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Abstract: The shafting vibration for the Hydraulic-Turbine Generator Unit (HGU) inevitably affects
the safe and stable operation of the Units. Excessive shafting vibration could cause fatigue damage of
materials, which eventually leads to malfunction of HGU and even results in damage accidents in
serious cases. Generally speaking, the vibration is mainly generated from the high-speed rotation
of the shafting, and mechanical, hydraulic, and electrical factors as the vibration exciting sources
may be coupled all to cause a vibration of the HGU, so it is necessary to take the whole shafting as
a specific object of study. In recent years, many scholars have conducted much research on them
and their results are focused more on how to control the influence of external excitation sources
of vibration, but still lack consideration of the shafting’s internal mechanism of vibration. In this
paper, a predictive analysis method is proposed to reveal the internal mechanism of vibration.
Starting from the analysis of natural vibration characteristics of the shafting, this study establishes
the finite element calculation model of the shafting of the HGU based on the finite element analysis
method. By selecting appropriate research methods and calculation procedures, the modal analysis
of the dynamic characteristics of the shafting structure is carried out. Finally, the first ten-order
natural vibration characteristics and critical rotational speed of the shafting structure are successfully
calculated, and the results conform to the basic laws of shafting vibration. In addition, by comparing
the relationship between rotational frequency such as the rated speed, runaway speed, and critical
speed of the shafting, the possibility of resonance of the HGU is analyzed and predicted, and then
some suggestions for optimization design such as increasing the shafting’s stiffness and balancing
its mass distribution are proposed. Therefore, this study provides a basis for guiding the structural
design and optimization of the shaft system in engineering, and avoids the resonance caused by
the excitation source such as rotational frequency, thereby ensuring the safe and stable operation of
the HGU.

Keywords: Hydraulic-Turbine Generator Unit (HGU); shaft system; natural vibration characteristics;
modal analysis; critical speed

1. Introduction

At present, along with the continuous increase of the unit capacity and operating
head of the Hydraulic-Turbine Generator Unit (HGU), the safety and stability of the HGU
have become increasingly highlighted, and the vibration is one of the important factors
affecting the stable operation of the Unit. Excessive vibration not only causes fatigue
damage to materials, shortens the service life of the equipment, but also causes the HGU
to fail to operate normally. In severe cases, it may cause damage accidents to HGU and
eventually lead to causing huge economic losses [1,2]. In recent years, various extents of
vibration problems have occurred in hydropower plants (HPP), such as Xiaolangdi, Yantan,
Wuqiangxi, and Wanjiazhai HPP in China; Guri HPP in Venezuela, and Grand Coulee
HPP in the United States. Due to the vibration, some cause cracks in the runner blades,
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tearing of the draft tube; some cause fatigue of parts or welds, which leads to form or
expand cracks until they break; and some even cause resonance in the powerhouse and
adjacent hydraulic structures, which eventually endangers the safe and stable operation of
the HPP [3–5]. Therefore, the predictive analysis and control of the vibration phenomenon
of the HGU is a significant factor that must be considered during the design, construction,
and operation of the HPP [6].

In the actual operation of the HGU, there should be more or less vibration due to the
high-speed rotation of the shafting, the research on which has always been highly valued
by the academic and engineering circles. Due to the particularity of the working medium
of the HGU, the causes of the vibration are much more complicated than other rotational
machinery. In addition to the vibration caused by mechanical unbalance, the influence
of hydrodynamic pressure of the fluid and the unbalance of the electromagnetic force
should also be considered. Therefore, in the actual operation of the Unit, the combination of
mechanical unbalance factors, hydraulic unbalance factors and electromagnetic unbalance
factors jointly cause the vibration of the shaft system [7]. In recent years, the research on the
vibration of the HGU has made important progress in the depth and breadth of research
compared with the traditional research methods. By drawing on mathematics, physics
and other basic disciplines and combining them with computational technology, many
new research fields have been explored, and thus research and experimental methods have
become more modernized, and with it, more and more in-depth and significant results and
findings have been disclosed on the mechanism of the HGU’s vibration, which contributes
to pushing ahead with the theory and practice in engineering [8].

