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Abstract: We present in this work the existence results and uniqueness of solutions for a
class of boundary value problems of terminal type for fractional differential equations with the
Hilfer-Katugampola fractional derivative. The reasoning is mainly based upon different types of
classical fixed point theory such as the Banach contraction principle and Krasnoselskii’s fixed point
theorem. We illustrate our main findings, with a particular case example included to show the
applicability of our outcomes.
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1. Introduction

Recently, by means of different tools from nonlinear analysis, many classes of differential equations
with Caputo fractional derivative have extensively been studied in books [1-5] and in some papers, for
example, [6-11]. In order to solve fractional differential equations, we mention the works [12,13] where
the authors propose and prove the equivalence between an initial value problem and the Volterra
integral equation.

We consider a new fractional derivative which interpolates the Hilfer, Hilfer-Hadamard,
Riemann-Liouville, Hadamard, Caputo, Caputo-Hadamard, generalized and Caputo-type fractional
derivatives, as well as the Weyl and Liouville fractional derivatives for particular cases of integration
extremes. for more details, see [14-21] and the references therein.

It is well known [22] that the comparison principle for initial value problems of ordinary
differential equations is a very useful tool in the study of qualitative and quantitative theory. Recently,
attempts have been made to study the corresponding comparison principle for terminal value problems
(TVP) [23].

Motivated by the works above, we establish in this paper existence and uniqueness results to the
terminal value problem of the following Hilfer—-Katugampola type fractional differential equation:

(PDZ;ﬁy) t=f (t,y(t), (PDZ;ﬁy) (t)) , foreach, t € (a,T], a>0 1)
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y(T)=ceR )

where PDZLF is the Hilfer-Katugampola fractional derivative (to be defined below) of order « € (0,1)
and type B € [0,1] and f : (4, T] x R x R — R is a given function. To our knowledge, no papers on
terminal value problem for implicit fractional differential equations exist in the literature, in particular
for those involving the Hilfer-Katugampola fractional derivative.

This paper is organized as follows. In Section 2, some notations are introduced and we recall some
concepts of preliminaries about Hilfer-Katugampola fractional derivative. In Section 3, two results
for Equations (1) and (2) are presented: The first one is based on the Banach contraction principle, the
second one on Krasnoselskii’s fixed point theorem. Finally, in Section 4, we give an example to show
the applicability of our main results.

2. Preliminaries

In this part, we present notations and definitions that we will use throughout this paper. Let
0<a<T,]=[aT]. By C(J,R) we denote the Banach space of all continuous functions from | into R
with the norm:

[Ylleo = sup{ly(£)] : t € J}

We consider the weighted spaces of continuous functions:

0 —af

Cot) = {r: @157 () w e cum}, 0 <1

and:

(N ={yec () :y" € Crp(N} meN,
Chp()) = Crp(l)

with the norms:

vl = ’(tp ap>v (t)‘
su
Yiic,, te};’ 0 Y

and:

n—1
Iyllcr, = k;) ly® oo + ly™ e,

Consider the space Xf (a,b), (c e R, 1 < p < o0) of those complex-valued Lebesgue measurable
functions f on [a,b] for which || f|[x» < oo, where the norm is defined by:

L dt\ 7
Ifle = ([ 1Er0PT)" A <p<wcer)
In particular, when ¢ = %, the space Xf(a,b) coincides with the L (a, b) space: Xg (a,b) = Ly(a,b).

Definition 1 ([16]). (Katugampola fractional integral).
Leta € Ry,c € Rand g € X! (a,b). The Katugampola fractional integral of order w is defined by:

b g\ L g(s)
PI% ) (1) = [ P71 ds, t
( a*g)( ) /ﬂ s < 0 ) 1—-(0‘) 5 >a/p>0

where T(-) is the Euler gamma function defined by: T'(x) = / t*Le~tdt, a > 0.
0
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Definition 2 ([16]). (Katugampola fractional derivative).
Let w € Ry \ Nand p > 0. The Katugampola fractional derivative D%, of order a is defined by:

(PD3.g) (1) = &5 (PIy "g)(t)
ANt (P =P\ o(s)
1-p o—1 8
<t dt> /a ° < Y > Iﬂ(nfoc)ds't>a"0>0

n
where n = [a] + 1 and 65 = (tlp;t) )

Lemma 1 ([24]). Let « > 0,and 0 <y < 1. Then, PI%, is bounded from C, p(]) into Cq,(]).

