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Abstract: In this paper, we compare four different methods to estimate nanoparticle diameters
from optical absorption measurements, using transmission electron microscopy (TEM) images as a
reference for the nanoparticle size. Three solutions of colloidal nanoparticles coated with thiophenol
with different diameters were synthesized by thiolate decomposition. The nanoparticle sizes were
controlled by the addition of a certain volume of a 1% sulphur solution in toluene. TEM measurements
showed that the average diameter for each type of these nanoparticles was 2.8 nm, 3.2 nm, and
4.0 nm. The methods studied for the calculation of the nanoparticles diameter were: The Brus model,
the hyperbolic band model (HBM), the Henglein model, and the Yu equation. We evaluated the
importance of a good knowledge of the nanoparticle bandgap energy, and the nature of electronic
transitions in the semiconductor. We studied the effects that small variations in the electron and hole
effective mass values produced in the Brus equation and in the HBM model for CdS, PbS, and ZnS
nanoparticles. Finally, a comparison was performed between the data provided by these models
and the experimental results obtained with TEM images. In conclusion, we observed that the best
approximation to the experimental results with TEM images was the Brus equation. However, when
the bandgap energy was close to the bulk bandgap energy, the theoretical models did not adjust
correctly to the size measured from the TEM images.

Keywords: cadmium sulphide nanoparticle; Brus model; hyperbolic band model; HBM; size
estimation; TEM images

1. Introduction

Semiconductor nanoparticles (NPs), also known as quantum dots (QDs), have received great
attention from the scientific community during the last few decades due to their potential applications.
Far from decreasing, the interest has been growing over time because of the profusion of areas in which
these structures may be useful, from optoelectronic devices [1–3] to biomedical applications [4].

Most of the methods found in the literature [5–8], which describe chemical routes to obtain
nanoparticles in colloidal suspension, are based on the reaction of precursors in a solvent in the
presence of stabilizing agents. These agents are usually represented by an organic radical, which
is finally bonded to the QD surface [9]. The roles of these surface ligands are: (1) To stabilize the
nanoparticles in order to prevent them from growing by material exchange (Ostwald ripening) [10],
(2) to obtain solutions in the convenient solvents, and (3) to control the charge transfer between
the particles and the surrounding material. Besides, the amount of stabilizer during the reaction of
precursors is a key variable in the control of the nanoparticles’ final size.

Since the physical properties of the semiconductor nanoparticles, like the bandgap, depend
on their size due to quantum confinement of charge carriers, the availability of a method to assess
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this magnitude becomes essential. Among the available methods to assess the size of nanoparticles,
transmission electron microscopy (TEM) provides accurate measurements of the shape and size of
structures in the scale of nanometers. Nonetheless, despite the good accuracy, this technique is far
from being the most adequate for the quick measurement in routinely made multiple sets of samples.
Alternative methods based on the data obtained in optical absorption measurements have been
developed to estimate the nanoparticles’ size. These methods are based on the determination of the
edge of the absorption band, which, in turn, depends on the diameter of the nanocrystal.

The objective of this paper is the comparison of different methods based on both theoretical and
empirical methods to be applied to the determination of the size of semiconductor nanoparticles.
Several samples of CdS nanocrystals in colloidal suspension were synthesized by thiolate decomposition
assisted by the addition of sulphur. The precise determination of the diameter was achieved by direct
measurement from images obtained by TEM. Additionally, optical absorption spectra of the same
samples were recorded. The absorption edge was calculated by means of the Tauc [11,12] relation.
Subsequently, the size of the quantum dots was estimated using four well-known models: Brus
model [13], hyperbolic band model (HBM) [14], Henglein formula [15], and the formula suggested by
Yu et al. [16]. Finally, the influence of uncertainty of material parameters, such as the effective masses
on the accuracy of the calculations, was studied.

2. Materials and Methods

2.1. Materials

Cadmium nitrate-tetrahydrate (Cd(NO3)2·4H2O, 99.99%), thiophenol (C6H5-SH) (99%), sulphur
powder (99.98%), toluene, methanol and dimethyl sulfoxide (DMSO) were purchased from
Sigma-Aldrich (Darmstadt, Germany) and used without further purification.

2.2. Characterization

Optical absorption measurements were carried out with a T92+ UV-VIS spectrophotometer
from PG Instruments Ltd. (Lutterworth, UK) and the measurements of photoluminescence (PL)
performed with a Modular Spectrofluorometer Fluorolog-3 from Horiba Scientific (Madrid, Spain). In
all photoluminescence measurements, the excitation wavelength was fixed at λexc = 365 nm.

