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Abstract: The purpose of this article is to construct generating functions for new families of special
polynomials including two parametric kinds of Eulerian-type polynomials. Some fundamental
properties of these functions are given. By using these generating functions and the Euler’s formula,
some identities and relations among trigonometric functions, two parametric kinds of Eulerian-type
polynomials, Apostol-type polynomials, the Stirling numbers and Fubini-type polynomials are
presented. Computational formulae for these polynomials are obtained. Applying a partial derivative
operator to these generating functions, some derivative formulae and finite combinatorial sums
involving the aforementioned polynomials and numbers are also obtained. In addition, some remarks
and observations on these polynomials are given.
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1. Introduction

Special polynomials and their generating functions have important roles in many branches of
mathematics, probability, statistics, mathematical physics and also engineering. Since polynomials are
suitable for applying well-known operations such as derivative and integral, polynomials are very
useful to study real-world problems in aforementioned areas. For instance, generating functions for
special polynomials with their congruence properties, recurrence relations, computational formulae
and symmetric sum involving these polynomials has been studied by many authors in recent years
(¢f. [1-27)).

In this article, by combining the Euler’s formula with generating functions for two parametric
kinds of Eulerian-type polynomials, their functional equations and partial derivative equations,
we give many formulae and relations including the Stirling numbers, Fubini-type polynomials,
two parametric kinds of Eulerian-type polynomials, and Apostol-type numbers and polynomials such
as the Apostol-Bernoulli numbers and polynomials, the Apostol-Euler numbers and polynomials,
and the Apostol-Genocchi numbers and polynomials.

Throughout this article, we use the following notations and definitions:

LetN = {1,2,3,...}, Ny = NU {0}, Z denote the set of integers, R denote the set of real numbers
and C denote the set of complex numbers.

Furthermore, 0" = 1ifn = 0, and, 0" = 0if n € N, and («),, denotes the Pochhammer symbol,
which is defined as follows:

(a), = ala+1)(a+2)..(a+v-1) v=neNaecC
Mo 1 v=0,a€C\{0},
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where (0)g = 1. Moreover,

<0(> _ lX(lX*l)(lX*Z’)...(lelH*l) veN«eC,
1 v=0

and

(¢f. [1-25).

The well-known Euler’s formula is defined as follows:
e’ = cos (z) +isin (z),

where i2 = —1.
The Apostol-Bernoulli polynomials BS{”> (x;A) of order m are defined by

(m) " v g0 ey
FAB (t,x,)L) = m e = ;)Bn (x!A)EI (1)

where || < 2t when A = 1; |t| < |log (A)| when A # 1 and
B (1) = By (0;0),

where Bﬁlm) (1) denotes the so-called Apostol-Bernoulli numbers of order m (cf. [1,21,22,24,25]).
The Apostol-Euler polynomials E}(,m) (x; A) of order m are defined by

2 " 2 t"
e (txA) = </\ef+1> =Y &M (xA) 2

= n!’
where |t| < mwhen A = 1; || < [log (—A)| when A # 1 and
&M Ay =™ (0;A),

where E,Em) (1) denotes the so-called Apostol-Euler numbers of order m (cf. [14,21-24]).
The A-Stirling numbers of the second kind are defined by

Aet —1)" > "
: n=0 :

where m € Ny and A € C (cf. [15,19,21]). Substituting A = 1 into (3), the numbers S; (1, m; A) reduces
to the Stirling numbers of the second kind:

So(n,m)=Sy(n,m;1)

(¢f. [1-25]).
Combining (2) with (3), a computation formula for the Apostol-Euler polynomials of order m is
given as follows:

() oy om v (1 ke (M1 =AY ,
En (x,/\) 2 kZ;')<k>x ];)( ] >(/\+1)j+m52(k’]) (4)

(cf. [14,24]).
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The Apostol-Genocchi polynomials g,([”) (x; A) of order m are defined by

m 2t m . 0 " n

where [t| < mwhen A = 1; || < [log(—A)| when A # 1 and
G" (1) = " (0:0),

where Q,Sm) (A) denotes the so-called Apostol-Genocchi numbers of order m (cf. [15,22,24]).

