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Abstract: We design a magneto-electro-elastic piezoelectric phononic crystal (MPPC) using a one-
dimensional piezoelectric superlattice (with a 3m point group) and split-ring resonators. The effect of
the split-ring resonators is to enhance the piezoelectric effect of the piezoelectric superlattices. This
effect will create elastic anomalies and generate the phononic band gaps. These are first proposed
theoretically. We calculate the transmission function of the MPPC through Transfer Matrix Method
of the phononic crystal. By using the transmission function, we theoretically study the propagation
properties of the acoustic waves in the MPPC. The mechanism for multifield coupling is analyzed. A
type of phononic band gap is created, called the multifield coupling phononic band gap. We analyze
the possibility of crystals as left-handed metamaterials. We also discuss some potential applications.

Keywords: piezoelectric phononic crystal; piezoelectric superlattice; phononic stop gap

1. Introduction

Phononic crystal is a kind of composite material with periodic elastic properties,
which can create band gaps where mechanical wave propagation is forbidden in some
ranges of wave frequency [1]. The ability to develop phononic band gaps is similar to the
creation of electronic and photonic band gaps in semiconductors and photonic crystals [2,3],
respectively. Some works on the characteristics of the periodic piezoelectric composites
have been reported [4,5]. As a result, the phononic crystal containing a piezoelectric
material known as piezoelectric phononic crystals comes to be realized and is studied
widely. Vibration energy can be easily converted into electric energy by introducing
piezoelectric material within the phononic crystal [6–10].

Magneto-electro-elastic (MEE) materials have attracted noticeable attention due to their
ability to convert magnetic, electric, and mechanical forms of energy. By applying the external
magnetic and electric fields, mechanical strains are generated in these magneto-electro-elastic
structures. MEE have permeated every aspect of modern technology. This feature promotes
the wide application of the MEE in many fields of science and engineering, e.g., sensors [11],
smart devices [12] and nondestructive evaluation [13], which are closely related to the knowl-
edge of wave propagation. Various analytical and numerical techniques related to wave
propagation in MEE structures were developed by numerous scholars [14–18]. However, few
studies have focused on MEE piezoelectric phononic crystals.

In this paper, we design the MEE piezoelectric phononic crystal (MPPC) using one-
dimensional piezoelectric superlattices (with a 3m point group) and split-ring resonators.
We analyze the mechanism for coupling the magnetic, acoustic, and electric fields. We
calculate the transmission function of the MPPC by using the Transfer Matrix Method of the
phononic crystal. Using the transmission function, we theoretically study the propagation
properties of acoustic waves in the MPPC. In the MPPC, a type of phononic band gap is
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created because of the coupling of the magnetic, acoustic, and electric fields called the
multifield coupling phononic bandgap (MPBG). We believe that our investigation will
contribute to the design of the ultrasonic wave devices based on the MPBG in the MPPC.

2. Transmission Function of the MPPC

In order to elucidate the ideal of the MPPC, let us consider the following case. By the
use of a one-dimensional PSL (with a 3m point group) and the split-ring resonators (SRRs),
we design a MPPC, as shown in Figure 1. For the PSL, we choose ion-doped periodically
poled lithium niobate crystal with the periodic concentration of the impurities in the
positive and negative domains (IPPLNC). The IPPLNC can be produced by the Czochralski
method [19–21]. To calculate the propagating properties of acoustic waves in the MPPC,
let us first analyze the symmetry of IPPLNC. In the lithium niobate crystal, the impurities
only occupy the Li and Nb sites, and other sites can be discarded [22–24]. Therefore, the
doping of ions does not change the symmetry of lithium niobate. However, the ion-doped
changes the physical properties of the lithium niobate because of the distribution of the
chemical composition ratios of the dopant, Li, and Nb ions in the crystals, such as the
dielectric, elastic, and piezoelectric properties [25–27]. Because the ion-doped concentration
in the MPPC is a periodic change, the physical properties of the crystal will be changed
periodically.
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Figure 1. A schematic diagram of the MPPC, which is composed of a one-dimensional IPPLNC and 
SRRs. The positive and negative domains of the MPPC are arranged periodically along the x-axis. 
The arrows along the positive and negative z-axes indicate the positive and negative domains, re-
spectively. The Mg concentrations in the positive and negative domains are 0 mol% and 7 mol%, 
respectively. The bottom arrow indicates the direction of y-polarized EM wave propagation. Here, 
only two periods of the MPPC have been shown. 