In terms of mechanical factors, due to mechanical unbalance caused by manufacturing,
installation, maintenance and other factors, the shafting and supporting structure of the
HGU deviate from the symmetry, which results in vibration and unstable operation of
the Unit. Numerous studies have shown that the main reasons for mechanical unbalance
are: the main shaft is not straight; the mass of the rotating parts is unbalanced, such as
the mass unbalance of the turbine runner and the generator rotor; the rotational parts are
not concentric with the fixed parts, resulting in friction or collision; clearance of guide
bearing pad is excessive or lack of lubrication; thrust bearing adjustment is not appropriate
or the surface of thrust bearing pads is not level, etc. These factors cause mechanical
vibration [9–13]. It has also been found in practice that due to the improper manufacturing
or installation quality of the generator, or the bending and deformation of the generator
shaft system, the outer circle of the generator rotor is eccentric relative to the inner circle of
the stator. This eccentricity also leads to a non-uniform air gap that results in an unbalanced
magnetic pull. Unbalanced magnetic pulling force and centrifugal force act on the shafting,
which causes lateral vibration and torsional vibration of the shafting. The vibration caused
by mechanical defects or faults has common characteristics in that the vibration frequency
is mostly equal to the rotational frequency or a multiple of the rotational frequency, and
the unbalanced force is generally horizontal and radial. In addition, the natural vibration
characteristics of the shafting system determined by the structural design of the shafting
system, such as the natural vibration frequency, the main vibration mode and the critical
speed, have a fundamental effect on the vibration characteristics of the shafting system. The
stiffness of the shafting structure and the stiffness coefficient of the guide bearing also affect
the natural frequency, critical speed and main vibration mode of the shafting. Because as
long as various excitation sources interacted with the natural vibration characteristics of
the shafting structure, the actual vibration response characteristics are just shown [14–17].

In terms of hydraulic factors, all the energy driving the HGU comes from the kinetic
energy of the fluid, which interacts with the rotational parts of the HGU. Due to the irregular
flow channel shape of the turbine and the uncertainty of the rotation phenomenon, the
internal flow field is so complex that it is very difficult to grasp the hydraulic vibration.
Therefore, hydraulic vibration is one of the main vibration sources of the shaft system.
More and more researches illustrate that the main factors that cause hydraulic vibration
are as follows: the vibration caused by the Karman vortex; the vibration caused by the
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low-frequency vortex in the draft tube; the vibration caused by the unstable flow at the
outlet of the stay vane; the vibration caused by unreasonable matching between the number
of runner blades and the number of stay vanes of the hydraulic turbine; as well as the
vibration caused by the cavitation effect, etc. Hydraulic factors have a significant impact
on the shafting vibration, and its mechanism is also very complex due to the strongly
coupled interaction with the turbulent flow, the research of which carried out by scholars
in the past reveals the aforementioned results [18–20]. In addition, by summarizing the
previous research results, it also can be found that hydraulic vibration varies with the
working conditions of the HGU. If the working water head of the turbine is constant during
operation, the amplitude of hydraulic vibration varies with the change of flow and load,
while the load is constant, the hydraulic vibration under the condition of different heads
is also different. However, if the water head and flow rate are constant, the hydraulic
vibration is different due to the different cavitation coefficients of the turbine [21,22].

In terms of electrical factors, during the operation of the HGU, because the lines of
magnetic force pass through the air gap between the rotor and the stator, a pulling force is
generated between the stator and the rotor, i.e., magnetic pulling force. When the magnetic
field is uniform under ideal conditions, the magnetic pulling force distributed on each point
in the radial direction of the rotor is also uniform, and their resultant force should be zero so
that the shafting could rotate in a balanced state. However, if there is an eccentricity between
the rotor and the stator, the magnetic pulling force is also unbalanced, and the unbalanced
magnetic pull could affect the dynamic characteristics of the shafting system which makes
the vibration frequency change with the shafting rotation. Therefore, the vibration caused
by electromagnetic factors mainly means that the vibration exciting force comes from
the electromagnetic force of the electrical parts of the generator, which is characterized
in that the vibration increases with the increasing of the excitation current [23–25]. The
electromagnetic vibration of the HGU can be divided into two categories: one is rotational
frequency vibration and the other is extreme frequency vibration (its frequency is usually
up to 100 Hz). The frequency of rotational frequency vibration is usually equal to the Unit’s
rotational frequency or its integral multiple, which is one of the main vibration sources of
HGU with a large diameter. The main causes of the rotational frequency vibration are as
follows: the air gap between the rotor and the stator is not uniform; the outer circle of the
rotor or the inner cavity of the stator is not round; the rotor geometric centre is inconsistent
with the rotational centre; there are a dynamic or static imbalance of the rotor as well as the
short circuit between coil turns, etc. However, the extreme frequency vibration is usually
formed by the interaction of the rotor magnetic field and the stator magnetic field, and the
large or abnormal extreme frequency vibration usually occurs in the form of resonance.
The extreme frequency vibration of the stator is a natural vibration that usually occurs
in the yoke part of the stator core. The main causes of the extreme frequency vibration
are as follows: the sub-harmonic magnetic potential of the stator fractional slots, which
induces a vibration frequency of 100 Hz, and its amplitude increases with the increase
of the load current; the magnetic potential generated by the circulating current in the
parallel-circuit branch of the stator, which can induce a series of asymmetric sub-harmonic
potentials, and cause extreme frequency vibration with a frequency of 100 Hz; the reverse
magnetic potential induced by the negative sequence current, which causes the stator core
to vibrate as a standing wave; as well as either the stator is not round, or the split stator is
not tightly seamed. Up to now, much research and experiments regarding the unbalanced
magnetic pull force carried out by many scholars have illustrated and testified the beneficial
results hereinbefore, which have played a positive role in analyzing and understanding the
electrical vibration mechanism [26–28].

