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Abstract: Soil slurry deposited on the surface of the Earth during rainfall mixes with fluids and
flows into urban sewer conduits. Turbulent energy and energy dissipation in the conduits lead to
separation, and sedimentation at the bottom lowers the discharge capacity of conduits. This study
proposes a functional relationship between shear stress in urban sewer conduits and the physical
properties of particles in a conduit bed containing less than 20 mm of soil. Several conditions were
implemented for analyzing two-phase flow (soil slurry and fluid in urban sewer conduits) in terms of
turbulent flow by considering soil slurry flowing into urban sewer conduits. The internal flows of
fluid and soil slurry in urban sewer conduits were numerically analyzed and modeled by applying
the Navier–Stokes equation and the k-ε turbulence model. The transfer deposition of the soil slurry
in the conduits was reviewed and, based on the results, a limiting tractive force was calculated and
used to propose criteria for transfer deposition occurring in urban sewer conduits.
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1. Introduction

It is important to understand the flow characteristics of urban sewer conduits to maintain their
flow control capacity and prevent flooding during rainfall. In the case of localized and heavy
rainfall, soil slurry separates from the Earth’s surface through outflows and flows into drainage.
This lowers the discharge capacity of drains. Delaying the outflow leads to overflow that causes
flooding. Under a balanced condition, sediments accumulated at the bottom of urban sewer conduits
are directly related to a reduction in discharge capacity, and leads to system overload and flooding.

The purpose of urban sewer conduits is to prevent flooding in urban areas by discharging
runoff generated during rainfall. Together with the design and construction of such urban sewer
conduits, maintaining their discharge capacity is the most important factor influencing continual
maintenance. If urban sewer conduits are not designed, constructed, and maintained properly, severe
soil sedimentation can occur in them during or after rainfall events, which threatens their discharge
capacity and ability to properly handle sediments. Reduced discharge capacity of urban sewer conduits
can cause flooding during the rainy season or localized heavy rainfalls.

In general, soil slurry flowing into urban sewer conduits forms a layer of solid particles at the
bottom of the conduit leading to deposition [1–4]. In terms of flow characteristics, when particles are
transferred, the fluid and solid particles interact in a complex manner. Past research has relied on
experiments [5], but it is challenging in experimental analyses to review the independent influence of
each variable on transfer deposition. Moreover, soil slurry has a dynamic flow in the transfer process.
In the case of particles, it is difficult to measure the internal flow velocity of a conduit because of their
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own viscosities, particle sizes, and fluid drag forces [6,7]. Using experimental results, many studies
have analyzed the fundamental aspects of sediment transfer in turbulent flow conditions [8]. However,
they propose representing sediment flow as an induction equation to relate it to flow velocity [9–12].
Knowledge of the characteristics of internal flow is critical. However, the internal flow of urban sewer
conduits is completely different from that of a river, making it difficult to obtain accurate predictions.
For this purpose, existing empirical equations based on flow along a river may be applicable if modified
according to the hydraulic features of urban sewer conduits.

It is difficult to determine the initiation of particle movement because of various issues. The Shields
diagram is a typical criterion for the incipient motion of sediments [13]. Shields suggested fundamental
concepts for initiating the motion of a bed comprising non-cohesive particles resistant to erosion by
flowing water. This is indicated by critical shear stress, which is commonly assumed to be a constant
for a given sediment mixture and can be determined through laboratory experiments [14]. However,
the proposed results cannot be directly applied owing to some limitations. Shields did not provide any
method to obtain critical shear stress for transfer and deposition. Accordingly, Brownlie fitted a curve
to the representative line using the Shields relationship [15]. In this study, the precise moment of
incipient motion is suggested, mainly based on numerical modeling, and transport rate measurements
are used for a more objective evaluation of the various conditions of the deposition environment.

To efficiently model the transfer deposition of soil in a conduit, it is necessary to determine
the shear stress to smoothly model the transfer of particles without deposition in the conduit.
To review the characteristics of the transfer deposition of particles in turbulent flow, some studies
have applied obstacles in pipes or conduits, attended to the flow of particles in the relevant region,
and applied the results to various technologies [16–18]. Some of these studies focused on one phase
of the fluid to analyze the mechanism of its continuity and momentum equations, and applied the
advection–diffusion equation to the soil slurry sediment. However, such methods are limited to the
analysis of particle deposition and sedimentation.

Studies based on numerical analysis to reflect the conditions of turbulent flow have modeled
the transfer deposition of soil and correlations among multiple parameters. The results have been
compared with those of the above-mentioned empirical equation to suggest a proper method of
application [19–22].