The Apostol-type Frobenius-Euler polynomials ’Hﬁlm) (x; A, u) of order m are defined by

_ m o n
FX}? (t,x; A u) = (1”) et = Y Hﬁ,m) (x; A, u) %, (6)

Aet —u =
where u € Cwithu # A, A #1and
1 (A1) = H™ (0;4,u),

where 7-[,(17") (A, u) denotes the so-called Apostol-type Frobenius—Euler numbers of order m
(cf. [2,19,22,24]). Substituting u = —1 into (6), we have

H (1,1, —1) = €M™ (1)

(cf. [2,19,22,24]).
Substituting A = 1 into (6), we have

Hr(lm) (x;u) = H&m) (x;1,u), ?)

where H,Sm) (x;u) denotes the so-called Frobenius—Euler polynomials of order .
Substituting x = 0 into (7), we have

H™ (0;u) = H™ (u),

where H,(1m) (1) denotes the so-called Frobenius—Euler numbers of order m (cf. [4,5,10,12,13,17,19,20,22-24]).
By using (6) and (7), we have

(m) . (1 =uNT my (u
H, (x,A,u)(A_u> H, (x,)\). (8)

The polynomials C;, (x,y) and S, (x,y) are defined respectively by

Fe () = e cos () = 1 Go o) & o
n=0 .
and )
. > t
FS (t,x,y) — ext sin (yt) - Z Si’l (x,y) E (10)
n=0 :

(cf. [11,16,25]).
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By using (9) and (10), we have

and
l

T
n—2k—1,,2k+1
=)L (- <2k + 1) * Y

k=0

:

(cf. [11,16,25]).

In [7], we defined the following generating function for the Fubini-type polynomials a,(zm) (x) of
order m

EM(t,x) = L Z '™ (x) — (11)
a 7 (2 _ et .
Substituting x = 0 into (11), we have

a,&’”)(o) = aﬁ,”’),
where a,(qm) denotes the so-called Fubini-type numbers of order m (cf. [7]).

In [9], we constructed the following generating functions for two kinds of Hermite-based
r-parametric Milne-Thomson-type polynomials:
Let r-tuples T = (v1,v2,...,7;). Then, we have

B(t,x,y,z, 7,14, b) = 2(b+f(ta))*exp(xt) My (ty, 7,1') (12)
= ébl (n,x,y,z; 7,4, b) :zi"
where
My (ty, T, 1) = exp (Zv]t]> cos (yt) = ZCn( v,y )ti,
J
and
By (t,x,y,2,7,r,a,b) = 2(b+f(ta))exp(xt)Ms (t,y, 7,7 (13)
— ghz (n,%,y,2,77,r,a,b) ;i',
where

[e] n
Ms (t,y, T,7) = exp (Zv]ﬂ) sin (yt) = Z W (7,7 )t—
j=1 n=0

The rest of this article is briefly summarized as follows:

In Section 2, we define generating functions for two parametric kinds of Eulerian-type polynomials.
By using Euler’s formula and these generating functions with their functional equations, we give
relations and computation formulae for these polynomials. By using these formulae, we give a few
values of these polynomials. Finally, we give some relations among the Apostol-Bernoulli polynomials,
the Apostol-Euler polynomials, the Frobenius—Euler polynomials, the Apostol-Genocchi polynomials,
the Stirling numbers, the Fubini-type polynomials and these polynomials.

In Section 3, we give functional equations and differential equations of these generating
functions. By using these functional and differential equations, we derive derivative formulae and
finite combinatorial sums involving the Apostol-Bernoulli numbers, the Apostol-Euler numbers,
the Apostol-Genocchi numbers and for two parametric kinds of Eulerian-type polynomials.
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Section 4 is the conclusions section.

2. New Families of Two Parametric Kinds of Eulerian-Type Polynomials

In this section, we construct generating functions for two parametric kinds of Eulerian-type
polynomials. By combining these functions with the Euler’s formula, we give not only fundamental
properties of these polynomials, but also new identities and relations related to the Apostol-Bernoulli
numbers, the Apostol-Euler numbers, the Apostol-Genocchi numbers and for two parametric kinds
of Eulerian-type polynomials.

We define the following generating functions for two parametric kinds of Eulerian-type polynomials:

— k1 o0 n
Fg{é) (t,x,y; A u) = (Altu> eeos(yt) = ) () (x, ;A u) t—,, (14)
et —u = n!
and .
(k2) . AR e (Sk2) tn
Fod' (tx,y;Au) = (/\ef — u> e*'sin (yt) = ’;]H (x, 15 A, u) (15)

where kq, ky € Np.

The polynomials Hﬁlc’kl) (x,y;A,u) and Hﬁls’kZ) (x,y; A, u) are so-called two parametric kinds of
Eulerian-type polynomials of order k1 and ko, respectively.

