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Abstract: It has been a long-standing topic how the lattice misfit is cancelled at a semi-coherent
interphase boundary consisting of terraces and steps. Apart from a set of misfit dislocations
separating the coherent patches, the role of steps (which is frequently called ‘disconnections’) on
misfit cancellation remains ambiguous because these steps do not destroy the continuity of lattice
planes across the interface. This paper aims to clarify such ambiguity through identification of a set
of secondary dislocations through a rigorous constrained coincidence site lattice (CCSL)/constrained
displacive shift complete lattice (CDSCL) analysis. A semi-coherent interface between body-centred
cubic (BCC) Cr-rich precipitate and face-centred cubic (FCC) Cu-rich matrix that holds a near N-W
orientation relationship (OR) is used as an example to demonstrate the procedure to determine the
secondary dislocations that are coincident with steps along the interface. The current approach does
not only redefine the disconnections in the topological model, but also extends the description of
interface structure from the O-line model. As a result, the ‘discrepancy’ between these two popular
crystallographic models can be completely eliminated when the interface is required to contain a pair
of parallel close-packed directions.
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1. Introduction

The semi-coherent interphase boundary containing terraces and steps is a common type of
interface between the secondary phase and its matrix in many metals and alloys [1]. This is because
the atomically flat interface is, in many cases, associated with higher interface energy due to the lattice
mismatch between a pair of parallel conjugated terrace planes. Introducing regular steps connecting
adjacent terrace planes with a small tilt angle can effectively increase the density of a good matching
site (GMS) to minimise the interface energy. There are quite a few crystallographic models that describe
the preferred orientation relationship (OR) and the interface orientation (IO) with respect to the terrace
planes [1]. These models can be basically classified into two schools. All the models in School 1
are geometric models that relates the parent and product phases by a homogeneous transformation
strain and treat both lattices as rigid bodies. The typical School 1 models include the O-line model [2],
the invariant line model [3] and the edge-to-edge matching model [4]. The step spacing and riser
plane are themselves not variables when OR and IO are calculated; they are subject to the calculated
IO with respect to the nearest terrace plane. In contrast, the School 2 model—represented by the
topological model [5]—starts from a coherent terrace plane where both lattices are constrained and
share the coherency strain along the terrace. The step characters, which are called disconnection, are
predefined on a basis of commensurate dichromatic pattern (CDP). Such differences in the hypothesis
and working procedure usually yield a different description of the preferred OR and IO given the

Crystals 2019, 9, 525; doi:10.3390/cryst9100525 www.mdpi.com/journal/crystals

http://www.mdpi.com/journal/crystals
http://www.mdpi.com
https://orcid.org/0000-0003-4978-2077
http://www.mdpi.com/2073-4352/9/10/525?type=check_update&version=1
http://dx.doi.org/10.3390/cryst9100525
http://www.mdpi.com/journal/crystals


Crystals 2019, 9, 525 2 of 11

same alloy system [6]. The resultant debate between the two schools has lasted for two decades and is
still ongoing. It appears a ubiquitous phenomenon that people used to solve the problems within the
framework of their own school, as it is supposed to be superior than the others and vice versa. As a
result, there is very limited frank and in-depth communication between these two schools. This paper
aims to provide some insights into two representative models from each school, i.e., the O-line model
and the topological model, and to demonstrate how these two models can be bridged by re-interpreting
the role of disconnections.

2. Materials and Methods

The theoretical framework of the O-line model [7,8] and the topological model [5,6] have been
well documented in literature. However, it is rather difficult for the general readers to directly compare
these two models because of the different hypothesis, as mentioned above, and the numerous matrix
algebra involved in both models. This paper will provide a case study in a step-by-step style with
plain math so that each variable involved can be clearly and correctly quantified by general readers.

