thereby reducing the impact of competition. In this way,
advertising that induces horizontal differentiation can be seen as cooperative. However,
if firms are asymmetric in their advertising effectiveness, then tilting advertising alters
firm profitability, creating a competitive advantage for one firm over the other. Symmetry
is therefore a key factor in determining whether or not the effect of advertising on the
firms in a duopoly is competitive or cooperative. Under symmetric conditions, the impact
of advertising is mostly cooperative; under asymmetry, the impact may be competitive.
Advertising spillover that tilts rival demand upwards (i.e., in the same direction as it
tilts its own demand) is cooperative as both firms gain; it is predatory when it tilts rival
demand downwards (i.e., in the opposite direction). The paper demonstrates that spillover
is rarely beneficial to the firm. When spillover is unilateral, it provides a free ride to the
rival, and when it is bilateral, the effects on the firm and rival may act against one another
with little benefit gained by either firm. Unilateral predatory advertising is seen to be
effective in gaining a competitive advantage over the rival, and also in gaining an absolute
advantage; however, it is a risky strategy—if the rival does likewise then both firms decline
in profitability.

The existence of asymmetric horizontal differentiation has a number of theoretical
implications. In the forward direction, it has implications for firm strategy and marketing.
To achieve the ‘couple’ effect, a firm may need to put out the following two distinct
advertising messages: one to people who are primarily its customers and a different
message to people who are primarily customers from its rival. The message to its own
customers would demonstrate how different its product is to that of its rival in order to
further attach them to the firm’s product. The message to its rival’s customers would
demonstrate how close the rival’s product is to the firm’s product in order to detach them
from the rival’s product and move them towards the firm’s product. Clearly, all this cannot
be achieved by a single message, hence the need for two messages, likely via two different
media. This ‘couple’ effect may lead to some interesting new avenues for advertising
research.

In the backward direction, it has implications for consumer utility in that a matrix form
of quasilinear quadratic utility is required in order to generate asymmetry in horizontal
differentiation. The commonly used expression for consumer utility [1,2] will not generate
asymmetry because only a single differentiation parameter is available. Martin [20] in
his detailed analysis of the origin of linear demand functions examines asymmetry in
reservation prices and in quantities per consumer but not for asymmetric differentiation;
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extending his analytical approach to include asymmetry in horizontal differentiation may
provide an interesting avenue for future research. Matrix approaches to the utility function
offer avenues for further research. The elements of the n × n matrix within the matrix
version of the utility function discussed in [19] ‘capture the (possibly rich) pattern of
complementarity and substitutability among the goods’ (p. 7), although the matrix is
usually regarded as being symmetric [18]. Authors [35] in their discussion of the demand
function do not require the matrix elements to be symmetric, only that the off-diagonal
elements are non-negative, the diagonal elements are positive, and the matrix is column
diagonally dominant. As asymmetric horizontal differentiation may involve asymmetry in
the off-diagonal elements of the matrix, further research into the nature and implications of
this matrix may be useful.

Horizontal differentiation has been illustrated as follows: ‘Intuitively, if apples are plen-
tiful, consumers are willing to pay less for oranges, all else equal, and vice versa’ [20] (p. 7).
For the purpose of this paper, the critical clause is ‘and vice versa’. If the ‘less’ that con-
sumers are willing to pay in the vice versa case is exactly the same amount as the ‘less’
mentioned in the earlier part of the sentence, then the differentiation is symmetric. If the
two amounts are different, then horizontal differentiation is asymmetric. In asymmetric
horizontal differentiation, the direction of travel makes a difference, i.e., whether you
are considering the influence of plentiful apples on oranges or the influence of plentiful
oranges on apples. Further theoretical and empirical examination of this direction of travel
consideration may provide an interesting area of theoretical and empirical research in
economics and marketing.

This research has a number of limitations. Firstly, the model discussed in the paper is
theoretical and has not been empirically tested. Secondly, the model is structured so that
firms make advertising policy decisions at the beginning and must hold to those policies
through time. Learning does not take place, and so firms cannot improve their advertising
effectiveness over time. Allowing for improvement of advertising effectiveness over time
would introduce an additional feedback loop in the model. This would improve its realism,
as in real firms’ managers may detect that they are declining vis-a-vis a competitor and may
take action to prevent or reduce the rate of decline. Thirdly, the model looks only at tilting
advertising; it does not attempt to determine the optimal allocation of advertising between
shifting and tilting. This may provide a fruitful avenue for future research. Fourthly, the
model assumes that advertising costs are linear. A direction for future research is to explore
models that take into account increasing or decreasing returns to advertising. Fifthly, the
model assumes that advertising can be precisely targeted as follows: that advertising
can be targeted to shift or tilt demand, and that advertising can be targeted to impact or
avoid impacting the competitor’s demand. It is not clear if in the real world, such precise
targeting of advertising can be achieved; however, this may provide an interesting avenue
for future marketing research. Finally, while this paper focused on advertising, other means
of altering demand exist. For example, product development can also create horizontal
differentiation through altering demand parameter d. The implications of a ‘couple’ effect
using R&D may provide an interesting avenue for future research.

