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Abstract: In this paper, we deal with the existence and asymptotic behavior of solutions for a fractional
Kirchhoff type problem involving the electromagnetic fields and critical nonlinearity by using the
classical critical point theorem. Meanwhile, an example is given to illustrate the application of the
main result.
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1. Introduction

The aim of this paper is to investigate the existence of solutions for a magnetic fractional Kirchhoff
equation involving a critical nonlinearity:

MR ) (=8)30 = po+ o> 2o +g(x, o) in Q, v=0 in RV\Q, )

where s € (0,1), N > 2s, Q) is an open and bounded domain with the Lipschitz boundary,

. Xty
[o(x) — VAT Do (y) P 2
[v]s,4 = (//sz X =y NI dxdy) ,

o2

-

g is a lower order perturbation of the critical power v; u > 0is a real parameter; 2; = 21\]25 is

the fractional critical Sobolev exponent; the Kirchhoff function M : Rt — Ra“ is a continuous function;
and (—A)$ is the non-local fractional magnetic operator, defined as follows:

— el AT g (y)
7A S — 2 1 (P(x) € (P y
B T R

for x € RN, along any complex valued functions ¢ € C§°(RN, C), where B¢ (x) denotes the open ball in
RN centered at x € RN and of radius ¢ > 0. We can consider (—A)$ as a fractional counterpart of the
magnetic Laplacian (V —iA)?, with A : RN — RN, being a L, - vector potential; see Chapter 7 of [1].
For further details about this kind of operator, see [2-6] and the references therein. The equation
with the fractional magnetic operator A and the critical nonlinear term || ~2v is called the fractional
critical magnetic problem. For such a critical nonlinear case, Fiscella et al first proposed a bounded
stationary Kirchhoff variational model. The existence and multiplicity of solutions to fractional
Kirchhoff problems are obtained by using the variational method and the principle of concentrated
compactness in [7]. The main difficulty about this problem is the lack of compactness of Sobolev space,

and the magnetic operators in the equation make the problem more complicated. Most scholars deal
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with the known multiplicity, but there are few articles about the asymptotic behavior of solutions.
For instance, in [8], Fiscella et al. studied bifurcation phenomena and the multiplicity of solutions for
a critical magnetic fractional problem by using a classical theorem in critical point theory. Moreover,
Libo et al. obtained infinitely many solutions for the degenerate magnetic fractional Kirchhoff problem
by using the new version of the symmetric mountain pass theorem of Kajikiya in [9].

Clearly, when A = 0 and ¢ is a smooth real valued function, (—A)$ becomes classical fractional
Laplacian (—A)?, and Problem (1) becomes the fractional Kirchhoff equations involving a lower order
perturbation term and a critical nonlinearity. This kind of fractional Laplacian operator has different
applications in many fields, such as phase transition phenomena, continuum mechanics, game theory,
and so on, as they are the typical outcome of stochastically stabilization of Lévy processes; see [10].
In particular, as M = 1, Servadei et al. completed the study of elliptic equations with the fractional
critical Sobolev exponent in [11]. For the more general case, in [12], Autuori et al. investigated the
existence of solutions for a class of fractional Kirchhoff problems.

Motivated by the above works, the present paper concerns the existence and asymptotic behavior
of solutions of Problem (1) and covering the degenerate case M (0) = 0, without any monotonicity
conditions on M. In order to obtain this goal, we assume that

(M1) There exists 6 € (0,1), such that:
__ t
OM(t) = 9/ M(s)ds > M(t)t, VteRS;
0

(M) forevery ¢ > 0, there exists m = m(o) > 0 such that M (t) > m for all t > o;
(M3) there exists a positive ag such that M(t) > agt forall t € [0, 1].

Remark 1. It is worth mentioning that Kirchhoff in 1883 (see [13]) presented a stationary version of the
differential equation, the so-called Kirchhoff equation:

0%v o e [L ov 0%v
o5~ (Far [ 1574) 5 =0
where p, 1, e, L, pg are positive constants that represent the corresponding physical meanings. It is a generalization
of the D’ Alembert equation.

