E symmetry MBPY

Article
Tribonacci Numbers and Some Related
Interesting Identities

Shujie Zhou and Li Chen *

School of Mathematics, Northwest University, Xi’an 710127, China; zhoushujie@stumail.nwu.edu.cn
* Correspondence: cl1228@stumail.nwu.edu.cn

check for
Received: 31 August 2019; Accepted: 20 September 2019; Published: 24 September 2019 updates

Abstract: The main purpose of this paper is, by using elementary methods and symmetry properties
of the summation procedures, to study the computational problem of a certain power series related
to the Tribonacci numbers, and to give some interesting identities for these numbers.
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1. Introduction

For integers n > 0, the Fibonacci polynomials F,(x) are defined by Fy(x) = 0, F;(x) = 1 and the
second-order linear recurrence sequence:

Fyt1(x) = xF,(x) + F,—1(x), foralln > 1.

If we take x = 1, then {F,;(1) } becomes the famous Fibonacci sequence. Many experts and scholars
have studied various elementary properties of F,(x), and obtained a series of valuable research results.
For example, Ma Yuankui and Zhang Wenpeng [1] have studied the calculating problem of a certain
sum of products of Fibonacci polynomials, and proved the equality in the formula below.

Let h be a positive integer. Then, for any integer n > 0, one has the identity:

1 & (=D -8(h,j
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where, as usual, the summation is taken over all (k 4 1)-dimension non-negative integer coordinates
(a1,ap,- -+ ,a,41) such that ay +ay + --- + a4y = n, and S(h,i) is defined by S(h,0) = 0,
S(h,h) =1, and:

S(th+1,i+1)=2-(2h—1—1)-S(h,i+1)+S(h,i)

for all positive integers 1 <i < h — 1.
Taekyun Kim et al. [2] first introduced the convolved Fibonacci numbers p, (x), which are defined
by the generating function:
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Then, they used the elementary and combinatorial methods to prove a series of important
conclusions, one of them is the following identity:

Chen Zhuoyu and Qi Lan [3] used a different method to prove the identity:

1 L i n
pn(x) = 5 ,Z(_l) ; ()i (X)n—i* Lu—2i,
where L, denote the nth Lucas numbers, (x)o = 1, and:

() =x(x+1)(x+2)---(x+n—1)

for all integers n > 1.
As an interesting corollary of [3], Chen Zhuoyu and Qi Lan proved that, for any positive integer k,
one has the identity:

Z Fay - Fay - Fay - - - Fyy
a1+ax+az+---+a=n
1 L (k+i—1! - (k+n—i—1)!
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Papers related to linear recurrence sequences of numbers and polynomials include [4-17], there
are too many to list all of them.

In this paper, we consider the Tribonacci numbers T}, (see ([18], A000073)), which are defined by
the third-order linear recurrence relation:

Tn=Ty 1+Ty 2+T, 3 n>3 with Tp=0T) =T, = 1.

For example, the first eleven terms of Ty are Tp =0, 71 =1, T, =1, T3 =2, T, =4, T5 =7,
Te =13, T, = 24, Ty = 44, To = 81, Ty = 149, Ty = 274, - - -.
The generating function F(x) of the sequences {T), } is given by:

1 e8]
PO =1~ LT ¥ M
n=
Let a, B and 7 be the three roots of the equation x> — x> — x — 1 = 0, then from references [19,20]
we have:
L V194333419333 +1
= 3 ,
22— (1++/=3) V19-3v33— (1 - /=3) V19+3/33
p= 6
and:

C2—(1-+/=3) V19-3V33 — (14 v/=3) V19 +3/33
— . :

For any integer n, T,, can be expressed as a Binet-type formula (see [21]):

Y

Tu = c1a” 4 28" + 37" )
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Then note that Ty = 0, Ty = T = 1, from Equation (2) we have:

c1+c+c3=0,
aa+cof+cay=1, 3)
clocz + 02[32 + 0372 =1.

It is clear that Equation (3) implies:

_ o _ 1
R () () R R Py
Cr = [3 = 1
B-—a)(B—7) —p*+4p-1
o = 7 - ! : @)

(vy—a)(y—B) P44y -1

T. Komatsu et al. [19,20,22], E. Kilic [21] studied the arithmetical properties of Tribonacci numbers
and obtained many meaningful convolution identities for T,,.

