
 

Symmetry 2019, 11, 405; doi:10.3390/sym11030405 www.mdpi.com/journal/symmetry 

Supplementary Material 

Exploiting the Symmetry of Integral Transforms for 
Featuring Anuran Calls 
Amalia Luque 1,*, Jesús Gómez-Bellido 1, Alejandro Carrasco 2 and Julio Barbancho 3 

1 Ingeniería del Diseño, Escuela Politécnica Superior, Universidad de Sevilla, 41004 Sevilla, Spain; 
jesgombel@outlook.es 

2 Tecnología Electrónica, Escuela Ingeniería Informática, Universidad de Sevilla, 41004 Sevilla, Spain; 
acarrasco@us.es 

3 Tecnología Electrónica, Escuela Politécnica Superior, Universidad de Sevilla, 41004 Sevilla, Spain; 
jbarbancho@us.es 

* Correspondence: amalialuque@us.es; Tel.: +34-955-420-187 

Received: date; Accepted: date; Published: date 

1. Derivation of integral transforms expressions 

1.1. Integral transforms of non-symmetric functions 

Let us consider an arbitrary example function ݂(ݔ), of which we know only one fragment in the 
interval [ݔ଴, ଴ݔ + ܲ]. Now let us consider that this function is sampled, and the values only at 
specific points for ݔ =  are known. By denoting ܰ as the total number ,ݔ௡, separated at intervals Δݔ
of points (samples) in a period, we know that Δݔ = ܲ/ܰ. The sampled function will be called 
መ݂(ݔ௡) = ௡݂ where the hat ( ෡ ) above ݂ represents a sampled function. 

The usual way to obtain the spectrum of that function is to define a periodic function ௣݂(ݔ) of 
period ܲ  that coincides with the previous function in the known interval, and to proceed to 
compute the spectrum of that new function. The spectral representation of the function ௣݂(ݔ) is 
composed of the complex coefficients of the Fourier series expansion given by 

ܿ௞ ≡
1
ܲ

න ௣݂(ݔ)݁ି௝ଶగ௞కబ௫݀ݔ
௫బା௉

௫బ

, (1)

where ߦ଴ is the frequency of the periodic function that is given by ߦ଴ = 1/ܲ. Therefore, 

ܿ௞ =
1
ܲ

න ௣݂(ݔ)݁ି௝ଶగ௞௫
௉ ݔ݀

௫బା௉

௫బ

. (2)

Since, in the interval [ݔ଴, ଴ݔ + ܲ], the function ௣݂(ݔ) coincides with ݂(ݔ), then the expression takes 
the form 

ܿ௞ =
1
ܲ

න ௝ଶగ௞௫ି݁(ݔ)݂
௉ ݔ݀

௫బା௉

௫బ

. (3)

On the other hand, the sampled function, መ݂(ݔ௡) = ௡݂, will have a spectral representation ܿ̂௞ 
that corresponds to ܿ௞, when the sampling of the variable ݔ is taken into account. Now let us call 
 ,the integrand of equation 3, that is (ݔ)ܫ

(ݔ)ܫ = ௝ଶగ௞௫ି݁(ݔ)݂
௉ , (4)

and hence the spectral representation of the non-sampled function ௣݂(ݔ)  is featured by the 
coefficients 

ܿ௞ =
1
ܲ

න ݔ݀(ݔ)ܫ
௫బା௉

௫బ

. 

  

(5)
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in order to obtain the values ܿ̂௞ that take into account the sampling of the variable ݔ, the 
continuous calculation of the area that supposes the integral of the previous expression is 
substituted with the sum of the rectangles corresponding to the discrete values (sum of Riemann). 
Therefore, 

ܿ̂௞ ≡ [ܿ௞]௫ୀ௫೙ = ቈ
1
ܲ

න ݔ݀(ݔ)ܫ
௫బା௉

௫బ

቉
௫ୀ௫೙

. (6)

ܿ̂௞ =
1
ܲ

෍ ݔΔ(௡ݔ)ܫ
௫೙ୀ௫బା௉ିΔ௫

௫೙ୀ௫బ

. (7)

ܿ̂௞ =
1
ܲ

෍ ௣݂(ݔ௡)݁ି௝ଶగ௞௫೙
௉ Δݔ

௫೙ୀ௫బା௉ିΔ௫

௫೙ୀ௫బ

. (8)

