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Abstract: An ordered ω-Al4Cr phase synthesized recently by a high-pressure sintering (HPS) ap-
proach was calculated to be stable by density function theory (DFT), implying that high pressure can
accelerate the disorder-order phase transitions. The structural building units of the ω-Al4Cr phase as
well as the non-stoichiometric disordered ε-Al4Cr and µ-Al4Cr phases have been analyzed by the
topological “nanocluster” method in order to explore the structural relations among these phases.
Both the ε-and µ-Al4Cr phases contain the typical Macky or pseudo-Macky cluster, and their centered
positions were all occupied by Cr atoms, which all occupy the high-symmetry Wyckoff positions.
The mechanism of the pressure-induced disorder-order phase transitions from the ε-/µ-Al4Cr to
theω-Al4Cr phase has been analyzed. and the related peritectic and eutectoid reactions have been
re-evaluated. All results suggest that the stable ω-Al4Cr phase are transformed from the µ-Al4Cr
phase by the eutectoid reaction that is accelerated by high-pressure conditions, whereas the ε-Al4Cr
phase should form by the peritectic reaction.

Keywords: Al4Cr; intermetallics; high-pressure; disorder-order; phase transitions

All materials are disordered at a finite temperature and the high temperature pro-
vides significant entropic stabilization of phases relative to low-temperature ordered
structures [1–4]. Although the influence of pressure on the solidification and phase transfor-
mation has not been studied as widely as that of temperature, investigations on the effects
of pressure on the material’s thermodynamics has become popular recently [5–7]. For
example, the pressure-induced fast ordering phase transition (disordered-fcc to ordered-fcc)
structures in a CoCrCuFeNiPr high-entropy alloy was found at the pressure ranging from
7.8 GPa to 16.0 GPa [8]. More recently, a pressure-induced inverse order-disorder transition
was reported in double perovskites, Y2CoIrO6 and Y2CoRuO6 [9]. There are also different
options for computational methods for high-pressure phase transitions [10–13].

The Al-rich Al-Cr intermetallic phases, ε-Al4Cr, µ-Al4Cr and η-Al11Cr2, exhibit as
prototypes of complex metallic alloys related to the formation of icosahedral quasicrystals
(IQC). Historically, the ε-Al4Cr phase has been wrongly considered as the η-Al11Cr2 phase
by Audier et al. [14] and finally determined by Li et al. [15]. Furthermore, the ε-Al4Cr
phase has also been found to be structurally related to the icosahedral quasicrystal by
Wen et al. [16]. Different from the orthorhombic ε-Al4Cr phase, the µ-Al4Cr phase has
hexagonal symmetry that had been frequently observed [17], and its crystal structure was
finally determined and found in close relation with the η-Al11Cr2 phase by Cao et al. [17,18].
However, the ε-Al4Cr and µ-Al4Cr phases are both non-stoichiometric disordered phases.
Therefore, it is very interesting that an orderedω-Al4Cr phase has been discovered by the
high-pressure sintering (HPS) approach recently in our group [19].

In the present work, DFT calculations have been carried out in order to explore the
stability of the orderedω-Al4Cr phase. Then, the topological “nanocluster” method was
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employed to study the structural relations among the ε-, µ- andω-Al4Cr phases. Finally,
the thermodynamic analysis was performed to understand the mechanism of the pressure-
induced disorder-order phase transitions.

All first-principles calculations were carried out with the DFT calculations method as
implanted in the Vienna ab initio simulation package (VASP) [20]. The generalized gradient
approximation (GGA) in the Perdew-Burke-Ernzerhof (PBE) form [21] was used to describe
the exchange-correlation function, and the projected augmented wave (PAW) method [22]
was used to describe the pseudopotentials, i.e., to deal with the core and valence electrons.
The k-point samplings in the Brillouin zone were performed using the Monkhorst–Pack
scheme [23]. A 5 × 1 × 5 mesh k-point and a 500-eV plane-wave cutoff energy have been
tested to satisfy the strict force gradient (EDIFG) self-consistent convergence criterion:
1 × 10−6 eV/atom. From the calculation results shown in Figure 1, one can find that the
ω-Al4Cr phase is thermodynamically stable as its formation energy lies on the convhull
along with other stable phases, such as AlCr2 and Al45Cr7 (Al3Cr becomes metastable) of
the Al-Cr system from the open quantum materials database (OQMD) [24]. Such findings
reveal that high pressure can accelerate the disorder-order phase transitions from the ε-/µ-
Al4Cr to theω-Al4Cr phase. Therefore, it is necessary to understand the structural relations
between these phases and to decipher the phase transition mechanisms.
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The “nanocluster” method in the ToposPro package [25–28] was adopted to explore
the topological features of the titled Al11Cr2 and its related crystal structures. The following
criteria needs to be emphasized among all the algorithms used to determine the composition
and structure of nanoclusters: (i) the clusters are represented as shell graphs with centers at
the most symmetrical positions; (ii) the clusters do not interpenetrate and include all atoms
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of the structure, making the “nanocluster” method ideal for exploring the building units of
intermetallics, including the ε-Al4Cr [26].