Lemma 2 ([24]). Let0 <a < T <oo,a > 0,0 <y <Tlandy € Cy,(]). Ifa > 1, then P17,y is continuous
on | and

("Ly) (a) = lim (PLLy) () =0
Lemma 3 ([12]). Let x > a. Then, for « > 0 and § > 0, we have:

S5 o -

s —af\* 1
PDZ@( ; > () = 0, 0<a<l1

Lemma 4 ([24]). Leta > 0,0 <y < 1and g € C[a,b]. Then:
(PD5. PIS Q) (t) = g(t), forall t e (a,b]

Lemma 5 ([24]). Let 0 <a < 1,0 <y < 1.Ifg € Cy,la,b] and F’I;j‘)‘g € C}Y,p [a,b], then:

("rig) (@) (tp o

a—1
(PIg+ PDge8) (1) = g(t) — @) 5 ) , forall t € (a,b]

Definition 3 ([24]). Let order a and type B satisfyn —1 < a« < nand 0 < B < 1, withn € N. The
Hilfer—Katugampola fractional derivative to t, with p > 0 of a function g € C1_., [a, b], is defined by:

(D) (1) — <p o) <tp—1 % ) p1(A-)(1-0) g) (0
— (Plfy*“)(gz plgfﬁ)(nw)@ (t)
In this paper we consider the case n = 1 only, because 0 < a0 < 1.
Property 1 ([24]). The operator * DZ’f3 can be written as:
DM = pPPU g, e oy — P[P DY —a B —ap

Property 2. The fractional derivative P DZf is an interpolator of the following fractional derivatives: Hilfer (p —
1) [14], Hilfer-Hadamard (p — 0%) [25], generalized (B = 0) [16], Caputo-type (B = 1), Riemann-Liouville
(B =0,0 — 1) [17], Hadamard (B = 0,p — 0%) [17], Caputo (B = 1,p — 1) [17], Caputo—Hadamard

(B=1,p — 0") [21], Liouville (B =0,p — 1,a = 0) [17] and Weyl (B =0,p — 1,a = —o0)[15].
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Definition 4. We consider the following parameters , B, <y satisfying:
y=a+p—aBf, 0<apfy<l1.
Thus, we define the spaces:

cf (D ={ve i), Difyeci,(n}

and:
CY_%p(D = {]/ € Cl—'y,p(])/ pDZH/ € Cl—v,p(])}

Since P Dz’f y="~ IZPW) PDZ+ y, it follows from Lemma 1 that:

cl (N TP (1) CCiqpll)

Lemma 6 ([24]). Let 0 <a < 1,0 < B<landy=wa+p—ap.Ify € C|_, (]), then:

o1l Pl y = 18 #Dfy
and:
1—
pDZ+ Ly = pri a)y
Theorem 1 ([26]). (PC;_,, type Arzela—Ascoli Theorem). Let A C PCy_, (], R). A is relatively compact (i.e.,
A is compact) if:
1. Ais uniformly bounded, i.e., there exists M > 0 such that:

|f(x)| < M forevery f € Aand x € (ty, tryq],k=1,...,m

2. A is equicontinuous on (ty,tyy1], ie., for every € > 0, there exists 6 > 0 such that for each
X, X € (tg, tea], |x — | < dimplies |f(x) — f(X)| < € for every f € A.

Theorem 2 ([27]). (Banach’s fixed point theorem). Let C be a non-empty closed subset of a Banach space E,
then any contraction mapping T of C into itself has a unique fixed point.