Transmission electron microscopy (TEM) analysis was taken by a Jeol 2010 (Tokyo, Japan)
microscope operating at 200 kV. To carry out TEM measurements, a drop for each nanoparticle’s
solution was deposited on a carbon grid and then dried at room temperature. In order to obtain an
accurate measurement of the nanoparticle sizes, TEM was calibrated by means of the measurement of
the interplanar distance of standard gold nanoparticles.

In TEM microscopy, the factors that significantly limit resolution are: Spherical aberration,
chromatic aberration, and astigmatism, with spherical aberration being the most critical. These
aberrations and their implications are well known and a detailed study is beyond the scope of this
paper. However, a thorough description may be found in any text about TEM technique [17]. The
commented aberrations limit the resolution of our TEM device to 0.19 nm. This resolution is smaller
than the space of (200) family planes used as a references for the nanoparticles’ measurements [18].

2.3. Models

The following models relate the gap energy or the absorption edge with the size of the nanoparticles.
Moreover, as the bandgap energy of the semiconductor was derived from the absorption edge, all
models were based on the measurement of the nanoparticles’ optical absorption. However, the
determination of a value for this variable from the optical spectrum may become imprecise when the
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excitonic peak is not clear. In these cases, the Tauc relation [11,12] provided a method to estimate the
energy of the bandgap. The Tauc relation is defined as follows:

∝hν = A (hν − Eg)n, (1)

where Eg is the bandgap energy, n depends on the nature of the interband electronic transition, and
A is an absorption constant [12]. Depending on the nature of the transition of the semiconductor, n
can have the following values: For direct allowed transitions, n = 1/2; for direct forbidden transitions,
n = 3/2; for indirect allowed transitions, n = 2; and for indirect forbidden transitions, n = 3. For this
relation, Tauc proposed an extrapolation to locate the absorption edge in semiconductors. For this
reason, (∝hν)1/n versus hν is plotted. By adjusting the variable n correctly, the absorption edge can be
displayed.

2.3.1. Brus Model

Energy levels of the nanoparticles were discrete due to the quantum confinement of the charge
carriers in the crystal. Brus et al. calculated the relation between the size and the electronic structure
of the clusters. They related the effects of the quantum confinement to the nanoparticles radius and,
consequently, postulated the following equation [13,19]:

En = Eb + (h̄ 2π2/2R2) × (1/me*+1/mh*) − 1.8e2/(4πε0εR). (2)

This formula expresses the relation between the energy gap of the nanoparticle, En, and the
nanoparticle radius, R. The constants associated with the material are: Eb, the energy gap of bulk material;
me* and mh*, the effective masses of electrons and holes, respectively; and ε, the dielectric constant.

Regarding the values of the effective masses of electrons and holes, these parameters are well
known for bulk materials. However, when the quantum dots are small enough, the wavefunction
overlaps with the crystal boundaries, and so the effective mass becomes energy dependent [20,21].

This could justify the different values of the electron and the hole effective masses for CdS
nanoparticles that we have found in bibliography [22–24]. In addition, Henglein et al. comment on the
difficulty of knowing the effective mass, since it can only be correctly known in electronic states close to
the bandgap [25]. Therefore, a knowledge of the precise values of me* and mh* is necessary to apply the
Brus method. In this paper we will examine the possible effects that uncertainty of me* and mh* could
originate in the calculation of the size of some semiconducting monochalcogenides nanoparticles.

2.3.2. Hyperbolic Band Model (HBM)

Another method that relates bandgap and radius is the hyperbolic band model (HBM) [14]. In this
model, a simple approximation is performed. Wang et al. indicate that the size-dependent Coulomb
interaction of the Schrödinger equation for the crystallite excited state does not contribute significantly
to small nanoparticles [26]. In consequence, they developed the HBM model, where the effective
mass (m*) is defined by electrons’ mass inside the semiconductor and free mass (mo) outside the
semiconductor [27].

En
2 = Eb

2 + 2 h̄2
× Eb × (π/R)2/m*, (3)

as in Brus equation, En and Eb are energy bandgap of nanoparticles and bulk semiconductor, respectively.

2.3.3. Empirical Formula Suggested by Henglein et al.

The previous Equations (2) and (3) describe methods which relate the gap energy with the cluster
radius. Henglein synthesized several batches of CdS quantum dots by changing the pH. This resulted
in nanoparticles with different sizes. Secondly, the authors measured the absorption edge of the
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synthesized nanoparticles [28]. With this data, Moffitt et al. proposed an expression which relates the
absorption wavelength (λa) to the nanoparticles diameter (D) [15],

D = 0.1 / (0.1338 − 0.0002345 λa). (4)

2.3.4. Empirical Formula Obtained by Yu et al.

Yu et al. have developed an empirical formula [16] that relates nanoparticles’ diameter to
wavelength of absorption edge (λa). For the calculation of the expression, CdS NPs were synthesized
by their research group where nanocrystals sizes were determined by transmission electron microscopy
(TEM) measurements.

