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Abstract: Let X be the class of meromorphic functions f of the form f({) = ¢ + Y 5o an{ " which are
analyticin A := {{ € C: || > 1}. For n € Ny := NU {0}, the nth Faber polynomial ®,(w) of f € &
is a monic polynomial of degree n that is generated by a function {f'(¢)/(f({) — w). For given f € %,
by F, i(f), we denote the ith coefficient of &, (w). For given 0 < « < 1and 0 < < 1, let us consider
domains H, and Sg C C defined by H, = {w € C: Re(w) > a} and Sg = {w € C: |arg(w)| < B},
which are symmetric with respect to the real axis. A function f € X is called meromorphic starlike of
order w if {f'(7)/ f({) € Hy for all { € A. Another function f € X is called meromorphic strongly
starlike of order B if {f'({)/f({) € Sg for all { € A. In this paper we investigate the sharp bounds
of F, ,_i(f), n € Ny, i € {2,3,4}, for meromorphic starlike functions of order « and meromorphic
strongly starlike of order B. Similar estimates for meromorphic convex functions of order o (0 < & < 1)
and meromorphic strongly convex of order (0 < B < 1) are also discussed.

Keywords: meromorphic functions; starlike functions; convex functions; Faber polynomials;
coefficient problems

1. Introduction

LetD = {z € C: |z| < 1} be the open unitdiskin C. LetD* =D\ {0} and A = {{ € C: || > 1}
be the punctured unit disk and the exterior of D.
Let X by the class of meromorphic functions

fO=C+ ) anl™", GenB, (1)
n=0

that are univalent in A. Let X be class of functions in ¥ which have the form (1) with ag = 0.

Leta € [0,1) be given and consider a domain H, := {w € C : Re(w) > a} which is symmetric
with respect to the real axis. A meromorphic function f € X is called starlike of order « if f satisfies
Cf'(0)/f(Q) € Hy forall { € A. A meromorphic function f € X is called convex of order « if f satisfies
1+2f"(2)/f'(0) € Hy forall € A. By S (a) and Ky (x) we denote the classes of starlike and convex
functions of order «. That is, f € S5 (a) if and only if f € X and f satisfies

Re{gj{’;g)} S, (eA
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Furthermore, f € ks («) if and only if f € ¥ and f satisfies

Re{l—l— iff(g)} Sa, (eM

For given B € (0,1], consider a domain Sg = {w € C: |arg(w)| < B} which is symmetric with
respect to the real axis. A meromorphic function f € X is called strongly starlike of order § if f satisfies
Cf'(2)/f(g) € Sp forall € A. A meromorphic function f € X is called strongly convex of order g
if f satisfies 1+ ¢f"(2)/f'({) € Sg forall { € A. By SS5.(B) and SKy(B) we denote the classes of
strongly starlike and strongly convex functions of order . That s, f € SS5.(B) if and only if f € &

and f satisfies
LD 7
ag{ f0) H< oF b

In addition, f € SKy(B) if and only if f € ¥ and f satisfies

ol 50 <30 s

Note that S5 := S§%(0) = SS5(1) and Ks = K (0) = SKs (1) are the classes of starlike and
convex functions which are frequently studied classes in the area of univalent function theory.

Computing the bounds of coefficients is an interesting problem to study. In particular, the bound
of the nth coefficient of functions in S;(x) and SS5(B) was found by Pommerenke [1] and
Brannan et al. [2]. Another interesting problem is to find the bound of A, (f) := a; — ya3, v € C,
which is known as Fekete-Szego functional for meromorphic functions. Many authors examined the
functional A (f) over subclasses of X (see [3-5]). The object of this paper is to investigate bounds of
new functionals over the classes S («), K¢ (1), SS3.(B) and SK(B), generated by polynomials.