The ε-Al4Cr phase is an extremely complex intermetallic compound with 682 atoms in
the unit cell. We have re-analyzed the structural building units of the ε-Al4Cr phase by the
nanoclustering procedure in order to explore the similarities between the ε-Al4Cr phase
and the µ-Al11Cr2 phase, although it has been carried out previously and it captured the
Mackay polyhedral [26] that was misled by Li et al. [15].

Figure 2 shows the nanocluster model of the ε-Al4Cr phase which is composed of six
clusters: Cr10(2)(1@12@42), Al13(2)(1@12@46), Cr5(1)(1@12), Al26(1)(1@10), Cr9(1)(1@12)
and Al2(1)(1@12). Firstly, it is confirmed that Mackay clusters centered by Cr10 atoms
do exist and are similar to the double-shell cluster Cr11(2) (1@12@38) (not shown here).
Secondly, the ε-Al4Cr also contains another double-shell cluster, which is Al13(2)(1@12@46).
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Figure 2. The entire unit cell of ε-Al4Cr structure composed of six cluster units.

Figure 3 shows one kind of nanocluster model of the µ-Al4Cr phase, which contains six
clusters: Cr2(2)(1@12@41), Al22(2)(1@12@46), Al24(1)(1@12), Cr3(1)(1@12), Al32(1)(1@12)
and Al31(0). The pseudo-Mackay polyhedral appears in the form of Cr2(2)(1@12@41); the
icosahedra first cell was replaced by an irregular 12-coordinated polyhedron although
there are only 41 atoms instead of 42, owing to the line-shared instead of vertex-shared
pentagonal curved planes. Interestingly, the double-shell clusters, Al22(2)(1@12@46) appear
again as Al13(2)(1@12@46) in the ε-Al4Cr. The rest of the clusters include one pentahedron
and two icosahedrons, which are very popular in Al-Cr quasicrystal approximants besides
one single-atom-type cluster.

To compare the ε-and µ-Al4Cr phase, both phases contain a 1@12@42 Macky or
pseudo-Macky cluster, which is known as one of the most viable structural units for
complex metallic alloys and quasicrystals and their approximants. The centered positions
inside the Macky or pseudo-Macky cluster were all occupied by Cr atoms and these Cr
atoms all occupy the high-symmetry Wyckoff positions (See Table S1 in the Supplementary
Materials). Very interestingly, the 1@12@46 double-shell nanocluster also appears in both
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phases, as shown in Figure 4. Figure 4a,b represents the 1@12@46 nanoclusters found in
ε-Al4Cr and µ- Al4Cr, and the marked four red balls are the Cr atoms and the four yellow
balls are the Al atoms. For the ω-Al4Cr phase, the building unit cluster is quite simple
as it contains only 30 rather than several hundred atoms. There are two types of distinct
coordination polyhedrals around two chromium atoms in theω-Al4Cr phase; the first one
connects to eleven aluminum atoms whereas the second one is connected to ten aluminum
atoms [19], implying it has a completely different configuration with those of the ε-and
µ-Al4Cr phase.
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Concerning the large unit cell of all these titled complex metallic alloys, density-
functional-theory (DFT)-based methods are not plausible as a huge computational cost is
required. As a novel tool for the efficient prediction of a material’s properties, machine
learning has emerged, and it claims that the machine-learned models for the formation
energy of compounds can approach the accuracy of DFT. In the present work, we choose
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the deep neural network model named ElemNet [29] to estimate the formation energies
and the molar fragment descriptor (MFD) [30] to predict the vibrational free energies and
entropies, along with the property-labeled material fragments (PLMF) methods [31] to
predict the bulk and shear moduli.

Conventional machine learning approaches for predicting a material’s properties
involves representing the material composition in the model input format, manual feature
engineering, and selection by incorporating the necessary domain knowledge and human
intuition by computing the very important chemical and physical attributes of each element,
and finally to construct the predictive model. However, “ElemNet” is a deep neural
network model which can bypass conventional, manual feature engineering requiring
domain knowledge, and it automatically captures the physical and chemical interactions
and similarities between different elements to predict the material’s properties, such as
the formation enthalpy, with better accuracy and speed. The “ElemNet” model have been
trained on the DFT-computed formation enthalpies of 275, 759 compounds with unique
elemental compositions from the Open Quantum Materials Database (OQMD) [29].