The FCC/BCC transformation in a dilute Cu-Cr alloy is a classical system for crystallographic
studies and a range of ORs between N-W and K-S OR have been reported [9–12]. In this paper, we
choose a N-W OR with a (5 3 3)f stepped interface between FCC Cu matrix and BCC Cr precipitates
as a case study. For simplicity, we use a 2D approach for both models where a pair of closed-packed
directions (−1 1 0)f/(−1 0 0)b are strictly parallel to each other and lie in the interface. Subscripts, ‘f’
and ‘b’, refer to FCC and BCC lattice hereinafter. Then the problem turns out to be (1) what is the tilt
angle, φ, between the conjugated terrace planes (1 1 1)f/(0 1 1)b, and (2) what is the inclination angle, θ,
between the long-range strain-free interface and the terrace plane. The lattice constants used in the
following calculations are af = 0.3615 nm for Cu matrix, and ab = 0.2853 nm for Cr precipitates to be
consistent with previous studies [13].

3. Results

Firstly, let us apply the topological model to solve this problem. The topological model starts
with an ideal N-W OR where the terrace plane (1 1 1)f is parallel to (0 1 1)b. The natural dichromatic
pattern (NDP) by intersecting the two lattices along the [−1 1 0]f //[−1 0 0]b directions (x axis) is shown
in Figure 1a. The lattice translation vector magnitude along the y axis // [−1 −1 2]f // [0 –1 1]b, afy and
aby, are |[−1 −1 2]f|/4 and |[0 −1 1]b|/2, respectively, where the ‘| |’ means the magnitude of a vector. The
numerical values of abf and aby are given in Table 1. In order to achieve a fully coherent terrace plane,
a CDP is set up in Figure 1b where the BCC lattice expands, and the FCC lattice shrinks uniaxially
along the horizontal direction (y axis). The magnitude of the commensurate translation vector, <ay>, is
the average value of afy and aby. The resultant coherency strain is defined as

εyy =
aby − a f y

< ay >
(1)

Table 1. The numerical solutions of orientation relationship (OR) and interface orientation (IO)
determined by the topological model.

εyy by (nm) bz (nm) <h> (nm) θ (◦) φ (◦) θf (◦) θb (◦)

−0.0928 0.0704 −0.0070 0.2052 15.56 0.5420 15.83 15.28
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alternating layers of (−2 0 0)b and (−2 2 0)f, both of which have an ABAB type stacking sequence. Axis 
x parallels [−1 1 0]f // [−1 0 0]b; axis y parallels [−1 −1 2]f // [0 −1 1]b; and axis z parallels [1 1 1]f // [0 1 
1]b. 
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Supposing there is no long-range strain along the stepped interface, the component summation 
of by, bz and εyy along the new interface should be zero. It should be noted that in the conventional 
topological model, the ‘overlap step height’ is employed to calculate the interface orientation [5,6]. 
However, it has been proved by the author that such a way is not mathematically rigorous [14]. A 2D 
reference lattice, rather than a CDP, must be set up when dealing with strain calculation on an 
inclined interface. The most intuitive 2D reference lattice is demonstrated in Figure 2. An average 
step height <h> = (hb + hf)/2 is used to replace the overlap step height, h, to maintain the rigour of strain 
calculation [14]. Then, the inclination angle θ defined in the reference lattice can be calculated by 
solving the following equation [5,14] 

bztan2θ + bytanθ + εyy<h> = 0 (4) 
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Figure 1. Identification of the variables of topological model at ideal N-W OR. (a) Natural dichromatic
pattern; (b) Commensurate dichromatic pattern. Subscript ‘A’ and ‘B’ refers to the projection of
alternating layers of (−2 0 0)b and (−2 2 0)f, both of which have an ABAB type stacking sequence. Axis x
parallels [−1 1 0]f // [−1 0 0]b; axis y parallels [−1 −1 2]f // [0 −1 1]b; and axis z parallels [1 1 1]f // [0 1 1]b.

In the topological model, such a coherency strain is to be cancelled by introducing regularly
spaced disconnections (or steps) between adjacent layers of terrace plane. The step vectors are denoted
by tf

c and tb
c respectively. The superscript ‘c’ means the vector is defined in the CDP. The difference

between tf
c and tb

c defines the displacement, b, as shown in Figure 1b. The horizontal and vertical
components of b can be expressed by

by = tby
c
− tfy

c (2a)

and
bz = hb − hf (2b)

where tfy
c and tby

c are the horizontal components of tf
c and tb

c, while hf and hb are the step heights.
The values of these components can be determined by