For the f € X consider the expansion

f(0)

The nth Faber polynomial &, of the function f € ¥ is a monic polynomial of degree n given by
the formula

Ly a,wi, cea @
n=0

n

@y (w) = Y Fupe(f)wk. ®)

k=0

Since @, is monic, there must be F, ,(f) = 1. If f has the form (1), by dividing the expression
Cf'(2) by (f({) — w), the formulas ®; are of w as follows:

Op(w) =1, @y(w) =w—ag, Do(w)=w*—2apw + (a3 — 2ay), 4)
@3(w) = w® — 3agw? + (3% — 3a1)w + (—a3 + 3aa9 — 3a) (5)
and

@y (w) = w* — dagw® + (6a3 — 4ay)w?* — 4(a3 — 2apa; + az)w ©
+ (a§ — 4a3ay + 2a% + 4agay — 4a3).
Moreover, if f € ¥, then gy = 0 and we have

Qp(w) =1, Oy(w) =w, Do(w)=w?—2a;, D3(w)=w®—3a;w—3a,

and
Oy (w) = wh — 4ayw? — dayw + (243 — 4a3).



Symmetry 2019, 11, 1368 3of 14

In this paper, we investigate the bounds of coefficients in ®,(w) for given functions in the
classes S5 («), SSx.(B), Ks(x) and SKs (B). In Section 2, we will formulate the functional F,, ,_;(f),
i € {1,2,3,4} in terms of coefficients that appear in f € . Then sharp bounds F, ,_;(f), i € {2,3,4},
for given f in S5 («) and SS5.(B) will be examined in Section 3. In Section 4, the sharp bounds
Fyn—i(f),i € {2,3,4} over the classes K5 («) and Sy (B) will be discussed.

Let P be a class of functions p:

p(z) =1+ ) cp2", zeD (7)
n=1

such that p(0) = 1 and p(z) is into the right-half plane H := Hy = {w € C : Re(w) > 0}. The following
property for functions in P is well-known (e.g., [6], p. 41) and will be used for our considerations.

Lemma 1. If p € P and has the form (7), then the sharp inequality |c,| < 2 holds for n € N.

Also, the following lemma for functions in P will be used for our proofs. It contains the
well-known formula for ¢, (e.g., [6], p. 166), the formula for c3 due to Libera and Zlotkiewicz [7,8] and
the formula for ¢; found by the authors [9].

Lemma 2. If p € P is of the form (7) with ¢; € Rand ¢; > 0, then
200 =cf +1(4—c}), (8)
dez=c}+2c1(4— DT —c1(4—)T>+2(4 31— |T]*)y )
and
8cy =ci+ (4— )t [C%(Tz —31+3) +4T}
2 2 2 2 (10)
—4(4 - - [P [e(x =Dy + 72 - (1-1nP) ]
for some T,5, €D:={z€C:|z|] <1}.

2. Some Identities for Coefficients of Faber Polynomials

Let f € X. Since @, (w) is a monic polynomial of degree n, F,, ,(f) = 1 (n € Np). Some initial
coefficients of &, (w) for early n can be obtained by the formulas in (4)-(6). For example, F; o(f) = —ay,
Fo(f) = a3 —2ay and Fy1(f) = —24y. In fact, the functionals F, ,_;(f), i € {1,2,3,4}, are obtained
by (2) and (3), and are represented as follows.

Fyn_1(f) = —nap (n > 1), (11)
Fon—a(f) = %n(n —1)ag —na; (n>2), (12)
Fun-3(f) = —%n(n —1)(n—2)a3 +n(n —2)aga; — nay (n > 3) (13)

and

Fom_a(f) = %n(ﬂ —1)(n—2)(n —3)at — %n(n —2)(n —3)aday "

1
+ En(n —3)a? +n(n—3)agay —naz (n > 4).



Symmetry 2019, 11, 1368 4 of 14

Indeed, from (2) and (3), we get the following identity (see also [6], p. 57):

n—2

@, (w) = (w—ag)" — nay(w — ag)" 2 — nay(w — ag)" 34 - -

15
=" —nagw" 4. (15)

Hence, the Formula (11) follows from (15).

