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Abstract: Soil moisture distribution plays a significant role in soil erosion, evapotranspiration, and
overland flow. Infiltration is a main component of the hydrological cycle, and simulations of soil
moisture can improve infiltration process modeling. Different environmental factors affect soil
moisture distribution in different soil layers. Soil moisture distribution is influenced mainly by soil
properties (e.g., porosity) in the upper layer (10 cm), but by gravity-related factors (e.g., slope) in
the deeper layer (50 cm). Richards’ equation is a widely used infiltration equation in hydrological
models, but its homogeneous assumptions simplify the pattern of soil moisture distribution, leading
to overestimates. Here, we present a modified Richards’ equation to predict soil moisture distribution
in different layers along vertical infiltration. Two formulae considering different controlling factors
were used to estimate soil moisture distribution at a given time and depth. Data for factors including
slope, soil depth, porosity, and hydraulic conductivity were obtained from the literature and in situ
measurements and used as prior information. Simulations were compared between the modified
and the original Richards’ equations and with measurements taken at different times and depths.
Comparisons with soil moisture data measured in situ indicated that the modified Richards’ equation
still had limitations in terms of reproducing soil moisture in different slope positions and rainfall
periods. However, compared with the original Richards’ equation, the modified equation estimated
soil moisture with spatial diversity in the infiltration process more accurately. The equation may
benefit from further solutions that consider various controlling factors in layers. Our results show
that the proposed modified Richards’ equation provides a more effective approach to predict soil
moisture in the vertical infiltration process.

Keywords: soil moisture distribution; Richards’ equation; vertical infiltration; layered soils

1. Introduction

Soil moisture distribution is the movement of infiltrated water in the unsaturated zone of the
soil [1]. It is affected by several factors: the rate at which water arrives from above as rainfall, snowmelt,
or irrigation [2–5]; the depth of ponding on the surface [6]; the degree to which soil pores fill with water
when the infiltration process begins [7–9]; and the inclination and roughness of the soil surface [10].

The distribution of soil moisture plays a critical role in a series of hydrological processes, and is
essential for the transport and cycling of nutrients, water, and energy [9–12]. Soil moisture distribution
determines the water available for surface and subsurface runoff and for evapotranspiration, and the
rates and amounts of recharge to ground water [13,14]. Thus, simulation of soil moisture distribution,
especially during the infiltration processes, is particularly important for calculations of hydrological
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runoff, irrigation and drainage of farmland, groundwater resources, and for the prevention of soil
salinization [15–17].

Previous studies have tried to reproduce the soil moisture trace and describe soil water movement
in the unsaturated zone [18]. Soil moisture distribution is individually or jointly affected by soil
properties and topographic features [19,20]. For example, soil thickness is a significant factor controlling
the infiltration of soil water on a hillslope [21], and topography is an important factor in the spatial
distribution of soil moisture [22]. Several studies have also shown that the hillslope plays an important
role in the distribution of soil moisture, and conceptual formulae have been proposed to explain the
effect of hillslope on soil moisture distribution [23]. Huang et al. [19] found that the first-order controls
of soil moisture distribution differed between the upper layer (10 cm) and the deeper layer (50 cm).
Therefore, it is vital to understand and consider the different controls in vertically layered soils to
predict soil moisture distribution explicitly and accurately. Previous studies have also found that the
occurrence of lateral unsaturated flow in both saturated and unsaturated zones on a hillslope can affect
the spatial distribution of soil moisture [24,25].

Infiltration and soil moisture distribution involve unsaturated flow in porous media, which can
be understood and simulated by the Richards’ equation. However, because of the complexity of
the Richards’ equation and the limitations of the techniques to solve it, the exact solution for this
equation has still not been fully elucidated [26]. At the same time, many empirical solutions have
been developed to estimate water infiltration into unsaturated soils [27]. Some of these solutions use
approximate analytical solutions or numerical approximations of basic equations [28], while others
use simpler physically-based representations, such as the Green–Ampt [29] and Philip approaches [30].
However, these approaches do not describe the effect of controlling factors at different depths of the
soil layer. All of the solutions proposed to date include a number of assumptions and do not account
for variations in soil properties and topography in continuously stratified soil layers. Therefore, more
research is needed on the governing equation and the solution for estimating soil moisture distribution
and the different controlling factors in different soil layers.