tfy
c = |[−1 −1 2]f|/6 · (1 + εyy/2) (3a)

tby
c = |[0 −1 1]b|/2 · (1 − εyy/2) (3b)

hf = d(111)f (3c)

and
hb = d(011)b (3d)

where d means interplanar spacing.
Supposing there is no long-range strain along the stepped interface, the component summation

of by, bz and εyy along the new interface should be zero. It should be noted that in the conventional
topological model, the ‘overlap step height’ is employed to calculate the interface orientation [5,6].
However, it has been proved by the author that such a way is not mathematically rigorous [14].
A 2D reference lattice, rather than a CDP, must be set up when dealing with strain calculation on an
inclined interface. The most intuitive 2D reference lattice is demonstrated in Figure 2. An average
step height <h> = (hb + hf)/2 is used to replace the overlap step height, h, to maintain the rigour of
strain calculation [14]. Then, the inclination angle θ defined in the reference lattice can be calculated by
solving the following equation [5,14]

bztan2θ + bytanθ + εyy<h> = 0 (4)
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witnessed by perfectly matched lattice points O and P separated by three disconnections. This 
indicates such an interface meets the long-range strain-free requirement. 

Figure 2. Definition of a 2D reference lattice (orange corners and orange edges) for strain calculation in
an inclined interface. The circle and square patterns have the same meaning as those in Figure 1. Note
the average step height <h> rather than the overlap (i.e., smaller) step height is adopted to build this
reference lattice.

Meanwhile the strain component normal to the stepped interface will be cancelled by a small tilt
between the conjugated terrace planes (1 1 1)f/(0 1 1)b. The tilt angle φ is given by [6,14]

φ = 2 tan−1
(

bz tan
2〈h〉

)
(5)

Considering the partitioning of the tilt angle into two lattices, the inclination angles of the stepped
interface with respect to the terrace plane (1 1 1)f and (0 1 1)b can be expressed as

θf = θ + φ/2 (6a)

and
θb = θ − φ/2 (6b)

The numerical values of all above-mentioned variables in Equations (1)–(6) are summarized
in Table 1. The stepped interface at this near N-W OR with all the disconnection characters is illustrated
in Figure 3. Note that both lattices are plot in their natural form, rather than in the commensurate state.
It can be seen that there is no lattice misfit at the centre of each terrace along the interface, witnessed by
perfectly matched lattice points O and P separated by three disconnections. This indicates such an
interface meets the long-range strain-free requirement.

Next, let us move onto the O-line model. Suppose the lattice misfit in the interface can be fully
accommodated by a single set of misfit dislocations with the Burgers vector, [–1 1 0]f/2 // [−1 0 0]b,
defined by the parallel closed-packed directions, then there is no lattice misfit component on the y-z
plane in Figure 3. This means that the two lattices must be linked by a 2D invariant line strain defined in
this y-z plane. The simplest way to describe such an invariant line strain is to apply the ∆g parallelism
Rule II in the reciprocal space [8] through rotating the diffraction pattern of BCC lattice, relative to that
of FCC lattice as explained below. Figure 4a shows the composite diffraction patterns along the zone
axis parallel to [−1 1 0]f//[−1 0 0]b. The starting OR is an ideal N-W OR with (1 1 1)f//(0 1 1)b[DQ3] .
The first ∆g is defined by

∆gP-I-1 = g(0 1 1)b − g(1 1 1)f (7a)
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where g(0 1 1)b and g(1 1 1)f represent the reciprocal vectors associated with the terrace plane, (0 1 1)b

and (1 1 1)f. Subscript ‘P’ means that it defines a principal O-lattice plane while subscript ‘I’ means the
primary preferred state [1]. The second ∆g is defined by

∆gP-I-2 = g(0 −1 1)b − g(−1 −1 1)f (7b)

where the (−1 −1 1)f and (0 −1 1)b planes are another pair of closed-paced planes that contain the
predefined Burgers vectors.
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As can be seen from Figure 4a, these two ∆gs are not parallel to each other at the initial N-W
OR. A rigid body rotation about the common zone axes between two lattices is then needed to enable
∆gP-I-1[DQ4] //∆gP-I-2. The rotation angle, φ, can be expressed as [8]