The calculation of stability at high temperatures is fundamental for the prediction
of phase diagrams and chemical reactions. Solving this problem is challenging as high-
throughput (HT) phase diagrams have typically been calculated using the ab initio forma-
tion enthalpies at 0 K. Legrain et al. show that several machine learning approaches can
be applied to the calculation of vibrational entropies and free energies (Svib and Fvib) of
solids with satisfactory accuracy and reasonable computational expense. Practically, they
have tested a set of descriptors simply based on the chemical formula of compounds and
by training a set of 25,705 compounds in the Inorganic Crystal Structure Database (ICSD).
They concluded that the descriptors based on the chemical composition and the elemental
properties of atoms of the material perform best for small training sets [30].

Bulk/shear moduli are both predicted within the property-labeled material fragments
(PLMF) scheme. In this approach, data from the ab initio calculated AFLOW repository
is combined with the quantitative material’s structure–property relationship models. The
prediction only requires the structural information and has comparable accuracy with those
of the training data (2829 materials were extracted from the AFLOW repository) [31].

The calculated results of the above mentioned five phases are shown in Table 1. For
the ElemNet and the MFD methods, only chemical compositions are necessary, whereas for
the PLMF method, the configurations of phases are required. In the present work, the stoi-
chiometric compositions of both the ordered and disordered phases have been calculated
and listed, but only the properties of ordered phases are considered and compared. From
the calculated stoichiometric values in Table 1, one can find that all disordered phases of
ε-Al4Cr and µ-Al4Cr are deficient of Al element compared to the corresponding ordered
phases. Such universal deficiency of Al atoms could be understood from the close-packed
FCC Al compared to the non-close-packed BCC Cr. The calculated vibrational free energy
and entropy of Cr (−3.24 meV/atom) compared to Al (15.29 meV/atom) by the MFD
method also suggests that the Cr atoms diffuse more easily than Al atoms. It is found that
the bulk modulus values of different Al–Cr alloys are between 105 and 122 GPa; these
values are close to the average between the bulk modulus of Cr (182–185 GPa) [32] and Al
(73 GPa) [33]. Strikingly, not only stoichiometric, but all the predicted properties including
formation energies, vibrational free energies and entropies, and bulk modulus and shear
modulus of the ordered phases of ε-Al4Cr and µ-Al4Cr are nearly equivalent (see Table 1).
Although, both phases have completely different crystallographic symmetry and have
quite different stoichiometric disordered structural models. Such findings encourage us to
deduce that the forming conditions of both phases are indistinguishable, and the ε-Al4Cr
should also be the precursor in the forming of the η-Al11Cr2 phase by the peritectic reaction
as that of µ-Al4Cr phase [34]:

µ-Al4Cr + L(Al)→η-Al11Cr2. (1)
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Table 1. Formation Energy (eV/atom), vibrational free energy and entropy, bulk modulus and shear
modulus of related phases in the Al-Cr system by the deep neural network model.

Phases Stoichio-Metric Al:Cr Ratio Ef
a Fvib/Svib

b B (GPa) c G (GPa) c

ε-Al4Cr 472:112
(449.1:114.3) 4.21 (3.93) −0.167 12.43 110.70 79.18

µ-Al4Cr 464:110
(457.6:110) 4.22 (4.16) −0.167 12.43 106.01 76.97

η-Al11Cr2
516:100

(516:100) 5.16 (5.16) −0.15 12.90 105.77 62.76

ω-Al4Cr 24:6 4.0 −0.167 12.29 121.65 81.56
θ-Al45Cr7 90:14 6.43 −0.13 13.34 109.23 56.82

a Reference [29]; b Reference [30]; c Reference [31]. For the method introduced in Reference [20], the calculations
were carried out on the website: http://info.eecs.northwestern.edu/FEpredictor (only the stoichiometric of
compounds is required as input, accessed on 13 July 2022). For the method introduced in References [30,31], the
calculations were carried out on the website: https://aflow.org/aflow-ml/, (only the structural information in the
VASP format is required as input, accessed on 13 July 2022).

The structural building units of the ε-Al4Cr and µ-Al4Cr discussed before also support
that they are nearly indistinguishable as both phases have identical or slightly different
clusters. It was also mentioned that the following eutectoid reaction has been observed:
η-Al11Cr2→ µ-Al4Cr + θ-Al7Cr (Al45Cr7) [34]. It needs to be noted that the situation should
be more complicated as both the η-Al11Cr2 and µ-Al4Cr phase are non-stoichiometric
compounds (see Table 1). The Al:Cr ratio equals to 5.16 in the η-Al11Cr2 phase. The Al:Cr
ratio equals to 4.2 for both the ε-Al4Cr and µ-Al4Cr phase, and the only exception is the
ω-Al4Cr whose Al:Cr ratio is exactly equal to 4. In addition. the stable ω-Al4Cr should
be the final product of the eutectoid reaction as it has the lowest formation energy (see
Figure 1).