In the actual operation of the HGU, these three factors are coupled with each other,
showing complex characteristics of vibration response. In fact, the vibration of the HGU
is mainly caused by the high-speed rotation of the shafting, so it is necessary to take
the whole shafting as a specific object of study and analysis. Although many scholars
tried to consider the above three factors in the predictive research of shafting vibration
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characteristics as much as possible, accurately simulating the vibration by considering
all the above factors in one numerical calculation model still cannot be fully realized at
present. Therefore, it is feasible and customary to select the representative influencing
factors according to the actual situation of HGU and consider them in the specific model
of the corresponding study [29,30]. In addition, the aforementioned factors caused by the
unbalance of manufacturing, installation, maintenance and so on could be regarded as
external vibration exciting sources, and their research results are focused too much on how
to control the influence of external excitation sources with neglecting the exploration on the
internal and inherent mechanism of shafting vibration. However, moderate vibration of
the Unit is allowed in practical engineering, and only when the external excitation source
is close to the natural vibration characteristics of the shafting structure, the resonance
phenomenon that is most harmful to the Unit would appear. Long-time resonance will
inevitably endanger the safe and stable operation of the Unit, which is not allowed in
engineering. Therefore, in order to predict and evaluate whether the shafting could generate
resonance or not, in addition to controlling the influence of the external excitation source, it
is also necessary to fundamentally analyze and study the inherent vibration characteristics
of the shafting structure, i.e., the study of the natural vibration characteristics, which are
mainly determined by the structural design of the shafting.

The study of natural vibration characteristics includes the contents of traditional rotor
dynamics research such as numerical calculation of natural frequency, critical speed, and
mode shape, as well as the influence analysis of various factors on natural vibration charac-
teristics [1,2,31–33]. Among them, the finite element modal analysis is not only a modern
method to study the dynamic characteristics of the natural vibration of the structure, but
also the application of the system identification method in the field of engineering. The
modal analysis uses the modal coordinates corresponding to the main vibration modes
of the undamped system to replace the physical coordinates, and decouple the differ-
ential equations with coupled coordinates into differential equations with independent
coordinates, so as to calculate the modal parameters. Modes are the natural vibration
characteristics of mechanical structures, and each mode has a specific natural frequency,
damping ratio, and mode shape. These modal parameters could be obtained by numerical
calculation or experimental analysis, and thus such a process of calculation or experimental
analysis is called modal analysis. Vibration modes are inherent and integral characteristics
of elastic structures. If the main modal characteristics of the structure in a certain susceptible
frequency range are figured out by the modal analysis method, it is possible to predict the
actual vibration response of the structure under the action of various external or internal
vibration exciting sources within this frequency range, so as to make the structure design
avoid resonance or vibrate at a specific frequency. Therefore, the modal analysis would
be an important method to guide the dynamic design of structures and fault diagnosis of
equipment in the future [34].

In conclusion, in order to explore and reveal the natural vibration characteristics of the
shafting structure of the HGU, and combine with the needs of the research on the operation
stability faced by the author in the actual hydropower project, this paper will conduct the
finite element modal analysis research on the shafting structure of an HGU for a newly
built hydropower plant in Turkey. By calculating and simulating the natural vibration
characteristics of the shafting structure, it is able to predict the possibility of resonance
occurring in the shafting under the action of relevant vibration sources, thereby evaluating
the stability and safety of the Unit’s structural design, as well as guide the optimal design
of the shafting.

2. Methodology
2.1. Principle of Finite Element Modal Analysis

In this paper, the finite element method is proposed to discretize the solid model of
the shaft system of the HGU, and then the finite element calculation model is established to
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carry out the modal analysis. For a linear system with N degrees of freedom, the general
equation of motion is:

[M]
{ ..

x(t)
}
+ [C]

{ .
x(t)

}
+ [K]{x(t)} = {F(t)} (1)

Assuming free vibration and ignoring damping, the equation can be simplified to:

[M]
{ ..

x(t)
}
+ [K]{x(t)} = 0 (2)

Assuming harmonic motion, the equation can be described as:(
[K]−ω0

2[M]
)
{g} = 0 (3)

Here: [M]—Structural quality matrix, [C]—Structural damping matrix, [K]—Structural
stiffness matrix, {F}—Load function over time, {x}—Node displacement vector,

{ .
x
}

—
Node velocity vector,

{ ..
x
}

—Nodal acceleration vector, {g}—Amplitude vector of vibration
system, t—Time.