φ = sin−1

−s(1 + ab) ±
√

s2 − (a2 − 1)(b2 − 1)

(a + b)2 + s2

 (8)

where a =
√

3λ
2 , b =

√
6λ
3 , s =

√
3λ
6 at a near N-W OR [8] and λ is the lattice constant ratio af/ab. Figure 4b

shows the composite diffraction patterns after this rotation is executed. Then, this pair of parallel ∆g
vectors defines the normal of interface, and the angle between the interface and the terrace plane (1 1 1)f

is given by [8]

θf = sin−1

2 +
√

2λ2
± (4 + 3

√
2)
√
−2 + 3λ2 − λ4

2
√

3
(
3 + 2

√
2
)
λ

 (9)
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Figure 4. The 2D O-line approach to determine the OR and IO between FCC Cu and BCC Cr. (a) the
composite diffraction patterns at ideal N-W OR. Two principal ∆g vectors are NOT parallel to each other;
and (b) the composite diffraction patterns after the BCC lattice is rotated by φ about the common zone
axes. Two principal ∆g vectors are parallel to each other and define the average interface orientation
(dashed-dotted lines).

The numerical values of rotation angle φ and inclination angle θf determined by the 2D O-line
model is given in Table 2. Comparing the OR and IO determined by the topological model and the
2D O-line model, one can find that these two models give exactly the same results even though the
working procedures are completely independent to each other. The same OR and IO determined
by these two models in this case study is not a coincidence—because both models share the same
constraint in essence, i.e., to maintain the local coherency on each terrace plane along the stepped
interface. When the problem is restricted to 2D, there is only one degree of freedom between the two
lattices, i.e., the tilt angle φ, whilst the inclination angle θf is dependent on φ. This single degree of
freedom can be fully fixed when the aforementioned constraint is applied. That explains why both
models lead to the same OR and IO in this case study.

Table 2. The numerical solutions of OR and IO determined by the 2D O-line model.

a b s φ (◦) θf (◦)

1.0973 1.0346 −0.3658 0.5420 15.83

It seems that these two models can be easily harmonised based on the above analysis. However, it
is worth mentioning that these two models have a distinctive description of the intrinsic line defects in
the same inclined interface. In the O-line model, the consecutive steps along this interface are NOT
associated with any lattice Burgers vectors. This can be easily validated in Figure 3. Drawing a Burgers
circuit between the shared lattice points, O and P, separated by three steps, one can identify zero
Burgers content because the circuit crosses 11 layers of (−1 −1 1)f planes in the FCC lattice and also
crosses 11 layers of (0 −1 1)b planes in the BCC lattice. This sounds contradictory to the description
given by the topological model where three disconnections are enclosed in this Burgers circuit. In the
topological model, each disconnection is accompanied by a dislocation character with a ‘Burgers
vector’, b, as shown in Figure 1b. If this ‘Burgers vector’ is real, it should have been quantified by the
Burgers circuit between O and P. This is a critical discrepancy that remains an unsolved issue between
these two models and usually causes confusion for general readers.

As we can see from Figure 3, the misfit displacement around each disconnection is evident and it
has opposite signs at the top and bottom of the disconnection. This is the typical character of misfit
dislocation. If the Burgers vector of this misfit dislocation is not visualized from the Burgers circuit
in Figure 3, there is only one possibility that this is a secondary misfit dislocation whose Burgers
vector is not defined in either primary FCC or BCC lattice. In this section, a constrained CSL/DSCL
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model is employed to quantify unambiguously this set of secondary misfit dislocations associated
with each disconnection.

A constrained CSL (CCSL) in reciprocal space is constructed based on the initial N-W OR, as
shown in Figure 5a. The BCC lattice is slightly distorted so that g(0 −3 3)b matches g(−2 −2 4)f while
g(0 1 1)b matches g(1 1 1)f. Such a virtual distortion involves a compression of g(0 −3 3)b by 8.87% along the
horizontal direction, and a compression of g(0 −1 1)b by 3.34% along the vertical direction. The resultant
constrained DSCL (CDSCL) in direct space can be calculated according to the reciprocal relationship