This study proposes a functional relationship between critical tractive force in urban sewer
conduits and the physical properties of particles in a conduit bed containing less than 20 mm of soil.
The inlet flow velocity (1.0, 2.0 and 3.0 m/s) of the soil slurry mixture, the volume concentration
of the soil (10%, 30% and 50%), and its particle size were set as variables. Soil slurry flowing into
urban sewer conduits was analyzed based on the two-phase flow (soil slurry and fluid in urban sewer
conduits) as turbulent flow. In a relevant work, Song et al. studied the flow of soil slurry in urban
sewer conduits [23]. In reviewing flow, the shear flow velocity and shear stress were found to be
critical. Therefore, the results of Song et al. were applied in this study. The purpose was to review
the criteria of deposition in the transfer process by assuming that soil slurry can flow in urban sewer
conduits and by changing its flow conditions. It is noteworthy that the observation and analysis of the
two-phase flow are difficult, and no relevant study has considered this for soil slurry. This study made
the following assumptions:

1. The flow of a mixture of fluid and soil slurry in urban sewer conduits was considered, similar to
simulating the mixing and flowing of a large amount of soil slurry and runoff.

2. In conditions of turbulent flow, it was assumed that flow in the conduit consisted of fluid and
solid phases.

3. For accurate flow analysis, incidental simulations were excluded, and a method for reducing the
time needed to analyze a short conduit was considered.

4. Soil flowing in a sewer conduit consists of particles of different sizes. For modeling, it is necessary
to consider this distribution of particle size. In this study, it was assumed that the soil slurry had
a uniform particle size distribution.
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A commercial analysis tool ANSYS FLUENT 13.0 was used in this study [24]. This study analyzed
the characteristics of flow in urban sewer conduits of 10 m length and 0.6 m diameter in light of the
inlet flow velocity of the soil–fluid mixture (v), size of the soil particle (d), and the volume fraction in the
soil mixture (v/f ). The simulation results were used to investigate the limiting tractive force. Based on
the results of a hydrodynamic analysis using 2D modeling, the limiting tractive force was calculated
depending on the particle size of the soil slurry, and an equation for the functional relationship based
on a different particle size was proposed. The limiting tractive force was found to be related to the
physical properties of non-cohesive soil.

2. Numerical Method

In past studies on two-phase flow, the sensitivity of each phase was analyzed to propose the
mechanism of their interaction [25–28]. These results provided a considerable amount of information
concerning two-phase flow that was used to define the phenomenon for a variety of flows using
a diversity of numerical analysis models. A few recent studies have proposed a functional equation
based on particle density to define the criteria for sediment movement based on the flow velocity
distribution of urban sewer conduits, in the context of two-phase flow containing a mixture of fluid
and soil slurry [29–31].

2.1. Governing Equations and Mathematical Model

In this study, the models were constructed in FLUENT 13.0 to analyze two-phase flow using
the ANSYS solver [32]. The control equations consisted of continuity and momentum equations
and particle component conservation equations of mass and momentum [33]. The continuity and
momentum equations can be implemented using Reynolds’ transport theorem, and by applying
Newton’s second law [34,35].

The continuity equations are shown as Equation (1) and compressible fluid is presented as
Equation (2). In Equation (3), the equations of momentum yield the volume fraction and density per
unit time for each phase based on velocity. In the equation, xi(i = 1, 2, 3) represents the orthogonal
coordinates, ui the orthogonal (directional) element of the velocity vector that represents average
flow velocity, ρ is fluid density, p is pressure, and Fi is the sum of influential forces, such as gravity,
deflecting force, and centrifugal force.

∂ρ

∂t
+

∂(ρui)

∂xi
=

∂ρ

∂t
+∇·(ρu) = 0 (1)

∇·(ρu) = 0 (2)

∂(ρui)

∂t
+

∂
(
ρujui

)
∂xj

=
∂τij

∂xj
− ∂p

∂xi
+ Fi (3)

In Equation (4), τij represents a viscous stress tensor representing Newtonian flow fluid, including
the velocity of the deformed stress tensor; and ij represents structural correlation. In Equation (5), δij
represents the ratio of the strain (deformation) tensor described in Equation (4):

τij = 2µδij −
2
3

µδij
∂ul
∂xl

(4)

δij =
1
2

(
∂ui
∂xj

+
∂uj

∂xi

)
(5)

2.2. Turbulence Model

To analyze the effect of turbulence in a conduit with soil slurry, a turbulence model is required.
The shear force owing to the laminar viscous force of the neighboring fluid becomes its driving force
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and, consequently, a laminar flow with a certain layer appears. However, if the shear stress increases
with increasing flow velocity, viscous force transmission becomes challenging to maintain. As a result,
the shear stress breaks into very small turbulent eddies and ends up being transmitted inside the fluid.