The Kirchhoff functions M come in many forms, and we can refer to the literature [14-16]. Among
them, in [14,16], the Kirchhoff function was assumed to satisfy certain monotonicity (i.e., M(t) = a + bt",
a,b>0,7>1 forall t € RY); we adopt the assumption of a more generalized integral form (My). In [15],
the authors only considered the non-degenerate case, while in this paper, we consider the case including the
degenerate case. Throughout the paper, Conditions (M )—(Ms) are very important. For this reason, we first
make a brief analysis for our later use. As indicated in [17], Condition (Ms) means that:

— #2
M(t) > Sy 2

for any t € [0,1]. Moreover, by (M), we get M(t) > M(1)t? forall t € [0,1], and combining with (2) gives

M(t) > ct? for any t € [0,1]. In the same way, for any k > 0, there exists v, = M (x)/x® > 0 such that:

M(t) < yit? for any t>«x. 3)
Thus, it follows from (3) that:
lim M) =0, 4)
t—oo t

thanks to @ < 1 by (My).
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The perturbation in problem (1) is a Carathéodory function ¢ : QO x RT™ — R satisfying the
following assumptions:

(g1) Thereexistc € (26,2%) and a nonnegative function f(x) € LT(Q) such that |g(x,t)| < f(x)tc2
forall (x,t) € 0 x R¥, where T = 7%

(g2) 0<G(x,t) fo (x,5)sds < 1g(x,t)t? ae.x€Q, t €RT;
Remark 2. According to (1), we can get that:
G(x,t) < f(x)t° for any (x,t) € Q x R, 5)
By (g2), we have that for some dy,dy > 0:
G(x,t) > dit* —d, for any (x,t) € Q x RT. (6)
Now, we give the main result of this paper; our work space X 4 will be introduced in Section 2.

Theorem 1. Set M(0) = 0and 2s < N < 4s. If (M1)—(M3) and (g1)—(g2) hold, then there exists yg > 0,
such that for any p > po, Problem (1) has at least a non-trivial mountain pass solution v,. Furthermore,
[}E}Tc}o | ox ||X0,A: 0.

Remark 3. Recently, the fractional magnetic operator problem has attracted the intense interest of many scholars
because of its wide application in various fields. There is a variety of problems involving magnetic operators,
for example fractional magnetic Schrodinger equations, fractional magnetic Kirchhoff-type equations, critical
fractional magnetic degenerate equations, and so on. For their more detailed content, please refer to the relevant
theories [18—24]. To the best of our knowledge, this is the first attempt to study the existence and asymptotic
behavior of solutions for this kind of equation with the critical magnetic operator.

The paper is structured as follows. In Section 2, we recall some properties on the fractional
working spaces involved and discuss the variational formulation. In Section 3, we show the validity
of the structure of the mountain pass lemma and compactness criterion. In Section 4, we adapt the
variational method used by Evans in [25] to prove Theorem 1.

2. Variational Setup

In this section, we first recall the basic variational frameworks. For any v € C, we indicate
with Ru its real part and with v its complex conjugate. Moreover, we define the magnetic Gagliardo

. x+y
_ |o(x) — /AT ) o(y) 2
ola = (//an |x — y|N+2s dxdy) ’

according to [21]. The function space H% (Q), C) is endowed with the norm:

semi-norm as:

N—

1
lollms@c) = (Iolq0 + s @) @)

where we denote by L?(Q), C) the space of measurable functions v : QO — C such that:

olne = ([ W@E)* = ol <<

where | - | is the Euclidean norm in C.
When A = 0, this definition (7) becomes the usual fractional space H*(Q}). By Proposition 2.2
in [19], it is easy to see that C5° € H% (€, C).