Theorem 3 ([27]). (Krasnoselskii’s fixed point theorem). Let M be a closed, convex and nonempty subset of a
Banach space X, and A, B be the operators such that:

1. Ax+ByecMforallx,yec M
2. Ais compact and continuous
3. Bis a contraction mapping

Then there exists z € M such that z = Az + Bz.

3. Existence of Solutions

We consider the following linear fractional differential equation:

(*DFy) () = p(1), te (T )
where ¢(-) € C;_, ,(]), with the terminal condition:

y(T)=c,ceR (4)
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The following theorem shows that Equations (3) and (4) have a unique solution given by:

o = (5) ety [ (75 ] (5%

b —gp\*1
+ r(la)/a (t ps) P 1o(s)ds (5)

Theorem 4. Let v = a+ f—af, where0 < a < 1and 0 < p < 1.If ¢ : (a, T| — R is a function such that
@(-) € Cr_qp(]), then y satisfies Equations (3) and (4) if and only if it satisfies Equation (5).

Proof. (=) Lety € C]_ 7 (J) be a solution of Equations (3) and (4). We prove that y is also a solution
¥

of Equation (5). From the definition of C;_ o (J), Lemma 1, and using Definition 2, we have:

P17y € C(J) and PDYy =8, 1,7y € Crypp(]) ©)
By the Definition of the space C}'_ 7 (]), it follows that:

17
Ly e Cl,,()

Using Lemma 5, with & = v, we obtain:

PL ) (@) o o7
o1, #D3) (0 =yt - rm) (=*) @)

Y

where t € (a,T]. By hypothesis, y € C{_, 0

(]), using Lemma 6 with Equation (3), we have:

(1. eDLy) (1) = (P18 PDLy) () = (1 9) (1) (®)

Comparing Equations (7) and (8), we see that:

-7 (2 -
¥ = (plu;(vy))( ) (tp;apy ) ) ©)

Using Equation (4) we obtain:

o = (5) e () e (75)

+ r(la) /; (tp ;spy_l P Lo(s)ds

with t € (a,b], that is y(-) satisfies Equation (5).

(«<)Lety e C]_ 7 (), satisfying Equation (5). We show that y also satisfies Equations (3) and (4).

Apply operator ¢ D;’+ on both sides of Equation (5). Then, from Lemmas 3 and 6 we get:

(*DLy)(t) = (\DI g (1) (10)

By Equation (6) we have *D”,y € C1_, ,(]); then, Equation (10) implies:

(DL y)(t) = (61,77 ) (1) = ("DEVg) (1) € €1 () (1)
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As ¢(+) € C1_4,(J) and from Lemma 1, it follows:

(71,70 Yg) € Ciap(D) (12)

n

1_,ylp(]),we obtain:

From Equations (11) and (12) and by the Definition of the space C

(P[;:ﬁ(l—tx)qo) c C%,%p(])

Applying operator [ 5 Sia) on both sides of Equation (11) and using Lemmas 2 and 5, we have:

1-p(1-a) .
(P eDLy) () = et + (plﬂ*r - _q’il;))) (a) (tP;aP)ﬁ“ -1

= (*03Fy) () =90

that is, Equation (3) holds. Clearly, if y € CL ’, p(]) satisfies Equation (5), then it also satisfies
Equation (4). O

As a consequence of Theorem 4, we have Theorem 5.