Next we will show that the formula for F,, ,_4(f), n > 4, is given by (14). For this, we assume that
the expressions (12) and (13) are true. When n = 4, the assertion is clear by (6). Suppose now that (14)
holds for 4 < n < k and recall the following recurrence formula from (2) and (3) (see also [6], p. 57):

Dy y1(w) = (w — ag) Py (w Z a_y®v(w) — (k+1)ay. (16)
By differentiating the both sides of (16), since <I>£k—3) (w) =0forv <k —4, we get
oY (0) = (k-3)0F V(0 2 0% (0). (17)
By dividing the both sides of (17) by (k — 3)! and using dD ( )/ k! = F, k(f), we obtain

3
Fer1h-3(f) = Fex—a(f Z iFe—ix—3(f
Therefore, by using the equalities (11)—(13), we get

Fretpa(f) = ogk(k+1) (k= 1)(k —2)ad — 2 (k+ 1)k — 1) (k — 2)ada

+§(k+1)(k—2)a%+(k+1)( 2)agay — (k+1)as,

which means that (14) holds for n = k 4 1. Thus, it follows by induction that (14) holds for alln € N
with n > 4.

It now remains to be checked that the formulas for F,, ,_>(f) and F, ,_3(f) are true. By a similar
process with the above we can obtain the identities (12) and (13), and the detailed proofs of them
are omitted.

3. Bounds for the Coefficient of Faber Polynomial of Meromorphic Starlike Functions

In this section we find the sharp bounds for F,, ,,_;(f), i € {1,2,3,4}, where f is in S5 (a) and
SSx(B)-

From (11), we see that |F,,_1(f)| < n|ag| for f € X. Then, for f € S5 (a), the inequality
|Fpn—1(f)| < 2(1 —a)n follows from |ag| < 2(1 — ) [10], p. 232. Similarly, for f € SS5.(B), by the
inequality |ag| < 2B [10], p. 233, we have |F, ,_1(f)| < 2pn.

Next, the following result gives the sharp bounds for F,, ,,_;(f), i € {2,3,4}, of f € S5 (a).

Theorem 1. Let a € [0,1) and f € S5 () be of the form (1). Then the following inequalities hold:
[Fun-2(f)] < (1 =a)(202 +1)n, n € N\ {1}; (18)

(I—a)(1+p3)(1+203)n, neN\{1,2}; (19)

OJH\J

‘Fn,n73(f)|

[Fun-a(f)] < 2(1—a)(1+p4) (1 +204)(3+204)n, n €N\ {1,2,3}, (20)

O\M—‘
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where p = (1 —a)(n —k), k € {2,3,4}. All the results are sharp and the equalities hold for the function f,
given with

AQ) =¢1—-¢ 1)1, e (21)

Before proving the above result, let us recall the notion of the subordination. For analytic functions
f and g we say that f is subordinate to g and write f < g, if there is an analytic functionw : D — D
with w(0) = 0 such that f = g o w on D. If g is univalent, then f < g is equivalent to f(0) = g(0) and
£(D) € g(D).

The following lemma is a special case of more general results due to ([3], Theorem 1) and will be
used to obtain our results in this section.

Lemma 3. Let ¢(z) = 1+ ), 1 Byz" belong to P. If f has the form (1) and satisfies —zg'(z)/g(z) < ¢(z),
where g(z) = f(1/z), then

Here, note that the condition —zg’(z)/g(z) < ¢(z) in Lemma 3 is well-defined since the function
—z¢'(z)/g(z) has a removable singularity at z = 0 and

i (55) -0

1
|a; —'ya%| < §|Bl| -max{l,

B,
— —(1—-2v)B
By ( v)B1

This result is sharp.

Now we prove Theorem 1.