In general, the Reynolds stress-based model is used to simulate turbulent flow [36–39]. To analyze
turbulent flow, the authors used Launder and Spalding’s standard k-ε model, the universally used
turbulence model [40]. In the model used to calculate the Reynolds factors, two equations representing
the turbulent kinetic energy and the rate of dissipation of energy were calculated to represent turbulent
viscosity. It is well known that the prediction of rotational flow or vortex flow, generated when particles
of the fluid rotate about a certain axis, and the analysis of an area near a wall with a low Reynolds’
number is inaccurate. However, the model is excellent at convergence in basic turbulent analysis and
shortening calculation time [32].

To analyze fluid flow in the standard k-ε model, two equations of turbulent energy and dissipation
rate as well as a general transfer equation should be applied separately. These equations are called the
turbulent kinetic energy equation and the turbulent kinetic energy dissipation equation, respectively,
and are used as a two-equation model. Cµ is a model constant, which is generally 0.09. In this study,
based on Equations (6) and (7) in the analysis of the transfer deposition of soil in a tube, k and ε

are calculated in two separate transport equations (k-equation and ε-equation) to model turbulent
stress [32].

∂(ρk)
∂t

+
∂
(
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)
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In Equation (8), Pk reflects the influence of viscous force, and each value represents the coefficient
of the standard values of k and ε, which are obtained through experiments in a wide range of the
turbulent area as proposed by Versteeg and Malalasekera (Table 1) [41]. The parameters presented
in Table 1 were used to predict the shear flow of basic turbulence, including homogeneous and
heterogeneous flows, and yield highly reliable results in terms of the boundary of the wall and free
shear flow. Cµ, Cε1, and Cε2 are empirical constants determined through experiments, and δk and
δε are turbulent Prandtl numbers for turbulent kinetic energy and the rate of energy dissipation,
respectively [42].

Table 1. Parameters of the standard k-ε model.

Parameter Cµ Cε1 Cε2 δk δε

Value 0.09 1.44 1.92 1.0 1.3

Data collected through experimental research on turbulent energy and the rate of dissipation
were first applied as parameters in the model. Nevertheless, as this study focuses on analyzing
phenomena based on modeling, the reliability of the parameters to be applied were not validated,
and experimentally acquired values proposed in a manual were applied because the range of each
parameter and ground for its application were required [32].

2.3. Setup and Boundary Conditions

In this study, the inlet, outlet, side wall, and symmetry of the entire conduit (volume) were
defined as boundary conditions to consider the flow of particles and soil slurry in urban sewer
conduits. The authors used ANSYS-FLUENT 13.0 for the analysis. In repeated numerical calculations,
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the relative error of a numerical solution was made to converge to 0.001. The relative error of the
schemes is computed by comparing the result of the integration step. Reduce step size by half refine
the step such that the change of outcome can be identified [24]. It took 17 h on average on an Intel(R)
Xeon(R) CPU E5-2630, 2.40 GHz, with 16 GB RAM. The boundary conditions of the numerical model
in this study are presented in Table 2.

Table 2. Boundary conditions for analysis.

Classification Boundary Conditions

Multiphase flow Fluid (water)-Solid (soil)

Applied models and flow conditions

Euler–Euler model
Standard k-ε model
Turbulent flow
Unsteady and turbulent

Inlet conditions
Inlet velocity
Inlet volume fraction
Soil diameter

Outlet condition Free fall

Wall condition Non-slip

Convergence 0.001

It was assumed that the flow conditions did not change, and no deformed flow occurred.
The authors simulated phenomena by analyzing various runoff flows in the conduit. This method
helped reduce calculation time and implement an optimal solution through repeated calculations.

The inlet flow velocity of the soil slurry mixture, the volume concentration of the soil, and its
particle size were set as variables. The flow velocity and particle distribution of the mixtures in all
63 conditions were compared and reviewed. Table 3 lists the values of parameters of the fluid and soil
slurry mixture, which are similar to those used by Song et al. [23]. To simulate the soil slurry transfer
and deposition in urban sewer conduits, short conduits were used, as shown in Figure 1. A mesh
structure consisting of 140,000 rectangular meshes, each of 0.6 m in diameter and 10 m in length,
was implemented. Wall boundary conditions were applied to confine fluid and soil regions. In viscous
flows, the non-slip boundary condition is enforced at walls by default; no symmetrical boundaries
were applied but the shape of the entire conduit was represented.