GCCSLSCDSCL = I (10)

where G and S are 2D structural matrices defined in reciprocal and direct space, respectively. Given the
basic vectors of 2D CCSL are g(1 1 1)f and g(−2 −2 4)f in reciprocal space, the basic vectors of 2D CDSCL
will be [1 1 1]f/3 and [−1 −1 2]f/12 in direct space. They are denoted by b1

II and b2
II in Figure 5b

respectively. The superscript ‘II’ represents the secondary preferred state. The basic vectors of this 2D
CDSCL can also be expressed in the BCC lattice, i.e., [0 1 1]b/2 and [0 −1 1]b/6. The Burgers vector of
the secondary misfit dislocations is then shortlisted between b1

II and b2
II. Since the primary function

of the secondary misfit dislocation is to cancel the misfit within the terrace plane, its Burgers vector
should have a major component within the terrace plane. In this regard, b1

II is phased out because it is
perpendicular to the terrace plane. Therefore, the only choice of the Burgers vector, bII, is b2

II, i.e.,
[−1 −1 2]f/12 or [0 −1 1]b/6.Crystals 2019, 9, x FOR PEER REVIEW 8 of 12 
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Figure 5. (a) The constructed CCSL in reciprocal space and (b) the correlated CDSCL in direct space
at the ideal N-W OR. The two basic vectors of CDSCL are denoted by b1

II and b2
II. Note that

the constrained BCC lattices are colored in green to distinguish themselves from those of natural
BCC lattices.

The next step is to check whether the spacing of this set of dislocation is the same with the spacing
of steps. The dislocation spacing can be calculated by the O-lattice model by using the characteristic
triangles [1,15] in reciprocal space. Figure 6 shows how the characteristic triangles are identified on
top of the composite diffraction patterns with Figure 4b. Firstly, for each characteristic triangle, one of
its corners should lie on the trace of bII* = bII/|bII|2. The superscript ‘*’ means it is defined in reciprocal
space. Secondly, each characteristic triangle is enclosed by ∆gII, gterrace and ∆g//, where ∆gII is defined
by a pair of CCSL vectors passing the trace of bII*; gterrace is the reciprocal vector of the terrace plane,
and ∆g// parallels the interface normal, n, defined by the principal CCSL vectors, ∆gP-II. In this case
study, ∆gP-II is the same with ∆gP-I-1 in Figure 4b. Then the dislocation spacing can be expressed as

Ddisl = |n|/|∆gII × n| = |∆g//|/|∆gII × ∆g//| = 0.7653 nm (11a)
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and the step spacing can be expressed as

Dstep = |n|/|gterrace × n| = |∆g//|/|gterrace × ∆g//| = 0.7653 nm (11b)
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set of secondary misfit dislocations are coincident with steps/disconnections along the interface, and
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Burgers circuits surrounding a step/disconnection based on the CDSCL in direct space. The constructed
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[−1 −1 2]f/12, can be identified if the circuit is terminated in the FCC lattice and [0 −1 1]b/6 can be
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4. Discussion

4.1. The Current Work vs. the Topological Model

The conventional topological model describes the Burgers vector at each step/disconnection by
the misfit displacement, b, defined in a CDP [5,6]. This description accompanies certain ambiguity
since dichromatic pattern per se is NOT a lattice. It is well recognised that a Burgers vector is defined
either as a shortest translation vector in parent/product lattice (primary misfit dislocations [15,16]) or
as a shortest DSCL vector (secondary misfit dislocations [17]). In the current CCSL/CDSCL analysis,
the Burgers vector is clearly defined as one of the basic vectors of the CDSCL so that such an ambiguity
is completely avoided. The accurate description of the Burgers vector does not only help to clarify how
the misfit at each step/disconnection is accommodated, but it is also critical to evaluate the elastic energy
induced by this set of secondary misfit dislocations [5]. Then the contribution of steps/disconnections
to the overall interface energy (at least its structural component) can be expressed as explicitly as the
primary misfit dislocations in a semi-coherent interface. Note that the secondary misfit dislocations
defined in the current study does not accommodate the small misfit component normal to the terrace
plane, as illustrated by bz in Figure 1b. Instead, this small misfit is accommodated through a small
tilt, φ, between a pair of terrace planes, as can be seen from Figure 3. Since the misfit normal to the
terrace plane is usually much less than that within the terrace plane, i.e., bz << by, its contribution to
the overall interface energy is negligible in most cases.