In that equation, ݔ௡ = ଴ݔ + ݊Δݔ , and ௣݂(ݔ) = (ݔ)݂  in the interval [ݔ଴, ଴ݔ + ܲ] , and hence 
௣݂(ݔ௡) = (௡ݔ)At the sampling points, the sampled function is also ௣݂ .(௡ݔ)݂ = (௡ݔ)݂ = መ݂(ݔ௡) = ௡݂, 

and it can therefore be written that 

ܿ̂௞ =
1
ܲ

෍ ௡݂ ݁ି௝ଶగ௞(௫బା௡Δ௫)
௉ Δݔ

௫బା௡Δ௫ୀ௫బା௉ିΔ௫

௫బା௡Δ௫ୀ௫బ

. (9)

ܿ̂௞ =
1

ܰΔݔ
෍ ௡݂ ݁ି௝ଶగ௞௫బ

ேΔ௫ ݁ି௝ଶగ௞௡Δ௫
ேΔ௫ Δݔ

௡Δ௫ୀேΔ௫ିΔ௫

௡Δ௫ୀ଴

. (10)

ܿ̂௞ =
1

ܰΔݔ
෍ ௡݂ ݁ି௝ଶగ௞௫బ

ேΔ௫ ݁ି௝ଶగ௞௡Δ௫
ேΔ௫ Δݔ

ேିଵ

௡ୀ଴

. (11)

By pulling out the terms that do not depend on ݊, we obtain 

ܿ̂௞ =
1

ܰΔݔ
݁ି௝ଶగ௞௫బ

ேΔ௫ Δݔ ෍ ௡݂ ݁ି௝ଶగ௞௡
ே

ேିଵ

௡ୀ଴

. (12)

ܿ̂௞ =
1
ܰ

݁ି௝ଶగ௞௫బ
ேΔ௫ ෍ ௡݂ ݁ି௝ଶగ௞௡

ே

ேିଵ

௡ୀ଴

. (13)

It can be observed that the spectral representation ܿ̂௞ depends on the point ݔ଴ selected as the 

origin of coordinates, due to the factor ݁ି௝మഏೖೣబ
ಿΔೣ . This factor does not affect the amplitude spectrum 

(since its modulus is 1), but it does affect the phase spectrum, corresponding to the known time-shift 
property of the Fourier Transform. For practical purposes, the origin of coordinates is usually 
considered to be the starting point of the sequence, that is, at ݔ଴ = 0, and hence the spectral 
representation finally becomes 

ܿ̂௞ =
1
ܰ

෍ ௡݂ ݁ି௝ଶగ௞௡
ே

ேିଵ

௡ୀ଴

. (14)

This expression coincides with the usual definition of the Discrete Fourier Transform (DFT). In 
other words: the Discrete Fourier Transform of a known fragment of a function presupposes the 
periodic repetition of that fragment. 

1.2. Integral transforms of symmetric functions 

Let us now again consider the function ݂(ݔ) of which we know only sampled values of a 
fragment ௡݂ in the interval [ݔ଴, ଴ݔ + ܲ]. An alternative way of representing its spectrum to that of 
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periodically repeating the values ௡݂, lies in defining a sequence of values ݃௡ of length 2ܲ that 
coincides with ௡݂ in the interval [ݔ଴, ଴ݔ + ܲ], which is its symmetric in the interval [ݔ଴ − ܲ,  ଴]. Itݔ
can be observed that 

݃௡ = ௡݂ ∀݊ ∈ [0, ܰ − 1]
݃௡ = ݂ି ௡ିଵ ∀݊ ∈ [−1, −ܰ]. (15)

Subsequently, a sequence of periodic values ℎ௡ of period ܲᇱ = 2ܲ is defined that coincides with ݃௡ 
in the interval [ݔ଴ − ܲ, ଴ݔ + ܲ]. 

In order to obtain the spectrum of the sequence of values ℎ௡ in accordance with equation (8), it 
can be written that 

ܿ̂௞ =
1
ܲ′

෍ ℎ௡ ݁ି௝ଶగ௞௫೙
௉ᇱ Δݔ

௫೙ୀ௫బା௉ିΔ௫

௫೙ୀ௫బି௉

. (16)

ܿ̂௞ =
1

2ܲ
෍ ℎ௡ ݁ି௝ଶగ௞௫೙

ଶ௉ Δݔ
௫೙ୀ௫బା௉ିΔ௫

௫೙ୀ௫బି௉

. (17)

In the interval [ݔ଴ − ܲ, ଴ݔ + ܲ], it is true that ℎ௡ = ݃௡, and hence we can write 

