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1. Introduction

The three-body problem, as it is known, is a special case of the n—body problem where the
motion of three point masses under their mutual gravitational interactions is described. This classical
problem represents a large range of astronomical situations. Because a general solution of the problem
exists but it is unusable in practice, some simplifications to it have been made. The Hill problem
is an example of this. There are many studies on the Hill problem [1-11], and many modifications
of this classic problem have appeared in the mathematical, astronomical, and mechanical literature.
For example, in [6], Markellos and Roy introduced a photogravitational Hill problem as a simplified,
non-trivial form of the photogravitational restricted three-body problem. In [8], Papadakis made a
mainly numerical study of this problem on the planar case. On the other hand, in [2], the authors
focused their attention on the case of a perturbed spatial Hill lunar problem using the averaging theory,
and in [3], Chavineau and Mignard studied the trajectories of the Hill problem to describe the effect
of solar perturbations on the relative motion of a binary asteroid. In a central force field, the binary
objects case can be approached from potential [4].

Our main goal in this study was to find, using the averaging theory, sufficient conditions for the
existence of periodic orbits that come from the Lagrangian points of the circular Hill problem with
arbitrary disturbing forces.

Firstly, we assumed that the first two masses were small, compared to the third one (i.e.,
we assumed m; and my were small as compared to M), and that the two small masses were close
together, as compared to their separation from the third mass.
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In the case of the circular Hill problem, the equations of the relative motion are [3,4]:

.. . G

= 202 =30+ G gign =

. . Gm

ot 2t + Gt = O <1>

. 2 Gmgs _
I + W + e = O
where G is the gravitational constant, m = m; + my, and w is the angular velocity of the motion of the
barycenter of the m;-mj system around M.
The equilibrium solutions of the differential system (1) are given by

Gm /3 Gm\'/3
Li=||55 ,0,0 ], Ly=|-|75 ,0,0].
= ((E2) ()
In this work, we provide sufficient conditions for the existence of periodic solutions coming from

the equilibrium point, £;. The same conditions are valid for the equilibrium, £5.

Gm
3u?
rewrite the unperturbed system of differential Equations (1) in the form:

1/3
Making the change of variables x = g1 — ( ) ,y¥ = g2 and z = g3, and linearizing, we can

¥ —9w?x — 2wy =0,
i+ 2w + 3w’y = 0, ()
+4w?z =0.

Using the averaging theory, we will provide a system of nonlinear equations whose simple zeros
provide periodic solutions of the perturbed system:

# — 9w?x — 2wy = eFy(t,x,%,Y,9,2,2),
7+ 2wx + 3w2y =eh(t,x,%Y,Y,22), (3)

7+ 4w’z = eR3(t, x,%,,9,2,2),

where the parameter ¢ is small, and F;, F, and F; are the smooth and periodic functions in the variable ¢
in resonance p : g, (p, q positive integers relatively prime) with some of the periodic solutions for ¢ = 0.
The unperturbed system (2) has a unique singular point, the origin, with eigenvalues +wqi, % woi,

+ws with
w1 = 2w, wzzw\/Z\ﬁ—l and wgzw\/Z\ﬁ—i—l,

and thus, the phase space (x, %,v, 1, z,2) has two planes (excluding the origin) covered by periodic

solutions, with periods

2 2
T, = dd or T, = —n.
w1 w2

Accordingly, they belong to the plane associated to the eigenvectors with eigenvalues £w i or
+w» i, respectively. Now, we are going to study if and when the parameter ¢ is sufficiently small,
and when the perturbed functions F; for i € {1,2,3} have a period of either pT;/q or pT>/q, whether
these solutions still exist for the perturbed system (3).
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Let G = (Gy,G2) be the Malkin bifurcation function (see [12]) for the system (3) and
X% = (X9, X9). Then:

T

G1(X0) = L/’g " cos(wit) Ef (B)dt,

pT1 Jo

1 oh (4)
Go(X0) = — / sin(co1#)Ff (£)dt,

pT1 Jo

where
Fi(t) = F

with F3 = F3(oi(t), -+ ,02(t)),and 0} (t) =0,j =1,-- -4,

2w
o (t) = X1 cos(2tw) + X sin(2tw).