Inspired by the ideas in [2,3], it is natural to ask, for any real number /i, what are the properties of
the coefficients T, (1) of the power series of the function:

1 h S
F(h,x): (1_x_x2_x3> - ;)Tn(h)xn?

Moreover, is there any close relationship between Ty, (h) and T},?
In view of these problems, in this paper we carry out a preliminary discussion and prove the
following main result:

Theorem 1. Let h denote any fixed real number. Then for any integer n > 0, the following identity holds:

_ 1 (h)u (R)o (M)w
Ty (h> T 6 uﬂ);l]:n W o w! (3Tw+17u —2Ty—u — waufl)
X (3Tw+1—v - Zwav - Tw—v—l)
1 (h)u (h)o (M)w
_6 u+v§):n 77? (3T3w+1—n - 2T3wfn - T3w—1—n) ’

where 2 denotes the summation over all three-dimensional nonnegative integer coordinates (u,v, w)
utvt+w=n

such that u +v+w = n, and (h)g = 1:
(hWyp=hh+1)(h+2)---(h+n—1)
for all positive integers n.

Note that T,,(1) = T, ;1 and % = 1; from this theorem we may immediately deduce the
following three corollaries:

Corollary 1. For any positive integer n, the following identity is true:

1

Th1 = 6 Z (3Tw+17u —2Ty—u — waufl) : (3Tw+lfv — 2Ty — wavfl)
u+v+w=n
1
_6 2 (3T3w+17n —2T3p—n — T3wflfn) :

u+v+w=n
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Corollary 2. For any positive integers h and n, the following identity holds:

Tn<h) = 2 T01+1 ) Tﬂz+1 e Tﬂh+1
ay+ax+---+ap=n
1 (Wyu (Mo (M)w
= = 3Twi1—u —2Tw—u — Top—u—
6u+v;u:n u! ol w! (BTw+1- wme = To-u-1)
X (3Tw+17v —2Ty—y — wavfl)

1 <h>u <h>‘0 <h>w
_Z 3T n—2T3y—y — Tap—1-p) -

6u+v+w=n o gy ! ( 3w+1—n 3w—n 3w—1 n)

Corollary 3. For any positive integer n, the following identity holds:

1y 1 (2u)! (20)! 2w)!
b <> = Ew e, @ (o2 (wr CTenon = 2o = Tumit)

X (3Tw+1_p — 2Ty — Tw—v—l)

1 (2u)! (20)! (2w)!
T i —2T30p—y — Tap—1—1) -
6 - 4n u+v;u:n (u!)2 (Z)!)Z (w!)z (3 3w+1—n 3w—n 3w—1 n)

2. A Simple Lemma

In this section, we present a simple identity, which is required in the proof of the theorem.
Of course, simple number theories and knowledge of mathematical analysis is used in the proof of the
following lemma. This topics can be found in [23], so there is no need it repeat here. The next lemma
contains the relevant identities:

Lemma 1. Let & be a fixed positive number. Then for any integer n > 0, we have the identity:

(M (Mo (M)w 1 1 (I () (1)w

ul ol w! atpoyr 6 ul ol w!

ut+v+w=n ut+ov+w=n

X (3Tw+17u —2Ty—u — waufl) ’ (3Tw+17v —2Ty—p — wavfl)

1 {(m)u (h)o (1)
_6 pre u!u v!v w!w (3T3w+1—n - 2T3w7n - TSw—l—n) .
Proof. Since a, B and 1y are the three roots of the equation x> — x2 — x — 1 = 0, so by the relationship

between the roots and the coefficients of the equation we have « - - v = 1. Thus, for any non-negative
integers u, v and w:

(lxw—u +ﬁw—u +,Yw—u) (“w—v +'Bzo—v +,Yw—v)
_ (X2w—u—v+ﬁ2w—11—v+,),2w—u—v+lxw—uﬁw—v+aw—u,yw—v
_i_’Bwfuawfv _i_‘Bwfu,waU +,Yw7uawfv _'_,wau‘Bwfv

1 1
_ aZw—u—v+182w—11—v+,)/210—u—v+ wuﬁy,),w + auﬁw,)/z;
1 1 1 1
+av‘3u,yw + (Xvﬁw,yu + lxw‘gu,),v + aw‘Bv,yu'

®)
On the other hand, from Equation (4) we also have:

C1 (*062 + 4o — 1) = *Cllxz +4cia —c1 =1,

& (—/32 +4p— 1) = B 4B —cr =1
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and:
c3 (—72 + 4y — 1) = —C3’)’2 +4c3y —c3 = 1.