ܿ̂௞ =
1

2ܲ
෍ ݃௡ ݁ି௝ଶగ௞௫೙

ଶ௉ Δݔ
௫೙ୀ௫బା௉ିΔ௫

௫೙ୀ௫బି௉

. (18)

ܿ̂௞ =
Δݔ
2ܲ

቎ ෍ ݃௡ ݁ି௝గ௞௫೙
௉

௫೙ୀ௫బିΔ௫

௫೙ୀ௫బି௉

+ ෍ ݃௡ ݁ି௝గ௞௫೙
௉

௫೙ୀ௫బା௉ିΔ௫

௫೙ୀ௫బ

቏. (19)

In that expression, the second summand extends in the interval [ݔ଴, ଴ݔ + ܲ], where it is true that 
݃௡ = ௡݂, while the first summand extends in the interval [ݔ଴ − ܲ, ଴] where ݃௡ݔ = ݂ି ௡ିଵ, and therefore 
we can write 

ܿ̂௞ =
Δݔ
2ܲ

቎ ෍ ݂ି ௡ିଵ ݁ି௝గ௞௫೙
௉

௫೙ୀ௫బିΔ௫

௫೙ୀ௫బି௉

+ ෍ ௡݂ ݁ି௝గ௞௫೙
௉

௫೙ୀ௫బା௉ିΔ௫

௫೙ୀ௫బ

቏. (20)

Recalling that ݔ௡ = ଴ݔ + ݊Δݔ and ܲ = ܰΔݔ, it can be written that 

ܿ̂௞ =
Δݔ

2ܰΔݔ
቎ ෍ ݂ି ௡ିଵ ݁ି௝గ௞(௫బା௡Δ௫)

ேΔ௫

௫బା௡Δ௫ୀ௫బିΔ௫

௫బା௡Δ௫ୀ௫బି௉

+ ෍ ௡݂ ݁ି௝గ௞(௫బା௡Δ௫)
ேΔ௫

௫బା௡Δ௫ୀ௫బା௉ିΔ௫

௫బା௡Δ௫ୀ௫బ

቏. (21)

ܿ̂௞ =
1

2ܰ
቎ ෍ ݂ି ௡ିଵ ݁ି௝గ௞௫బ

ேΔ௫  ݁ି௝గ௞௡
ே

௡Δ௫ୀିΔ௫

௡Δ௫ୀି௉

+ ෍ ௡݂ ݁ି௝గ௞௫బ
ேΔ௫  ݁ି௝గ௞௡

ே

௡Δ௫ୀ௉ିΔ௫

௡Δ௫ୀ଴

቏. (22)

ܿ̂௞ =
1

2ܰ
൥ ෍ ݂ି ௡ିଵ ݁ି௝గ௞௫బ

ேΔ௫  ݁ି௝గ௞௡
ே

௡ୀିଵ

௡ୀିே

+ ෍ ௡݂ ݁ି௝గ௞௫బ
ேΔ௫  ݁ି௝గ௞௡

ே

௡ୀேିଵ

௡ୀ଴

൩. (23)

Pulling out the terms that do not depend on ݊, it can be written that 

ܿ̂௞ =
1

2ܰ
݁ି௝గ௞௫బ

ேΔ௫ ൥ ෍ ݂ି ௡ିଵ ݁ି௝గ௞௡
ே

௡ୀିଵ

௡ୀିே

+ ෍ ௡݂ ݁ି௝గ௞௡
ே

௡ୀேିଵ

௡ୀ଴

൩. (24)

By calling ߥ ≡ −݊ −  1, that is, ݊ = − ߥ−  1, we obtain 

ܿ̂௞ =
1

2ܰ
݁ି௝గ௞௫బ

ேΔ௫ ൥ ෍ ݂ି (ିఔିଵ)ିଵ ݁ି௝గ௞(ିఔିଵ)
ே

ିఔିଵୀିଵ

ିఔିଵୀିே

+ ෍ ௡݂ ݁ି௝గ௞௡
ே

௡ୀேିଵ

௡ୀ଴

൩. (25)
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ܿ̂௞ =
1

2ܰ
݁ି௝గ௞௫బ

ேΔ௫ ൥ ෍ ఔ݂ ݁௝గ௞(ఔାଵ)
ே

ఔୀ଴

ఔୀேିଵ

+ ෍ ௡݂ ݁ି௝గ௞௡
ே

௡ୀேିଵ

௡ୀ଴

൩. (26)

ܿ̂௞ =
1

2ܰ
݁ି௝గ௞௫బ

ேΔ௫ ൥෍ ఔ݂ ݁௝గ௞ఔ
ே ݁௝గ௞

ே

ேିଵ

ఔୀ଴

+ ෍ ௡݂ ݁ି௝గ௞௡
ே

ேିଵ

௡ୀ଴

൩. (27)