Table 3. Basic information concerning the parameters for analysis.

Parameter Units Value

Conduit specification m 0.6 (D) × 10 (L)
Mesh specification grid 140,000
Inlet velocity condition m/s 1.0, 2.0, 3.0
Inlet volume fraction condition % 10, 30, 50
Fluid density kg/m3 998.2
Fluid kinematic viscosity Pa·s 0.001003
Soil density kg/m3 2,650
Soil diameter mm 0.5, 1.0, 3.0, 5.0, 7.0, 15.0, 20.0
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As for the cross-section, the fluid and soil slurry flowed into the initial flow section (0 m), where
the flow rate was constant for a certain period (500 s). The sectional volume fraction of the cross-section
of the conduit was assumed to be the volume fraction of particles in the total flow. For the outlet
(10 m), the results of the flow field and volume fraction in nine sections (1–9 m inside) were reviewed.
In the case of the inlet, the flow velocity was constant, and thus flow field could be neglected. In the
case of the outlet, the two-phase flow was such that the distribution of the flow field and volume
fraction tended to be scattered. Therefore, it was excluded. Shields performed experiments in flumes
with widths of 0.8 m and 0.4 m and beds composed of particles with diameters from 0.36 mm to
3.44 mm; mean velocity was increased in steps of 0.1 m/s to 0.6 m/s [13]. Brownlie conducted studies
on the Colorado River, Mississippi River, and Red River. In his study, the flow velocity had minimum
and maximum values of 0.37 m/s and 2.42 m/s, respectively, and beds were composed of particles
ranging from 0.08 mm to 1.44 mm in diameter [15]. In this study, the same specification was applied to
a sewer based on a numerical model. In the analysis, the particle size and inflow rate were changed
to reflect the runoff condition in actual sewers. The transport and erosion phenomena in the conduit
were reviewed. For discharge flowing into sewer pipes, most flow in as a mixture of fluid and soil
slurry depending on the occurrence of rainfall, showing characteristics of turbulent flows. Accordingly,
for soil slurry flowing into conduits, this study investigated the characteristics of flows inside conduits
by determining the rate of flow corresponding to outflow and that to inflow occurred in mixed forms.
The soil slurry flowing into the conduit contained particles of different sizes. The slurry was modeled
by considering the dispersion of particle size. However, only particle size influenced velocity and
particle distribution of the mixture. Therefore, we assumed particles of uniform size by considering
a single particle size [23].

2.4. Model Validation

Song et al. [23] developed a model based on the experimental results obtained by Nabil et al. [43].
Based on the correction process, they suggested that the distribution of flow velocity and the changing
pattern of the volume fraction of soil slurry were consistent in a conduit in their model. They reported
experimental results for soil particles 1.4–2.0 mm in size, as used by Matousek [44].

Figure 2 shows the transfer of particles of size 1.4–2.0 mm in urban sewer conduits, with a volume
concentration of 26% and flow velocities of 2.5 m/s and 3.0 m/s. A significant of the resulting flow
was consistent. The internal distribution under the two conditions of flow velocity and volume
concentration, which were used for examination, tended to be the same. Therefore, the analysis model
was considered verified.
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3. Numerical Modeling

3.1. Analysis of Flow Characteristics in Conduit Depending on Inlet Flow Velocity

The transfer of soil slurry in a conduit influences flow velocity under the action of inertia and
gravity. Figures 3 and 4 show changes in the flow velocity in a conduit depending on the volume
fraction at the same flow velocity for 1.0 mm and 20.0 mm of slurry. As shown in Figure 3, in the case
of the flow velocity distribution of a single fluid, the flow velocity converged to zero at the bottom of
the conduit, and then assumed the maximum value at the center with a rise in the diffusion coefficient
through the volume fraction grade of soil slurry. However, this study analyzes two-phase flow rather
than that of a single fluid, and revealed that the maximum value of flow velocity increased in the
upper part of the conduit with changes in the volume fraction. The maximum flow velocity should
have been observed at the center of the conduit because of the soil slurry deposited at its bottom.