In this study, we focused on the equations for estimating soil moisture distribution and water flow
in the partly saturated and unsaturated zones of the subsurface soil. At the point scale, as precipitation
water reaches the ground surface, it infiltrates into the soil. The water in the soil profile may move to a
different soil layer by diffusion or rise by liquid capillary action, which will change the distribution of
soil moisture [31]. The primary objectives of this study were: (1) to identify the factors controlling soil
moisture distribution dynamics in various soil layers based on analyses of the spatial dynamics of soil
moisture content in different soil layers; and (2) to develop a modified equation combined with in situ
parameters representing soil properties and topographic features to better describe the distribution of
soil moisture in various soil layers.

2. Materials and Methods

2.1. Study Area

We conducted the field study on a natural hillslope (116◦07′52′′ E, 40◦00′52′′ N) located in the
hilly area of YongDing River Basin, west of Beijing (Figure 1). This area is characterized by a warm
temperate continental monsoon climate with four distinct seasons. The summers are hot and wet,
and the winters are cold and dry. The annual mean temperature, and daily maximum and minimum
temperatures are 11.7 ◦C, 40.2 ◦C, and −19.5 ◦C, respectively. The annual mean precipitation in the
district is 568 mm (1981–2010) and it is unevenly distributed over the year. The rainfall in the rainy
season (June–September) contributes about 81% of annual rainfall. During the observed period (from
July 2016 to June 2017), the total rainfall was 628 mm, and the maximum rainfall amount in an event
was 215 mm on 6 July. The largest peak rainfall intensity was 5 mm/min. Such heavy rain in the
flood season was an extreme storm pattern and would induce soil erosion events, which made runoff
easier and infiltration harder to be observed. Even if most of the precipitation concentrated in the flood
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season (from June to August), the natural rainfall-infiltration processes in the non-flood seasons (from
September to May) were selected in this study, considering the importance to collect infiltration results.
In the non-flood seasons, the total number of rainy days (>2 mm) was 16 days, and the mean rainfall
intensity was 0.52 mm/min. The rainfalls in this period were sprinkles but lasted for longer time.

The natural-state experimental plots were located on the south-facing part of the hillslope, in a
rectangle 20 m long and 5 m wide with an area of approximately 100 m2 (Figure 1). The hillslope had
an average gradient of 34% (corresponding slope is 19 degrees). The dominant vegetation was primary
perennial herbs and shrubs. According to the China Soil Database, the loamy soil is the main soil type
in the study sites, with mean bulk density of 1.4576 g/m3. The loamy soil properties, including texture
(content of sand, silt, and clay), bulk density, saturated water content, saturated hydraulic conductivity,
and the fitting parameters to soil water retention curve are described in Table 1.
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Table 1. Soil properties: texture (content of sand, silt, and clay), bulk density, saturated water content,
saturated hydraulic conductivity, and the fitting parameters to soil water retention curve at this site.

Parameters Texture n Sand Silt Clay ρ θn D(θ) α Ks

(%) (%) (%) (g/cm3) (cm3/cm3) (/cm) (m/d)
Values loam 0.5 49.44 45.04 5.52 1.4576 0.5 0.001 5 0.000132

n: soil porosity; ρ: bulk density; θn: saturate soil water content; D(θ): hydraulic diffusivity; α: pore-disconnectedness
index; Ks: saturated hydraulic conductivity.