Symmetry 2020, 12,76 40f 11

To obtain weak solutions of Problem (1), we only need to define our workspace as in [26].
Xoa = {v € H(RY,C) :v(x) =0 ae in RN\Q}.

which extends to the magnetic structure, relative to that space introduced in [12]. We use the method
in [8] to define the inner product on X 4:

<U (P Xo,A =

// — e A o () (p(x) — ei(x‘y)'A(#)q?(y))dxdy'
R2N

x — y[N+2

The corresponding norm is:

CAC o), N
ol = ( o Sy

From (Lemma 7, [27]), we know that (X 4, (-, *)x,,,) is a Hilbert space and is reflexive.

—

Lemma 1. (Lemma 2.2, [26]) Xo o4 < L?(Q, C) is continuous and compact.
Remark 4. For any v € Xg 4, there exists S > 0, depending on n, s, Q), such that:
[v]l2 < Sllollxg4- 8)

We define the best magnetic fractional Sobolev constant given by:

_ i(x*y)'A(xjﬂ)v( )2
[ fan o(x)—e _ 2 9WE gy
Sp:=  inf ¥ by . )

0€Xo4\{0} (fQ o(x) [ dx) :

Definition 1. We say that v € X 4 is a weak solution of Problem (1), if:

M2 4)(0,9)x0, = 1R | 0(x)§dx+R [ Jo(x)/* 2o(x)fdx+ R | g(x,[o(x)])o(x)gdx
forany ¢ € X 4.

Obviously, in order to seek the weak solutions of Problem (1), we look for critical points of the
C!-functional I Ayu - Xoa — R denoted by:

La(©) = 3 M) — g [ foPx = 5 [ o) Fdx = || Gl o))

and:

/

(L4, (@), ) = M([I2 1) {0, @) x5 — KR o 0(x)pdx = R [y [0(x)|= ~?0(x)§dx — R [ 8(x, [o(x)[)o(x)pdx  (10)

forany v,¢ € X 4.
For the convenience of the reader, we introduce the following Palais—Smale condition at suitable
level ¢,

Definition 2. Let I, € C!(Xoa,R); we say that 14, satisfies the (PS)c, condition at the level ¢, € R,
if any sequence {vy} C Xo a such that:

IA,y(vk) — Cy, I;W(vk) —0 as k — oo, (11)
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possesses a convergent subsequence in Xo a.
To prove Theorem 1, we apply the following classical critical point theorem for our functional I .

Theorem 2. [25] Let X 4 be a real Banach space and 14, € C'(Xo a,R) with I14,(0) = 0. Suppose that
L,y fulfills the (PS)., condition and

(i) there exist o, p > O such that 14, (v) > a forallv € Xo 4, ||ol|x,, = p/
(ii) there exists w € Xo 4 satisfying ||w||x, , > p such that 14 ,(w) < 0. Define:

= {yeC([0,1],Xp):7(0) = 0,7(1) = w}.

Then:

¢, = inf max I4 ) >
! €T te[0,1] ”(/Y( )z

is a critical value of 14 .

3. Proof of the Main Result

In this section, we first show that the functional 1, , meets all the structural characteristics of
the mountain pass theorem, and then, we prove that the functional I A satisfies the Palais—Smale
condition at an appropriate level ¢, for any p > 19, where ;9 > 0 is a threshold. Finally, we give the
proof of Theorem 1.

Lemma 2. If (My)~(My) and (g1) hold, then, for any u > 0, there exist a,p > 0 such that 14, (v) > « for
allv € Xo a, HU”XO,A =p;

Proof. According to (M), we have

M(t) > M) forall t e [0,1]. (12)

Fix p > 0and letv € Xg 4, with ||v]|x, , < 1. By Equations (5) and (12), we get that

(

~nallolB = g ol = [ folufed (13)

IAy(

Further, it follows from Equations (8), (9) and (13), there exists C > 0 such that

( ) 1 1 ;
Lap(v) = I0[136,, — 155210113, , — 2 WHUHXO’A = 1f @) =I5
A
( ) 2 11 :
[0 HXOA FES HUHXO,A Tor : WHUHXW‘ Sg/z o HXOA
A A

Thus, choosing p small enough, we obtain the result, since 20 < 2,¢ < 2i. O

Lemma 3. If (M;)-(Mz) and (g2) hold, then, for any . > 0, there exist w, with ||w| x,, > 0, such that
Ipu(w) < 0. In particular, ||wl|x, , > p, where p is given in Lemma 2.