In Figure 4, the flow velocity at the bottom changes slowly because of the soil slurry. In the upper
part of the conduit, where the volume fraction had been reduced, the flow velocity tended to increase.
With a rise in the volume fraction of the soil slurry in the lower part of the conduit, the damping
effect of turbulence due to fluid friction largely worked and, consequently, the maximum value of flow
velocity moved to the upper part of the conduit. Depending on deposition, the volume fraction of the
soil slurry in the upper part of the conduit was smaller than that in the lower part. It was analyzed to
be ideally consistent with the flow of a single fluid.
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The distributions of the flow velocity of 1.0 mm and 20.0 mm of slurry were used in this study to
verify that relatively smaller particles changed rapidly in the lower part of the conduit with a large
volume fraction of soil slurry. It is fair to attribute this result to relative density. In general, the higher
the volume fraction of soil slurry, the greater the interaction of particles in the mixture and the higher
their viscosity. As a result, the flow velocity of the fluid in a relevant section decreases and, if the
volume fraction decreases, flow velocity increases.

3.2. Analysis of Flow Characteristics of Conduit Depending on Inlet Volume Fraction

The most significant change with changing volume fraction of the inlet occurred in the distribution
of flow velocity in the conduit. The volume fraction influenced the flow of each particle and changed the
distribution of the flow velocity. The homogeneity of the distribution of flow velocity thus represented
the homogeneity of the particle distribution. Figures 5 and 6 show the changes depending on volume
fraction at velocities of 1.0 mm and 20.0 mm of the slurry. As shown in the results, the volume fraction
in the upper part was close to zero, and a large volume fraction was observed only in the lower part of
the conduit. The frictional force arising in the lower part did not significantly influence the center of
the conduit with the maximum turbulence and flow velocity.
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Figure 5 shows the influence of the particle size of the soil slurry. As shown, when particle
diameter was small, the distribution of volume fraction altered from heterogeneous to homogeneous
along with a change in flow velocity. When the particles were small, they were easily moved by the
eddy of the fluid. As shown in Figure 6, this was because particle movement was determined by
gravity, which is based on unit particle weight. In general, with an increase in flow velocity, the fluid
force became greater than the resistance of the hardened deposit and, thereby, moved the soil slurry.
Friction increased with rising tractive force. Based on the change in flow velocity observed at the
bottom of the conduit, the limiting tractive force could be estimated by calculating the shear flow
velocity and shear stress in the conduit.

To sum up the numerical analysis, the larger the particle size of the soil slurry and the greater the
increase in volume fraction, the greater the deposition. The higher the flow velocity, the smaller the
deposition. An increase in the layer deposited led to increased flow velocity in the upper part of the
conduit. With increased particle size of the soil slurry, deposition was evident.

4. Functional Relationship of Soil Slurry Transfer Deposition in Urban Sewer Conduits

4.1. Calculation and Review of Limiting Tractive Force

The major parameters needed to determine transfer deposition in the fluid transfer process are
the vertical distribution of soil slurry in the conduit and the shear flow velocity (u∗) along the floor
boundary. The shear flow velocity causes the soil slurry deposited at the bottom of the conduit to
float in the re-floating process. At this time, the volume concentration can induce a smooth transfer or
re-sedimentation. Accordingly, the shear flow velocity influenced by the layer of deposit was reviewed
to measure the change in shear flow velocity at the bottom of the conduit. In general, this change in
shear flow velocity represents a change in kinetic energy.

The characteristics of soil slurry include physical, such as particle size (d), density (ρ) and settling
velocity (vs), and volumetric constituents, such as the volume fraction of flow and the unit weight
of mixed fluid flow. Raudkivi claimed that sediment transfer depends on shearing speed and the
relative particle settling velocity [45]. Shearing speed can be calculated using Equations (9) and (10),
and the settling velocity of the particle can be calculated using Equation (11). Shear stress is calculated
through conversion. (ρs − ρs)/ρs is the specific gravity of the sediment (submerged) in fluid, ρs is its
density (kg/m3), ρ is the density of water (kg/m3), g is the acceleration due to gravity (m/s2), d the
particle diameter (m), and CD is the coefficient of drag, which varies depending on the free motion
of a particle but generally converges to 0.44 in turbulent flow. It is known that the drag coefficient
of particles in a turbulent fluid may be significantly different, depending on concentrations and
particle characteristics. The viscosity of the mixture, however, increases rapidly with volumetric sand
concentrations beyond 20% [46,47]. For mixture flow, pressure drops could not be predicted accurately.
The amount of error increased rapidly with the slurry concentration. These problems will be addressed
through further research. The objective of this study is to provide a better description of the physical
properties in agreement with numerical data. Accordingly, the average drag coefficient was considered
to be 0.44 of a perfect sphere with the same volume and density depending on the particle diameter.
Therefore, it was assigned a fixed value without any separate calculation. The particle settling velocity
to be applied in this study was calculated using Equation (11). The weight of a submerged particle was
calculated by 4/3(ρs − ρs)/ρs = 2.2. Subsequently, calculations using particle size could be performed
with (gd/CD).