Note that the symbols C and S occurring in the superscripts on the right-hand sides of
Equations (14) and (15) denote the trigonometric cosine and the trigonometric sine functions, respectively.

Remark 1. Substituting b = 0 and
a u 1—u
f(t’ﬂ> N (1—u> aet —u
and T = 6> into Equations (12) and (13), we have the following identities, respectively:

- a u \*
bl (1’1, X, Y,2; 0 /1 alo) =2 (1”) ;(1C’Z) (X,y,' a,u)

and
ho (nxy,z 0 rO)—Z(l_ ) H(Sz)(xy,au)

Remark 2. Substituting ki = ko = 1into (14) and (15), we get the following generating functions, respectively:

r A Yr iy /\ t n rYsry, !
al’ld
! Iy, ! )\et —Uu y y, ! I’l!‘

Remark 3. In ([19], p. 10), the second author defined following generating function for generalized
Eulerian-type polynomials of order m:

n

t_ m 00
F/%m) (t,x;u,a,b,c) = (a " > M= Z 7{,5’") (x;u;a,b,¢;A) L

Abt —u n!’ (16)
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Substituting a = 1, b = ¢ = e into the above equation, we have
FE (12,00, u) = EM (1, %,1, )

and i
F[(-fé) (t/x/ E//\/ M) ES FikZ) (t,x,'u, 1,6,6) .

Theorem 1. Let n € Ny. Then, we have
H,(qm) (x+iy;Au) = ,(f:’m) (x,y; A, u) + zH(S ) (x,y; A, u). (17)

Proof. By combining Equations (14) and (15) with the Euler’s formula, we obtain

1—u \" — (,(C, t"
(Aet_u) it = Z( M ey A )+ iH )(x,y;/\,u))m.

Therefore,
o o, () c- (Sm) (. . "
H;O’Hn (x+zy,Au ; ( xy,/\ u) + ity (x,y,/\,u)) ot

Comparing the coefficients of £ o - on both sides of the aforementioned equation, we arrive at the
desired result. [

Theorem 2. Let n € Ny. Then, we have

kl n /\
Cn (x,y) = (1;) Kty (’;)sz <nj,k1;u) H (2, yA,0).

j=0

Proof. By using (3), (9) and (14), we get the following functional equation:

uF1k 1 Fg, (t k1,> il )(t x, A u) = (1-— u)" Fe (t,x,y).

Using the aforementioned equation, we get

n

1—u k1 oo oo A oo (Cky) ¢
( - ) ZC (x,v) —-kﬂZSZ (n,k1;u) Z’H v xy;)\,u)ﬁ
n=0

Therefore,

k
ad " u 1 X I n . A (Ck1) "
_— = | — . \ 1 . i
HE:OCn (x,y) . (1 — u) kl‘nizo]é:o (],>82 (n j ki u) 7—[] (x, ;A\, u) ok

Comparing the coefficients of £ o1 on both sides of the aforementioned equation, we arrive at the
desired result. [

Theorem 3. Let n € Ny. Then, we have

kz n /\
Su(x,y) = (1 ﬁ u) ko! Z (7) Sy (n —j, ko; u) H}S’kZ) (x,y; A, u).

j=0
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Proof. By using (3), (10) and (15), we obtain the following functional equation
uk2ky ! Fsp <t ko; — ) F2) (t,x, ;A u) = (1— u)k2 Fs (t,x,y).

Using the aforementioned functional equation, we get
n

1—u\ & - AN Sk L
< y ) Z Sn x y ng‘bsz (f’l,kz,u> EVE)H” (X,]/,/\,u) E
Therefore,
ol £ u \* © M n A (Sk2) t"
¥ e = (1) kzlng)/g(].)Sz (= ik ) 1 e

n=0

Comparing the coefficients of % on both sides of the aforementioned equation, we arrive at the

desired result. [

Theorem 4. Let n € Ny. Then, we have
(Ck1) 2l i(n (k1) 2j
H, (x,y; A, u) = jE:O( 1) y Hn_zj (x; A u)y. (18)

Proof. By using (14) and (6), we obtain the following functional equation

F( )(txy,A u)= ( )(tx/\u)cos(yt)

By using the aforementioned equation, we get
2n
)

£ G

1’1
x/\u—'

i (Ch) xy,/\u ZH

Therefore,

n

00 o [5] "
Ck) (4 4 _ (1) gy k) 2t
Y Hy (x,y,)»,u)ﬁ— ZZ(—l)] (2],) ngj (XA, u)y]a.
n=0 n=0j=0
Comparing the coefficients of £ o1 on both sides of the aforementioned equation, we arrive at the

desired result. [
Combining (18) with (8), we get the following corollary:

Corollary 1. Let n € Ny. Then, we have

(Ckr)
Hay (x,y; A, u) = </\—u

Theorem 5. Let n € N. Then, we have
1) (x,y; A, u) = 2+ (19)
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Proof. By using (15) and (6), we obtain the following functional equation:
Fg(;) (t,x, ;A u) = I(L‘ké) (t,x; A, u)sin (yt).
Using the aforementioned equation, we get

DSk oy R )y S )
n;@?-{n (x,y,/\,u)n!—r;)?—ln (x,/\,u)n!;o( 1) n 1)

Therefore,

l’l

1
0 T n
(S.k2) _ n (k2) : 2j+1t
ZH Gy _; ; (2]+1>H" — (AU

Comparing the coefficients of £ o1 on both sides of the aforementioned equation, we arrive at the
desired result. [

Combining (19) with (8), we arrive at the following corollary:

Corollary 2. Let n € N. Then, we have

]

k2 T
(S,kz) . o 1 —Uu 2]+1 (kz) . E
Hy (x,y; A, u) = (/\ — u) L (2] " 1>y anl—zj (x, A) .

3

~.

Theorem 6. Let n € Ny. Then, we have

k
Ck 1-u\"& (n k) /U
, 1)("'?/;"’”)—(A_u> ;()H; U(5) G ). 20)

Proof. Using (8), (9) and (14), we get

© n k1 oo n oo n

(Chk1) (o . o (1-u\" (k) (U £" "

n;OH” Cryidou) 2 = (/\—u) H;OH” (A) !E)C” () o
Therefore,

o0 n k o0 n

(Ch) oy oy B (L= u T n\ k) (U . £

V;J,H” (i A u) n!_<)\—u> n;)];) ] Hj (/\)Cn_](x,y) n!

Comparing the coefficients of £ o1 on both sides of the aforementioned equation, we arrive at the
desired result. [

Theorem 7. Let n € Ny. Then, we have

1—u\k g
HER) (x40, u) = (A _Z) Z (”) Hj(kz) (%) Su_j (x,1). (21)

Proof. Using (8), (10) and (15), we obtain

1w\ & P& "
L w5 = (725) " S () g B ooty

n=0
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Therefore,

tVl

(Sk2) _ " (1-u RN (kp) (W , L
ZH xy,)L,u)n!—<A_u> r;)];)(])Hj (/\)S"ﬂ(x'wn'

Comparing the coefficients of ;—n, on both sides of the aforementioned equation, we arrive at the
desired result. [

By using (20) and (21) in which ky = kp = m, we have

= m . m t"
Z( M) e,y A ) + i1 )(x,y;/\,u)) ]
n=0 :
tn

_ (1 _”> Z Z ( ) (E) (Cuzj (v, y) +iSu—j (x,y)) Tl

n=0j=0

Using the aforementioned Equation (17) and Euler’s formula, we obtain

) L ()E (5) e L

n=0j=0

N

o (m RN
Y Hi (x+zy,A,u)a:

Comparing the coefficients of L; on both sides of the aforementioned equation, we get the
following theorem:

Theorem 8. Let n € Ny. Then, we have

" ) 1—u\"& /n w) (U e
H,(z)(x+zy;A,u)—<A_u> Z(.)H]U(A)(xqu) /

Theorem 9. Let n € Ny. Then, we have

HIRR) (2,292 u) =2 ) (]) H (e s A ) H (x5, 0) (22)
j=0

Proof. By using (14) and (15), we get the following functional equation:

Fg§+k2) (t,2x,2y; A, u) = ZFI(;%) (t,x,y;A,u) By o ) (t,x, ;A u).

Using the aforementioned equation, we get
n T’l 00 tn

> w HISHRH) (0 9y ) —22%“‘1) (xyiA ) — ZOH,SS"‘Z) (x,yidu)
n=0 n=

Therefore,

o 1 (Ski+k) - (Ck Sk
Z k) oy, Zy,/\u ZZ’(]) J U (x, A, u)’Hf1 ]2)(x,y;/\,u)a.