Proof. Let y > 0, and fix vy € Xo 4 with [|vgl|x, , = 1. According to Equation (4), there exists fo > 0
such that M (12) < 2t for any t > to. Hence, it follows from Equation (6) that:

1 s
Inpu(too) < £ = pzt|lool5 271?2 oll5: — dx#2[ooll3 + dalvo
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for any t > tp. Thanks to 1 < 2 < 2, we can conclude that I4 ,(tvg) — —oco as t — co. Therefore,
the assertion is true by setting w = t*vg, with t* > 0 large enough. [

Lemma 4. We obtain the following result:

lim ¢, = 0.
H—0

Proof. Fix u > 0, and take w € Xg 4 to be given by Lemma 3. There exists t, > 0 satisfying
Ipu(tyw) = max I4,u(tw), since I, fulfills the mountain pass geometry. Thus, (I;‘”y(tyw),w> =0,

and from Eque;tion (10):

2r-1 2; 261 2
tullew%, M Nw0lk, ) = ptullwl3 + 8 wl3: +/Qg(x,|fyw\)w2dx >t [lwll3 (14)

thanks to the fact that y > 0. We assert that {t, },,~¢ is bounded. Indeed, fix € > 0. From Equation (4),
there exists ty = t(e) > 0 such that M(t) < et for any t > t;. Therefore, denoting by © = {u>0:
th|w H%(O , = to}, we observe that:

fllwll, MG wl%,,) < oMEGlwlk,,) < ebtllwl,, for any pe© (15)
thanks to (M ). Since ||w/|x, , > p, it follows from Equations (14) and (15) that:
22y 2
69”“)”%(0,/4 >ty ||w|\2: for any u € ©,

which means that the boundedness of {t,},ce. Obviously, through the composition of @, also
{tu}ue(r\@} is bounded. This concludes the proof of the assertion.

Let a sequence { i reny C R such that p — co as k — oo. Obviously {t;, }ren is bounded. Thus,
there exist a constant ty > 0 and a subsequence of {t,, } e, which we still write as {f;, }rcn, such that

tu, — toask — oo. Since M is a continuous function, then we get that { M(#2 ||w|% ) is still
Hr Ml X7 [ jen

bounded, and so, according to Equation (14), there exists B > 0 such that for any k € N:
251 2F '
ety ool + 65 ol + | g0, o) < B. (16)

We claim that {y) = 0. Indeed, we can assume that ¢y > 0, then from (g1) and the dominate
convergence theorem:

/ g(x, |ty,w|)w?dx — / g(x, [tow|)w?dx >0 as k — oo
Q Q
thanks to (g2). Recalling that y; — oo, we have:
. 21y, 2 _
lim (puty 0]+ 6ol + [ 80 D) = o

which contradicts Equation (16). Hence, tg = 0 and t, — 0 as y — oo, thanks to the sequence { i }ren
being arbitrary. Consider now the path y(t) = tw, t € [0,1], v(t) € I'. According to Lemma 2 and (g»):

1 ~
0 <cp < max Inu(v(D) < Inu(tyw) < s M(Gllwl, ),

Because M is continuous, thus we get that M (ti ||w||§(0A) — 0 as y — 0. This means that the
proof of the lemma is complete. [J /
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Lemma 5. If (My)—(M3) and (g1)—(g2) hold, then, there exists py > 0 such that for any u > py,
the functional 14 ,, fulfills the (PS)c, condition.

Proof. Let u > 0 and {vy }ren satisfy Equation (11). Thanks to the degenerate nature of Problem (1),
we consider two cases.