4.2. The Current Work vs. the O-Line Model

The current analysis also provides a supplementary description on top of a conventional O-line
model. In the O-line model, the preferred interface is required to be a principal O-lattice plane containing

periodic O-lines. For example, the vector
→

OP in Figure 3 defines an O-line in the y-z plane because
there is no lattice misfit at any point lying in this line. Though the O-line model is mathematically
rigorous, it can only describe the misfit accommodation in the mathematical interface (the dash-dotted
line in Figures 3 and 7). When the principal O-lattice plane defined by the ∆gP-I-1 // ∆gP-I-2 is inclined
to a pair of closed-packed planes, the interface must contain a series of terraces and steps. Whilst
the centre of each terrace strictly lies in the principal O-lattice plane, the misfit that relates the lattice
points close to the riser cannot be simply described by an invariant line strain. The current work
manifests that these steps are not simply connecting the adjacent terrace planes along the inclined
interface, but they also accommodate the misfit within the terrace plane through a set of secondary
misfit dislocations. Such one-to-one correspondence between the interface steps and secondary misfit
dislocations have been reported in many systems in a secondary preferred state, with a large difference
of the lattice constants between the parent and product phases, for example, austenite/cementite [18],
Mg17Al12/Mg [19] and DySi2/Si [20]. However, the Cu/Cr case study used in this paper is a typical
system in a primary preferred state with a definite one-to-one lattice correspondence between the
FCC and BCC lattices. The CCSL/CDSCL model is, for the first time as far as the author knows,
extended into the primary preferred state. The identified secondary misfit dislocations are compatible
with the invariant line strain defined in a primary preferred state because the CCSL/CDSCL model is
constructed based on the OR that enables the O-lines. As can be seen from Figures 4b and 6, the ∆gP-I-1
that defines the principal O-lattice plane in the primary preferred state also serves ∆gP-II that defines
the principal O-lattice plane in the secondary preferred state. As a result, both the Rule II and Rule III
of the ∆g parallelism rules [1] can be applicable synergistically. It is expected that such a strategy can
also be applied to describe the interface structure of the semi-coherent interface containing steps in
other alloy systems when the CCSL/CDSCL is appropriately constructed.

It is worth pointing out that the crystallographic analysis in the current work is essentially a
2D version. In a 3D case where no parallel closed-packed directions exactly fall onto the interface,
the OR and IO have one more degree of freedom compared to the 2D case. This means one needs
an additional constraint to fix the OR and IO. Accordingly, the final solution will depend on the
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selection of this constraint. Such an additional constraint can be either glissile misfit dislocations on
the interface (which is equivalent to the Phenomenological Theory of Martensite Crystallography [21]),
or maximum dislocation spacing on the interface (which is frequently used in the O-line model [7]),
etc. The quantitative analysis of the role of disconnections/steps in a general 3D case is, hence, far more
complicated than those in a 2D case, and it might be elaborated in a separate paper in the future.

5. Conclusions

(1) The topological model can deliver the same OR and IO of a stepped, semi-coherent interface with
those determined by a 2D approach of the O-line model when a 2D reference lattice is correctly
defined. The discrepancy between the two models barely rests on the different description of the
role of interface steps/disconnections.

(2) The disconnections in the topological model can be explicitly described as regularly spaced
interface steps coincident with a set of secondary misfit dislocations. The Burgers vector of the
secondary dislocations, bII, is a partial lattice translation vector, defined by a basic vector of the
CDSCL based on the OR that enables periodic O-lines.

(3) In contrast to the primary misfit dislocations, which separate coherent patches in terrace planes,
this set of secondary misfit dislocations do not destroy the continuity of lattice planes across the
interface, and it only accommodates the extra misfit when the terrace plane is off the average
interface, which cannot be described by the convention O-line model.

(4) The one-to-one correspondence between the secondary misfit dislocations and the interface steps
can be not only achieved in the secondary preferred state, but it can also appear in the primary
preferred state when a 2D CCSL/CDSCL can be appropriately constructed.
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