2.2. Soil Moisture Measurement

Prior to observations, the experimental plot was bordered by cement bricks buried at a depth of
50 cm to avoid interference from outside the area. This brick border ensured that there was no water
exchange between the inside and outside of the experimental area. A soil monitoring system was
installed to record rainfall events and soil moisture conditions. This complex system covered ten points
and five soil depths and comprised multiplex transducers. To measure inputs, two precipitation gauges
(18 cm diameter, 70 cm height) were placed vertically on the hillslope. One was able to be moved to
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different places on the hillslope to reduce the error from interception by vegetation, and the other
was fixed on the east side near the bottom of the brick-enclosed area. To characterize soil moisture
in detail, eight EM50 instruments (each with a moisture sensor and temperature sensor) were placed
randomly to subsurface on the hillslope, and deposition was measured at these eight positions every
minute whether it was raining or not. The instruments monitored soil moisture and temperature at
five depths (10, 20, 30, 40, and 50 cm). The soil moisture probe output was converted to volumetric
soil moisture (m3/m3) ranging from 0 to 100% with accuracy of ±2%. Most infiltration models and
equations assume that initial soil moisture is uniform among different depths, but in reality, initial water
moisture is non-uniform in the natural soil profile. Monitoring instruments can record non-uniform
initial water moisture during the infiltration process. The initial water moisture data recorded by the
EM50 instruments were used to simulate the distribution of soil water during infiltration.

2.3. Theory

Experiments have shown that, in the absence of a water table, there are two basic patterns of
soil-water distribution following infiltration [32]. The first is that soil moisture always decreases
monotonically with depth and the water-content gradient across the wetting front gradually decreases
as the front descends. In this case, the smaller the amount of infiltrated water, the faster the distribution
rate. This condition occurs in fine-grained soils and small initial depths to the wetting front at the end
of infiltration. The second pattern is the development of a “bulge” in soil moisture because of rapid
gravitational drainage soon after infiltration ends, and this bulge persists as distribution progresses.
A sharp wetting front is maintained, but the soil moistures above the bulge form a gradual “drying
front” that is transitional to the field capacity. This situation occurs when the gravitational force is
significant and hence, it is a characteristic of coarse-grained soils and deeper soil layers.

Following Hillel [33], we considered distribution first in completely wetted profiles, and then
in partially wetted profiles. The process of distribution is governed by, and can be numerically
modeled using, the Richards’ equation. The one-dimensional form of Richards’ [1] equation describes
two items: sorption and gravity. Sorption is the horizontal infiltration of water into a partly but
uniformly saturated soil when the movement of displaced air is unimpeded. Although this type of
one-dimensional horizontal flow may not be very common in nature, the solution of this problem
is of practical importance. Over the years, sorptivity has come to be considered as one of the more
fundamental flow properties of a soil, and its relevance extends well beyond the phenomenon of
sorption [34]. Sorptivity also arises naturally in the formulation of vertical infiltration capacity
and in the formulation of different facets of rainfall infiltration [35–37]. Most natural soils have
soil water diffusivity, which is strongly dependent on soil moisture [38]. Therefore, the results
obtained in the following section with a linearized soil model may appear suspect at first. However,
soil moisture-dependency is not always strong, so a linear model may still come close to describing the
situation. Indeed, linearization simplifies the analysis considerably.

2.3.1. Governing Equations

Richards’ equation, as the basic theoretical equation for infiltration into a homogeneous porous
medium, was derived by combining Darcy’s Law for vertical unsaturated flow with the conservation of
mass [1]. Richards’ equation can be used as the basis for numerical modeling of infiltration, exfiltration,
and distribution by specifying appropriate boundary and initial conditions, by dividing the soil
into thin layers, and then applying the equation to each layer sequentially over small increments
of time [39]. Tests have shown good agreement between the predictions of the numerically solved
Richards’ equation and field and laboratory measurements [40]. However, because it is non-linear,
there is no closed-form analytical solution except for highly simplified boundary conditions. Numerical
solutions are not very useful for providing a conceptual overview of the ways in which various factors
affect infiltration, and they are generally too computationally intensive to include in operational
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hydrological models. Thus, it is necessary to develop approximate analytical solutions to the Richards’
equation for specific situations, such as soil moisture content distribution and infiltration [41].