The root of Equation (3) is ω0
2, i.e., the eigenvalue, i ranges from 1 to the number

of degrees of freedom N, and the corresponding vector is {x}i, i.e., the eigenvector. The
square root of the eigenvalue is {ω}i, which is the natural circular frequency (rad/s) of
the structure, and the natural frequency fi = ωi/2π can be obtained, and the eigenvector
{x}i represents the mode shape, i.e., the shape when the structure is assumed to vibrate at
frequency fi.

After the eigenvalues and eigenvectors are obtained, the natural vibration frequency
and mode shape of the structural system can be also obtained, which compose the natural
dynamic characteristics of the structural system.

2.2. Model Simplification and Assumptions

Because there are various factors that affect the vibration of the HGU, in addition, there
are also complex coupling effects among them, it is difficult and impractical to consider
all the influencing factors in one calculation model to accurately predict the vibration of
the shafting. Grasping the main factors and simplifying the practical problems in actual
engineering are the premise to establish a mathematical model that could describe the
dynamic characteristics of the overall shafting of the HGU [35]. The working condition
of the shafting of the HGU is very complex in the actual operation, and its dynamic
characteristics depend on many factors such as material, structure, and external vibration
exciting force. This paper mainly studies the natural dynamic characteristics of the shafting
structure. Therefore, before establishing its finite element model, in order to facilitate the
numerical calculation but not to impact the simulating of the actual shafting, the necessary
and reasonable simplification and assumption of the actual shaft system should be made
as follows:

(1) It is assumed that the rotating shaft system is a constant system and also a linear elastomer;
(2) The model material is considered to be isotropic and the density distribution is uniform;
(3) It is assumed that the displacement and deformation are small, i.e., small deformation;
(4) The connection between the components of the shafting shall be treated as an inte-

grated connection, and the shafting shall be regarded as a whole after connection.

2.3. Predictive Analysis Steps and Processes

The finite element modal analysis to be adopted in this paper mainly includes the
establishment of the solid geometric model of the shaft system, the establishment of
the finite element calculation model, the pre-processing, the calculating and solving, the
post-processing, the result analysis, the stability predicting and evaluating. The detailed
flowchart is shown in Figure 1.
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2.3.1. Establishing the Solid Geometric Model of the Shaft System

The shafting structure of the vertical Francis HGU is mainly composed of a gener-
ator rotor, generator shaft, turbine shaft, and runner. In the modeling process, the solid
geometric model of each component of the shafting should be established first, and then
assemble together to form the solid geometric model of the shaft system. In order to restore
the prototype of the actual Unit as more as possible, the three-dimensional solid geometric
model of the shafting is established based on the real design drawings of the studied
case. Except for the necessary simplification required by the model establishing, the actual
geometric dimensions are adopted in the model according to the design drawings.

2.3.2. Establishing a Finite Element Calculation Model

After the solid geometric model is established, the finite element calculation model
should be established before calculating and solving of finite element modal analysis is
carried out. The so-called finite element model refers to meshing the solid geometric model
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into small elements, so that it becomes a combination of many small elements and nodes.
Therefore, the finite element model contains the data such as the number of nodes, node
codes, node coordinates, and the number of elements and element codes. In addition, the
boundary conditions, material properties, and external loads should also be taken into
account. The quality of the finite element model is very important and should be evaluated
after meshing, because it will directly affect the accuracy of the calculation results and the
analysis efficiency.

Defining the material refers to determining the material’s physical and mechanical
parameters of each component of the shaft system, such as elastic modulus, Poisson’s
ratio, density, etc. The selection of their parameters plays an important role in the dynamic
characteristics of the shaft system. The elastic modulus can be regarded as an index to
measure the elastic deformation of a material. The larger the value, the greater the stress
that causes the material to undergo a certain elastic deformation. In other words, the greater
the stiffness of the material, the less elastic deformation under the action of a certain stress.
The materials of each component of the shafting structure in this paper are also selected
according to the real design drawings.

The meshing method used to discretize the solid geometric model can be divided
into automatic meshing, semi-automatic meshing, and manual meshing. During meshing,
it is necessary to define the type, size, and density of the elements. Generally speaking,
for the same solid model, the denser the mesh division, the smaller the elements, and
the more the nodes, and also the higher the accuracy of the numerical calculation results.
However, the higher the accuracy requirement, the greater the requirement for the storage
capacity of the computer, but the lower the calculation efficiency. Usually, in order to
balance the calculation accuracy and efficiency, the mesh division needs to be encrypted
only where the gradient of the domain variable is large, i.e., where the analysis data is large,
such as the area where the stress is concentrated. In this paper, the automatic meshing of
elements is adopted, and with it, the system will automatically select an optimized global
control parameter to control the size and position of the tetrahedral elements, which could
effectively divide the irregular structures into meshes and elements with different densities.
By optimizing the meshing quality, it can not only ensure a certain calculation accuracy,
but also improve the calculation efficiency.