Proof of Theorem 1. Let f € S5 (a) be of the form (1) and g(z) = f(1/z), z € D*.
Since Fy, 2 (f) = —nla; — ((n —1)/2)a3] and —zg'(z)/g(z) < ¢(z), where ¢ € P is the function
defined by

1+ (1—2a)z e
(p(z):%zl—i—Z(l—a)Zz,
n=1

by applying Lemma 3 with By = 2(1 —«) = B and y = (n — 1) /2, we have the inequality (18).
By dividing the expands in numerator and denominator, we note that

gff(g) =1—aol "+ (a5 — 2a1)7 % + (—ag + 3agay — 3a2){ > (22)

+ (a§ — 4aday +2a% +4dagay —4a3) 44, TEA.

Since f € S5 (a) and g(z) = f({), where z = 1/{ € D*, we have

Re{lia (—Zig) —a)} >0, zeD". (23)

Recall that the function —zg’(z)/g(z) has a removable singularity at z = 0 and

i (580

Therefore, the inequality (23) holds for all z € ID and there exists a function p € P such that

1 z8'(2) _
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Since {f'(2)/f(Q) = —zg'(z)/g(z), where { = 1/z, if p has the form given by (7), then (24)
implies that

SO S ren

- — Nl . (25)
f0) (1-a) J;C ¢ ¢
Equating the coefficients in (22) and (25), we get
d=—(1-a)er, a1 =5(1-)[(1- )&~ ca], 26)
ap = %(1 —a)[—(1 —a)%c] +3(1 — a)cycr — 2¢3] (27)
and 1

az = ﬂ(l —a)[(1—a)3ct —6(1 —a)>cGer +3(1 —a)cl +8(1 — a)cyc3 — 6cy). (28)

Let n € Nwith n > 3. By substituting the expressions (26) and (27) into (13), we obtain
1
Funs(f) = 6(1 —w)n[(1—a)*(n—3)%c3 +3(1 —a)(n —3)cicz + 2c3).

Therefore, it follows from the triangle inequality and Lemma 1 that the inequality (19) holds.
Next, let n € N with n > 4. By using the Equations (26)—(28) and (14), we have

1
Pn,n74(f) = ﬂ(l — Lt)?l[/\5€zl1 + /\4C%C2 + /\3C% + Axcics + /\1C4},
where A5 = sz Ay = 603, A3 = 3p4, Ay = 8pgand Ay = 6. Since A; > 0 foralli € {1,2,3,4,5}, the

inequality (20) follows from the triangle inequality and Lemma 1.
The function f; defined by (21) has the form (1) with

2
ag=—-2(1—a), a3 =1-3a+242 ap= goc(l — 3a +242)

and ,
az = ga(l — o — 4a® + 4a3).

Putting these quantities into (12)-(14), we get
Fun—2(f1) = (1 —a)(2n + 4a — 2an — 3)n,
2
Fun-3(fi) = 31— a)n2(1 = 0)*(n = 3)* +3(1 — ) (n = 3) +1]
and

(1—a)n[4(1 —a)®(n —4)° +12(1 — a)?(n —4)2 +11(1 — a)(n — 4) + 3],

N =

Fn,n74(f1) =

respectively, which show that the inequalities (18)—(20) are sharp. The proof of Theorem 1 is now
completed. O

The sharp bounds for F, ,_;(f), i € {2,3,4}, where f € SS5(B), are given as in the following
theorem.

Theorem 2. Let p € (0,1] and f € SS5.(B). Then

[Fun2(f)| < pr-max{l,p(2n—3)}, neN\{1}, (29)
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If B and n satisfy one of the following conditions:

(i) 3<n<(148+1)/(6B);
(i) (148+1)/(6B) < n < (7B+2)/(3B) and B*(6n*> —27n +29) < 2,

then we have )
[Ean—s(f)l = 3Bn, n e N\{L2}. (30)

If B and n are satisfying one of the following conditions:

(iii) n > (78 +2)/(3B);
(iv) (148+1)/(6B) < n < (7B+2)/(3B) and B*(6n* —27n +29) > 2,

then we have 5
[Fun-s(f)] < B[l + B2(29 —27n +6n?)], neN\{1,2}. (31)

The inequalities (29)—(31) are sharp.