Then, graphs of the diameter versus wavelength of absorption edge were plotted. Thus, an
empirical formula was achieved,

D = (−6.6521·10−8) λa
3 + (1.9557·10−4) λa

2 + (−9.2352·10−2) λa + 13.29. (5)

2.4. Synthesis of CdS Nanocrystals

The CdS nanoparticles were prepared at room temperature by thiolate decomposition [9]. In
this method, the nanoparticle preparation route was divided into two stages: (1) The synthesis of a
precursor material (cadmium thiolate) that contains both the metal and the organic radicals and (2) the
decomposition of the thiolate by addition of sulphur resulting in the formation of CdS nanoparticles. To
synthesize the cadmium thiolate, two solutions were prepared: 0.1 M of Cd(NO3)2·4H2O was dissolved
in distilled water and methanol, with ratio 1:1, and 0.2 M C6H5-SH was dissolved in methanol. Both
solutions were agitated in different flasks until they became homogeneous. When solutes of both
solutions were completely dissolved, solutions were mixed together and stirred during 15 min. The
blend evolved and turned a whitish color. Once filtered and dried, the cadmium thiolate (Cd(C6H5S)2)
was synthesized.

To provide the necessary sulphur for CdS NPs synthesis, stock sulphur solution with a
concentration of 1% in toluene was prepared, from now on called V(S(1%)). Three different nanoparticle
solutions were prepared. In three different vials, Cd(C6H5S)2 was dissolved in DMSO by keeping the
relation, m(Cd(C6H5-SH))/V(DMSO) = 40 mg/mL, as shown in Table 1. These solutions were agitated and,
when cadmium thiolate was dissolved, different volumes of V(S(1%)) were added to each one. In the
first one, 2.5 mL of V(S(1%)) for each gram of Cd(C6H5-SH) were added. The mixture was stirred during
15 min and it became transparent and homogeneous. The output was the synthesis of CdS NPs with
the following relation V(S(1%))/m(Cd(C6H5-SH)) = 2.5 mL/g. For the synthesis of the other nanoparticles,
two solutions with a relation V(S(1%))/m(Cd(C6H5-SH)) = 5.0 and 7.5 mL/g, respectively, were selected.
These nanoparticles are referenced as CdS(2.5), CdS(5.0), and CdS(7.5), respectively.

Table 1. Summary of the quantities used in the synthesis process of the CdS nanoparticles.

NPs m[Cd(C6H5-SH)] V[DMSO] V[S(1%)]

CdS(2.5) 0.80 g 20 mL 2 mL
CdS(5.0) 0.80 g 20 mL 4 mL
CdS(7.5) 0.80 g 20 mL 6 mL

3. Results

3.1. Optical Characterization

The absorbance and photoluminescence measurements were performed to the three types of
nanoparticles. According to these measurements, their spectra are shown in Figure 1. The CdS(2.5)
solution is plotted in black, the CdS(5.0) in red, and CdS(7.5) with blue lines. Figure 1A shows
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normalized photoluminescence spectra for each CdS nanoparticle solution with dashed lines, with the
absorbance spectra from the same solutions represented with solid lines.Crystals 2020, 10, x FOR PEER REVIEW 5 of 18 
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Figure 1. Normalized photoluminescence spectra, pristine optical absorption spectra (A) and optical
absorption edge calculated using Tauc relation (B) for CdS nanoparticles synthesized by different
volumes of sulphur in toluene. The 2.5, 5.0, and 7.5 milliliters of sulphur solution per gram of cadmium
thiolate were used for the synthesis of each nanoparticle, respectively.

A broad dominant peak represents all PL curves from the colloidal CdS NPs. An asymmetry of
these band shapes can be observed in Figure 1A. This is due to a reabsorption effect originated by size
dispersion of the nanoparticles. Bigger NPs reabsorb a portion of the PL emission corresponding to the
smaller nanocrystals, thus a slight red-shift of the wavelength of maximum emission was expected.
This red-shift had no influence on the results presented in this work as they were mostly based on
determination of the optical bandgap from the absorbance spectra.

The PL curve of CdS(2.5) exhibits a narrow peak at 413 nm lower than the dominant peak.
This peak corresponds to DMSO solvent used in solutions. As Table 2 indicates, the wavelengths
corresponding to the maximum emission from measured solutions were: 456 nm for CdS(2.5), 480 nm
for CdS(5.0), and 495 nm for CdS(7.5). Increasing V(S(1%)) in the synthesis led to higher wavelength in
the PL emission of the nanocrystals.