2.3.3. Pre-Processing

The pre-processing mainly includes defining loads and defining boundary conditions.
For the vertical HGU, the balance of the shafting is mainly realized by the axial-direction
support of the thrust bearing as well as the radial-direction constraint provided by the
upper guide bearing, the lower guide bearing, and the water guide bearing. Therefore, it
is necessary to apply appropriate loads and boundary conditions onto the corresponding
bearing positions of the shafting according to the actual working conditions of the Unit
so as to constrain or release the corresponding axial-direction, radial-direction, or rota-
tional degrees of freedom, and simulate the actual loading and constraining situation of
the shafting.

2.3.4. Calculating and Solving

Currently, there are several methods for solving eigenvalues, such as matrix iteration
method, Jocobi method, QL method, QR method, etc. with almost 7 methods for calculating
and extracting the modes, i.e., Block Lanczos Method, Subspace Method, Power Dynamics
Method, Reduced Method, Unsymmetric Method, Damped, QR Damped. Each method
has its own advantages and applicable conditions, so an appropriate method needs to be
selected according to the actual situation of the modal analysis. For example, the Block
Lanczos Method is a very effective method for solving large sparse matrix eigenvalue,
which is suitable for extracting a large number of mode shapes (more than 40 orders)
of medium or large-scale models (with 5000-10000 degrees of freedom). It uses a set
of eigenvectors to implement Lanczos iterative calculation, by which a sparse matrix is
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automatically used to solve the results directly with faster calculation speed. However,
the subspace iteration method is very effective for extracting the first several order modes
(below 40 orders) of large-scale models, which is suitable for models composed of relatively
regular solid or shell elements. As long as the appropriate iteration accuracy and initial
iteration vector are selected, the calculation accuracy is usually high without missing roots.
Since this study intends to extract the first 10 order modes of the shaft system as analysis
objects, the subspace iteration method is selected as the mode extraction method.

2.3.5. Post-Processing

Post-processing can display the calculation results more apparently in the form of
color contour display, gradient display, vector display, particle flow trace display, three-
dimensional slice display, transparent and semi-transparent display, etc. In addition,
the calculation results can also be displayed or output in the form of charts and curves
according to the requirements of the specific study and analysis. The results of the mode
shapes in this paper will be displayed in the form of colored contour lines, and the natural
frequencies and critical rotational speeds are output in the form of graphs.

3. Case Study

The case study selected in this paper is a newly built hydropower plant in Turkey. This
project is installed with four vertical Francis Hydro generator Units with a unit capacity
of 20.26 MW, which have been successfully put into commercial operation. The general
introduction of the hydropower station is described as follows.

3.1. Basic Parameters of Hydraulic-Turbine Generator Unit

The basic parameters of the Hydraulic-Turbine Generator Unit are clearly described
as shown in Table 1.

Table 1. Basic parameters of the Hydraulic-Turbine Generator Unit.

Hydro-Turbine Generator

Type Francis Rated power 20,265 kw
Rated water head 181.26 m Rated voltage 10,600 V

Rated flow rate 12.5 m3/s Rated current 1298.6 A
Rated power 20,892 kW Rated frequency 50 Hz

Runner diameter 1430 mm Rated rotational speed 600 r/min
Moment of inertia ≥110 ton·m2 Runaway speed 1064 r/min

3.2. Shafting Composition and Geometric Dimensions

The shaft system of the HGU studied in this paper is composed of the generator
rotor, the generator shaft, the hydraulic turbine shaft, the runner, and related important
components. Among them, the generator rotor is assembled by several parts such as yoke,
magnetic poles, lower guide bearing, thrust head, and mirror plate, while the runner is
welded by the components such as an upper crown, blades, and lower ring. In order to make
the solid geometric model as close to the prototype Unit as possible, each component of the
shafting is kept with the actual structural distribution and size, and its main geometrical
parameters are shown in Table 2.

3.3. Material Properties of Shaft Components

In the shafting structure, the material of the runner is stainless steel 06Cr13Ni4Mo.
The materials of the turbine shaft, generator shaft, and the magnetic yoke are all forged
steel 45A; while the material of the magnetic pole is composed of various materials, among
which the coil material is braided by double-glass fiber wrapped flat copper wire, and pole
core is laminated by silicon steel plates, so this study takes the material parameters of pure
copper as a replacement of the magnetic pole for the sake of simplification. As for the rest,
the thrust head material is casting steel ZG270-500, and the lower guide bearing is forged
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steel 35A. The materials’ physical and mechanical parameters of the main components of
the shaft system are listed in Table 3.

Table 2. Shafting composition and main geometric parameters of the HGU.

Shafting System Parts Dimension Unit

Generator rotor

Rotor height 5342 mm
Rotor diameter 2510 mm

Trust bearing height 770 mm
No. of Magnetic pole 10 Pcs.