In Figure 1, the positive and negative domains of the MPPC are arranged periodically 
along the x-axis. We denote a and b as the thicknesses of positive and negative domains, 
respectively. Then, the period of domains is Λ = a + b, and the duty cycle is r = a/b. The 
thickness of the MPPC is b0 along the x-axis. The SRRs are installed on the opposite sides 
of the MPPC along the x-axis, and the gap directions of the SRRs are identical. The SRR 
can be described as an equivalent LC oscillator with the capacitance C of the SRR gap, a 
practical inductance L, and resistance R [28]. Figure 2a,b show the comparison of an equiv-
alent LC circuit and a metallic SRR; the parameters of SRR are marked in Figure 2b: the 
gap size l1, the thickness l2, and the width l3, radius r0 [29]. The bottom arrow indicates that 
a y-polarized EM wave propagates through MPPC along the z-axis. According to Fara-
day’s law of electromagnetic induction, currents can be induced by the magnetic field of 
the EM wave in the SRRs. This result in an attractive Ampère force between the SRRs, and 
MPPC is compressed periodically by the Ampère forces acting between the SRRs. For 
identical rings sharing a common axis and carrying currents, the force acting between 
them has only the axial component, calculated as [30] 

Figure 1. A schematic diagram of the MPPC, which is composed of a one-dimensional IPPLNC
and SRRs. The positive and negative domains of the MPPC are arranged periodically along the
x-axis. The arrows along the positive and negative z-axes indicate the positive and negative domains,
respectively. The Mg concentrations in the positive and negative domains are 0 mol% and 7 mol%,
respectively. The bottom arrow indicates the direction of y-polarized EM wave propagation. Here,
only two periods of the MPPC have been shown.

In Figure 1, the positive and negative domains of the MPPC are arranged periodically
along the x-axis. We denote a and b as the thicknesses of positive and negative domains,
respectively. Then, the period of domains is Λ = a + b, and the duty cycle is r = a/b. The
thickness of the MPPC is b0 along the x-axis. The SRRs are installed on the opposite sides of
the MPPC along the x-axis, and the gap directions of the SRRs are identical. The SRR can be
described as an equivalent LC oscillator with the capacitance C of the SRR gap, a practical
inductance L, and resistance R [28]. Figure 2a,b show the comparison of an equivalent
LC circuit and a metallic SRR; the parameters of SRR are marked in Figure 2b: the gap
size l1, the thickness l2, and the width l3, radius r0 [29]. The bottom arrow indicates that a
y-polarized EM wave propagates through MPPC along the z-axis. According to Faraday’s
law of electromagnetic induction, currents can be induced by the magnetic field of the EM
wave in the SRRs. This result in an attractive Ampère force between the SRRs, and MPPC
is compressed periodically by the Ampère forces acting between the SRRs. For identical
rings sharing a common axis and carrying currents, the force acting between them has only
the axial component, calculated as [30]

Fi =
µ0b0

γ2
0

√
4r2

0 + b2
0

[
2r2

0 + b2
0

b2
0

E− K

](
∂φ

∂t

)2
, (1)
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Figure 2. Schematics of the analogy. (a) A usual LC circuit (with effective inductance L and the
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Here, K and E are the complete elliptic integrals of the first and second kind,

γ0 =
√

R2 + [ωL− 1/(ωC)]2(εC is the relative permittivity of the material filled in the
SRR gap, L = µ0πr0/l2, and C = ε0εCl2l3/l1.) is the impedance of the SRR, φ is magnetic
flux. We assume additional forces between the SRRs in the neighbouring columns can be
neglected. Because of the attractive Ampère forces between the SRRs, the stress is created
on the cross-sectional area of the MPPC along the x-axis, that is,