Let By be a class of Schwarz functions w:
=) dZ", zeD, (32)

such that w(0) = 0 and w(z) € D. Then w € By if and only if p(z) := (1 + w(z))/(1 —w(z)) € P.
The following property for the Schwarz functions will be used for our proof of Theorem 2.

Lemma 4 ([11], Prokhorov and Szynal). If w € By has the form (32), then for any real numbers y and v the
following sharp estimate holds:

Y (u,v) = |d3 + pdydo +vds| < ¥ (p,v), (33)
where
1, (n,v) e D1UD,U{(2,1)}
vl (1,v) € Ui—3 D,
$(u,v) = 3(ul+1) ( \Jﬁfﬁv )1/2 (n,v) € Dg U Dy, (34)
3Y (uyz 44v) (3;(6 ;1)) (v e ppubn (),
20— (5) " () € g

Here, the sets D; C R?,i € {1,2,---,12}, are defined as follows.

D, = {(y,v) ER?: [y < %,|1/| < 1},

1 4
D= { () € B 5 < il <2, 2wl +1° - (] +1) < v <1},
2 1
D=1 (mv) eR < 5,v< -1,

1 2
Dy = {(uv) € Bl 2 v < -3(lul + 1)},
Ds = {(pt,v) ER?: |u| <2,v > 1},

D¢ = {(y,v) eER?*:2< lu| <4,v> lz(y —|—8)}
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2
Dr = { () € B syl 2 40> S(0ul - 1)}

<Inl <2, -5(u+1) < < (el + 1P - (ul+ D

20p|(jul +1) }
2+ 2\ul+4J’

N —

Dg = {(y,v) eR2:
> 2
Dy =q(mv) R : [u] 22, —3(jul+1) sv <

2|p|((p[ +1) 1
D1y = Rz; < <4 7< < — -|-

2I;¢I(\#|+1) 2\p[([p] = 1)
_ 2.
D”{(”’ JER :[ul =4, 2o 14 = S o4l

2D < 20},
Dy =< (1, R?: |u| >4, <v<Z(lul -1
o= {w) e B =8 D <o < Su-)

Now we prove Theorem 2.

Proof of Theorem 2. Let B € (0,1] and f € SS5(B). Further, g(z) = f(1/z),z € D*.
Since —zg'(z)/g(z) < ¢(z), where ¢ € P is the function defined by

B
o0 = (122) =1+ 224282 4,

the inequality (29) follows from (12) and Lemma 3 with B; = 28, B, = 2% and v = (n —1)/2.
Since f € SS5.(B), we have

g )\ "
Re{(f@) }>o, lEAN.

By a similar argument with the proof of Theorem 1, there exists a function p € P such that

¢
£

Here, we choose the branch of functions z + (p(z))P for z € I, so that p(0)# = 1.
Let p have the form given by (7). Then, by the Laurent queue for (p(z))? and by equating the
coefficients in (35), we obtain

=(p(1/0))F, TeA. (35)

d=—per, @ = gBl(1+H)F 20 (36)
and 1
ay = 2 Bl(—4 =3B+ B)c] +6(2+ B)ercy — 12c3). (37)

Let n € Nwith n > 3. By using the equalities (13), (36) and (37) we have

1
Fyn3(f) = %ﬁn - [12¢3 + k10102 + chi’], (38)
where
K1 = 6[—2+ B(—7+3n)]

and
Ko =4+ B(21 — 9n) + B2(29 — 27n + 6n?).

Note that k, > 0 for n > 3.
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When the condition (iii) is satisfied, we have x; > 0. Therefore, the inequality (31) follows from
the triangle inequality and Lemma 1.