ܿ̂௞ =
1

2ܰ
݁ି௝గ௞௫బ

ேΔ௫ ൥݁௝గ௞
ே ෍ ఔ݂ ݁௝గ௞ఔ

ே

ேିଵ

ఔୀ଴

+ ෍ ௡݂ ݁ି௝గ௞௡
ே

ேିଵ

௡ୀ଴

൩. (28)

In the first summation of this equation, the variable ߥ can be substituted with any other symbol, 
for instance by ݊, which yields 

ܿ̂௞ =
1

2ܰ
݁ି௝గ௞௫బ

ேΔ௫ ൥݁௝గ௞
ே ෍ ௡݂ ݁௝గ௞௡

ே

ேିଵ

௡ୀ଴

+ ෍ ௡݂ ݁ି௝గ௞௡
ே

ேିଵ

௡ୀ଴

൩. (29)

As can be observed, due to the factor ݁ି௝మഏೖೣబ
ಿΔೣ , the spectral representation ܿ̂௞ depends on the 

point ݔ଴ where the origin of coordinates is defined. This factor does not affect the amplitude spectrum 
(since its modulus is 1), but it does affect the phase spectrum, which corresponds to the known 
time-shifting property of the Fourier transform. For practical purposes, the origin of coordinates is 
usually considered to be located the midpoint of the symmetric sequence ݃௡, that is, ݔ଴ = Δ2/ݔ. 

Finally the spectral representation is 

ܿ̂௞ =
1

2ܰ
݁ି௝గ௞Δ௫/ଶ

ேΔ௫ ൥݁௝గ௞
ே ෍ ௡݂ ݁௝గ௞௡

ே

ேିଵ

௡ୀ଴

+ ෍ ௡݂ ݁ି௝గ௞௡
ே

ேିଵ

௡ୀ଴

൩. (30)

ܿ̂௞ =
1

2ܰ
݁ି௝గ௞

ଶே ൥݁௝గ௞
ே ෍ ௡݂ ݁௝గ௞௡

ே

ேିଵ

௡ୀ଴

+ ෍ ௡݂ ݁ି௝గ௞௡
ே

ேିଵ

௡ୀ଴

൩. (31)

ܿ̂௞ =
1

2ܰ
൥෍ ௡݂ ݁௝గ௞௡

ே ݁௝గ௞
ே ݁ି௝గ௞

ଶே

ேିଵ

௡ୀ଴

+ ෍ ௡݂ ݁ି௝గ௞௡
ே ݁ି௝గ௞

ଶே

ேିଵ

௡ୀ଴

൩. (32)

ܿ̂௞ =
1

2ܰ
൥෍ ௡݂ ݁௝గ௞

ே ቀ௡ାଵିଵ
ଶቁ

ேିଵ

௡ୀ଴

+ ෍ ௡݂ ݁ି௝గ௞
ே ቀ௡ାଵ

ଶቁ
ேିଵ

௡ୀ଴

൩. (33)

ܿ̂௞ =
1

2ܰ
൥෍ ௡݂ ݁௝గ௞

ே ቀ௡ାଵ
ଶቁ

ேିଵ

௡ୀ଴

+ ෍ ௡݂ ݁ି௝గ௞
ே ቀ௡ାଵ

ଶቁ
ேିଵ

௡ୀ଴

൩. (34)

ܿ̂௞ =
1

2ܰ
෍ ൤ ௡݂ ݁௝గ௞

ே ቀ௡ାଵ
ଶቁ + ௡݂ ݁ି௝గ௞

ே ቀ௡ାଵ
ଶቁ൨

ேିଵ

௡ୀ଴

. (35)

ܿ̂௞ =
1

2ܰ
෍ ௡݂  ൤݁௝గ௞

ே ቀ௡ାଵ
ଶቁ + ݁ି௝గ௞

ே ቀ௡ାଵ
ଶቁ൨

ேିଵ

௡ୀ଴

. (36)

ܿ̂௞ =
1
ܰ

෍ ௡݂ cos ൤
݇ߨ
ܰ

൬݊ +
1
2

൰൨
ேିଵ

௡ୀ଴

. (37)

This expression coincides with the usual definition of the Discrete Cosine Transform (DCT). In 
other words, the Discrete Cosine Transform of a known fragment of a function presupposes the 
periodic repetition of that fragment and its symmetric.  
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