6. Conclusions

This paper examined the relationship between advertising, horizontal product differ-
entiation, firm profitability, and competitive advantage in a duopoly using an analytical
model supported by a series of numerical simulation experiments. In contrast to many of
the models in the literature, this model allows horizontal differentiation to be asymmetric.
The model assumed that advertising tilts the demand function, thereby increasing the level
of horizontal differentiation between the two firms, at the limit turning the industry into
two separate monopolies. Simulation results show the evolution of the Cournot–Nash
equilibrium over time and demonstrate a ‘couple’ effect whereby advertising can be used
to asymmetrically tilt the demand functions of the firm and its competitor, leading to
interesting and novel competitive dynamics.



Games 2022, 13, 37 13 of 14

Funding: This research received no external funding.

Institutional Review Board Statement: Not applicable as study did not involve humans or animals.

Informed Consent Statement: Not applicable as study did not involve humans.

Data Availability Statement: The study did not report any data.

Conflicts of Interest: The author declares no conflict of interest.

References
1. Dixit, A. A model of duopoly suggesting a theory of entry barriers. Bell J. Econ. 1979, 10, 20–32. [CrossRef]
2. Singh, N.; Vives, X. Price and quantity competition in a differentiated duopoly. Rand J. Econ. 1984, 15, 546–554. [CrossRef]
3. Brander, J.A.; Spencer, B.J. Under Bertrand and Cournot Competition: Revisiting the Bertrand Paradox. NBER Working Paper

20966. 2015. Available online: http://www.nber.org/papers/w20966 (accessed on 27 March 2022).
4. Gori, L.; Sodini, M.; Fanti, L. A nonlinear Cournot duopoly with advertising. Chaos Solitons Fractals 2015, 79, 178–190. [CrossRef]
5. Liu, L.; Wang, X.H.; Zeng, C. Endogenous Horizontal Product Differentiation in a Mixed Duopoly. Rev. Ind. Organ. 2020, 56,

435–462. [CrossRef]
6. Gasmi, F.; Laffont, J.J.; Vuong, Q. Econometric analysis of collusive behaviour in a soft-drink market. J. Econ. Manag. Strategy

1992, 1, 277–311. [CrossRef]
7. Kaldor, N. The economic aspects of advertising. Rev. Econ. Stud. 1950, 18, 1–27. [CrossRef]
8. Nelson, P. Information and consumer behavior. J. Political Econ. 1970, 78, 311–329. [CrossRef]
9. Nelson, P. Advertising as information. J. Political Econ. 1974, 82, 729–754. [CrossRef]
10. Krishnamurthy, S. Enlarging the pie vs. increasing one’s slice: An analysis of the relationship between generic and brand

advertising. Mark. Lett. 2000, 11, 37–48. [CrossRef]
11. Bass, F.; Krishnamoorthy, A.; Prasad, A.; Sethi, S. Generic and brand advertising strategies in a dynamic duopoly. Mark. Sci. 2005,

24, 556–568. [CrossRef]
12. Dubé, J.P.; Manchanda, P. Differences in dynamic brand competition across markets: An empirical analysis. Mark. Sci. 2005, 24,

81–95. [CrossRef]
13. Esteban, L.; Hernádez, J.; Moraga-Gonzáles, J.L. Customer directed advertising and product quality. J. Econ. Manag. Strategy 2006,

15, 943–968. [CrossRef]
14. Barigozzi, F.; Garella, P.; Peitz, M. With a little help from my enemy: Comparative advertising as a signal of quality. J. Econ.

Manag. Strategy 2009, 18, 1071–1094. [CrossRef]
15. Borden, N. The Economic Effects of Advertising; Richard D Irwin: Chicago, IL, USA, 1942.
16. Brady, M. A Game-Theoretic Model of Strategic Interaction Using Advertising: Simulating the Evolution of the Cournot Nash

Equilibrium under Different Competitive Scenarios. Games 2021, 12, 85. [CrossRef]
17. Tremblay, V.J.; Tremblay, C.H.; Isariyawongse, K. Cournot and Bertrand competition when advertising rotates demand: The Case

of Honda and Scion. Int. J. Econ. Bus. 2013, 20, 125–141. [CrossRef]
18. Amir, R.; Erickson, P.; Jin, J. On the microeconomic foundations of linear demand for differentiated products. J. Econ. Theory 2017,

169, 641–665. [CrossRef]
19. Choné, P.; Linnemer, L. Linear demand systems for differentiated goods: Overview and user’s guide. Int. J. Ind. Organ. 2020, 73,

102663. [CrossRef]
20. Martin, S. Microfoundations for the linear demand product differentiation model, with applications. In Institute for Research in

Behavioral, Economic and Management Sciences; Krannert School of Management, Purdue University: West Lafayette, IN, USA, 2009;
pp. 1–27.