Now, letn < (78+2)/(3B). Letw(z) = (p(z) —1)/(p(z) + 1) and suppose w has the form given
by (32). Using the relations

cp=2dy, c=2(d*+dy) and c3=2(d+2d1dr +d3),
together with (38), we obtain
2
Fn,n73(f) = gﬁn‘lf(y, v), (39)

where Y is defined by (33) with
u=p0Bn—-7) and v= %[1 + B2(6n* — 271 4 29)]. (40)

Suppose that (i) is satisfied. Then it holds that 0 < y < 1/2and 0 < v < 1. Indeed, let
Ig = [3,(14p +1)/(6B)] and consider a function k : I5 — R defined by

K(x) = %[1 4 B2(63% — 27x +29)].

Then k(x) increases on Iz. Thus, we have

43 145+ 1 1 5 25
i < < = - <=
0<123 k(3)_k(x)_k< 68 ) 18(7+8 8ﬁ)_64<1
for x € Ig, which leads us to get 0 < v < 1. Therefore, we have (u,v) € D1, and it follows from (39)
and Lemma 4 that the inequality (30) holds.
Now consider the case (148 +1)/(68) < n < (78+2)/(3B). In this case, we have 1/2 < u < 2.
Therefore, we get

— 43 +15u + 32 > 30. (41)
Moreover it is observed that
—3B%(18n* — 87n +109) > —6(4 — B+ 2B2) > —30. (42)
By combining (40), (41) and (42), we have

27v —4(u+1)3 +27(p 4+ 1)
= —4p® +15u + 32 — 38%(18n> — 87n +109) > 0,

which implies that v > (4/27)(u +1)3 — (4 + 1). Now, if B2(6n> —27n+29) < 2, then v < 1 and
(u,v) € Dy. Thus, it follows from (39) and Lemma 4 that the inequality (30) holds. If ?(6n> — 27n +
29) > 2,thenv > 1and (u,v) € Ds. Therefore, by Lemma 4, we obtain the inequality (31).

Finally, let us consider the sharpness of this result. For given m € N, define a function g, : D* — C

by ;
gm(z) = %eXP [—/O % (G;;) —1> df] (43)

and let f,,(2) = gm(1/2), T € A. Then we get

Q) = E =26+ 0 = Sp— T2+ G-I S+, zen,
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o) =T BT = G-I, zeD
and
B =~ 2602 3BT+, zen
Hence, from (11)-(14), we have

~

Fn,n—Z(]?l) = ,32(2n - 3)”/ Fn,n—2(f2) = ﬁn/ Fn,n—3(f3) = 2ﬁ71/3

and )
Fun-a(f1) = 5Bn1 + B*(29 = 27n + 6n%)].

The inequality (29) is sharp for the function f, when 1 > B(2n — 3) and for the function f; when
1 < B(2n —3). When B and 7 satisfy the condition (i) or (ii), the equality in (30) holds for f3. In addition,
the equality in (31) holds for f;, when B and n satisfy the condition (iii) or (iv). The proof of Theorem 2
is completed. O

4. Bounds for the Coefficient of Faber Polynomial of Meromorphic Convex Functions

In this section we find the sharp bounds for F, ,_;(f), i € {2,3,4}, of f in K¢ (a) and SKs(B).
We find the sharp bounds for the functional a3 — ya? of f in Ky (x) and SKy; (B) for our investigations.

Proposition 1. Leta € [0,1) and v € R.If f € Kg (), then

1
lag — ya?| < 8(1—m)max{1,|o¢—6'y—|—6¢x'y|}. (44)

This result is sharp.

Proof. Suppose f € s (). Then we have

"0
f1(©)

Since f € K¢ («), a similar argument of the proof of Theorem 1 implies that there exists a function

p € P such that
1 ¢ _
1—&(1+ f’(é) —a>—p(l/€), feA.