τb = ρgRhS f (9)

τ∗c =
τb

ρ
(

ρs−ρ
ρ

)
gd

=
u2
∗(

ρs−ρ
ρ

)
gd

(10)

vs =

√
4
3

(
ρs − ρ

ρ

)(
gd
CD

)
(11)
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u
u∗

=
1
κ

ln
(

z
zo

)
(12)

Given the distribution of flow velocity in a certain cross-section, such as flow in the conduit, Shear
flow velocity in Equation (12) could be calculated, where u is the average flow velocity at the upper
distance z relative to the bottom, zo is the distance from the bottom, where the flow velocity is zero,
u∗ is the flow shear speed, and κ is the von Kármán constant, which is approximately 0.41 [48,49].
In the case of shear flow velocity using Equation (12), assuming a certain flow velocity distribution in
a certain cross-section, an approximate value of velocity can be estimated using the equation below.
It can also be calculated using the law of the wall, which was used to explain the relatively thin layer
(z/H <0.2) at the bottom [29].

Therefore, by applying the change owing to an increase in continuous velocity occurring along
the boundary of the bottom of the conduit, the shear flow velocity and shear stress in transfer
deposition can be calculated. If y increases discontinuously at a certain calculation point, ∂u/∂y
in Equation (13) increases infinitely. Therefore, the shear stress at the point where there is no change in
flow velocity can be defined as the limiting shear stress. In Equation (13), µ is the dynamic viscosity
of the fluid. Shear force is the value of friction generated along the side wall due to the velocity of
fluid flow in a cross-section of the conduit. Therefore, this friction is proportional to flow velocity and
inversely proportional to the cross-sectional area of a conduit, and is used as shear rate or shear stress.
In Equation (13), τb represents shear stress at the bottom. In Equation (14), τ∗c is the critical shear stress
at the bottom to initiate motion in the sedimentation layer (z) in the conduit, and is used to calculate
the limiting tractive force that forms the basis of transfer deposition.

τb = µ
∂u
∂y

= ρgsinθ(h− y) (13)

τ∗c =
τb

(ρs − ρ)gd
(14)

Table 4 lists the results of shear stress based on shear flow velocity in 63 cases. Soil slurry of
0.5 mm diameter had a shear stress of 0.030–0.060 at a velocity of 1–2 m/s. Although there were slight
deviations, it generally remained stable at 0.043. At a velocity of 3 m/s, the soil slurry had a value
of over 0.284, which means that at relatively high flow velocity, the soil slurry was deposited more
rapidly at the bottom of the conduit. Given that the amount of soil slurry (flow amount defined as
the mass of soil slurry per total volume in unit flow) flowed in proportion to the inlet flow velocity,
a larger deposit was expected when a large amount of slurry flowed in. This means that small particles
could be deposited in the conduit. Soil slurry of 20.0 mm diameter had an average value of 0.053,
which was maintained even with changes in flow velocity. The probability of sedimentation based on
deposition was 0.056, the value suggested by Shields [13]. Given these results, if particle size increased,
the density and specific gravity of the soil slurry increased. Deposition thus easily occurred and the
settling velocity increased.

Table 4. Calculation of shear stress based on results of numerical analysis.

d
(mm)

τ∗
c

1.0 m/s 2.0 m/s 3.0 m/s

10% v/f 30% v/f 50% v/f 10% v/f 30% v/f 50% v/f 10% v/f 30% v/f 50% v/f

0.5 0.030 0.060 0.056 0.035 0.040 0.041 0.284 0.308 0.307
1.0 0.036 0.036 0.029 0.074 0.730 0.068 0.224 0.259 0.243
3.0 0.061 0.037 0.041 0.033 0.029 0.028 0.086 0.098 0.102
5.0 0.046 0.051 0.056 0.056 0.032 0.056 0.027 0.036 0.034
7.0 0.047 0.047 0.036 0.045 0.047 0.041 0.035 0.055 0.056
15.0 0.052 0.052 0.060 0.038 0.045 0.048 0.042 0.042 0.051
20.0 0.048 0.060 0.054 0.053 0.048 0.051 0.049 0.055 0.056
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Shear flow velocity and shear stress at the bottom represent the force accompanying and
transferring the deposits. The shear stress along the critical boundary or the critical erosion speed
is the limiting condition of deposit transfer and shear stress (limiting point of motion) at the start of
the yield. The value of roughness at the bottom depends on the size of sediment particles there, and
influences changes in the flow velocity distribution and the transfer capability of the soil slurry.