As usual, we are going to call a simple zero of the system G(X°) = 0 to any solution X** =
(Xx9*, X9*), such that det (% |X0:X0*> # 0.

If X%* is a simple zero, then the Tj-periodic solution of the unperturbed system with X% as the
initial value gives a Tj-periodic solution of the perturbed system (see Appendix A).

Given an initial condition, we can use this result in order to find sufficient conditions for the
existence of families of periodic orbits.

Theorem 1. Suppose that the functions of the equations of motion of (3), Fy, F», and F5 are smooth and periodic
functions of the pTy /q period in the variable t, with p and q being positive integers that are relatively prime,
and where the ratio of the frequencies wy /w are not resonant with 7. If € # 0 is sufficiently small, then for
every simple zero that is not null, X°*, of the nonlinear system G(X°) = 0, the system (3) has a periodic solution

(x(t,€), y(t, ), 2(t,€)) such that (x(t,€), y(t,€), (8, €)= (x(8),y(1), 2(1)) = (0} (1), 03(1), 2(1)) [yo_oe,
when € — 0—that is, when the periodic solution for the unperturbed system (2) travelled p times.

In Section 2, Theorem 1 will be proved using the averaging theory (see [13-18]).
In the next corollary, an application of Theorem 1 is shown, whose proof is implemented
in Section 3.

Corollary 1. Assume that f;(t,x,%,y,Y,2,2),i = 1,2,3, are arbitrary, smooth functions, and

Fi(t,x,%,y,9,2,2) = fi(t,x, %,Y,9,2,2),
E(t,x,%,y,9,2,2) = f2(t,x,%,y,,2,%),
F5(t,x,%,9,9,2,2) = sin(wit) + wz+ f3(t,x,%,y,9,2,2)xyz + 1.

If & # 0 is sufficiently small, the perturbed system (3) has one periodic solution (x(t,€),y(t,€),z(t,€))
such that, whenever ¢ — 0, (x(t,€),y(t,€),z(t,€)) tends to the periodic solution of the unperturbed system

(x(8),y (1), 2()) = (Ull(t)’U%(t)’gé(t>)|xo_(0,§/7>'

This corollary will be proved in Section 3.
Figure 1 shows the solution of the system (3) for the smooth function F;, F, and F;.
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Corollary 1. Epsilon=0
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Figure 1. Solutions of the differential system (3) for the smooth functions F; = 1 — x%* — sin(w1t)y,

F, = sin(w;t)¥? — yz + 2%, and F3 = sin(wqt) + wz + txyz + 1 for Corollary 1 with e > 0, w = 1,

wy = 2w, t = [0,27r/w;], and X% = (O, 3 3%)

Let G = (G3,G4) be the Malkin bifurcation function (see [12]) for system (3) and
Y0 = (Y?,YY). Then:

o 1 T fo .
G>(1") = /0 [cos(cwat)E} (1) — sin(wat)E} (1)]dt,
0y — i P * H *
Gu(Y°) = /0 [cos(wat)Ef (£) + sin(cwat)ES (£)]dt,
where
T sy L2 1

with F; = F;(0?(t), -+ ,02(t)),i =1,2,and
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w

alz(t):—%@—\ﬁ) (Y1cos( 2ﬁ—1wt>+¥zsin( Z\ﬁ—lwt))
(\ﬁ—z) (Yzcos( 27—

0-22(1}):* Zi;;z?ngsin( Z\ﬁ—lwt>>
(732(t):—Y2C05< Z\ﬁ—lwt)—lﬁsin( Z\ﬁ—lwt)

V2V7 - 1w
(742(t)=Y1COS< 2V7 — 1 wt +Y2sin< Z\ﬁ—lwt)

and o7(t) = 0,j = 5,6.

As has been stated before, if Y** is a simple zero of G(Y%*) = 0, then the Ty-periodic solution
of the unperturbed system with Y%* as the initial value gives a T,-periodic solution of the perturbed
system (see Appendix A).