Let p have the form given by (7). Then

1+ = 142010 24+ 6a0 3 4+2(a2 +6a3) 4 4---, (€A (45)

1—-a)p(1/)+a=1+(1—-n) icng_”, eN. (46)
n=1

Therefore, by equating the coefficients in (45) and (46) we get c; = 0,

1 1 1 1
a = 5(1 —&)cy, ap = 8(1 —a)es and a3 = _ﬂ(l — )23+ E(l —)cy. (47)

Since c; = 0, by Lemma 2, we have

=27 and ¢ =27%—2(1— |7]) (?172—(1—|17|2)§), (48)
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where T, 77, & € D. Substituting (48) into (47) we obtain

6
1—

—(a3 = ya}) = (a« = 6y + 6ay)T* = (1 = [T)77* + (1 = [7) (1 = [7*)5. (49)
Taking the absolute values of the both sides in (49) and the triangle inequality together with

|¢| < 1yield that )

a3 —948] < £(1 ) (|7, ), 50)

where Hj : [0,1] x [0,1] — R s a function defined by
Hi(x,y) = |a— 6y + 6ay|x® + (1 — x¥)xy® + (1 — x2) (1 — y?).
A simple computation gives us to get

Hi(x,y) < Hy(x,0) = (Ja — 6y + 6ay| —1) x> 41

51
=max{1, |a — 6y +6ay|}, (x,y)€[0,1] x[0,1]. G1)
Since 7,7 € D, it follows from (50) and (51) that the inequality (44) holds.
Now, consider a function f; : A — C such that f](¢) = (1—¢*)(179/2. Then we have
f1 € Ks(a) and
~ 1 _
A@Q =0+ 1=+, fen,
which implies that a3 — ’ya% = (1 —a)/6. This shows that the inequality (44) is sharp for fl when
| — 6 + 6ay| < 1. Next we consider a function f, : A — C such that f;() = (1 — {~2)'*. Then we
have a; = 1 — w and a3 = a(1 — &) /6, which implies that

(1—a)(a— 67+ 6ay).

N =

2
az — yayp =

Thus, when | — 67y + 6ay| > 1, the inequality (44) is sharp with the extremal function fo and it
completes the proof of Proposition 1. [J

Proposition 2. Let B € (0,1] and v € R. If f € SK+(B) has the form given by (1), then

B

jas — yai| < & -max{1,6p[7]}. (52)

This result is sharp.

Proof. Let f € SKs(B). Then, by a similar argument as in the proof of Theorem 1, we have

"o
f'(9)

for some p € P. If p is of the form (7), then we get ¢; = 0 from (53) and

1+ = (p(1/0))F, 7en, (53)

1 1 1 1
a; = E,Bcz, ap = gﬁc_o, and a3 = —ﬂﬁc% + ﬁ‘BC4.

Therefore, we have
1 1 1
az — ’)’ll% = :B |:— (24 + 4,8’)/) C% + 12C4:| .
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Using the relations in (48), we have

(6/B)(a3 —yat) = —6pyT* — (1= [t)Tn* + (1 = =) (1 — [5*)¢
with T, 77, & € D. Therefore, we get

a5 —1a3] < £ Fi(lel ), 69

where H; : [0,1] x [0,1] — R s a function defined by
Ha(x,y) = 6Bly]a? + (1 - x®)xy® + (1 - 2?) (1 - ).
Since

Ha(x,y) < max{1,6|v[}, (x,y) € [0,1] x[0,1],

the inequality (52) follows from (54).
Finally, we will show that this result is sharp. Consider a function f3 € SKs(B) such that
Cf3(0) = $2(1/0), T € A, where g, is the function defined by (43) with m = 2. Then f; is represented by

Q) =G+ B0 + B - 5+, fen

Thus, a3 — ya3 = —B27 and the function f3 which makes the equality in (52) when 6f|y| > 1.
Next, let us consider a function fy € SKs(B) such that {f;(¢) = g4(1/{), { € A, where g4 is the
function defined by (43) with m = 4. Then we have

fon o B B
AO=t+bei Beri ) gen

or a3 — ya3 = B/6. Thus, it follows that the inequality (52) is sharp with the extremal function fy for
the case 6p|y| < 1. Thus, the proof of Proposition 2 is completed. O

Now we obtain the sharp bounds for F,, ,,_;(f), i € {2,3,4}, of f in g (a) and SKx(B).