The movement of water after infiltration is complicated: upward- and downward-directed
pressure gradients can develop in different parts of the profile due to drainage and evapotranspiration,
and the effects of hysteresis can also be important [38]. There are many factors that determine the
process of infiltration, but in this study, the following idealized condition is assumed: the block of soil
is homogeneous to an indefinite depth; has a horizontal surface at which there is no evapotranspiration;
and has soil moisture (θ) just prior to t = 0 that is also invariant at an initial value θ0.

We assumed the validity of the Richards’ equation for flow in the unsaturated zone and used the
Brooks-Corey [42] approximation for soil-water retention. Richard’s equation was written to include an
evolving moisture content (θ). In idealized conditions, Richards’ equation can be described as follows:

− ∂θ

∂t
= ∇ · [−K(θ) · ∇ψ] (1)

where t is time;∇ψ is a source–sink term, which includes x, y, and z as longitudinal, lateral, and vertical
(positive downward) directions, respectively; K(θ) is the hydraulic conductivity; θ is volumetric soil
moisture (ratio of water volume to soil volume), and the theoretical range of θ is from 0 (completely
dry) to n (saturated, where n is soil porosity).

θ =
Vw

Vs
(2)

where Vw is the volume of liquid water in the soil; Vs is the total volume of soil.
∇ is the operator:

∇ =
∂

∂x

→
i +

∂

∂y

→
j +

∂

∂z

→
k (3)

where
→
i ,
→
j and

→
k are three unit vectors in the x, y, and z direction.

For the stratified soil layers, we considered only flows in the vertical direction, so the
one-dimensional simplified Richards’ equation could be written as follows:

∂θ

∂t
=

∂

∂z

[
K(θ)

∂ψ

∂z

]
(4)

As shown in Equation (3), Richards’ equation has two terms: one expressing the contribution of
the suction gradient, and the other originating from the gravitational component of total potential.
Whether one or the other term predominates depends on the initial and boundary conditions and on
the stage of the process considered [33]. Diverse factors affect soil water distribution in soil layers at
different depths. Therefore, the initial and boundary conditions should account for different factors
affecting soil water distribution in different soil layers.

2.3.2. Modified Solution Equation with Parameters of Soil Properties for Upper Soil Layer

In Equation (3), hydraulic conductivity is determined largely by the size (cross-sectional area)
of the pathways available for water transmission. In the upper soil layers, this size is determined by
grain size and the degree of saturation. For a given soil, hydraulic conductivity increases non-linearly
to its saturated value, ks. The power-law equation is as follows:

K(θ) = ks

(
θ

n

)α

(5)

where ks is the hydraulic conductivity at saturation; α is the pore-disconnectedness index.
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The hydraulic diffusivity D(θ) is defined as follows:

D(θ) = K(θ)
dψm

dθ
(6)

where Ψm is water pressure head. Therefore, the solution of Equation (6) can be formulated as follows:

∂θ

∂t
= D

∂2θ

∂z2 −
α

n
ks

∂θ

∂z
(7)

Assuming the following initial and boundary conditions:

θ(z, t)|t=0 =∆θ · δ(z− 0) (8)

where δ is the water potential difference between the depth of z and the surface. Integrating Equation (8)
leads to:

θ(z, t) =
θ0√
πDt

exp

(
−
(
z− α

n kst
)2

4Dt

)
(9)

2.3.3. Analytical Formulation with Slope for Deeper Soil Layer

Two directions have been commonly used for infiltration on the hillslope. The main direction is
the direction normal to the slope surface [43], and the other is the vertical direction, which is taken
as the divide [44]. We used Richards’ equation, which has the same coordinate system as Philip’s;
therefore, it is more reasonable to use the direction defined by Philip [43].