Theorem 2. Suppose that the functions of the equations of motion of (3), Fy, F,, and F3, are smooth and periodic
functions of the pT, / q period in the variable t, with p and q positive integers relatively prime, and the ratio of
the frequencies wy /w1 not resonant with . If € # 0 is sufficiently small, then for every simple and not null
zero, YO* of the nonlinear system G (Y?) = 0, the system (3) has a periodic solution (x(t,€),y(t,€),z(t,€)) such
that (x(t,€),y(t,€),z(t, €)= (x(t),y(t),z(t)) = (62(t),03(t), 02(t))|yo_yo-, when € — O—that is, when
the periodic solution for the unperturbed system (2) travelled p times.

The proof of Theorem 2 is given in Section 2.
In the next corollary, an application of Theorem 2 is shown, whose proof is implemented
in Section 3.

Corollary 2. Let g(t) be the arbitrary and smooth function, and thus consider:

Fi(t,x,%,1,9,2,2) = (14 x2) sin(wat),
E(tx,%,Y,9,2,2) =x+1§+ 2z,
Bs(t,x,%,,1,2,2) = x> + 9% + g(¢).

If ¢ # 0 is sufficiently small, the perturbed system (3) has one periodic solution, (x(t,¢),y(t,€),z(t,€))
such that, whenever e — 0, (x(t,€),y(t,€),z(t,€)) tends to the periodic solution of the unperturbed system

(E030,20) = ROAOFON,,_( gz, )7 (4- V7).

N (7+4\ﬁ)w ¢

Corollary 2 will be proved in Section 3.
Figure 2 shows the solution of the system (3) for the smooth function, F, F; and F;.
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Corollary 2. Epsilon=0

Corollary 2. Epsilon=0 and Epsilon=0.0001
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Figure 2. Solutions of the differential system (3) for the smooth functions F; = (1 + x2) sin(wst),
B=x+y+2zand F; = x® + 3>+t for Corollary 2 with e > 0, w = 1, wy = wV2V7 -1,
= 0x _ (V1477w
t=[0,27w/wy] and Y* = (ﬁ—(7+4ﬁ)w’o)'
2. Proof of Theorems 1 and 3

The differential system (3) must be written as a first-order differential system defined in R®.
For that, the variables (x1, x2,y1,Y2,21,22) = (x,%,Y,1,2,2) have been introduced in the following
form, this being:
dx1
dt
dXZ
dt
dya
dt
d21
dt
de
dat
It must be remarked that if ¢ = 0, the differential system (5) is equivalent to the differential
system (2), well-known as the unperturbed system. Otherwise, when ¢ # 0, this is known as the
perturbed system

= xz
— 9w2x1 + 2wy, + €Fy (X1, X2, Y1, Y2, 21, 22)
®)
= _waz - 30}2]/1 + SFZ(xl/xZIyll]/Z/ Zl/ZZ)
= Zz

2
= —4w"z1 + eF3(x1, X2, Y1, Y2, 21, 22).
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The change of variables (%1, %2, 1, 72, 21, Z2) — (X1, X2, Y1, V2,21, 22) given by

0 0 V7-4 0 _4+\ﬁ _4+\ﬁ
X1 9w 9w 9w
0 0 0 2—/7 247 247
X2 —142v7 Vie2v7 o V142v7
il | 0 0 0o - 1 1 -1
= Va1+2v7w o V1427w Vit2v7 w
Zz 0 0 1 0 1 1
21 0 — 0 0 0 0
2 1 0 0 0 0 0

7 of 13

(6)

writes the linear part of the differential system (5) in its real Jordan normal form, and this system in the

new variables X = (%1, X2, 71, V2, 21, Z2) becomes

X1 = w1%p + eFf
¥p = —wi¥1 + €F;
i1 = woifp + €F5
Yo = —woij1 + eFy
Z1 = w3zZ] +eF;

Zp = —ws3Zy + SFG*,
where
Ff =F;
FF=0
1 2
F=(-+-—)F
’ (2+ 7) ’
1 2 1
*—77 N —
b 2\ v7 7 h
1 1 1 /1 2
F=(--—)B->z+-=F
5 <4 7) 27 7+\ﬁ 1
1 1 1 /1 2
*— —_ — — p— — [
F6—<4 7)Fz+4 7+\ﬁFl
with Fi = Fi(alrUZI 03,04, 05, 06)1 and
(\/7—4)]71—(44-\/7)(214-22)
a= 9w
V5+2V7(20 - 21) — V2V7 51
Oy = \/g
o V7 —1(21 - 22) — V1+2V7 s
> 3v3w
oy =11 +21+2
__xX
%= "
0 = X1.