21. Cournot, A. Researches into the Mathematical Principles of the Theory of Wealth; Irving, F., Ed.; Nathaniel, T.B., Translator; Macmillan:
New York, NY, USA, 1929.

22. Bowley, A.L. The Mathematical Groundwork of Economics; Clarendon Press: Oxford, UK, 1924.
23. Sterman, J.; Henderson, R.; Beinhocker, E.; Newman, L. Getting big too fast: Strategic dynamics with increasing returns and

bounded rationality. Manag. Sci. 2007, 53, 683–696. [CrossRef]
24. Davis, J.; Eisenhardt, K.; Bingham, C. Developing theory through simulation methods. Acad. Manag. Rev. 2007, 32, 480–499.

[CrossRef]
25. Zott, C. Dynamic capabilities and the emergence of intraindustry differential firm performance: Insights from a simulation study.

Strateg. Manag. J. 2003, 24, 97–125. [CrossRef]
26. Brady, M. Advertising effectiveness and spillover: Simulating strategic interaction using advertising. Syst. Dyn. Rev. 2009, 25,

281–307. [CrossRef]
27. Cermakova, K.; Bejcek, M.; Vorlicek, J.; Mitwallyova, H. Neglected theories of business cycle—Alternative ways of explaining

economic fluctuations. Data 2021, 6, 109. [CrossRef]
28. Fruchter, G.; Kalish, S. Closed-loop advertising strategies in a duopoly. Manag. Sci. 1997, 43, 54–63. [CrossRef]
29. Piga, C. A dynamic model of advertising and product differentiation. Rev. Ind. Organ. 1998, 13, 509–522.
30. Piga, C. Competition in a duopoly with sticky price and advertising. Int. J. Ind. Organ. 2000, 18, 595–614. [CrossRef]

http://doi.org/10.2307/3003317
http://doi.org/10.2307/2555525
http://www.nber.org/papers/w20966
http://doi.org/10.1016/j.chaos.2015.01.022
http://doi.org/10.1007/s11151-019-09705-6
http://doi.org/10.1111/j.1430-9134.1992.00277.x
http://doi.org/10.2307/2296103
http://doi.org/10.1086/259630
http://doi.org/10.1086/260231
http://doi.org/10.1023/A:1008146709712
http://doi.org/10.1287/mksc.1050.0119
http://doi.org/10.1287/mksc.1040.0087
http://doi.org/10.1111/j.1530-9134.2006.00123.x
http://doi.org/10.1111/j.1530-9134.2009.00238.x
http://doi.org/10.3390/g12040085
http://doi.org/10.1080/13571516.2012.750045
http://doi.org/10.1016/j.jet.2017.03.005
http://doi.org/10.1016/j.ijindorg.2020.102663
http://doi.org/10.1287/mnsc.1060.0673
http://doi.org/10.5465/amr.2007.24351453
http://doi.org/10.1002/smj.288
http://doi.org/10.1002/sdr.426
http://doi.org/10.3390/data6110109
http://doi.org/10.1287/mnsc.43.1.54
http://doi.org/10.1016/S0167-7187(98)00030-7


Games 2022, 13, 37 14 of 14

31. Cellini, R.; Lambertini, L. Advertising with spillover effects in a differential oligopoly game with differentiated goods. Cent. Eur.
J. Oper. Res. 2003, 11, 409–423.

32. Jarrar, R.; Martin-Herran, G.; Zaccour, G. Markov perfect equilibrium advertising strategies of Lanchester duopoly model: A
technical note. Manag. Sci. 2004, 50, 995–1000. [CrossRef]

33. Friedman, J. Advertising and oligopolistic competition. Bell J. Econ. 1983, 14, 464–473. [CrossRef]
34. Dorfman, R.; Steiner, P. Optimal advertising and optimal quality. Am. Econ. Rev. 1954, 44, 826–836.
35. Farahat, A.; Perakis, G. A comparison of Bertrand and Cournot profits in oligopolies with differentiated products. Oper. Res. 2011,

59, 507–513. [CrossRef]

http://doi.org/10.1287/mnsc.1040.0249
http://doi.org/10.2307/3003647
http://doi.org/10.1287/opre.1100.0900

	Introduction 
	Literature 
	Model and Method 
	Proposition One 
	Proposition Two 
	Proposition Three 

	Results 
	Scenario One: Both Firms Advertise So as to Tilt Upwards Both Their Own and Their Rivals Demand Functions 
	Scenario Two: One Firm Advertises So as to Tilt Upwards Both Its Own and Its Rival’s Demand Functions, the Rival Firm Does Not Advertise 
	Scenario Three: One Firm Advertises So as to Tilt Its Own Demand Function Upwards and Its Rival’s Downwards, Its Rival Does Not Advertise 
	Scenario Four: Both Firms Advertise So as to Tilt Own Demand Function Upwards and Rival’s Downwards 

	Discussion 
	Conclusions 
	References