Comparing the coefficients of tn—n, on both sides of the aforementioned equation, we arrive at the
desired result. [
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Theorem 10. Let n € Ny. Then, we have

n

22 < ) 2R (y, y;A/u)y£S’;2) (x,y; A, ) Z ( )H(kl) (x;7, u)H(Sk2) (x,2y;A,u). (23)

Proof. Combining (6), (14) with (15), we obtain the following functional equation:
21—"1(;(1:) (t,x,y; A, u) FI(LISZ) (t,x,y; A, u) = I(L‘k;i) (t,x;A,u) Fpy (kZ) (t,x,2y; A, u) .

From the above equation, we have
2V 1) () o S HE) () e = Y ) (1, HE) (3,200, u)
Z Y (x,y; '”)EZ (x,y; A, u) — p Z (x;A,u) Z (x,2y; ,u)ﬁ
n=0 *n=0 n=0
Therefore,
n

Cki) Sk RS N AP Sk t
2[%)2(;)( >’H< 2 (x, ;A u) H,” ]2) (x,y;/\,u)m: Z%)Z(;)(J)H]( ! (A u)H,” ]2) (x,2y;/\,u)ﬁ
n ] n= =

Comparing the coefficients of % on both sides of the aforementioned equation, we arrive at the
desired result. [

Theorem 11. Let n € Ny. Then, we have

kq [%]
(Chk1) . _(1-u (kl) AN o
i (x’y’/\’u)_( u ) k1' (21> <x’u>y’ @)

]:O

Proof. Combining (1) with (14), we get the following functional equation:

—_y\k
ng(é) (tx,y;Au) = <1utu) Fzgkg,) <t,x;2> cos (yt) .

By using the aforementioned equation, we get

) ki o ) 2n
k (Chk1) (. o (1-u)\" k) (AN o=y (WD)
tlngo’}—[n (x,y; A, u) i ( ” ) Y. B, Sl Y. (-1 an)t

n=0 n=0
Therefore,
0 k1 o % n
n Chi) ooy oy B (Tmu\ T gk (.2 it
r;) <k1>kl!HH—k1 (x,y,)t,u) E = ( ” ; ; n 12] X; ; y ]m.

Comparing the coefficients of & o1 on both sides of the aforementioned equation, we arrive at the
desired result. [

Theorem 12. Let n € N. Then, we have

;(1 2 (x,y; A, u) = (1 ; u>k2 (”;kzl [i] (—1) (2].3_ 1)[)’,(1]{1% (x;;\) AR (25)
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Proof. Combining (1) with (15), we obtain the following functional equation:

_ ky
FI({kSZ) (t,x,y; A, u) = (1utu) ngé) (t, x;;\) sin (yt) .

Using the above functional equation, observe that proof of the assertion of (25) follows precisely
along the same lines as that proof of the assertion of (24), and so we omitit. O

Theorem 13. Let n € Ny. Then, we have

ky 5]
(CkD) (g gy = (21 1 v (M\e®k) (v AN e
He = (0 ) a0 (3)o (i) e
Proof. Combining (5) with (14), we have the following functional equation:

Flg‘é) (t,x,y; A u) = (uanfl) F{E‘ké) (t,x;—;\) cos (yt) .

Using the aforementioned equation, we get

) ki oo o) 2n
k (Ck1) . " fu—T\" (k1) ._ﬂ " _qyn W)
1 Z H, (x,y; A, u) i < o ) Z Gn X; u ) ; (-1) 2n)

n=0 n=0
Therefore,
- 127(Ck1) o (u-1\h & o) (e 2,2t
g<k1>k17{ (x, 15 A, u) ' < 5 ;; Gy gy (=3 ) v

Comparing the coefficients of tn—n, on both sides of the aforementioned equation, we arrive at the
desired result. [

Theorem 14. Let n € N. Then, we have
ky o
u—1 ["Tl]
74(5k ) ( 2u ) i " (k2) AN 2 o7
n (X y'/\ M) (knz)kzl = ( ) 2]+1 gn—l—Zj X u Y . ( )

Proof. By using (5) and (15), we derive the following functional equation:

k u—1\% AN .
(2) (t,x, ;A u) = < . ) FIE‘G) <t x; _u> sin (yt) .

From the above equation, observe that proof of the assertion of (27) follows precisely along the
same lines as that proof of assertion of (26), and so we omit it. O

Theorem 15. Let n € Ny. Then, we have

k(3]
(Ck1) . _ (u—T1\" i [T (k) A 2j
H, (x,y,/\,u)—( % ) . (1) (2]')5”—21 (x, ” y. (28)
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Proof. By using (2) and (14), we derive the following functional equation:

_ kq
Fg‘é) (t,x, ;A u) = (”2u1> (t, x;—;\) cos (yt).