In general, the settling velocity influences the movement of the particles once the dynamic force of
the fluid is imposed on them, and thus creates a boundary layer. In turbulent flow, if the flow velocity
increases, the amount of force on the particles exceeds a threshold and acts on the sediment particles at
the bottom of the conduit under a constant velocity. This means that, when the threshold is reached,
shear stress in the conduit dominates the transfer velocity of the deposits, and significantly depends
on flow velocity.

4.2. Functional Relationship of Transfer Deposition Due to Soil Slurry Particles

The method proposed by Shields [13] is commonly used to calculate the limiting tractive force
as it can be used to directly compare the results obtained at different densities and viscosities, and
thus makes it possible to easily judge the conditions of flow. However, in this method, the velocity
of shear flow and the size of particles belong to both the longitudinal and transverse axes, and thus,
the relationship between them is unclear. Therefore, the limiting tractive force for a given particle
size could not be directly calculated. Problems and improvements regarding Shields’ methodology
have been discussed by Maa [50], Yalin and Karahan [51], and Smith and Cheung [52]. To solve
these problems, Julien introduced a dimensionless parameter given by

(
0.1Re2/τ∗c

)2 and proposed
the following modified Equation (15) [14]. d∗ is defined as exactly analogous to Rouse’s auxiliary
parameter or Rouse Reynolds number, eliminating the critical shear stress from the abscissa definition
(in Reynolds number coordinates) [53]. Here, “SPG” represents the specific gravity of the particle.
The Reynolds number for a multiparticle system, given in Equation (16), is defined in a similar manner
as a function of the void fraction [54,55].

θc = τ∗c = f (d∗) = f
[
(SPG− 1)gd

v2

]1/3
(15)

Re =
u∗d

v
(16)

The works by Shields, Brownlie, and Parker et al. have improved and applied the limited
diameter-based equation. To review the case where the limited diameter is small, this study used the
results of a numerical analysis [15,56].

The results for particles of sizes 0.5–20.0 mm are presented without dimensions and compared
with the results reported by Shields’ limiting tractive force as shown in Figure 7. Shields used 15 data
items, whereas this study used 63 for comparison.

As shown in Figure 7, the limiting tractive force for relatively smaller particles (0.5 mm and
1.0 mm) was close to the criteria suggested by Shields’ curve. A velocity of 1.0 m/s was obtained
for consistent conditions. The pattern of the increasing amount of soil slurry flowing with increased
flow velocity was different from that in Shields’ diagram. The range of limiting tractive force was
0.224–0.307, which means that with increasing flow velocity, the inflow of a large amount of soil slurry
led to higher sedimentation. In a turbulent state, high flow velocity leads to a more active deposition
of particles, which means that small particles can be deposited in the conduit.

With increasing particle size, a pattern similar to that in Shields’ diagram was observed. In the
case of a relatively larger particle of diameter of 20.0 mm, the variable for transfer deposition was
calculated to be 0.053, identical to the result suggested by Shields’ curve even with changes in flow
velocity. This means that, if the particle size increased, the density and specific gravity of the soil slurry
also increase, and particles are rapidly deposited at the bottom of the conduit regardless of the values
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of other variables. Therefore, particle size is the basic criterion for soil slurry transfer in calculating
the limiting tractive force, but its influence is considered to be little to negligible if particle size is
greater or less than a particular value. Small particles flowing into an urban sewer conduit constitute
an important variable, and, thus, the conduit must be designed considering its discharge capacity.Water 2018, 5, x FOR PEER REVIEW 12 of 16 
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the particles.

To account for measurement errors in Table 5, the evaluation accuracy was examined by calculating
two different evaluation statistics: SSQ (the sum of the squares) and RMSE (root mean squared error).
These are expressed as Equations (17) and (18).

SSQ(x1, x2) = ∑(x1 − x2)
2 (17)

RMSE(x1, x2) =

√
∑n

i=1(x1 − x2)
2

n
(18)

where x1 is the amount of observed values, x2 is the amount of calculated values (Table 5), subscript i
indicates its data in the set, and n is the number of data [57–60]. The results of the numerical model
were compared with those of Shields and Brownlie [13,15]. To measure errors, we compared the values
obtained in Table 5 with those of Shields and Brownlie, as shown in Table 6.