Flow occurs in response to spatial gradients of mechanical potential energy, which has two
components: gravitational potential energy and pressure potential energy [1]. For unsaturated soil,
the hydraulic head ψ is defined as the sum of the water pressure head ψm and elevation head ψg,
so we have:

ψ = ψm +ψg. (10)

Considering the effect of slope:
ψg = z · cos β (11)

where β is the hillslope.
In Equation (3), assuming there is a uniform function for the water potential gradient ψm and soil

moisture θ, and also for the hydraulic conductivity K(θ) and soil moisture θ, the relationship becomes:

∂θ

∂t
=

∂

∂z

[
K(θ)

dψm
dθ

∂θ

∂z

]
+ cos β · dK(θ)

dz
∂θ

∂z
(12)

As mentioned above, hydraulic diffusivity D(θ) is defined using Equation (6), assuming the
hydraulic conductivity K(θ) is a constant k, so D(θ) becomes constant and the following solution
is obtained:

dK(θ)/dθ = k (13)

where k(θ) is a constant of the hydraulic conductivity value.
The result is here approximated as follows:

∂θ

∂t
= D

∂2θ

∂z2 + k · cos β · ∂θ

∂z
. (14)
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The infiltration into subsurface soil after precipitation is governed by Richards’ equation, but the
boundary conditions are quite different in specific situations. In this study, we assumed the following
linear initial and boundary conditions: 

θ(z, 0) = θ0

θ(0, t) = θn

lim
x→∞

θ(z, t) = θ0

(15)

where θ0 and θn are initial and saturate soil water content. The sum of soil moisture is defined as
follows [28]:

θ(z, t) = θ1(z, t) + θ2(z, t). (16)

For soil moisture, the following solution is obtained:

θ − θ0

θn − θ0
=

1
2

[
er f c

(
z− k · cos β · t

2
√

Dt

)
+ exp

(
cos β · kz

D

)
· er f c

(
z + k · cos β · t

2
√

Dt

)]
. (17)

Here, erfc represents an iterated complementary error function [45].
The result is the soil moisture at any given time and depth in a semi-infinite unsaturated porous

medium domain. The procedure described in this paper is valid for a specific series of successive
soil-controlled phases of infiltration or any conditions specified by the given boundary conditions. The
parameters needed in the equation are described above and shown in Table 1.

2.4. Data Statistics and Analysis

The performance of simulations was evaluated by root mean square error (RMSE), which was
calculated as follows:

RMSE =

√√√√ 1
N

(
N

∑
i=1

(θ − θ̂)
2
)

(18)

where θ is the observed soil moisture at time t, θ̂ is the estimated soil moisture at given time and depth,
and N is the number of measurements.

To evaluate the accuracy of the predicted soil moisture of the equations, we calculated bias
as follows:

Bias =
∑N

i (θ − θ̂)

N
. (19)

The estimation results of the two equations were compared using Relative error (Re), which was
calculated as follows:

Re =

∣∣θ − θ̂
∣∣

θ
× 100%. (20)

The simulation results were statistically analyzed using SPSS (version 18.0) software and Origin
software 10.2.

3. Results

3.1. Temporal Analysis of Soil Moisture in Vertically Layered Soils

Soil moisture increased and decreased in response to seasonal climatic variations (Figure 2) and
after recharge from individual precipitation events (Figures 3–6). Precipitation was the main cause of
variations in soil moisture over time. The response of soil moisture to precipitation is shown in Figure 2
(correlation coefficient between soil moisture and effective precipitation, 0.89). The correlogram
indicated that soil moisture increased with increasing rainfall when the precipitation was less than
30 mm per day, but remained almost unchanged when the precipitation was greater than 30 mm per
day. These results confirmed the process of infiltration.
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The fluctuation of soil moisture was also influenced by other climate factors, such as
evapotranspiration. As shown in Figure 2, the mean soil moisture values in June and September
were lower than other summer months, which was attributed to the extreme high evapotranspiration
in these two months.

Some previous studies obtained contrasting results. For example, Liao et al. [46] found that
the highest mean soil moisture values in the year were in summer (from June to September). These
findings provide meaningful information for choosing a better process of infiltration under drier soil
conditions caused by larger rainfall amounts and stronger rainfall intensity.