Turbine shaft Height 2805 mm

Runner
Runner diameter 1430 mm

Runner height 625 mm
No. of Blade 15 Pcs.

Table 3. Materials’ physical and mechanical parameters of shafting components.

Main Parts Material Elastic Modulus (MPa) Poisson’s Ratio Density (kg/m3)

Runner Stainless Steel (06Cr13Ni4Mo) 210,000 0.3 7.90 × 103

Shaft Forged steel (45A) 209,000 0.269 7.89 × 103

Magnetic yoke Forged steel (45A) 209,000 0.269 7.89 × 103

Magnetic pole Various materials (use Copper instead) 110,000 0.32 8.85 × 103

Thrust bearing Casting steel (ZG270-500) 202,000 0.3 7.80 × 103

Mirror plate Forged steel (45A) 209,000 0.269 7.89 × 103

3.4. Shafting’s Solid Geometry Modeling

According to the shafting composition and the actual dimension of each component
shown in Tables 2 and 3, it is at first to respectively establish the three-dimensional solid
geometric model of each component of the shaft system, and then assemble them together
in their relative positions, and finally, the solid geometric model of the shafting that is
composed of runner, turbine shaft and generator rotor has been formed, as shown in
Figure 2.
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In the modeling process, according to the requirements of finite element analysis on
the model of structural entity, and taking into account both the accuracy and economy of
the calculation, the shaft system is appropriately simplified as follows: the rotor yoke is
formed by multiple layers of steel plates laminated and bolted tightly together, which is
replaced by a whole steel block stretched by a steel plate during modeling. The magnetic
poles are mainly composed of the rotor armature core and the armature winding, the
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structure and material of which are very complex, so it is very difficult to accurately model
them. However, these details have little influence on the dynamic characteristics of the
overall structure of the shaft system, so the magnetic poles are simplified by 10 entity
blocks that are stretched with pure copper material according to their actual shape and
geometry dimensions. The turbine shaft and generator shaft have the same material and
similar structure, which are connected by coupling bolts and used to transmit the torque.
Therefore, they could be considered as a whole to be analyzed, and the shaft coupling
zone can be treated as an integrated connection. The runner is a Francis type, the parts of
which such as the blades, the upper crown, and the lower ring are connected as a whole by
welding. When modeling, the welding place can also be treated as an integrated connection.
In addition, some small fillets and chamfers, as well as small components such as screws
and nuts in the solid model have little effect on the overall dynamic characteristics of the
shaft system, so they are also simplified during modeling.

4. Result and Analysis
4.1. Material Defining and Meshing

The physical and mechanical properties of the materials of each component of the
shafting have an important influence on the modal characteristics of the entire shafting.
Before the calculation, the material parameters of each component of the shafting should
be defined according to the physical and mechanical parameters listed in Table 3.

In this paper, the method of automatic meshing is used to discretize the entity model.
Before meshing, it is necessary to define the type, size, and density of the elements. Then
the system will automatically select an optimized global control parameter to control the
size and position of the tetrahedral element, and meanwhile, the mesh is automatically
encrypted where the gradient of the domain variable is large or the stress is concentrated
such as runner, lower guide bearing and thrust bearing, etc. After meshing, the finite
element calculation model of the shafting is generated, which contains a finite number of
elements and nodes as shown in Figure 3, and its relevant meshing data of the model are
shown in Table 4.
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Table 4. Shafting geometry, physics, and meshing.

Computational Domain Physical Characteristics Mesh

X-axis 2.4830 m Volume 7.1741 m3 Components 19
Y-axis 8.7600 m Weight 56,362 kg Nodes 59,022
Z-axis 2.4926 m Scale 1:1 Elements 28,879

4.2. Boundary Conditions and Calculation Settings

The shaft system of the HGU is mainly constrained by its axial and radial degrees of
freedom through three guide bearings and one thrust bearing. Among them, the water
guide bearing and the upper and lower guide bearings of the generator constrain the radial
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swing and rotation of the shaft system respectively, that is, the radial displacement degree
of freedom and the rotation degree of freedom around the corresponding coordinate axis,
while the thrust bearing bears the weight of the entire shaft system and constrains the degree
of freedom of axial displacement. Therefore, bearing constraints are given at the three
guide bearings to constrain the radial displacement degrees of freedom and the rotational
degrees of freedom around the shaft, while the axial displacement is constrained at the
thrust bearings, and the rotational degrees of freedom around the shaft axis are released.

During the calculation, the prestress is not considered, but the influence of damping
is considered, and then the first ten modes of the shafting are extracted and the natural
frequency is calculated. To obtain the critical rotational speed of the shafting, five points of
rotational velocity are selected to draw the Campbell diagram. Considering the constraints
on the shafting, the rotational velocity at each point around the X, Y, and Z directions is
shown in Table 5.

Table 5. Shafting rotational velocity for Campbell diagram.