Table 5. Functional relationship of transfer deposition in a conduit using particle size.

d (mm) d∗ (non-dimensional) Relationship Equation

d ≤ 0.5 d∗ ≤ 9.4 θc = 0.280× d−0.288
∗

0.5 < d ≤ 1.0 9.4 < d∗ ≤ 18.8 θc = 2.336× d−1.248
∗

1.0 < d ≤ 3.0 18.8 < d∗ ≤ 56.4 θc = 0.135× d−0.306
∗

3.0 < d ≤ 5.0 56.4 < d∗ ≤ 94.0 θc = 0.012× d0.288
∗

5.0 < d ≤ 7.0 94.0 < d∗ ≤ 131.6 θc = 0.032× d0.067
∗

7.0 < d ≤ 15.0 131.6 < d∗ ≤ 282.1 θc = 0.029× d0.086
∗

15.0 < d ≤ 20.0 282.1 < d∗ ≤ 376.1 θc = 0.007× d0.345
∗

20.0 < d 376.1 < d∗ θc = 0.056



Water 2018, 10, 825 13 of 16

Table 6. Comparison between the results of this study and those of Shields and Brownlie.

d (mm) d∗ (non-dimensional) Shields and Brownlie (x1) This Study (x2)

0.5 9.4 0.0334 0.1468
1.0 18.8 0.0298 0.0600
3.0 56.4 0.0419 0.0395
5.0 94.0 0.0485 0.0438
7.0 131.6 0.0535 0.0450

15.0 282.1 0.0556 0.0478
20.0 376.1 0.0556 0.0530

SSQ 0.0020
RMSE 0.0446

The overall SSQ and RMSE values were found to be 0.0020 and 0.0446, respectively. Theoretically,
a functional relationship equation is accepted as excellent when RMSE and SSQ values are equal to
zero. The RMSE and SSQ values in this study indicate that the assessed results were highly correlated.
Accordingly, this study proposed a functional relationship of the limiting tractive force for particles
of different sizes, as shown in Table 5. The functional relationship can be used as the criterion to
assess the transfer deposition of soil slurry in a conduit. The modified equation proposed in this study
expresses this criterion and can be used to calculate the amount of sedimentation in a conduit.

Nevertheless, further studies should focus on analyzing errors considering various diameters and
mathematical representation of the curve of critical tractive force results, such as flow conditions and
other derived particle parameters.

5. Conclusions

In this study, a numerical analysis was performed to investigate the influence of the transfer
deposition of soil slurry in urban sewer conduits. The results were analyzed based on various flow
conditions. Particle size was set as the main parameter and settling velocity was applied to analyze
deposition behavior in the conduit. By considering the turbulence model, the shear flow velocity
was investigated according to flow velocity and volumetric concentration. Accordingly, a functional
relationship used to identify the boundary of the transfer deposition of soil slurry in urban sewer
conduits. Based on the entire process of the numerical analysis, the following conclusions can be drawn:

1. Particle size is the basic criterion for soil slurry transfer in calculating the limiting tractive force,
but its influence is little to negligible if particle size is greater or less than a particular value.
Nevertheless, small particles flowing into urban sewer conduits are an important variable, and
thus conduits must be designed considering their discharge capacity.

2. A turbulence model was applied to calculate average flow velocity, shear flow velocity, and shear
stress. In a conduit with sedimentation, the distribution of flow velocity was weakened overall
by a similar drag-based volume fraction, and a slant in the flow velocity in the conduit increased
due to deposition. The shear flow velocity and turbulent stress were large when a large value
was calculated around the boundary of the bottom of the conduit. Therefore, it was estimated by
applying an overall inclination.

3. Based on the results, the authors proposed a functional relationship between the limiting tractive
and particle size. This relationship can be used as criterion to judge the transfer deposition of soil
slurry in a conduit, and can be applied to urban sewer conduits, unlike previous studies. If the
phenomena in urban sewer conduits are measured for comparison in an improved study, a more
reasonable research method can be devised.

4. The results of this study can help overcome inaccuracy in simulating particles of small diameters
in one-dimensional models, which are used to estimate the flow of sediment in urban sewer
conduits. In future work, it will be necessary to further investigate the deposition rate of soil in
conduits and the pattern of cohesion of each particle.
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The findings of this study may be helpful in designing conduits with the aim of preventing
conduit clogging or conduit damage that may occur during heavy rainfall events. To analyze drainage
flow under the influence of various soil shapes and floating particles, it is necessary to consider
different conditions through model experiments and numerical modeling. This study considered only
the inflow of a large amount of soil slurry at the beginning of rainfall events. Therefore, the proposed
method must be further investigated by introducing various types of rainfall events. Moreover,
to validate the results of this study, data from real conduit systems must be collected and analyzed
using a rainfall–runoff model. Overall, further research is required to determine the relationship
considering the volume fraction of small particles.
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