Theorem 5. Let vy =a+ B —afwhere0 < a <1and0 < B < 1;let f: (a,T| x R x R — R be a function

such that f(-,y(-),u(-)) € Cl_%p(])for any y,u € Cl_%p(]).
Ify CY_%p(]), then y satisfies Equations (1) and (2) if and only if y is the fixed point of the operator

N :Ciyp(J) = C1yp(]) defined by:

-1 a—1
Ny(t) = M (tp ; ap)’r + 1“(104) /ut (tp ;Sp> s 1g(s)ds, t € (a,T] (13)

e (T5) e [ (752w

and g : (0, T] — R be a function satisfying the functional equation:

8g(t) = f(ty(t),8(t))

Clearly, g € C1_,,(]). In addition, by Lemma 1, Ny € Cy_,(])-

where:

Suppose that the function f : (4, T|] x R x R — R is continuous and satisfies the conditions:

(H1) The function f : (a,T] x R x R — R is such that:

f(,u(),0(v)) € Cfflg’;‘) for any u,v € Cy_,(J)

(H2) There exist constants K > 0 and 0 < L < 1 such that:
|f(t,u,0) — f(t,4,9)] < K|lu—i|+ L|v— 7|
forany u,v,4,9 € Rand t € (a,T].

Now, we state and prove our existence result for Equations (1) and (2) based on Banach’s
fixed point.
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Theorem 6. Assume (H1) and (H2) hold. If:

KT () TP —aP\* 1
T(“+7)(1—L)( ) <2 (14

then the Equations (1) and (2) has unique solution in CY_,W(]) C Ci‘f%p(]).

Proof. The proof will be given in two steps:

Step 1: We show that the operator N defined in Equation (13) has a unique fixed point y* in
Ciq,p(])-Lety,u € C1_,(J) and t € (a, T], then, we have:

[Ny(t) — Nu(t)|

r(la) (TP;gP)l—v (tP;aP)“r—l ‘/aT (Tpp—sp)a—lsp_1|g(s) — h(s)|ds
1“(104) /at (tp ; Sp>a_1 st |g(s) — h(s)|ds

where g, h € C;_,(]) such that:

By (H2), we have:
|8 (t) = h(t)] f(Ey (), g(t) — f(t,u(t), h(t))]
Kly(t) —u(t)[ +Lig(t) —h(t)]

IN

Then: X
8(6) = h(t)] < T Iy (1) — u(t)

Hence, for each t € (a, T|:

INy(t) — Nu(t)|

(e Cp; ap>l_:_<1tp;ap>%l/; (F57) o oo
* (l—f)l"(oc)/a (tp ;Sp) s y(s) —u(s)|ds
(1fL) (Tp;ap>lw (tP;aP)"Yl ||y_u||¢1,%p <p15+ (sP;aP>71> -

_ r—1
+ (1_KL) (1; (pp") ) Olly—ulle, .,

By Lemma 3, we have:

IN

IN

INy(t) — Nu(t)|

KT(7) TO —aP\* [tP —aP\ 77!

F(Hv)(l—L)( P ) ( P )
KI'(7) AN

T(a+7)(1—1L) < 0 ) 1 ly — “HC],W/

hence:
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0 —gP\17 CNu KT (7) TP — P\ “
|( ;) v N < [t (55
KT (7) th —af\"

el Iy = ullc,

2KT () TP —a\"
F(tx—i—'y)(l_L)( 0 )IIy ulle, .,

which implies that:

2KT(7) TP — af\*
_ < — )
HN]/ NuHCl,%p = F(OC T 7)(1 — L) ( 0 ) Hy MHCl,WJ

By Equation (14), the operator N is a contraction. Hence, by Banach’s contraction principle, N
has a unique fixed point y* € Cy_ ,(])-

Step 2: We show that such a fixed point y* € C1_,,(]) is actually in C]_ ., p( 1.
Since y* is the unique fixed point of operator N in C;_, ,(J), then, for each t € (a, T], we have:

0 = (22 e (252 o] (52
+ PI (s, (5),8(5))

Applying * D’L to both sides and by Lemmas 3 and 6, we have:

PDLy(H) = (°D P15 f(5,7(5),8(5))) (1)
(PDI " £ (s, (5), 8(5))) (1)

Since v > &, by (H1), the right hand side is in C;_, ,(J) and thus PDLy* € C1-4,0(J), which
implies that y* € C]_ ” p( J). As a consequence of Steps 1 and 2 together with Theorem 5, we can
conclude that Equations (1) and (2) have a unique solution in Clvf ’, p(]). O

We present now the second result, which is based on Krasnoselskii fixed point theorem.