Using the aforementioned equation, we get

k
EY

ZH (k) (g Ay " (uZ—ul)k1 i‘f k) ( 2) fj' i (—1)" ((yztrz;“'

n!

Therefore,

- Ck1) . ﬂ _(u—-1
71;0%'1 (0, y; A ) nt < 2u

u Mw:

i

n=0

n\ ok) AN gt
(e ()

12 0of 19

Comparing the coefficients of % on both sides of the aforementioned equation, we arrive at the

desired result. O

Combining (28) with (4), we have the following theorem:

Theorem 16. Let n € Ny. Then, we have

HE (x, ;A u) = (

"2 =20\ a0 —
]\ n—2j—1 110
() EO( ;

=0

(29)

1>v! (u_AA)U Sy (1,0).

Fork; =1,2,3and n = 1,2, 3, by using Equation (29), we compute a few values of the polynomials

4 {CF) (x,y; A, u) as follows:
For ky = 1, we have

HN (o yi A ) = %
(C1) . _ou—1 A
My (A u) = u—)\(u—)\+x>’
€y _ u-l1 212 AA+2x) 2 o
Hy Gy o) = u—)L((u—/\)z Ty R
- 3 2 A (1+3x+3x% —3y?
HOD (i u) = u—1 6A i 6 (1+§) (14 3x +3x> — 3y?)
u—A\ (u—A) (u—A) u—A
For k1 = 2, we have
_ 2
HP ey A u) = <Z/1\> .
C u—1\?/ 2A
?—Lg 2>(x,y;)x,u) = (u—)\) (u—A+x)’
c2 u—1\*[ 6A2 2A (1 +2x)
Hg )(x,y;)\,u) = <u—/\> ((u_A)Z - +x2—y2 )
WD (v, u) u—1\2[ 243  18A2(1+x) 2A(1+3x+3x2—3y?)
v —A) \w=a? " -2y W—A

- 3xy2> .

X — 3xy2> .
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For k1 = 3, we have

C3 u—1 3
H(() )(x’y;/\/u) = (1/[—)\) 4
3
Hy (A u) = (u)x) (u)\ +x,
W ypruy = (1 1222 LA+ o
2 !y/ 7 - M—A (ui)\)z u—A y 4
1D () — u—1\>( 60A° N 36A% (1 + x) L3 (1+3x+3x2 - 3?) g
3o u=A) \(w=21°%"  (u—r)>? u—A '

Theorem 17. Let n € N. Then, we have

k2]
(Ska) (g oy — (B i " \etk) AN 2
Hy "2 (x5 Au) = ( 7 ) ]E:o (-1) (Zj—i—l)g”_l_zf (x, ) AR (30)

Proof. Using (2) and (15), we derive the following functional equation:

_1\
FI({k;) (tx, ;A u) = <M2ul) Fzglké) <t,x;—2> sin (yt) .

From the above equation, observe that proof of the assertion of (30) follows precisely along the
same lines as that proof of the assertion of (28), and so we omit it. [J

Combining (30) with (4), we have the following theorem:

Theorem 18. Let n € Ny. Then, we have

k ["7]
(Sk2) ) _ u—1 Ry n 2j+1
W e = (F55) L G0 (5 )y @1
"L - 1=2\ g (kto—1 A \Y
n—1-2j—1I 2 |
X E’) ( , )x g( ” )v.(u_)\) Sy (1,0).

Fork; =1,2,3and n = 1,2, 3, by using Equation (31), we compute a few values of the polynomials
1Sk (x,y; A, u) as follows:
For k, = 1, we have

’H(()S’l)(x, yAu) = 0,

S, u—1
HI (v yi A ) = A
S, u—1 2A
’Hé 1)(x,y;A,u) = —= (u_y/\+2xy>,

S u—1 6)2 3A (y + 2x
Hg )(x,y;)\,u) = T3 ((u—i)z—i_ (37}\ y) +3x2y—y3>.
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For ky = 2, we have

H(()S’Z) (x,y;A,u) = 0,
2
(52, .. _ (u—l
Hl (xryr/\/u) - Ll—)\) y’
1

7‘[(52)(36 yAu) =

N———
N
VR

4\y

Y + 2xy) ,

)2 ( 18A%y n 6A (y + 2xy)
(

Hgs,z) (x,y;Au) = AP )

2=
|
>l= >

TN N N
| =
[ ]

+ 3x%y — y3> .
For k, = 3, we have

7‘[(53)(36 y;Au) = 0,

u—1 3
~1\3/ 61
7—[(53)(xy,/\u) = <Z—A> (u_y+2xy>,
u—1\2( 3672 9A (y + 2x
HE (s hu) = <u—A> ((Lt_)\y)ZJr (3_Ay)+3x2y—y3>.