@)

In order to prove Theorems 1 and 2, in the following lemma we are going to obtain the general

expressions of the periodic orbits of the unperturbed system.
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Lemma 1. If e = 0, the Ty —periodic solutions of the system of the differential Equations (7) are

% (t) = X cos(wy t) + XY sin(wy t),
() = Xg cos(wy t) — X? sin(wq t),
n(t) =0,

_ (8)
n(t) =0,

z1(t) =0,

Zz(f) =0,

and the T, —periodic solutions are

X1 (t) =0,

J?z(t) =0,

71(t) = YD cos(wa t) + Y3 sin(wa t),
72(t) = Y9 cos(wa t) — Y sin(wy 1),
Z1 (t) =0,

Zz(t) =0.

Proof of Lemma 1. If ¢ = 0, the system (7) is a system of linear differential equations, and the proof
follows easily. [

Proof of Theorem 1. Since the positive integers p and g are relatively prime, and the functions
F,i=1,2,3, of the system (3) are pT; /q—periodic in the variable t, we can consider that the system (7)
and the solutions (8) are pT; —periodic.

Now, we shall study what periodic solutions of the unperturbed system (7) with e = 0 of the
type (8) persist as periodic solutions, with the perturbed one for ¢ # 0 being sufficiently small.

If we write the system (7) in the form

x(t) = Go(t,X) + €G1(t, %) + €2Gy(t, %, €),

where
X1 w1Xo Fl* 0
X2 —w1Xy FZ* 0
I o | w2 o | B o, _ |0
x=1721,Go(t,x) = °1,Gi(t,x) = ,Go(t, X, ¢e) = ,
g ECHUESS Bl CCE R R R R DR
Z1 w3z FS* 0
%) —w3Zp F 0

we can apply Theorem A1 of the Appendix A. Our starting point is the description of the different
elements which appear in this theorem for the particular case of the differential system (7). In this case,
Q=R° k=2,and n = 6. Now, letr; > Obe arbitrarily small, and let v, > 0 be arbitrarily large. If V is
the open and bounded subset of the plane x; = 0,i = 3,...,6, of the form V = {(X?, X9,0,0,0,0) € R® :

2
1 <y L (XD2 <} Ifa = (X9, X)), then we identify V with the set {a € R? : 1y < [[a]| < 1o},
i=1
where || - || is the Euclidean norm in R?. If we denote by CI(V), the closure of V, the function
B: CI(V) — R*is B(«) = (0,0,0,0). Using all these elements in our system, we have

Z =A{zy = (&, p(a)), 2« € CUV)} =
2

={(x9,x3,0,0,0,0) e R® : 7y < ,| Y (X0)2 < 1o}
i=1
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Now, for each z, € Z, we consider the pT; —periodic solution
x(t,z¢) = (X1(t), X2(¢),0,0,0,0)

given by (8).
The fundamental matrix M, (t) of the linear differential system (7) with ¢ = 0, that is, associated
to the pT —periodic solution z, = (Xg, Xg, 0,0,0,0) and such that M,, (0) = Id in R®, is