T0 =
mFi

S
, (2)

where, S is the cross-sectional area of the MPPC along the x-axis, m is the number of SRRs,
and T0 is the periodic stress which is applied to the cross-sectional area S of the MPPC along
the x-axis. The stress can excite a transverse electric polarization due to the piezoelectric
effect. And the periodic electric field of the EM wave can excite a longitudinal superlattice
vibration in response to the piezoelectric effect and periodic modulation of the piezoelectric
coefficients. These cause electric, magnetic, and sound fields to be coupled together in the
MPPC. The piezoelectric and Maxwell equations of the three fields’ coupling are written as
follows [31]:

T1(x, t) = CE
11(x)S1(x, t) + e22(x)E2(z, t) + T0, (3)

D2(z, t) = −e22(x)S1(x, t)− d22(x)T0 + ε0εS
11(x)E2(z, t), (4)

here,

CE
11(x) =

{
CE

11a(x) > 0 in positive domain (−a/2 ≤ x ≤ a/2)
CE

11b(x) > 0 in negetive domain (−Λ/2 ≤ x < −a/2, a/2 < x ≤ Λ/2)
(5)

e22(x) =
{

e22a(x) > 0 in positive domain (−a/2 ≤ x ≤ a/2)
−e22b(x) > 0 in negetive domain (−Λ/2 ≤ x < −a/2, a/2 < x ≤ Λ/2)

(6)

d22(x) =
{

d22a(x) > 0 in positive domain (−a/2 ≤ x ≤ a/2)
−d22b(x) > 0 in negetive domain (−Λ/2 ≤ x < −a/2, a/2 < x ≤ Λ/2)

(7)

εS
11(x) =

{
εS

11a(x) > 0 in positive domain (−a/2 ≤ x ≤ a/2)
εS

11b(x) > 0 in negetive domain (−Λ/2 ≤ x < −a/2, a/2 < x ≤ Λ/2)
(8)

Here, T1, S1, E2 and D2 are the stress, strain, electric field, and electric displacement,
respectively, and they are functions of both position and time. CE

11(x), e22(x), d22(x), and
εS

11(x) are the elastic, piezoelectric stress, piezoelectric strain, and dielectric coefficients,
respectively, and they are periotic functions of the position. ε0 is the permeability of vacuum.
Here, the damping of materials has been considered.

Equations (3) and (4) imply the principle that the periotic stress T0 and y-polarized
EM wave create the longitudinal superlattice vibration S1, and which is coupled to the
incoming y-polarized EM wave. Equation (4) implies that the periotic stress T0 and
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longitudinal superlattice vibration S1 can excite an additional electric polarization because
of the piezoelectric effect. We assume that there is no free charge in the MPPC,

∇·D = 0. (9)

Applying Equation (4) to Equation (9), we have:

∂[e22(x)S1(x, t)]
∂x

=
∂
[
−d22(x)T0 + ε0εS

11E2(z, t)
]

∂x
, (10)

Using Fourier transformation, the modulation functions are written as:

e22(x) = e0 + ∑
n 6=0

eneiGnx, (11)

d22(x) = d0 + ∑
n 6=0

dneiGnx, (12)

εS
11(x) = ε0 + ∑

n 6=0
εneiGnx, (13)

Here,

e0 =
e22ar− e22b

r + 1
, (14)

d0 =
d22ar− d22b

r + 1
, (15)

ε0 =
εS

11b + εS
11ar

r + 1
, (16)

en = (e22a + e22b)
1

nπ
sin
(

nπr
1 + r

)
, (17)

dn = (d22a + d22b)
1

nπ
sin
(

nπr
1 + r

)
, (18)

εn = (εS
11a − εS

11b)
1

nπ
sin
(

nπr
1 + r

)
, (19)

Applying Equations (11)–(19) to Equation (10), we have:

E2 =
∑n enGneiGnxS1

∑n (ε0εn − dnT∗0 )GneiGnx , (20)

here,

T∗0 =
mµ2

0ε0ω2S0b0E2

γ2
0S
√

4r2
0 + b2

0

[
2r2

0 + b2
0

b2
0

E− K

]
, (21)

S0 = πr2
0. Substitution of Equation (20) into Equation (3), the dielectric function is

obtained as:

T1 = [CE
11(x) +

∑n[e22(x) + T∗0 ]enGneiGnx

∑n
[
ε0εn − dnT∗0

]
GneiGnx ]S1 = C∗11(ω, x)S1, (22)

C∗11(ω, x) = CE
11(x) +

∑n[e22(x) + T∗0 ]enGneiGnx

∑n
[
ε0εn − dnT∗0

]
GneiGnx , (23)
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Here, C∗11(ω, x) is the equivalent elastic coefficient. C∗11(ω, x) is the function of the x-
coordinate and frequency ω. Then, the equivalent elastic coefficient of the positive domain
is written as:

C∗11a(ω, x) = CE
11a +

∑n[e22a + T∗0 ]enGneiGnx

∑n
[
ε0εn − dnT∗0

]
GneiGnx (−a/2 ≤ x ≤ a/2), (24)

and the equivalent elastic coefficient of the negative domain is written as:

C∗11b(ω, x) = CE
11b +

∑n[e22b + T∗0 ]enGneiGnx

∑n
[
ε0εn − dnT∗0

]
GneiGnx (−Λ/2 ≤ x < −a/2, a/2 < x ≤ Λ/2), (25)

The numerical simulation of the MPPC is based on the computing of the transmission
coefficient [32,33]. According to Equations (25) and (26), we computed the transmission
coefficient of the MPPC by use of the Transfer Matrix Method. It is derived as follows:

t = (
M11M22 −M12M21

M22
)2, (26)

here:

M = HN =

(
M11 M12
M21 M22

)
, (27)

H =


H11 = 1

4 [
(

2 + Za
Zb

+ Zb
Za

)
ei(kbb+kaa) +

(
2− Za

Zb
− Zb

Za

)
ei(kbb−kaa)]

H12 = 1
4 [
(

Za
Zb
− Zb

Za

)
ei(kbb+kaa) +

(
Zb
Za
− Za

Zb

)
ei(kbb+kaa)]

H21 = 1
4 [
(

Za
Zb
− Zb

Za

)
e−i(kbb+kaa) +

(
Zb
Za
− Za

Zb

)
e−i(kbb+kaa)]

H22 = 1
4 [
(

2 + Za
Zb

+ Zb
Za

)
e−i(kbb+kaa) +

(
2− Za

Zb
− Zb

Za

)
e−i(kbb+kaa)]

, (28)

Za = ρava and Zb = ρbvb are the acoustic impedance of the positive and negative
domains, va =

√
C∗11a/ρa and vb =

√
C∗11b/ρb are the velocity of the acoustic wave of the

positive and negative domains, ka and kb are the wave vectors of the acoustic wave of the
positive and negative domains, respectively.

3. Results and Discussion

According to the transmission function, we can obtain the physical information re-
quired to study the transmission properties of sound waves in the MPPC [32,33]. In the
MPPC, ferroelectric domains of the IPPLNC are periodically reversed along x-axis and the
ion-doped concentration of the positive and negative domains of IPPLN changes periodi-
cally. For the doped ion, we chose the Mg ion. The Mg ion concentrations of the positive
and negative domains in the MPPC are 0 mol% and 7 mol% (see Figure 1), respectively.
The reasons for doping concentration selection are as follows. Iyi et al. reconstructed the
Mg-incorporation mechanism based on the Li vacancy model [25]. At first, the Mg ions
replace the Nb sites (Nb on Li sites), maintain the ratio of [Li]/[Nb] at 0.94, and complete
replacement takes place at 3 mol%. Further Mg ions were introduced into the Li sites,
replacing the Li ions up to [Li]/[Nb] = 0.84. Beyond this point, the Mg ions enter the
Nb and Li sites simultaneously, maintaining a constant [Li]/[Nb] ratio. There are two
threshold concentrations during the incorporation of Mg ions in the lattice. The two thresh-
old phenomena were proposed by Grabmaier et al. [34]. According to their results, the
[Li]/[Nb] ratio is nearly constant, up to 3 mol% MgO doping, then decreases steeply up
to 8 mol% MgO doping, followed by a sluggish decrease in [Li]/[Nb] ratio beyond this
concentration. Abdi et al. reconstructed the Mg-incorporation model in the light of the Li
and Nb vacancy model [35], which was proposed earlier by Donnerberg et al. [24]. The
model predicts four successive concentration stages during the introduction of Mg ions
in the lattice. This mechanism of Mg substitution is supported by the analysis of Raman
scattering data. In the third stage of the defect model, Mg ions replace Li ions in their
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own natural sites with increasing Mg concentration from 2.46 to 5.15 mol%. Owing to the
stronger bond strength of Mg–O bonds compared with that of Li–O bonds [35], the elastic
properties of MgO-doped LiNbO3 increase with increasing Mg concentration.