Rotational Velocity X (rad/s) Y(rad/s) Z (rad/s)

1 0 0 0
2 0 250 0
3 0 500 0
4 0 750 0
5 0 1000 0

4.3. The First Ten-Order Mode Shapes

Through calculation and solution, the first ten-order modal analysis cloud diagram
and mode shape of the shaft system are finally obtained as shown in Figure 4. The dashed
shadow in each mode shape diagram represents the initial state of the rotor, and the relative
displacement between the solid body and the dashed shadow represents the amplitude of
the rotor in this mode.
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It could be seen from the modal shape diagram of the shaft system that the first and
second order modes represent the radial translation of the shaft system, the third and
fourth order modes represent the oscillation of the shaft system, and the fifth and sixth
orders are the bending deformation of the shaft system, the seventh order is the torsional
deformation of the rotor, the eighth and ninth orders are the more complex continuous
bending deformation of the shaft system, and the tenth order is the torsional deformation
of the runner, and meanwhile, the amplitude of the bending and torsional deformation
gradually increases with the increase of the order. That is to say, shafting has the changing
laws of translation-oscillating-bending-torsion-more complex continuous bending and
torsion. The higher the order, the more complex the bending and torsional deformation
of the shafting. That is because the higher the order and the higher the natural frequency,
the greater the exciting force required to cause resonance, and the greater the deformation
amplitude caused by those forces acting on each structural element. In addition, because
the mass and stiffness, loads and constraints, as well as boundary conditions of each
component are usually different, which leads to different forced conditions and responses
on each structure, so that the local displacement of the structural element is significantly
different, thus it shows complex mode shapes on the macro.

In addition, the first four orders of the vibration mode of the shaft system are mainly
regarded as rigid body modes with very low natural frequencies, while the subsequent
modes are regarded as elastic modes. This is mainly because the rigid body in space has
six degrees of freedom, respectively for three translational and three rotational degrees of
freedom. An elastic continuum actually has an infinite number of degrees of freedom, but
the finite element analysis makes the continuous infinite number of degrees of freedom
subject discretized into a finite number of degrees of freedom subject. Thus, the degrees of
freedom of the structure are also finite [36]. In this paper, the translational and rotational
degrees of freedom in the Y direction are constrained by the setting of boundary conditions,
so the first four-order rigid body modes are mainly represented as translation and oscillation
along the X and Z directions, which conforms to the fundamental theory. However, for a
structural system with a free boundary, not only the elastic mode but also the rigid body
mode are required to fully describe its dynamic characteristics [37]. Nevertheless, in the
testing process of practical engineering, the rigid body modes are always ignored and not
considered as a part of the elastic mode, so it is difficult to obtain the rigid body mode of
the structure. In this paper, the rigid body mode of the shaft system can be directly restored
through numerical calculation and finite element modal analysis, which conforms to the
inherent dynamic characteristics of the rotational structure.

4.4. The First Ten Order Natural Frequency and Critical Speed

According to the given velocity point and the calculated natural frequencies of each
order, a Campbell diagram is drawn, in which the abscissa is the rotational velocity, and the
ordinate is the frequency. The velocity-frequency curve is obtained as shown in Figure 5.
The intersection of the velocity-frequency curve of each order and a straight line with a
slope of 1 is the critical speed point of the mode, i.e., the velocity corresponding to the
intersection is the critical speed. Table 6 gives the first ten order natural frequencies and
critical speeds of the shafting.

The critical speed of the rotating shafting refers to the speed when the value is equal
to the natural frequency of the shafting, that is, the speed when resonance occurs. The
shaft system of the HGU is subjected to various vibration exciting sources during operation.
If the frequency of a certain vibration exciting source is equal to the natural vibration
frequency of the shaft system, the shaft system would be likely to resonate. In order to
avoid the harm caused by resonance, it is so necessary to calculate and analyze the critical
speed of the shafting so that the working speed of the HGU could be kept away from the
critical speed, so as to avoid resonance.
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Table 6. The first ten natural frequencies and critical speeds.

Mode Critical Speed 0 rad/s 250 rad/s 500 rad/s 750 rad/s 1000 rad/s

1 NONE 0 Hz 0 Hz 0 Hz 0 Hz 0 Hz
2 NONE 2.2 × 10−4 Hz 2.2 × 10−4 Hz 2.223 × 10−4 Hz 2.2 × 10−4 Hz 2.2 × 10−4 Hz
3 9.359 rad/s 1.5345 Hz 0.33331 Hz 0.17165 Hz 0.1151 Hz 8.6498 × 10−2 Hz
4 13.257 rad/s 1.8555 Hz 6.6546 Hz 9.1421 Hz 10.485 Hz 11.458 Hz
5 104.45 rad/s 18.669 Hz 13.774 Hz 11.866 Hz 10.795 Hz 10.033 Hz
6 130.21 rad/s 18.754 Hz 22.536 Hz 22.536 Hz 22.536 Hz 22.536 Hz
7 169.81 rad/s 22.536 Hz 29.146 Hz 36.915 Hz 41.121 Hz 43.9 Hz
8 281.48 rad/s 50.433 Hz 45.178 Hz 42.163 Hz 39.947 Hz 38.233 Hz
9 748.44 rad/s 50.796 Hz 63.473 Hz 88.105 Hz 119.31 Hz 152.96 Hz