Theorem 19. Let n € Ny. Then, we have

B

1 7] . .
) (x,31,2) = 5 3 (<) (Z) al); () v, (32)
j=0

Proof. By using (11) and (14), the following functional equation is obtained:
2k k
F( v (t,x,;,1,2) = o Fa( 1)(t,x)cos (yt).
Using the aforementioned equation, we get

o (C2k) oy £ o ] n\ (k) by
EH,1 1(x,y,1,2)m_len;§ (2]> 1(x)y]7_

n=0

Comparing the coefficients of & -1 on both sides of the aforementioned equation, we arrive at the
desired result. [

Theorem 20. Let n € N. Then, we have

1
["7']
S,2k n k .
H (x,;1,2) Z ( )“51—)1—2]‘ (x)y¥ T (33)
Proof. By using (11) and (15), we derive the following functional equation:

L E®) (¢ 2) sin (yt)

(Zk)
Fre? (tx,y;1,2) = 52

From the above equation, observe that proof of the assertion of (33) follows precisely along the
same lines as that proof of the assertion of (32), and so we omit it. [
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3. Partial Derivative Equations of Generating Functions for Two Parametric Kinds of Eulerian-Type Polynomials

In this section, by applying partial derivative operator to Equations (14) and (15), we give some
derivative formulae and finite combinatorial sums for the two parametric kinds of Eulerian-type
polynomials.

3.1. Partial Derivative Formulas for the Polynomials H,(qc’kl) (x,y; A, u)

Here, partial derivative equations of generating functions for the polynomials Hﬁlc’k]) (x,y; A, u)
are given. By applying partial differential operator to Equation (14), we derive derivative formulae and
finite combinatorial sums related to the polynomials H,SC"“) (x,y; A, u), the Apostol-Bernoulli numbers
of higher order, the Apostol-Euler numbers of higher order, and the Apostol-Genocchi numbers of

higher order.

Theorem 21. Let n,m € N. Then, we have

" [4/(Chy) L= u\" g (1 gom) (A g (Chamm)
e {7—[ (x,y; 7, u)} ( ” ) ]g) ; B; =) (x,y; A, u). (34)

Proof. By applying the derivative operator aa;n to Equation (14), we get

o I (Ch) L P (1w \" S ) (AN Chemy
Y5 {ns (x,y,)L,u)}n!—< u ) YE"(5) L (xyid ) .
Therefore,
X 9" (Cky) t" (1—u A Cky—m) ) "
L e (W ) = (1) ,120]20() ()1 s

Comparing the coefficients of % on both sides of the aforementioned equation, we arrive at the
desired result. O

Theorem 22. Let n,m € N. Then, we have

" (Ck1) u
aTm{ (%A, ”)} ( 2u

]- " m )\ 1—m
) Y. (’ng( >(_u> WO (). (35)

Proof. By applying the derivative operator % to Equation (14), we get

o 9" fo(Ch) t" u—1 (m) (_A (Chi=m) (. t"
,anxm {H 1(x,y,)\,u)}a ( > 29 A n'ZH T A u)
Therefore,
o 0" [ (Chi) " (u-—-1 (m) (AN q(Chi—m) t"
L g (07 Grdn} = (5 Zojzo Tu) My T ep Ay

Comparing the coefficients of ; on both sides of the aforementioned equation, we arrive at the
desired result. [
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Theorem 23. Let n,m € N with n > m. Then, we have

n—m

M [ (Ch) _(u—1\"(n ' (m=m omy (AN o (Chiem)
837”{%” (x,y,)t,u)}—( Zu) <m)m'2< . )8j ” My (g Au). (36)

=0\

Proof. By applying the derivative operator % to Equation (14), we obtain

o am n

(Chr) " _(u= ANV g g Chie )
ng:()ax—m{?-[ (x, 15 A, u)}n'—< ) thS ( )n Y;“ xy,)\,u)n!.

Therefore,

00 am n
!