Theorem 7. Assume (H1) and (H2) hold. If:

KT (7) TP —af\*
F(Hv)(l—L)( 0 ><1 (13)

then Equations (1) and (2) have at least one solution.

Proof. Consider the set:
By ={y € Ciyo(]) : yllc, ., <7}

L) e s (5]

"= KT(7) TP — P \°
o ()

where:

and f* =sup [f(t,0,0)|.
te]
We define the operators P and Q on By by:

0= (%) ety [ (552) o] (59)
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1t/ —se\“ 1
) =y [ (5F) st 7)

Then the fractional integral Equation (13) can be written as the operator equation:

Ny(t) = Py(t) + Qu(t), ¥ € Civ,(J)
The proof will be given in several steps:

Step 1: We prove that Py + Qu € By for any y, u € By«. For operator P, multiplying both sides of

0 — P\
Equation (16) by ( ; ) , we have:

(5) = (552) st [ (755 o

tpap)l“Y (Tpgp>17
Py(t)| <
‘( o y(t)) < o

By (H3), we have for each t € (4, T:

then:

1 (T /TP —sP\*!
A+ /(o) sﬂ-1|g<s>|ds] 18)

8B = 1f(Ly(1),g(t) — £(£0,0) + £(£0,0)]
< f(Ly(6),8(H) — £(£0,0)| +[f(t0,0)]
< Kly()+LIg(t)[+ f*

P _ gp\ 177
Multiplying both sides of the above inequality by (t P a ) , we get:

|<tp;ap>lvg(t>‘ . <tP;gP>1Wf*_'_K’(tP;gP)lWy(t)
L (tP;aP>17g(t)

TP — g0\ 17
(F57) e

<tP ; af ) 1= -

Then, for each t € (a, T], we have:

‘ (tﬂ ; ap)17g(t)

Thus, Equation (18) and Lemma 3, imply:

tp_ap)17 <Tp_ap>17
Py(t)| <
‘( P yo)| < P

This gives:

< 7 =M (19)

ML (y) (TP —aP\*™7 1
|C|+F(a+’r)( P > ]

TP —ap\177
1Pyl < ()

ML (y) (TP —af\*T7 1
g o) 1 0
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Using Equation (19) and Lemma 3, we have:

T(y)f TP — g\ 17 KT (7)1 t —ar\*
QM) < [(1—L)1"(0c+’)’) < o > N (1-L)I(a+) ( P )
Therefore:
t — g\ T(v)f* T —ar\
’( 5 ) Quihl < |\ A-DTaxy) ( o )
KT (7)1 0 —a\*
* (1L)I’(1x+’y)] < o )
I(7)f* (Tp—a*’ o
- Q —KLF)(F()ij) o ol
)1 —a
T a-DreT < P )
Thus:
T(y)f* TP — g\ 177He KT (y)n* TP —af\*
Qullc, ., < EACET) < 0 ) Ta-DT@r ) ( P )

Linking Equations (20) and (21), for every y, u € B+ we obtain:

IPy+Qullc, ,, < max{lIPylc, ,, IQulc, ,}
TP —af \ ' MT(7) (Tp—af’)“”‘l
- < p ) |C|+F(a+7) P
_ L(y)f* (TP - ap)”*“
- A-DT(a+7) \ o
KT (y)n* TP —af\* TP —aP \'77
* ot ) ()
Since:
(TP-aP)H [|C|+ L(y)f* (Tp—apﬂ
s p I'(a+7)(1-L) 4
T = ) (Tp—ap>"‘
Tla+y)(1-L)\ p
we have:

1Py + Qullpc, ,, <7
which infers that Py + Qu € By».