Mza(t) = M(t) =

cos(wqt)  sin(wnt) 0 0 0 0
—sin(wqt) cos(wit) 0 0 0 0
B 0 0 cos(wyt)  sin(wyt) 0 0
N 0 0 —sin(wyt) cos(wat) 0 0o |’
0 0 0 0 ewst 0
0 0 0 0 0 e wst
where M(t) does not depend on the particular periodic solution x(t, z,, 0).
Computing the matrix M = M~1(0) — M~ (pT), we get
2sin?(prt)  sin(2pm) 0 0 0 0
—sin(2pm) 2sin?(pm) 0 0 0 0
0 0 2sin? (P52)  sin (252) 0 0
M= 0 0 —sin (2542)  2sin? () 0 0
0 0 0 0 1-— eip“’il3 0
2priws
0 0 0 0 0 l—e “1,

and M satisfies the assumptions of statement (ii) of Theorem A1, since the determinant

2 sin? (—p Z(;Q ) sin (72175;02 ) 0 0
. 2prw ) TTw:
—sm(%) 2 sin (pw12> 0 0
_ 2prws -
0 0 l1—e @
2pniwg
0 0 0 1—e @1
— —16sinh? (pm"?’> sin’ <p”“’2> £0,
w1 w1

owing to the ratio of the frequencies, is non-resonant with 7. In other words, all the assumptions of
Theorem Al are satisfied by the system (7).

In our particular system, if ¥ = (%1,%2,71,¥2, 21,22), the map ¢ : R — R2is given by
&(x) = (%1, %), and if we calculate the function G (X9, X9)

1 2
00x,x8) = 60 = ¢ (S [ MG ex(t 20,01t
we obtain G(X?) = (G1(X?), G2(X?)), where the functions Gy, G, are given in (4). Then, by means of
Theorem A1l of the Appendix A, for every simple zero X** € V of the system of nonlinear functions
G(X%) = 0, there is a periodic solution (% (t,¢), %(t, ), 71(t, €), 72(t, €), Z1(t,€), Z2(t, €)) of system (7),
so that

(%1(0,€), %2(0,€), 71(0, ), 72(0, ), 21 (0, ), 2(0,€)) = (X%*, X%*,0,0,0,0).
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Going back through the change of variables (6), the periodic solution
(x1(t,€), x2(t,€),y1(t,€),y2(t, €),z1(t,€), z2(t, €) ) of system (7) has been obtained, so that

x1(t,€) 0
x2(t, €) 0

0
e - when ¢ — 0.
ya(t ) 0
Z1 (t, 8) X1 SiH(th)z;Xz cos(2tw)
z(t,€) X1 cos(2tw) + X sin(2tw)

Consequently, a periodic solution (x(t,¢€),y(t,€),z(t, €)) of system (3) has been achieved, so that

0

(x(t,€),y(te)z(te)) — 0 when ¢ — 0.
X1 sin(2tw) —X; cos(2tw)
2w

This completes the proof of Theorem 1. O

Proof of Theorem 2. The proof is analogous to the proof of Theorem 1 changing the roles of T; for T,
and we obtain the periodic solution

B (4,\ﬁ) (Yl cos(\/ -1 tw) +Y, sm(

(\ﬁ72) <Y2 cos(ﬁ tw) Y1 sm(
B V271
Y cos( 2071 tw)le sin( 2v7-1 tcu)
B Vo7 -1w
Y7 cos (\/ tw) + Y5 sin ( 2V7 -1 tw)
0
0

)
)

2V7-1 tw
2V7-1 tw

when ¢ — 0.

In consequence, a periodic solution (x,y,z)(t,€) of system (3) has been obtained, so that

(1) <Yl cos(\/Z\ﬁfl tw) Y, sin( 2771 tw))

9w
(x, ylz)(tl g) N _Yz cos( 2v/7-1 tw) -Y; sin( 2v/7-1 tw) when ¢ — 0.
V271w
0

O

3. Proof of Corollaries 1 and 2

Proof of Corollary 1. Under the assumptions of Corollary 1, we have the function

1 ph . 3
G(X) = o [ cos(wnt)Fi (0t = XD [(x])? + (08,
Go(X0) = = / "N sin(wrt) B (1)t = L4+ 3(X02X0w + 3(x0) ]
2 PTl 0 1 1 8 1 2 2

and
_ 3 3 9a)

— #0, VXY, X eR,w#0
xo—(xpxg 8

oG
det <8X0>
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Therefore, the solution X% = (O, . 3%0) of the nonlinear system G(X°) = 0 is simple, and by