10 428.76 rad/s 68.237 Hz 68.24 Hz 68.238 Hz 68.244 Hz 68.251 Hz

It can be found from Table 6 that the natural frequencies of the first four-order rigid
body modes of the shaft system are very low at any rotational velocity, while from the
fifth-order elastic mode, the critical speed of the shaft system increases gradually with the
increase of modal order. Usually, the elastic mode of the structural system is the common
cause of all vibration and noise problems. Therefore, in the structural design of the shaft
system, the rated working speed of the shaft system is normally required to be lower than
the first-order critical speed of the elastic mode, or the intermediate value between the
first-order critical speed and the second-order critical speed. In addition, in order to ensure
that the structure does not resonate within the range of working speed, the structural
design of the shaft system should meet the requirement that the working speed should
deviate from the critical speed with a safety margin of at least 15%~25% [38].

The rated speed of the shafting studied in this paper is 600 r/min according to Table 1,
i.e., 62.80 rad/s, while the first-order critical speed of the elastic mode (corresponding to
the fifth-order mode in Table 6, the same as below) is 104.45 rad/s. Therefore, the safety
margin of the rated working speed deviating from the critical speed is 39.9%, which fully
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meets the natural vibration characteristics requirements of the structural design, so the
shaft system of the HGU could operate stably at the rated speed, and resonance could not
occur due to the rotational frequency.

However, the runaway speed of the Unit is 1064 r/min, i.e., 111.37 rad/s, which is
between the first-order critical speed of 104.45 rad/s and the second-order critical speed
of 130.21 rad/s (corresponding to the sixth-order mode in Table 6). When the working
condition of runaway occurs, the Unit needs to cross the first-order critical speed, and
the safety margin of the runaway speed deviating from the first-order critical speed is too
small, only 6.6%, thus there would be the possibility of the resonance due to rotational
frequency. Therefore, this kind of situation should be prevented during the structural
design of the shafting.

The critical speed is mainly related to some factors such as the elasticity and mass
distribution of the shaft system. For a discretized rotating system with a finite number of
lumped masses, the number of critical speeds is equal to the number of lumped masses;
while for an elastic rotating system with continuous mass distribution, there are infinitely
many critical speeds, and their magnitude is positively related to the elasticity of the
shafting [39]. Therefore, in view of the problem mentioned hereinbefore that resonance
is likely to be caused by crossing the first-order critical speed of the elastic mode when
the Unit is a runaway, materials with larger elastic modulus are proposed to be selected
during the optimal design of the shafting structure so as to increase the stiffness of the
shafting, which makes the natural frequency of the first-order elastic mode of the shafting
moved up and meanwhile the first-order critical speed is also increased accordingly. In
this way, the runaway speed would be always lower than the first-order critical speed and
maintains a certain safety margin. In addition, it can also be considered to improve the
mass distribution of the shafting structure during structural design to make the overall
mass distribution more balanced.

5. Conclusions

In this paper, the finite element modal analysis and numerical calculation have been
carried out to predict and analyze the shafting vibration of HGU in the actual engineering
application, and the natural vibration characteristics and mode shapes of the shaft system
have been obtained. Meanwhile, the natural frequency of the shafting and its critical speed
have been also calculated. By analyzing the calculation results, the following conclusions
could be drawn as follows:

(1) The mode shapes of the shaft system from low order to high order is a process of
change from simple to complex, and generally represent a certain change law starting
from translation, swing, bending, and torsion, to complex continuous bending and
torsion. The higher the mode order, the more complex the bending and torsional
deformation of the shafting.

(2) In practical engineering testing, only the elastic mode of the shaft structure is usually
considered, while the rigid body mode is ignored. In this paper, the rigid body mode
of the shaft system is restored through numerical calculation, which can completely
describe the modal characteristics of the shaft system in theory.

(3) Through the analysis of the critical speed, it can be discovered that the shaft system of
the studied case could not cause resonance due to the rotational frequency when it
operates at the rated speed, but when the Unit has a runaway accident, there would
be a possibility of resonance caused by the rotational frequency.

(4) In view of the structural design of the shaft system, some measures for structural
optimization design are proposed by means of this predictive analysis method: one is
increasing the stiffness of the shaft system, thereby increasing the critical speed, and
making the runaway speed lower than the first-order critical speed and maintaining a
certain safety margin. The other is improving the mass distribution of the shafting
structure to make it more balanced.
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