Table 2. Absorption edge and photoluminescence peak of the CdS nanoparticles synthesized by 2.5,
5.0, and 7.5 milliliters of sulphur per gram of cadmium thiolate.

NPs Absorption Edge PL Peak

CdS(2.5) 3.54 eV 350 nm 456 nm
CdS(5.0) 3.33 eV 372 nm 480 nm
CdS(7.5) 3.21 eV 386 nm 495 nm

When we deal with monodisperse NPs, the presence of a clear excitonic peak allows an easier
measurement of the energy gap. However, in the case of broad distribution, the excitonic peak is no
longer clear and the use of the Tauc relation becomes necessary. The optical absorption spectra of the
three samples are presented in Figure 1B. In this figure, the absorption edge moves to lower energies as
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the addition of sulphur is increased. Accordingly, controlling sulphur volume in the synthesis route
allowed us to synthesize nanoparticles with tailored sizes [29].

In Figure 2, photoluminescence and absorbance measurements were carried out for thiophenol
and cadmium thiolate and compared with CdS NPs. Moreover, DMSO solvent spectra were included.
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Figure 2. Photoluminescence spectra (A) and pristine optical absorption spectra (B) for thiophenol
(black) and cadmium thiolate (cyan) CdS nanoparticles synthesized with 7.5 milliliters of sulphur
solution per gram of cadmium thiolate in toluene (blue) and DMSO (red).

The measurements show that pristine thiophenol did not significantly influence photoluminescence
and absorption measures. These spectra were very similar to DMSO solvent where they were dissolved
for measurements. Although a slight contribution existed in photoluminescence regarding cadmium
thiolate (cyan curve), its absorption was similar to thiophenol (black curve). Both absorption edges
were located in the ultraviolet range. In contrast, its photoluminescence had a contribution around
500 nm. The difference in the chemical structure between thiophenol and cadmium thiolate was the
presence of a S-Cd bond of thiolate inset of a presence of a S-H bond of thiophenol. Therefore, this
commented contribution was attributable to the bond between ligand and cadmium. However, this
contribution was very slight compared to the solvent.

3.2. TEM Study

TEM images corresponding to the previous three nanoparticle solutions are shown in Figure 3. It
may be observed that some dispersion in nanoparticle size appears in the images. The size differences
within each image corroborate the width of photoluminescence peak of CdS NPs observed in Figure 1A.
Although the dispersion of size was present, we also observed that nanoparticles’ sizes/diameters
increased with the sulphur addition [30].
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nanoparticles, for CdS(2.5) (A), for CdS(5.0) (B), and for CdS(7.5) (C). 

Figure 3. TEM images of CdS(2.5) (A), CdS(5.0) (B), and CdS(7.5) (C).

Regarding the size dispersion in TEM images, several nanoparticles were located for each sample.
More than 150 nanoparticles for each sample were measured. Histograms were computed with
localized nanoparticles, and represented in Figure 4. Figure 4A presents the histogram for CdS(2.5)
in which the average size was 2.8 nm. Figure 4B shows the histogram for CdS(5.0), with average
size of 3.2 nm. Finally, Figure 4C presents the histogram for CdS(7.5), which TEM average size was
4.0 nm. The size dispersion of the nanoparticles justified the full width at half maximum (FWHM) that
was observed in the NPs’ photoluminescence, Figure 1. Furthermore, FWHM, polydispersity, and
the standard deviation were calculated for each size distribution. For CdS(2.5), FWHM was 1.53 nm,
polydispersity was 27.36%, and standard deviation was 0.77 nm. For CdS(5.0), FWHM was 1.75 nm,
polydispersity was 27.40%, and standard deviation was 0.88 nm. For CdS(7.5), FWHM was 1.87 nm,
polydispersity was 23.43%, and standard deviation was 0.94 nm.
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3.3. Comparison of Theoretical Models to Estimate CdS Size

In this section, the sizes of the nanoparticles of the three samples were calculated by feeding four
theoretical models with the data obtained from the optical spectra. The results obtained by the four
models were compared to the experimental value obtained by direct measurement in TEM images.
Additionally, we performed a study to assess the influence of the small variations on the effective mass
of charge carrier on the calculated sizes.