In the present work, high pressure affects the solidification in synergy with high
temperature, which makes the situation more complex. It is essential to explain the
pressure-induced disorder-order phase transitions (disordered ε-Al4Cr or/and µ-Al4Cr to
the orderedω-Al4Cr) firstly. The well-known thermodynamic potential difference between
ordered and disordered phases at certain temperature T and pressure P is [4]:

∆G ≡ Gdis − Gord = ∆E− T∆S + P∆V (2)

where ∆G means the thermodynamic potential difference between that of disordered phase
Gdis and ordered phase Gord; ∆E and ∆S are the internal energy and entropy difference
between the ordered and disordered phases. If ∆G > 0, then the ordered phase is favorable.
For simplicity, we take the disordered µ-Al4Cr to compare with the orderedω-Al4Cr phase
as there are only two vacancy positions in the former phase. As the first term ∆E > 0
is generally satisfied owing to the local distortion, it will enhance the internal energy of
the disordered phase. Therefore, ∆G > 0 will be satisfied even when the sum of the
second and third terms equal to zero. Taking the HPS conditions, 5GPa and 1169 K, into
consideration, the second term and the third term equals to−3.4 eV and 7.3 eV, respectively.
Therefore, ∆G > 0 is satisfied at HPS conditions in synthesizing theω-Al4Cr phase, and
the orderedω-Al4Cr phase is more stable than the disordered µ-Al4Cr phase. It can also
expect that the critical pressure to ignite the disorder to order phase transition is about
2.3 GPa from the same thermodynamic potential difference calculations. Comparing the
ε-Al4Cr and µ-Al4Cr, it is obvious that the former is more disordered as it contains more
vacancy positions (7 vs. 2), besides the additional ten co-occupied positions, than the latter.
The increasing of entropy caused by the vacancy positions was calculated to be about 118kB,
which corresponds to 10.8 eV at 1058 K (the eutectoid reaction temperature). If there exists
a phase transition from the ε-Al4Cr to the µ-Al4Cr phase directly, the external pressure
required should be around 22.5 GPa. In other words, high pressure (5 GPa) will probably
affect the solidification by reducing the diffusion coefficients of the involved atoms, but
it has little effect on a possible phase transition from the ε-Al4Cr to the µ-Al4Cr phase.

http://info.eecs.northwestern.edu/FEpredictor
https://aflow.org/aflow-ml/
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In the following, the peritectic and eutectoid reactions based on the above discussions
are reconsidered. It is most likely that the ε-Al4Cr phase appears firstly by the peritectic
reaction, and then the µ-Al4Cr phase was produced by the eutectoid reaction: (1) there are
more disordered atoms in the ε-Al4Cr and the η-Al11Cr2 phases than that of the µ-Al4Cr
phase which has only two vacancy positions, thus the formation energies of the ε-Al4Cr
and the η-Al11Cr2 phases should be much closer; (2) the solidification is controlled by the
diffusion of the involved atoms, especially the sluggish Al atoms, thus the Al-deficiency
ε-Al4Cr phase (the Al:Cr ratio 3.93 and 4.16 for the disordered ε-Al4Cr and the µ-Al4Cr
phase, respectively) should be formed firstly; (3) the transformation from the µ-Al4Cr
phase to the ω-Al4Cr phase is easily understood from the pressure-induced disorder-order
transition mechanism.

In summary, the mechanism of the pressure-induced disorder-order phase transitions
in the Al4Cr system have been analyzed. The thermodynamic analysis results suggest that
the stableω-Al4Cr phase is transformed from the µ-Al4Cr phase by the eutectoid reaction
accelerated by high-pressure conditions. The ε-Al4Cr phase should form by the peritectic
reaction, although its structural building units are nearly indistinguishable from that of
the µ-Al4Cr phase. The modified reaction process can also be understood easily by the
diffusion-controlled solidification and phase transition. Such findings could be utilized
to tune the final products with different phases and different mechanical properties on
the one hand, and on the other hand would promote the understanding of the process of
solidification including the forming mechanism of the quasicrystal phases in the Al-Cr
binary system.

Supplementary Materials: The following are available online at https://www.mdpi.com/article/10
.3390/cryst12071008/s1, Table S1: The Wyckoff positions of the centered atoms inside the Macky or
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