Case 1. kinlg llokllx, o = hyu > 0. First, we show that the sequence {vy } e is bounded in Xj 4. By (M),
c ,
with ¢ = hi, there exists m = m(hi) > 0 such that:

M(Hka%(O,A) >m forall keN. (17)

Moreover, according to (M ), Equation (17), and (g2), we get that:

v

—~— 2*
M (el ) — 3M el Dol , + (3= & ) loel 3

2*
(-4 )ttty + (13wt

where 20 < 27 and also 2 < 27 since N > 2S. Thus, it follows from Equations (11), (17) and (18) that:

IA,}! (Uk) - % <qu/}, (Uk), Z)k>
(18)

v

1 1
cu+o(l) > (29 - 22&) m””k”%(o,A Z ‘TH”UkH%(o//V

1 1
oy = (26—2;>m>0

as k — oo, which implies that {vy }xen is bounded in X 4, and analogously, we obtain that {v }xen is
bounded in L% (Q), C).

Considering the boundedness of {v }ren, going if necessary to a subsequence, still denoted by
{0k} {keny, by using Lemma 1 and (Theorem 4.9, [28]), there exist v, € X 4, such that:

(19)

Uk — Uy in XO,A/ ||vk||X0,A - ;BV/
U = vy in LZ:(Q,(C), llok = vpullor — Cu, (20)

Ok — Uy in L%(Q, C), vj — vy ae. in R

Obviously, B, > 0 since h;, > 0. Moreover, we know that zero is the unique zero of M by (M),
as well as M (||vy ”%(O,A) — M(B3,) as k — oo, thanks to continuity.
First, we claim that:
lim B, = 0. (21)

HU—0

If not, limsup , = B > 0. Therefore, there exists a sequence, called k — pj T oo, such that
H—r00
By, — B as k — oo, and taking k — oo, we obtain from the first inequality of Equation (18) along with

(M;) and Lemma 4 that:

by (M), which is impossible. Therefore, we get the result (21). Furthermore, [[vy|lx,, <
li{n |vk|Ix,, = By thanks to vy — vy, so according to Equation (21) and the fractional magnetic

Sobolev inequality, we have:

T [foull: = Jim o, =0 @)



Symmetry 2020, 12,76 8of 11

By the boundedness of {v; }ren in L2(Q), C), we get that the sequence {|vy|% ~2vj } xen is bounded
in L% (Q), C). Therefore, by Equation (20), we obtain:

o> 20 — o> "2vy, in L% (Q,C), (23)
where 2 N, (N + 2S) is the Holder conjugate of 2. Again, by (20) and (23), and (g1), we get:
MB) @090, = WR [ 0u()fitx+ R [ [o,(x) %20, (e)tx + R [ g, o3 () oy ()it

for any ¢ € Xo. Therefore, we can easily obtain that v, is a critical point of the C!(Xj 4) functional:

1 1 1 2
Lo, (0) = SMBRIPI%, , = #3llol3 = 5ol — /Q G(x, [o(x)])dx.
S

In particular, Equations (11), (20) and (23) imply that as k — oc:

o(1) = <I:4y(vk) Aﬁ (0), vk — V)
= Mo, lloelZ, , + M 0ul, , — (o0 o) (MUl0ElZ, ) + MER))
—Rfo( x, [op(x)])or(x) — g(x, [opu(x )Dvy(x))(vk(x)_vu( ))dx

X . I (24)
R iy (J00) 204 (x) — o) %20, (x) ) o () — v ()
2 2
= MBBL— loullk, ) — lloell5; + lloullys +o(1)
2*
= M@)ok —opl%, , — o — vpll3: +0(1)-
Indeed, again from (g ), we have the following:
/Q | (%, vk (x) vk (x) (vk () — v (%) | dx < D | f (%) [l [|ok = vpll2; < DIIf (x|,

where D,D' > 0. According to f(x) € LT(Q)), we get that sequence

{1 §(x, |k (x)])ok(x) (v (x) — vu(x) [}x is equi-integrable in L'(Q)). Again, by Equation (20)
and the Vitali convergence theorem, we have that:

im [ (x, [0 (x)[)or (x) vk (x) — op(x)dx = 0.

k—o0 JO

Similarly,
lim Qg(x, [0 (x)])0p (x) (0 (x) — v (x)dx = 0.