So for any integer r, we have:

=0 (—zxz +4n — 1) o = —c a4 depa T — cpa,

‘Br =c (_’32 —|—4’B _ 1) IBV _ _CZIBZ-H’ +4C2,Bl+r _ Czﬁr
and:
v =c3 (—72 + 4y — 1) B = —e3V T ez — 39

From these identities and in combination with Equation (2) we may immediately deduce:
o + ﬁr + ,)/r — <C1a2+r + CZIBZJrr + C372+r>

+4 (cltxl” + e+ cyy”’) — (10" + 28" +¢c37")
= _T2+r + 4Tl+r -1 = 3Tl+r = 2T, — Ty1. (6)

Combining Equations (5) and (6) and noting that the non-negative integer coordinates (u, v, w)
with w + v + w = n are symmetrical, we have:

y (u (o (1)w

((XZU—M +‘Bw—u +,Yw—u) (aw—v +‘Bw—v +,Yw—v)

wtotw=n w00 w!
() (R)o (h)
= u+v;0:n u!u v!v W!w (B3Tws1—u —2Tw—u — Ty—y—1)
X (3Tps1-v —2Tw—ov — Tyy—v—1) .

and:

2 <]Zl>'u <]:)>'U <l;>|w (D‘wfu _._ﬁwfu _i_,wau) (awfv _i_‘Bwfv _i_,wav)
ut+ov+w=n : . .
Yy (M), (h
= Z <u>'u <v>'v <w>|w (3T3w+1771 —2T50—n — TBwfnfl)
u+vt+w=n : : :
by e 1 1
T u! v! w! au‘Bvr),w aulgw,),v Dévﬁ“’)/w
poy Wt 11
AT u! v! w! avlgw,)/u aw‘Bu,),v “wﬁvryu
Yy (MY, (h
- Z <u>'u <v>,v <w>,w (3T3w+1—n —2T3p—n — T3w—n—1)
ut+ovtw=n : : :

vy (e 1

| | | UBvAw"
urorw—n ULoOb o wloatply

)

Now the lemma follows from Equations (7) and (8). O
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3. Proof of the Theorem

Now we can easily prove our theorem. In fact, for any real number /, from the lemma and noting
that the power series expansion of (1 — x) ", which reads as follows:

1 - <h>ﬂ n
— = -, |x <1
(1—x)" ,;) n!
we have:
1 1
F(h,x) = ) N N h h
(T=x=22=)" o nh(1-3)" (1-12)
h

[
=
Lre
==
g
2R
N———
(—\
e
NS
-3
‘m‘x
2 =
/
Lr1e
==
=
Q‘x
N =
N———

_ i y (W (Mo (M)w 1 " 9
n=0 \u+v+w=n u! o! w! ‘Xu:Bvr)/w
On the other hand, we also have:
F(h,x) =) Tu(h)-x". (10)
n=0

Applying Equations (9) and (10), the lemma and the uniqueness of power series expansion,
we deduce:

(B)u (h)o (M)w 1

Tu(h) = pad_ ul ol ol at o
- % u-H);U:n <Z>'u <IZJ>‘U % (3Tw+1—u —2Tw—u — Tw—u—l)
X (3T pt+1-0 —2Tw—v — Tyy—v—1)
7% <]1//ll>'u <’:J>'v <;zlu>!w (BTzw+1-n — 2T3w—n — T3w-1-n) -

u+ov+w=n

This completes the proof of our theorem.

4. Conclusions

The main results of this paper are a theorem and three corollaries. The theorem establishes a
close relationship between T}, (h) and T,. In other words, T}, (h) can be expressed as a combination of
T;;. Three corollaries are actually simplified versions of the particular values of & in the theorem. It is
clear that the research method in our paper can also be used as a reference for a further study of the
properties of higher-order linear recursive sequence line Tribonacci polynomials.
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