Theorem 1 we only have one periodic solution for the system of this corollary. [J

Proof of Corollary 2. Under the assumptions of Corollary 2, we have the function

Ga(r") = = [ costeat 5 1) sinfeoa) ()] dt =

o ((7+av7) Y+ VIVT - T) - V7YY

28w
Ga(Y") = /”Tz [cos(wat)Ef () + sin(wat ) EE ()] dt =
pTz JO 4 3
Lo V7
= 55 Vs (—w+4ﬁ+7> ,

and, if w # %(4 —V7),
G
det (ay())

Therefore, the solution Y%* =

(1 2(4+V7)

= — 72—
yooyyy 12\ @

+8V7+23| #0.

%, 0) of the nonlinear system G(Y?) = 0 is simple.

By means of Theorem 1, the system of this Corollary has only this periodic solution. [J
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Appendix A. Basic Results on Averaging Theory

In this appendix we present the basic result from the averaging theory that we shall need for
proving the main results of this paper.
We consider the problem of the bifurcation of T—periodic solutions from a differential system of
the form
X(t) = Go(t,x) + €Gi(t,x) + €2Ga(t, x, €), (A1)

with e # 0 sufficiently small. Here the functions Gy, G1: R x QO — R"and G: R x Q x (—€p, €9) — R”
are C? functions, T —periodic in the first variable, and () is an open subset of R”. The main assumption
is that the unperturbed system

x(t) = Go(t,x), (A2)

has a submanifold of periodic solutions. A solution of this problem is given using the averaging theory.

Malkin (see [13] and references therein) studied the bifurcation of T—periodic solutions in the
T—periodic system % = Go(t,x) + G (t, x, €), whose unperturbed system has a family of T—periodic
solutions with initial conditions given by a smooth function : R¥ — R”, and proved that if the

bifurcation function
7 [ <u(te), gt x(t,B(a)),0) >
Gla) = / at,
0

< uy(t, o), g(t, x(t, B(«)),0) >



Symmetry 2019, 11, 1196 12 of 13

where u;, i = 1,...,k, are k linearly independent T-periodic solutions of the adjoint linearized
differential system, has a simple zero «g such that det(G)|s—n, 7# O, then for any e > 0 sufficiently small,
the system x = Go(t, x) + €Gj (t, x, €) has an unique T—periodic solution x, such that x,(0) — B(ag) as
e — 0.

This can be rephrased as follows: Let x(f,z,€) be the solution of the system (A2) such that
x(0,z,€) = z. We write the linearization of the unperturbed system along a periodic solution x(t, z,0) as

y = DxGo(t,x(t,z,0))y. (A3)

In what follows we denote by M;(f) some fundamental matrix of the linear differential
system (A3), and by &: RF x R"* — RF the projection of R" onto its first k coordinates;
ie, &(x1,. .., xn) = (x1,..., %)

We assume that there exists a k-dimensional submanifold Z of (2 filled with T—periodic solutions
of (A2). Then an answer to the problem of bifurcation of T—periodic solutions from the periodic
solutions contained in Z for system (A1) is given in the following result.

Theorem A1. Let V be an open and bounded subset of R¥, and let B: CL(V) — R"¥ be a C? function.
We assume that

(i) Z ={zy = (a,B(a)),a € C(V)} C Qand that for each z, € Z the solution x(t,z,) of (A2) is
T-periodic;

(i) for each z € Z there is a fundamental matrix My, (t) of (A3) such that the matrix M, ! (0) — M, !(T)
has in the upper right corner the k x (n — k) zero matrix, and in the lower right corner a (n — k) x (n —k)
matrix Ay with det(Ay) # 0.

We consider the function G: CI(V) — Rk

G(a) =85 [ M (G40, 20,0,

If there exists a € V with G(a) = 0 and det((dG/dwa)(a)) # 0, then there is a T—periodic solution
x(t, €) of system (A1) such that x(0,€) — z, as € — 0.

For a proof of Theorem A1 see [12,19,20] for shorter proof.
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