The spatial variation in soil moisture in vertical directions was significant. The variation in
soil moisture in different soil layers over time is also shown in Figure 2. In the upper soil layers
(<30 cm), the soil moisture content decreased with precipitation events, and fluctuated and varied
more dramatically than in the deeper soil layer (>30 cm). Table 2 shows the mean, standard deviation
(SD), and coefficient of variation (CV) values for soil moisture content in multiple soil layers at observed
points. The mean soil moisture from 10 to 50 cm remained unsaturated during most stages of the study
period, but the soil moisture in each layer never approached the residual soil moisture. As soil moisture
increased, the mean moisture showed a decreasing trend with values of 31.58%, 30.83%, 23.04%, 24.65%,
and 16.28% at 0–10, 10–20, 20–30, 30–40, and 40–50-cm depths, respectively. As indicated by the SD
and CV of soil moisture over time in multiple soil layers, there were larger changes in the spatial
mean of soil moisture over time in the shallow soil layers, while soil moisture was more stable in the
deeper layers.
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Table 2. Temporal statistics (September 2016–August 2017) for mean soil moisture, the standard
deviation, and the coefficient of variation in multiple soil layers.

Temporal Statistics 0–10 cm 10–20 cm 20–30 cm 30–40 cm 40–50 cm

Mean (%) 31.58% 30.83% 23.04% 24.65% 16.28%
Standard Deviation (SD) 0.037708 0.018525 0.006102 0.01508 0.015195

Coefficient of Variation (CV) 11.94% 6.01% 9.33% 6.12% 2.65%

3.2. Comparison of Simulation Results of Modified and Original Richards’ Equation for Two Soil Layers

Tables 3 and 4 compare the soil moisture simulation results between observed values and
estimated values at two soil depths (10 and 50 cm) using the modified and original Richards’
equation. Six infiltration processes were selected in the study area from September 2016 to May
2017 during the rainy period. For the upper soil layers, the patterns of estimated soil moisture were
similar to the measured patterns, but there was more severe bias when using the modified Richards’
equation. This was indicative of the uncertainty limits in the upper layer. The RMSE generated by the
modified equation was between 0.0010 and 0.0272, while the Re was below 5% (see in Table 3). Hence,
the modified Richards’ equation was more accurate than the original one. For the deeper soil layers,
soil moisture fluctuated sharply and peaked 3 h after the rain stopped. The original Richards’ equation
was insufficient to describe the distribution of soil moisture in the empirical case. The estimated soil
moisture should have gradually fluctuated in a range as for the observed values, but the soil moisture
estimated by the original Richards’ equation increased over time. The average value of RMSE, bias,
and Re for the modified Richards’ equation were 0.0128, 0.0024, and 1.60%, respectively, indicating
that it was more accurate than the original equation. Therefore, there were significant differences in
observed soil moisture for two soil layers at the same points; while the modified Richards’ equation
can reproduce the soil water content accurately for both of the two depths.

Table 3. Simulation accuracy of modified equation and Richards’ Equation for top soil layer (10 cm).

Date
Root Mean Square Error (RMSE) Bias Relative Error

Modified
Equation

Richards’
Equation

Modified
Equation

Richards’
Equation

Modified
Equation

Richards’
Equation

2016/9/26 0.0057 0.0083 0.0052 −0.0053 2.41% 2.19%
2016/10/7 0.0108 0.0199 0.0090 0.0197 3.36% 7.47%
2016/11/21 0.0061 0.0050 0.0047 −0.0032 1.84% 1.18%
2017/3/24 0.0010 0.0080 0.0010 −0.0080 0.66% 5.20%
2017/4/13 0.0037 0.0066 0.0026 −0.0061 1.68% 3.75%
2017/5/13 0.0272 0.0428 0.0030 0.02342 1.06% 7.85%

Average 0.0091 0.0151 0.0042 0.0034 1.84% 4.61%

RMSE: the root mean square error.

Table 4. Simulation accuracy of modified equation and Richards’ Equation for deeper soil layers (50 cm).