From the above results, Mg ion concentrations of the positive and negative domains in
the MPPC of 0 mol% and 7 mol% were chosen in order to increase the difference between
elastic coefficients. By use of Equations (24) and (25), the first-order equivalent elastic
coefficients C∗11a and C∗11b (n = 1) of the positive and negative domains in the MPPC are
plotted in Figure 3. Because the damping of the material is not considered, Figure 3 only
shows the real parts of the equivalent elastic coefficients, and C∗11a and C∗11b are represented
by the blue and red lines, respectively. In this paper, the material parameters of the positive
domain in the MPPC are chosen from Ref. [31]: CE

11a = 2.03 × 1011 N/m2, e22a = 2.50 C/m2,
ρa = 4.700 × 103 kg/m3, εS

11a = 44.00. The proper values of the material parameters of the
negative domain in the MPPC are chosen as follows [26,27,36–38]: CE

11b = 3.00× 1011 N/m2,
e22b = 2.32 C/m2, ρb = 4.630 × 103 kg/m3, εS

11b = 20.00. The other parametersinclude: the
period Λ = 2 × 10−5 m, the number of the period N = 20, the duty cycle r = a/b = 3, m =
1, r0 = 5.00 × 10−3 m, S0 = 7.85 × 10−5 m2, S = 1.00 × 10−4 m2, the suitable values of the
complete elliptic integrals of the first K and second kind E are chosen from Refs. [39–41]

π

2
+

1
2k

ln
1 + k
1− k

− 1 ≤ K ≤ π

2
+

1√
k

(
arctank + ln

1 + k
1− k

)
− 2, (29)

π

2

[
1 +
√

1− k2

2
− 1

π

(
1− 2

π

)(
1−

√
1− k2

)]
≤ E≤ π

2
[

1
π

(
1− 2

π

)(
1−

√
1− k2

)
+

1 +
√

1− k2

2
, (30)

here

k =

√
4r2

0
4r2

0 + b2
0

, (31)
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Figure 3 shows the two elastic anomalies near the resonance frequencies ωO = 3.19× 107 Hz.
The real part of the elastic coefficients exhibits negative values in the frequency gaps (ωO,
ωOa) and (ωO, ωOb). Here, ωO, ωOa = 5.36× 107 Hz, and ωOb = 4.26× 107 Hz can be
obtained by setting C∗11a = 0 and C∗11b = 0 in Equations (24) and (25). The enhancement of
the piezoelectric effect generates the frequency-independent elastic anomalies, which stems
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from the fact that MPPC is compressed periodically by the Ampère forces acting between
the SRRs. This result was first proposed theoretically and was not experimentally observed.
While temperature-independent elastic modulus (Elinvar) and thermal expansion (Invar)
properties have been experimentally investigated, and the research found that the elastic
modulus of Fe-36Ni changes abnormally near a certain temperature [42].

Now, let us address their influence on the transmission properties of the sound waves
in the MPPC. We know that the elastic coefficient plays an important role in the computing
of the Transfer Matrix. Therefore, the two elastic anomalies can influence the transmission
spectrum, which was computed by using the Transfer Matrix. From Equation (26), the
transmission coefficient t is plotted in Figure 4. The physical origin of Equation (26) can
be understood at the micro-scale from the classical wave theory to describe the Bragg
resonances, based on the scattering of mechanical waves propagating within the phononic
crystal [43].
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Figure 4. Transmission coefficient curves of the MPPC. There are two MPBGs (ωOa1, ωOa) and (ωOb,
ωOb1) in the transmission spectrum. They result from an enhancement of the piezoelectric effect,
which originates from the Ampère forces acting between the SRRs. When the longitudinal waves
propagate along the x-axis of the MPPC, it will be strongly reflected as long as their frequency lies in
the frequency gaps.