£ 2 ()

u—1 m oo n— n (Wl) A Ckl_m) i
pr— ' ( A ’ / . i
( 2u ) 1120 i=0 < )(m>m.5] ( u) Hn—m_] (x, ;A u) ot

Comparing the coefficients of tn—n, on both sides of the aforementioned equation, we arrive at the
desired result. [

Combining (34) and (35) with (36), we arrive at the following theorem:

Theorem 24. Let n,m € Ny with n > m. Then, we have

" (n m) A —m m! n\ "= (n—m\ Lm A —m
L ()am () wes wanm = () B (578 (5) #5" wnn,

j=0 im0\
and
o n\ L (m A Chy—m n " —m\ L(m Cy—
£ ()t (D) s - (s (157 (L)t
3.2. Partial Derivative Formulas for the Polynomials Hg,s’kZ) (x,y; A, u)

Here, partial derivative equations for generating functions of the polynomials H,SS'kZ) (x,y;A,u)
are given.

By applying the partial differential operator to Equation (15), we give derivative formulae and
finite combinatorial sums related to the polynomials ’H,(ls’kz) (x,y; A, u), the Apostol-Bernoulli numbers
of higher order, the Apostol-Euler numbers of higher order, and the Apostol-Genocchi numbers of

higher order.

Theorem 25. Let n,m € N. Then, we have

o" 1-— " (m) A 2—m
8367{ (S,k2) (x y,)L 1/[)} ( M) Z( > (u)/}_[’(’ls_/l; )(x,y;A,u). (37)

j=0
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Proof. By applying the derivative operator % to Equation (15), we have

A PYIC (1= u\E ) (A& sk f
Y g {0 i) oy = < ) Y By )(u) S L AT (i) —
n=0 =0 =0
Therefore,
- gm ,H(S,kz) A t 1—u B(m (Skz m) o G
ngoaTm{ w2 (s u)}n, =\ HZOJZO o e CR T

Comparing the coefficients of £, o1 on both sides of the aforementioned equation, we arrive at the
desired result. [

Theorem 26. Let n,m € N. Then, we have

" f4/(Ska) u
E)xim {7‘[ (x y/A M)} ( 5

1\" & m A —m
- ) 2 (7)g]( ) (_u> ’Hfi’;z )(x,y;/\,u). (38)

Proof. By applying the derivative operator % to Equation (15), we get

o 9" (. ,(Sk) t" 1—u\" & ,(m) A o /(S ko —m) ) "
nZ::Oaxm {7'[ (x, A, u)} _<—2u> nZ::Ogn n' Z’H (x,y; A, u) 5
Therefore,
DA S V(AN sk T
B ) = (52) EE o () omn

Comparing the coefficients of ;—", on both sides of the aforementioned equation, after some
elementary calculations, we arrive at the desired result. [

Theorem 27. Let n,m € N with n > m. Then, we have

9" [k u—IN" (N (= om) (AN o (Shamm)
e {7—[ (x,y; 7, u)} ( > ) o) Y ; £ M, i (ys A ). (39)

j=0 "

Proof. By applying derivative operator 7 to Equation (15), we obtain

© A (L (Sk) (L™ S ) (AN E S Sk
£ o 0 <>}<) "L () Ly
Therefore,

n
nl

o 9" o (Sky) o t
5 (e )

1—u\"& /n My — mN (m A Sy I
- (=) B )y (") (5) s wwn
= j=

Comparing the coefficients of fl—n, on both sides of the aforementioned equation, after some
elementary calculations, we arrive at the desired result. [

Combining (37) and (38) with (39), we arrive at the following theorem:
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Theorem 28. Let n,m € Ny with n > m. Then, we have

: m ko —m m! n\ " (n—m m A ko —m
E()B( () v = g () o (") e (-3) ey s,

L (n m) [ A ko —m 1 " n m A ko —m
y (J,)B]( >(u) M i) = i 3 <,)g]( ><_M) ) (2 o),

j=0

and

" n m A Sky—m n o n— m Sky—m
). (]')gj( ) <_u) M, V(A u) = (m)m' ( j )5( ) (— > H,g m—j ) (x, M)
j=0 j=0

4. Conclusions

In this article, we defined new families of two parametric kinds of Eulerian-type polynomials
with their generating functions. Combining the Euler’s formula with these generating functions,
their functional equations and partial derivative equations, we investigated some properties of
these polynomials. We also derived new identities and relations involving Apostol-type numbers
and polynomials, the Stirling numbers, Fubini-type polynomials, combinatorial sums and also the
aforementioned new families of polynomials. Thus, the aforementioned results have the potential
to motivate the curious researchers and readers for future research on these special numbers and
polynomials. Consequently, the results of this article may potentially be used in mathematics,
in mathematical physics and in engineering.
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