As we commented in the introduction, the energy of the absorption edge was obtained using the
method developed by Tauc et al. [11,12]. When applying the equation, the nature of the transition
of the semiconductor, either direct or indirect, must be known. The energy of the absorption edge
was obtained by extrapolating the linear interval of the low energy limit of the absorption band to the
energy axis. In Figure 5A the bandgap energy for CdS(5.0) NPs was obtained from Tauc plot using
different values of n to appreciate the differences. It was observed how increasing n value led to an
overestimation of the size of the nanoparticle. Thus, knowing the nature of the electronic transitions in
the semiconducting nanoparticle was a capital issue. For CdS NPs, the value n = 1/2 was used since it
is a direct bandgap material [31].
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Figure 5. Graphs of Tauc relation with different n values for CdS nanoparticles (A), where n depends on
the nature of interband electronic transition, varying between n = 1/2, 3/2, 2, and 3. Different simulation
(B) of nanoparticles’ (NPs’) sizes estimated with each model for CdS NPs as a function of bandgap
energy. Horizontal lines set the average diameter of the nanoparticles calculated by the TEM images:
CdS(2.5) (black line), CdS(5.0) (red line), and CdS(7.5) (blue line). The corresponding circle is located
according to the optical gap calculated from absorbance spectra.

Once the bandgap energy was calculated, it was considered as the input parameter in each model.
Figure 5B shows a comparison of the four models, with the material parameters corresponding to CdS.
Additionally, three lines corresponding to the diameter of CdS NPs obtained by TEM images are shown,
and circles are located at the bandgap energy obtained from Tauc equation for each nanoparticle. In
this graph, we observe that for high bandgap energy all models produced a similar size. For example,
for a 4.5 eV NP bandgap energy, the Brus equation estimated a diameter of 1.97 nm, for HBM of
1.68 nm, for the suggested Henglein equation the diameter would be 1.45 nm, and for the Yu empirical
formula a 1.30-nm diameter. Dealing with diameter around 1.50 nm, the usual dispersion in size for
colloidal nanocrystals was most probably in the range of the diameters estimated by these models.
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Therefore, for higher energies of the absorption edge, all theoretical models studied in this work could
be chosen as an alternative for calculating the CdS NPs’ size because the difference between models
can be admissible (~0.6 nm for 4.5 eV). On the other hand, for lower energies, the solutions given
by the four models may show significant differences. For example, for 2.50 eV (getting close for the
CdS bulk value, 2.42 eV [30]), the solutions of the theoretical models were 6.89 nm (Brus), 10.49 nm
(HBM), 5.72 nm (Henglein), and 7.48 nm (Yu). The difference between the highest and the lowest value
was 4.77 nm, which is a significant value compared to the obtained sizes. This is probably one of the
reasons for the efforts dedicated by the scientific community to obtaining improved models.

Another remarkable observation from Figure 5B is related to CdS(7.5) NPs. The blue circle located
using the bandgap energy measured from the Tauc relation did not match with any of the four models
evaluated in this studies. All the models considered lower bandgaps for CdS NPs with 4.0 nm. This
observation could also be extended to smaller nanoparticles, although for them it was not so striking.

Thinking about this mismatch, one issue to consider might be the role of the organic thiolated
ligand on the optical properties of the nanoparticles, and its influence on the determination of the
bandgap energy from the optical absorption spectra. It has been proved that ligands can influence
the energy of NP electronic states changing the Coulomb interaction between the electron in the
conduction band and the hole in the valence band inside a nanoparticle [32]. Bonding between
ligands and inorganic core originates interfacial states with mixed NP–ligand character allowing
core wavefunctions to extend across the inorganic/organic interface into the ligand shell, reducing
the optical gap. This has been reported for CdSe and PbS NPs [29]. In our experiment, though, the
indicated discrepancy could only be explained if the bonding between the CdS core and the thiol
ligand was able to blue-shift the absorption edge of the nanocrystals. To our knowledge, this fact has
not been referenced until now.

3.3.1. Brus Model

The first model used to estimate the size of the nanoparticles was the expression suggested by Brus.
Diameters were calculated by solving Equation (2) for CdS(2.5), (5.0), and (7.5) samples. The calculated
diameters were 2.59 nm, 2.83 nm, and 3.01 nm, respectively. For this estimation we employed the
values of me* = 0.19·mo and mh* = 0.80·mo used by Brus et al. in their studies [33]. However, small
variations of the value of the effective masses may lead to significant differences on the calculated
sizes. The effective masses of the electrons and the holes had different values depending on to the
consulted bibliography. For example, on the one hand, Praus et al. indicated the values me* = 0.18·mo

and mh* = 0.80·mo [23]. In the other hand, Dey et al. reported me* = 0.42·mo and mh* = 0.61·mo [24].
In Figure 6A, different diameter-energy gap curves are shown for several values of the hole

effective mass. The mh* varied around the theoretical value, mh* = 0.80·mo, whereas the other variables
remained constant. The variations of the radius when the hole effective mass parameter was changed
are more evident for values of the bandgap energy close to the bulk. For example, for En = 3.0 eV,
radiuses oscillated between 1.82 nm for mh* = 0.70·mo to 1.62 nm for mh* = 0.90·mo. In contrast to this,
for an energy value of 2.44 eV, the difference in the radius reached 0.85 nm. The ranges were based on
the most usual values that are found in the bibliography for the variables studied. The interval was
selected adding a variation of 0.1·m* to the common value.