As shown in Figure 4, corresponding to the resonance frequencies of elastic anomalies
(see Figure 3), there are two frequency regions (ωOa1, ωOa) and (ωOb, ωOb1) of transmission
coefficient t = 0 in the transmission spectrum of the MPPC, here ωOa1 = 4.56 × 107 Hz, and
ωOb1 = 4.36 × 107 Hz. In the two frequency regions, longitudinal waves are forbidden to
propagate through MPPC along x-axis. In the frequency region (ωOb1, ωOa1), transmission
coefficient t 6= 0 because the absolute values of the elastic coefficients of positive and
negative domains are approximately equal. According to our simulation results, the two
MPBGs cannot be generated in other piezoelectric phononic crystals [6–10]. If the SRRs are
not placed on the opposite sides of the MPPC along the x-axis, the MPBGs will not also be
created near the resonance frequencies. These results are attributed to the coupling of the
magnetic, acoustic and electric fields. Essentially, they are the results of an enhancement
of the piezoelectric effect that originates from the Ampère forces acting between the SRRs.
In addition, two frequency regions are called the multifield coupling phononic band gap
(MPBG).

In addition to the results above, the MPPC can be used as a left-handed metamate-
rial. The permeability of the SRRs of the MPPC becomes negative value in some specific
frequency range [28], and the dielectric function of the IPPLNC exhibits negative values
near the resonance frequencies [44,45]. If the frequency gaps of the SRRs and IPPLNC
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have an overlap by adjusting the structure parameters, both the magnetic permeability and
dielectric coefficient of the MPPC are negative, then the MPPC will become left-handed
metamaterials with lots of peculiar properties [46–48].

As we have seen, according to specific applications, the gap width and frequency
positions of MPBGs in the MPPC are conveniently tuned by adjusting many parameters of
the MPPC, such as ion-doped concentration, the parameters of crystal, and the sizes of the
SRRs. It is one of the important properties of the MPPC that the sound waves are forbidden
to propagate through the MPBGs of the materials. This makes it possible for the MPPC to
be used to shield the devices from harmful sound waves or noises. It is also beneficial to
the miniaturization of the devices, as the wavelength of the sound waves is much larger
than the size of the building blocks.

4. Conclusions

In summary, we designed the MPPC. In this MPPC, the ferroelectric domains of the
IPPLNC are periodically reversed along the x-axis, and the ion-doped concentration of the
positive and negative domains of IPPLNC changes periodically. Because of the change of
ion-doped concentration, the properties of the MPPC change periodically, such as elastic,
piezoelectric and dielectric properties. The SRRs of the MPPC periodically exert pressure on
the crystal according to Faraday’s law of electromagnetic induction. The periodic pressures
enhance the piezoelectric effect of the PPLN. Apart from the periodic Ampère forces, the
longitudinal sound waves are excited by the electric field of the EM wave due to the
piezoelectric effect. These cause the electric, magnetic, and sound fields to be coupled
together. The multifield coupling leads to elastic anomalies that influence the transmission
properties of the acoustic waves.

By calculating the transmission coefficient of the MPPC through the Transfer Matrix
Method of the phononic crystal, we studied the influences of these changes on the transmis-
sion properties of acoustic waves. The two MPBGs that forbid the transmission of sound
waves are shown in the transmission spectrum of the MPPC, which correspond to two
elastic anomalies. These results are attributed to the coupling of the magnetic, acoustic, and
electric fields and are essentially the result of an enhancement of the piezoelectric effect,
which originates from the Ampère forces acting between the SRRs. The gap width and
frequency positions of the MPPC are conveniently tuned by adjusting many parameters
of the MPPC, such as ion-doped concentration, the parameters of crystal, and the sizes of
the SRRs, to meet the need of application. We have analyzed the possibility of crystals as
left-handed metamaterials. These basic studies provide guidance toward the application of
the MPPC in devices that apply sound waves. It is also beneficial to the miniaturization
of devices, as the wavelength of sound waves is much larger than the size of the building
blocks.
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