Step 2: P is a contraction.
Lety,u € C1_,(J) and t € (a, T|; then, we have:

|P1y(t) —bei(f)J T
D (5 52

where g, € C1_, ,(]) such that:

10 of 14

(21)
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By (H2), we have:

|g(t) = h()] (& (), 8(8) — f(£ u(t), h(t))|

Kly(t) —u(t)| + LIg(t) — h()|

IA

Then, P
18(6) ()] < 2 ly(t) — u(t)

Therefore, for each t € (a, T|:

PSRl
o (o) (o) L (57) 2w

K (TP —aP\'""7 (tf —aP 7! A
i (75) (5 e (552) )0

By Lemma 3, we have:

o o _ -1

IN

hence:

0 —ap\ 177 KT (v) TP —aP \*

which implies that:

KT(7) TP —af \“
||Py Pu”lery,p — 1—*(0‘ + ,Y)(l _ L) ( p ) ||y uHC1,%p

By Equation (15) the operator P is a contraction.

Step 3: Q is compact and continuous.

The continuity of Q follows from the continuity of f. Next we prove that Q is uniformly bounded
on Byx«.

Let any u € B;+. Then by Equation (21) we have:

T(7)f* TP — gp\ 1-7+e KT(y)y* (TP —af\"
1Qullpc, ,, < A—LT(@at7) ( 0 ) T Dra ) < o )

This means that Q is uniformly bounded on B+. Next, we show that QB+ is equicontinuous.
Letanyu € By» and 0 <a <1 < o < T. Then:

p_ 1=y B
(TZP”p> Q(y)(Tz)—<1pp) Q) (1)

<

P _p a—1
L (Tz S ) o1 g(s)\ds

P
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P_ o 1—v P op a—1
- (T % : ) <Tl p : ) SP_l] )l
™ —ap =7
MF('Y)( - 0 ) o o\ at+r-1
< B 1
- [(a+17) ( P )

Note that:

—0 a n—m1n

4 1= o 1-y
‘(szp> Q<y><rz>—(“p“P> Q) (1)

This shows that Q is equicontinuous on J. Therefore, Q is relatively compact on B,:. By C;_,,
type Arzela-Ascoli Theorem Q is compact on By«.

As a consequence of Krasnoselskii’s fixed point theorem, we conclude that N has at least a fixed
point y* € C;_,,(J) and by the same way of the proof of Theorem 6, we can easily show that
y* e Cff ’, P(]). Using Lemma 5, we conclude that Equations (1) and (2) have at least one solution in

the space Cltmp(]). O

4. An Example

Consider the following terminal value problem:

3.0
2+ ly(t)| + [+ DY y<t>|
%Dl%ioy(f) = . + In(v# + 1), te(1,2] (22)
108¢—1+3 (1 + ly(t)] + %Dg;oy(t)D 3VVE-1
y2)=ceR (23)
Set: \[
B 24u+v In(vt+1)
f(t,u,0) = 108731 1 1 1 0) + 3E te (1,2], u,v € [0,+00)
We have:

il 2y =)

1
([1,2]) = {h :(1,2] = R: V2 (\/E— 1) ‘he C([l,Z])}
withy = & = p = 1 and B = 0. Clearly, the function f € C; 1 ([1,2]).
Hence condition (H1) is satisfied.
Foreach u,ii,v,5 € Rand t € (1,2] :

11
272
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Flb,0) = Fl68,0)] < gompes(lu—a] + o~ o))
< o5 (=l +1o =)
Therefore, (H2) is verified with K = L = ﬁ.
The condition: KT() N
e () S

is satistied with with T = 2 and a = 1. It follows from Theorem 7 that Equations (22) and (23) have

1
a solution in the space C? ; ([1,2]).
32

5. Conclusions

We have provided sufficient conditions ensuring the existence and uniqueness of solutions
to a class of terminal value problem for differential equations with the Hilfer-Katugampola type
fractional derivative. The arguments are based on the classical Banach contraction principle, and the
Krasnoselskii’s fixed point theorem. An example is included to show the applicability of our results.
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