Date
Root Mean Square Error Bias Relative Error

Modified
Equation

Richards’
Equation

Modified
Equation

Richards’
Equation

Modified
Equation

Richards’
Equation

2016/9/26 0.0100 0.0233 0.0024 0.0019 1.47% 1.98%
2016/10/7 0.0016 0.0150 0.0013 −0.0052 0.57% 1.84%
2016/11/21 0.0026 0.0063 0.0024 −0.0062 1.43% 3.63%
2017/3/24 0.0010 0.0080 0.0010 −0.0080 0.66% 5.20%
2017/4/13 0.0037 0.0066 0.0026 −0.0061 1.68% 3.75%
2017/5/13 0.0579 0.0569 0.0046 −0.0008 3.79% 1.57%

Average 0.0128 0.0194 0.0023 −0.0041 1.60% 2.99%

RMSE: the root mean square error.
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3.3. Spatiotemporal Variability in Soil Moisture Estimates

As shown in Figure 4, different uncertainty limits were specified for the two soil layers at eight
points in the study plot. The observed soil moisture at the eight points in different slope positions
are on the X-axis, and the results calculated with the two equations are on the Y-axis. To show the
accuracy of the measured and estimated soil moisture values, two lines in the range of ±20% errors
were plotted around the line of perfect agreement. At all sites, soil water content differed among
different slope positions and depths, while the patterns of the fluctuations in soil moisture were similar
to each other. The accuracy of the simulation results was less affected by the spatial variability on the
hillslope during the study period. The soil moisture estimated using the modified Richards’ equation
was generally more accurate than that estimated using the original Richards’ equation for both of two
soil layers in the region. In addition, the simulation results of the modified Richards’ equation showed
no spatial diversity in the deeper soil layer, so it did not improve the accuracy of the results for the
deeper layer. In the deeper soil layer, the factor of slope affected the decomposition of gravity so that
the simulation did not make sense for this layer. In contrast, the simulations for the upper soil layer did
not have this source of interference. For the upper soil layer, the estimated soil moisture in the upper
part and middle part of the slope fluctuated over time with little deviation from observation; while for
the deeper part of the slope, the simulation showed relative large deviations (Figure 5). This result
indicated that the original Richards’ equation lost its efficacy to describe soil moisture after infiltration
in two-layered soils. Although there were some differences between the simulated and observed
data for the lower part of the slope, the overall simulations were in a good agreement throughout the
infiltration processes.

For both the upper and the deeper layers, the soil moisture estimated from the modified Richards’
equation in the infiltration process after two longer rainfall events separated by short intervals was
closer to the observed values than were those calculated directly from the original Richards’ equation
(Figure 5). Both equations produced higher estimates of soil moisture in the upper layer than the
observed values. For the deeper soil layer, the simulation using the modified Richards’ equation
showed better agreement with observed values. Overall, both equations could not accurately estimate
soil moisture in the upper layer during longer rainy periods. The main reasons for these inaccuracies
were the variations in physical variables under different natural conditions. The main reason for the
high relative error of soil water estimates for the upper layer was that overland flow occurred over
hillslope surfaces during infiltration, which is discussed later.

4. Discussion

4.1. Impact of Overland Flow on Simulations of Soil Moisture in Upper Soil Layer in Longer Rainy Periods

Based on the boundary conditions assumption, the improved Richards’ equation provided more
accurate estimates of soil moisture than did the original Richards’ equation. However, the modified
equation showed a limited ability to replicate the observed soil moisture traces in longer rainy periods
and different spatial patterns of soil moisture. During infiltration, excess overland flow occurs when
the rainfall rate is greater than the infiltration capacity, so that the excess water runs off over the
surface. Overland flow is not a universally occurring phenomenon on a hillslope, and the prevalence
of infiltration excess overland flow depends on the intensity of the precipitation [47]. Infiltration excess
overland flow is the main mechanism of water movement when surfaces are relatively impermeable or
when there is a higher rainfall rate with only a thin soil layer. It can also occur on other more permeable
surfaces if the rainfall is sufficiently intense. Therefore, in the case shown in Figure 6, the two rainfall
events separated by a short interval and the large rainfall amount and strong intensity led to overland
flow. The soil moisture distribution in the upper layer was affected by the spatial variability of the
infiltration excess overland flow.