Theorem 3. Let f € K («). Then the following sharp inequalities hold for n € N.

(i) |Fon—2(f)| < (1 —a)nforn>2;
(ii) |Fyn—3(f)] < (1 —a)n/3forn>3;
(iii) |Fyp—a(f)] < ((1—a)n/6) -max{l, |a —3(n—3)(1 —a)|}forn>4.

Proof. Since F,, »(f) = —nay and F,, 3(f) = —nayp for f € %, the inequalities in (i) and (ii)
follows from (47) and Lemma 1. Next we note that |F, ,,_4| = 1 - |a3 — ((n — 3)/2)a?|. Therefore, by
Proposition 1 with y = (n — 3)/2, we obtain the inequality in (iii). O

Theorem 4. Let f € SKy(B) be of the form (1). Then the following sharp inequalities hold for n € N.
(1) |Fn,n72(f) VlfO?’i’l >2

|<B
(ii) |Fun—3(f)| < Bn/3forn>3;
(iii) |Fyp—a(f)] < (Bn/6)-max{1,3p(n—3)} forn > 4.

We will finish our paper by giving the sharp bounds of F, ,_;(f), i € {2,3,4}, for a starlike
function f € ¥ of order a (x € [0,1)), or a strongly starlike function f € £ of order B (8 € (0,1]).
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Theorem 5. Let f € S5 (a) N . Then the following sharp inequalities hold for n € N.

(i) |Fan—2(f)| <A —a)nforn>2;
(i1) |Fun—3(f)] <2(1 —a)n/3forn >3;
(iti) |Fpp—a(f)] < ((1—a)n/2) -max{1, |a(4—n)+n—23|}forn > 4.

Proof. Let ; f( )
d ’
s@= [ P gea

0
where {j is determined so that ¢({) = ¢+ Y1 byl ". From f € Si(a) NE, we have g € Ky ().
Furthermore we have a, = —nb, for n € N. Therefore, the relations F, ,_»(f) = —F,,-2(g) and
Fyn—3(f) = —2F, ,—3(g) hold. Hence, by Theorem 3, we obtain the inequalities in (i) and (ii). Next,
we note that

1 1
|Fyn—a(f)| = ‘zn(n3)a%na3 =3n b3+8(n 3)b% .

Then it follows from Proposition 1 with v = —(n — 3) /6 that the inequality in (iii) holds. [

Theorem 6. Let f € SS5(B) N L be of the form (1). Then the following sharp inequalities hold for n € N.

(i) |Fun—2(f)| < Bnforn>2;
(ii) |Fyn—3(f)| <2Bn/3forn >3;
(iti) |Fyp—a(f)] < (nB/2)-max{1,p(n —3)} forn > 4.

Proof. The assertions given above can be proved by similar processes with the proof of Theorem 5. [

5. Conclusions

In the present paper, we obtained the sharp inequalities for F,,,_;(f), n € Ny, i € {1,2,3,4},
where F, ;(f) is the ith coefficient of the Faber polynomial of a meromorphic function f € X, which are
starlike (or convex) functions of order « (« € [0,1)) and strongly starlike (or convex) functions of order
B (B € (0,1]). In particular, we observed that the sharp inequality |F, ,_i(f)| < |F,n—i(f1)|, where
f1 is the function defined by (21), holds for i € {1,2,3,4} and f € S5 (a). Hence, it can be naturally
expected that this sharp inequalty would hold foralli <n — 1.
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