This comparison was also performed for the variable me*. As in the previous study, me* varied
around the bulk value, in this case, me* = 0.19·mo. As detailed in Figure 6B, this variable was more
critical than mh*. For En = 3.0 eV, the radius varied between 1.88 and 1.64 nm for me* = 0.10·mo and
me* = 0.30·mo, respectively. This difference increased for energies close to the bulk energy. It should
also be noted that errors in me* were more critical for energy gap close to CdS bulk. Small changes
in me* were determinant for energies close to the bulk energy (like in mh* variation study). Thus,
accurate values for mh* and me* should be used in order to avoid errors when using the Brus equation
to estimate the size of quantum dots. Furthermore, me* errors are more critical than mh* errors.
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Figure 6. The mh* variation study (A) for Brus equation of CdS nanoparticles for different energies, from
high values of energy to CdS energy bulk. The mh* oscillated between mh* = 0.70·mo and mh* = 0.90·mo

with the rest of the variables remaining constant: Eb = 2.42 eV, ε = 5.7, and me* = 0.19·mo. The me*
simulation (B) for Brus equation of CdS nanoparticles for different energies, from high values of energy
to CdS energy bulk. The me* oscillated between me* = 0.10·mo and me* = 0.30·mo with the rest of the
variables remaining constant: Eb = 2.42 eV, ε = 5.7, and mh* = 0.80·mo.

These issues do not only arise in CdS NPs. They can also be observed in other semiconductor
nanoparticles such as lead sulphide (PbS) or zinc sulphide (ZnS). The relation between the bandgap
energy and nanoparticle diameter was been plotted for these two semiconductors. The following
parameters were used: For PbS, Eg = 0.41 eV, me* from 0.01·me* to 0.20·me*, mh* from 0.01·mh* to
0.20·mh*, and ε = 17.2 [34] and for ZnS, Eg = 3.70 eV, me* from 0.30·me* to 0.50·me*, mh* from 0.50·mh*
to 0.70·mh*, and ε = 8.76 [23].

In this sense, Figure 7 presents the obtained results for the PbS NPs estimated with the Brus
equation. Figure 7B shows the study with me* variation where the other Brus equation variables
remained constant. For the En value kept constant, the increase in me* value revealed a reduced PbS
NPs diameter. It is noteworthy that for me* values higher than me* = 0.085·mo, size variations were not
critical. In Figure 7A, we can observe results for the mh* simulation. This study obtained the same
results as me* because the mh* and me* were identical for PbS NPs.

In the case of ZnS nanoparticles, the study of the effect of mh* and me* variation on the estimated
size is shown in Figures 8A and 8B, respectively. Some results obtained were similar to results of CdS
and PbS NPs tests. In Figure 8B, the me* study showed that when me* was increased nanoparticles’
radius decreased. Additionally, for low bandgap energy values, close to bulk, me* variations were
more critical than at higher energy values. Concerning Figure 8A, to mh* its influence was less than
me*, although it followed the same trend. For instance, for energy values close to 3.7 eV, the ZnS energy
bulk mh* variations became more important because small changes produced estimable differences in
nanoparticles’ size with respect to high energy values.

For both PbS NPs and ZnS NPs, results were similar to those obtained in the CdS NPs studies.
Uncertainty in the me* and mh* values produced size estimation errors, a fact that became critical when
getting close to bulk energy gap values. To avoid calculation errors in the Brus equation, a correct data
collection is necessary for the me* and mh* values.
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Figure 7. The mh* variation study (A) for Brus equation of PbS nanoparticles for different energies, from
high values of energy to PbS energy bulk. The mh* oscillated between mh* = 0.01·mo and mh* = 0.20·mo