During the second rainfall event, the initial soil moisture was close to the saturated state in the
upper soil layer, and surface runoff occurred immediately after the start of the rainfall event according
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to the mechanism of saturation excess overland flow. In that case, the soil moisture at 10 cm depth
estimated using the original and modified Richards’ equations became less accurate. These overland
flow conditions in the shallow soil layers have implications for the prediction of factors controlling
infiltration processes and soil moisture distribution. If the surface soil is almost saturated before
infiltration or the intensity of precipitation is higher than the infiltration rate, then the precipitation
water will be lost by overland flow. Therefore, the simulation results for the upper layer were larger
than the observed values because the infiltration water was lost via overland flow during longer
rainy periods.

4.2. Effect of Downslope Flow on Accuracy of Simulations in Different Slope Positions

As shown in Figure 5, there were discrepancies in the simulation results along the slope and
estimates were more reliable for some parts of the slope than for others. This indicated that the values
for environmental control factors in the current modified equation could not significantly improve
the estimated results for the lower slope. It is possible that downslope flow occurred in the upper soil
layer, causing errors in the simulation of the modified Richards’ equation. Philip’s solution [43] for
infiltration on a hillslope included a parameter for downslope flow, that is, true lateral downslope flow
that occurs on a hillslope. In this study, the hillslope was under a natural state with natural vegetation,
and downslope flow could not be neglected, although the conditions for lateral downslope unsaturated
flow have not been clearly identified [24]. For the empirical case described in the previous section,
there were spatial patterns of soil moisture distribution along the hillslope from the upper part to the
lower part at depths of 10 and 50 cm. That is, the soil moisture content was higher in the lower slope
than in the middle and upper parts of the slope, consistent with the findings of Lv [24]. The results of
simulations in different slope positions suggested that downslope flow parallel to the slope surface led
to the space limitation. However, the effect of downslope flow on estimates of soil moisture cannot be
concluded definitively. Another important aspect is the complexity of downslope flow. Under different
natural environmental conditions (e.g., precipitation), soil moisture across a hillslope can show diverse
responses. One source of uncertainty is the conditions for lateral downslope flow. Measuring the
depth and direction of the flow is difficult, and subjoining the associated conceptualized parameters is
equally difficult. Although the limitations of the equation resulting from the uncertainty of downslope
flow were significant, they are beyond the purview of this study.

5. Conclusions

To estimate soil moisture for infiltration processes in layered soils, we propose a new modified
version of Richards’ equation. We simulated the distribution of soil moisture on a hillslope using the
modified and the original Richards’ equations, and compared the estimated results with measurements
made at different depths and times. Our key findings are as follows:

• Although Richards’ equation is one of the most widely used infiltration equations in hydrological
models, the original analytical solutions have a limited ability to estimate soil moisture traces
during infiltration on a hillslope.

• The spatial–temporal variations in soil moisture are controlled by diverse environmental control
factors, such as hillslope and soil properties. However, these factors are difficult to express using
the original Richards’ equation because of the difficulty in summarizing the related parameters.
As far as we know, this is the first attempt to express environmental factors using in situ layered
parameters in the infiltration equation.

• The simulation results calculated by the modified Richards’ equation with layered parameters
were better than those calculated by the original equation. However, the bias between the
simulations using the modified Richards’ equation and the observed values was higher for the
upper soil layers. The accuracy of simulations varied depending on the slope position and the
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length of the rainy period, because of the effects of lateral downslope flow and overland flow
during infiltration.

The results of this study showed that estimates of soil moisture on a hillslope were improved
by incorporating analytical solutions that consider different environmental controls in a modified
Richards’ equation. The modified equation provides a new in-layered method to reproduce soil water
distribution and can be applied in hydrological process models for use in research on water resources
and soil erosion. In further research on this topic, several other control factors should be taken into
account to improve the performance of an infiltration equation for estimating soil moisture along
hillslopes and in multiple soil layers.
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