k—o0

Furthermore, again from Equation (20) and the well known Brézis and Lieb lemma of [29],
we obtain:

ok, = llox —vulk, , + loullk, , +0(1), N[0z = llox — oull3 + [[opllZ +o(1)
k11X0,4 k™ YnllXoa #11Xo,4 s+ 1Pkllgz k — Yulloz pllo

as k — co. Thus, we have proven the crucial formula:

2\ 1: 2 . 23
M) Tim [lo = o4l , = Jim ox = o113 25)
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If ¢, = 0 forall p > po, thanks to B, > 0 and M admitting a unique zero at zero, then
Equation (25) yields at once that vy — v, in X 4, concluding the proof. Instead, suppose that there
exists a sequence k — pi; T oo such that §;, = ¢ > 0. Combining Equations (9), (20) and (25), we have:

& > SaM(BA)E. (26)
Observing Equation (24), we can get:
2
MBL) (B = ok ) = &
By Equation (26), we obtain along this sequence, denoting B, = B, vy, = vy, that:
2%\ 28 2s 2
GV = MBON (Bf — llokl1%y )N = SaM(BR). (27)

Therefore, for all k large enough, it follows from Equation (21) and (M3) that:

4s N—2s 2(N—2s)
N 2 2 % 2y Ng2s N
B = (B = lloelix, , )N = SaM(Br) ¥ = ag™ Sapy *

Hence, for all k enough enough, we have:

245&1\] NKI2S
,Bk 2 a() SA/

thanks to B; > 0 for any k. According to Equation (21), we know that the above inequality is impossible,
thanks to 4s > N by assumption. Therefore, we complete the proof of Lemma 5.

Case 2. kinlg llokllx, , = 0. We consider two cases at zero. When zero is an accumulation point of
c ,

the real sequence {||vi|/x, , }xen, so there is a subsequence of {vy }cn strongly converging to v = 0.

This means that the trivial solution is a critical point at c;,, which is a contradiction. When zero is

an isolated point of {v }ren, then there is a subsequence, still denoted by {|[v [|x, , }ken, such that

kiné ||vkj | x4 = "u > 0, and we can proceed as before. This completes the proof of the second case and
c ,

of the lemma. O

Proof of Theorem 1. According to Lemmas 2, 3 and 5, we note that I A fulfills all conditions in
Theorem 2 for any u > po. Thus, for any u > po, there exists a critical point v, € X 4 for I, at level
cu- Clearly, v, # 0 thanks to the fact that 14, (vy) = ¢, > 0 = 14,(0). Finally, we also obtain the
asymptotic behavior thanks to Equation (22). O

Finally, we give a simple example to show a direct application of our main result.

Example 1. Let N > 1and 1 > 6 > 0. We consider the following problem

. +
ix-y)a(5Y),,

— [, o= JowP gy 0 s
1+e 70 -y (=A)20(x) = po + 0|V 1o+ g(x, [v])o inQ, v=0inRN\Q,

where g(x,v) satisfy
g(x,[o]) = b(x)[o|""2,

where b € L*(Q), b(x) > 0a.e. x € Q, and q € (26,2*). Obviously, g satisfying Conditions (g1)—(g2). It is
clearly that (M;)—(Ms3) hold.

Then, Theorem 1 implies that the above problem admit a non-trivial solution in Xg 4.
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4. Conclusions and Further Research

In this article, we combined the fractional magnetic operator with the more generalized Kirchhoff
function to consider the existence and asymptotic behavior of the solution of this new equation, which
plays a fundamental role in quantum mechanics in the description of the dynamics of the particle in
a non-relativistic setting; see [1]. In order to overcome the difficulties caused by the critical situation
and the intervention of magnetic operators, we used special techniques to deal with this problem, and
our result generalized the previous work of Autuori [12] and Servadei [11] in some aspects. In future
research, we will extend multiple equations to include fractional magnetic operators; due to the
operators having a certain physical background and significance, the applicability is more extensive.
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