with the rest of the variables remaining constant: Eb = 0.41 eV, ε = 17.2, and me* = 0.085·mo. The me*
simulation (B) for Brus equation of PbS nanoparticles for different energies, from high values of energy
to PbS energy bulk. The me* oscillated between me* = 0.01·mo and me* = 0.20·mo and with the rest of
the variables remaining constant: Eb = 0.41 eV, ε = 17.2, and mh* = 0.085·mo.Crystals 2020, 10, x FOR PEER REVIEW 12 of 18 
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Figure 8. The mh* variation study (A) for Brus equation of ZnS nanoparticles for different energies, from
high values of energy to ZnS energy bulk. The mh* oscillated between mh* = 0.50·mo and mh* = 0.70·mo

and with the rest of the variables remaining constant: Eb = 3.70 eV, ε = 8.76, and me* = 0.42·mo. The
me* simulation (B) for Brus equation of ZnS nanoparticles for different energies, from high values of
energy to ZnS energy bulk. The me* oscillated between me* = 0.30·mo and me* = 0.50·mo and with the
rest of the variables remaining constant: Eb = 3.70 eV, ε = 8.76, and mh* = 0.61·mo.
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3.3.2. HBM Model

In this section, the application of the hyperbolic band model (HBM) to the estimation of nanoparticle
size is presented. As explained in Section 2.3.2, HBM employs the effective mass (m*) approximation.
Solving the Equation (3) returned sizes of 2.47 nm, 2.79 nm, and 3.03 nm, respectively, for each
synthetized nanoparticle (CdS(2.5), CdS(5.0), and CdS(7.5)).

In the Brus equation study, we observed that possible variations of me* and mh* may modify
the results obtained when estimating NPs’ sizes. On the other hand, the HBM model simplified the
effective masses of the electron and hole in a single mass, with the following equation:

1/m* = 1/me* + 1/mh*, (6)

where m* is the effective mass and me* and mh* are the effective masses of electrons and holes,
respectively. As in the Brus model, me* and mh*variations were simulated and the effect on the HBM
model was analysed.

The dependence of m* with me* and mh* (Equation (6)) makes the study of both variables necessary.
In the test of the effective mass (Figure 9), it can be noted that when me* or mh* increased, m* increased.
As in the previous studies, the NPs’ size decreased when m* increased. Additionally, for high bandgap
energy values, m* variations were not critical for both me* and mh*. For example, for En = 4.5 eV, the
diameter varied between 1.92 nm and 1.73 nm for variations of mh* and it varied between 1.97 nm and
1.78 nm for variations of me*. In energies close to energy CdS bulk, the m* variations caused bigger
differences in the size between extreme values (for En = 2.6 eV, the difference is 0.75 nm for variations
of mh*, and for variations of me* the difference was 0.88 nm), but as the NP size was bigger, the relative
error in the diameter estimation was negligible.
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NPs, variations towards low energies increased nanoparticles’ dimensions. 

Figure 9. Estimated CdS NPs’ size by the hyperbolic band model (HBM) model as a function of
nanoparticle bandgap energy with (A) mh* and me* (B) as parameters. The mh* oscillated between
mh* = 0.70·mo and mh* = 0.90·mo and me* oscillated between me* = 0.10·mo and mh* = 0.30·mo, with
Eb remaining constant, Eb = 2.42 eV.
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Subsequently, for the HBM model, we observed results for me* and mh* variations for PbS
(Figure 10) and for ZnS (Figure 11) NPs. For PbS and ZnS simulations, the results were similar to the
CdS NPs’ simulations. An increase of me* and mh* augmented the effective mass. This fact modified
HBM model results, where the diameters were smaller due to the growth of m*. As in CdS, PbS, and
ZnS NPs, variations towards low energies increased nanoparticles’ dimensions.Crystals 2020, 10, x FOR PEER REVIEW 14 of 18 
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Modifications of mh*, the me*, and m* variables were critical when the energy gap was close to 
the bulk energy. Then, both the calculation of the absorption edge and an exact value of the effective 
mass became critical for a correct use of theoretical models to calculate the size of the nanoparticles. 
Attending to Figures 9 and 11 versus Figures 6 and 8, it is remarkable that HBM led to bigger 

Figure 10. Estimated PbS NPs’ size by HBM model as a function of nanoparticle bandgap energy with
(A) mh* and me* (B) as parameters. The mh* oscillated between mh* = 0.01·mo and mh* = 0.20·mo and
me* oscillated between me* = 0.01·mo and mh* = 0.20·mo, with Eb remaining constant, Eb = 0.41 eV.
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Figure 11. Estimated ZnS NPs’ size by HBM model as a function of nanoparticle bandgap energy with
(A) mh* and me* (B) as parameters. The mh* oscillated between mh* = 0.50·mo and mh* = 0.70·mo and
me* oscillated between me* = 0.30·mo and mh* = 0.50·mo, with Eb remaining constant, Eb = 3.70 eV.
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Modifications of mh*, the me*, and m* variables were critical when the energy gap was close to the
bulk energy. Then, both the calculation of the absorption edge and an exact value of the effective mass
became critical for a correct use of theoretical models to calculate the size of the nanoparticles. Attending
to Figures 9 and 11 versus Figures 6 and 8, it is remarkable that HBM led to bigger nanoparticle
diameter when energy was close to the bulk bandgap, contrasting with the Brus equation. This was
observed for CdS and ZnS NPs, but not for PbS NPs. This result could be expected because the Brus
model uses infinite square well-type quantum confinement.

3.3.3. Henglein Model and Yu Equation

Now, the empirical models that describe the direct relation between the absorption wavelength
(λa) and the diameter will be addressed.

The sizes of CdS NPs according to Henglein (Equation (4)) were 1.94 nm for CdS(2.5), 2.15 nm for
CdS(5.0), and 2.31 nm for CdS(7.5), respectively.

The last formula to be considered arose from an empirical model developed by Yu et al. The sizes
calculated from the Equation (5) were 2.08 nm, 2.58 nm, and 2.96 nm, respectively.

The summary of the results is presented in Figure 12 and Table 3.
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than the mean size measured in the TEM images (negative sign in Table 3). Additionally, the models 
that were closest to the TEM image measurements were those that related the absorption edge energy 
to the nanoparticle radius. Both the Brus equation and HBM model showed similar results for the 
three samples and were more accurate for smaller NP diameters. The empirical models presented 
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remarkable observation was that all models evidenced poorer results for larger nanoparticles. As we 
showed in Figure 5B, the dispersion of results was bigger when the absorption edge was slightly 

Figure 12. Comparison among the nanoparticles’ size obtained with the theoretical methods studied in
this paper and the experimental values obtained with TEM images (solid lines).

Table 3. Results’ deviation between the different theoretical models estimation for the size and the real
measurements obtained with TEM analysis.

NPs Brus HBM Henglein Yu

CdS(2.5) −6% −11% −30% −25%
CdS(5.0) −8% −9% −30% −16%
CdS(7.5) −24% −24% −42% −26%

Figure 12 shows that, in general, the numerical result obtained from the four models was lower
than the mean size measured in the TEM images (negative sign in Table 3). Additionally, the models
that were closest to the TEM image measurements were those that related the absorption edge energy
to the nanoparticle radius. Both the Brus equation and HBM model showed similar results for the



Crystals 2020, 10, 226 15 of 17

three samples and were more accurate for smaller NP diameters. The empirical models presented
less accurate size estimation than their theoretical counterparts, especially the Henglein model. A
remarkable observation was that all models evidenced poorer results for larger nanoparticles. As we
showed in Figure 5B, the dispersion of results was bigger when the absorption edge was slightly higher
than bulk energy. In other words, models were more imprecise when nanoparticles were bigger. In
these cases, it was crucial to know the accurate value for the bandgap energy of the NP.

The difference between the diameter estimated empirically by the TEM images and the theoretical
result decreased for the smaller nanoparticles. These differences may be considered negligible, since
they may be smaller than the dispersion of sizes present in as-synthesized colloidal NPs.

4. Conclusions

CdS nanoparticles were synthesized by thiolate decomposition. The CdS size was controlled
by the addition of sulphur in the synthesis process. It was verified that the size of the nanoparticles
increased with the addition of sulphur.

Optical absorption and photoluminescence characterization of three different samples of
nanoparticles were performed and their size was calculated using four theoretical methods: The Brus
equation, the HBM formula, and the empirical formulas by Henglein et al. and Yu et al., respectively.
TEM study was performed and we verified that for small sizes, the Brus model was the most accurate.
The Brus and HBM models presented very similar results for CdS NPs, but for PbS and ZnS NPS
the HBM always estimated smaller diameters compared to Brus for the same bandgap energy of the
NPs. In addition, the HBM model was more sensitive to knowing the exact value of En due to sharp
variation of size for energies closest to NPs’ Eb, especially for PbS NPs. In our experiment with CdS
NPs, the worse estimation of sizes was obtained by the Henglein formula.

Issues arising from imprecise material parameter knowledge were evaluated. In the theoretical
models studied, it is noteworthy that masses did not affect the estimation of size significantly. To
obtain an accurate value of the bandgap energy of the NP is more significant for size estimation than
effective mass. However, me*, mh*, and m* parameters must be well known, since errors in their values
may lead to nonnegligible errors in the size estimation, especially for energies slightly higher than the
bulk bandgap. These considerations must be taken into account in the theoretical models, regardless
of the type of nanoparticles that are being studied.
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