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Abstract: Kim and Kim (Russ. J. Math. Phys. 26, 2019, 40-49) introduced polyexponential function
as an inverse to the polylogarithm function and by this, constructed a new type poly-Bernoulli
polynomials. Recently, by using the polyexponential function, a number of generalizations of
some polynomials and numbers have been presented and investigated. Motivated by these
researches, in this paper, multi-poly-Euler polynomials are considered utilizing the degenerate
multiple polyexponential functions and then, their properties and relations are investigated and
studied. That the type 2 degenerate multi-poly-Euler polynomials equal a linear combination of
the degenerate Euler polynomials of higher order and the degenerate Stirling numbers of the first
kind is proved. Moreover, an addition formula and a derivative formula are derived. Furthermore,
in a special case, a correlation between the type 2 degenerate multi-poly-Euler polynomials and
degenerate Whitney numbers is shown.

Keywords: Euler polynomials; degenerate multiple polyexponential function; degenerate
multi-poly-Euler polynomials; degenerate Stirling numbers; degenerate Whitney numbers

1. Introduction and Preliminaries

Special functions have recently been applied in numerous fields of applied and pure mathematics
besides in such other disciplines as physics, economics, statistics, probability theory, biology and
engineering, cf. [1-26], and see also the references cited therein. One of the most important families of
special functions is the family of special polynomials, cf. [1,3-8,10,21,23-26]. Intense research activities
in such an area as the family of special polynomials are principally motivated by their importance in
both pure and applied mathematics and other disciplines. The degenerate forms of special polynomials
are firstly considered by Leonard Carlitz [2] by defining the degenerate forms of the Bernoulli, Stirling,
and Eulerian numbers. Despite there being more than 60 years old, these studies are still a hot topic
and today enveloped in an aura of mystery within the scientific community, cf. [6-8,14-21,23,25,26].
For instance, Duran and Acikgoz [6] considered the degenerate truncated exponential polynomials and
gave their several properties. After that, degenerate truncated forms of various special polynomials
including Genocchi, Bell, Bernstein, Fubini, Euler, and Bernoulli polynomials were introduced via the
degenerate truncated exponential polynomials and their various properties and relationships were
derived in [6]. Kim and Kim [15] considered degenerate poly-Bernoulli polynomials by means of the
degenerate polylogarithm function and investigated several properties and relations. Kim et al. [16]
defined a new type of the degenerate poly-Genocchi polynomials and numbers constructed from the
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modified polyexponential function and the degenerate unipoly Genocchi polynomials and derived
several combinatorial identities and some explicit expressions. Kim [17] introduced a degenerate form
of the Stirling polynomials of the second kind and proved some novel relations and identities for these
polynomials. Kim and Kim [18] considered a new type degenerate Bell polynomials via degenerate
polyexponential functions and then gave some of their properties. Kim et al. [20] introduced degenerate
multiple polyexponential functions whereby the degenerate multi-poly-Genocchi polynomials are
considered and multifarious explicit expressions and some properties were investigated. Lee et al. [25]
studied a new type of type 2 poly-Euler polynomials and its degenerate form by utilizing the modified
polyexponential function.

In this paper, we introduce a novel class of degenerate multi-poly-Euler polynomials and numbers
utilizing the degenerate multi-polyexponential function and studied their main explicit relations and
identities. This work is organized as follows:

e  Section 2 includes several known definitions and notations.

e InSection 3, we consider a novel class of degenerate multi-poly-Euler polynomials and numbers
and investigate their diverse properties and relations.

o The last section outlines finding gains and the conclusions in this work and mentions
recommendations for future studies.

2. Definitions

Let Z denotes the set of all integers, R denotes the set of all real numbers and C denotes the set of
all complex numbers. Let A € R/ {0} (or C/{0}). The degenerate exponential function e3 (t) is defined

as follows
n

()= (140 = ¥ (W, M
n=0 :

where (x)p, = 1and (x),, = x(x —A)---(x — (n —1)A) for n > 1, cf. [1,2,6-8,14-25] and see also
the references cited therein.

It is easily observed that lim,_, e} (t) = e*'. Notice that e} (t) := e, (t).

The usual Bernoulli By, (x) and Euler E, (x) polynomials (cf. [3]), and the degenerate Bernoulli
B, (x) and Euler E, ) (x) (cf. [1,6,8,14-21,23,25,26]) polynomials are defined by the following
generating functions:

}w; B, (x) Pt o ang }w B, x (x) Po_ b (t) )
= et -1 = AN T e () —1 A
and - ; ) - . )
t t
E _ = —— xt d E — = Y t). 3
n;o AT L EO @)= a1 )

The polyexponential function Eix(x) is defined by (cf. [13])

Eiy(x) = ; (n_"w (k € Z). )

For k = 1in (4), it yields Eij (x) = e* — 1.
The modified degenerate polyexponential function Eiy , (x) is defined by (cf. [14])

) 1 " ;
Eik’/\(x) = 2 (n(_)l')/\!nkx . (5)

n=1

It is noted that for k = 1, Eij 5 (x) = e (x) — 1.
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Letk € Z and A € R. The degenerate version of the logarithm function log, (1 + t) given by

(cf. [15])
tn
log,(1+t) = Z)‘n " Duasa

which is also the inverse function of the degenerate exponential function e, (¢) as shown below
er(log,(1+1¢)) =log, (ex(1+1t)) =1+t

In [25], the type 2 poly-Euler polynomials Eglk)(x) and the type 2 degenerate poly-Euler
polynomials Eigk))\ (x) are introduced using the following generating functions to be

= £®) t” Eiy (log(1+ 2t)) o o (k) t” _ Eig ) (log(1+2t))
LB 0= e LA = Ty a0 ©

Multifarious relations and identities for these polynomials are investigated intensely in [25].
The degenerate Stirling numbers of the first kind (cf. [15,16]) and second kind (cf. [1,6,8,15-21,23,25,26])
are defined, respectively, by

k
Zsunkt—,—(k’gﬁ%ﬂ)(km @)
and . i L
Y saaln k)t = U 5 ) ®
n=k : :

Noting here that as A — 0, the degenerate Stirling numbers of the first kind S; 5 (1, k) and the
second kind S; 5 (1, k) reduce to the usual Stirling numbers of the first kind S;(#, k) and the second
kind S, (n, k) as follows (cf. [1,6,8,15-21,23,25,26])

ity = LG o)

and

o) n et _
Y. Sa(n k) = (-1
n=k ’

3. Type 2 Degenerate Multi-Poly-Euler Polynomials

Let k1, kp,- -+, kr € Z. The degenerate multi-polyexponential function is given by, (cf. [20])

. (D (D), ax™
Elkl/ka”/kh/\(x) = 2 o - 3 o )
0<ny<ny<---<ny (nl - 1), e (nr - 1)'111 -n,"

where the sum is over all integers n1, 1y, - - - , 1, satisfying 0 < ny < np < --- < n,. By means of this

function, Kim et al. [20] defined and investigated the degenerate multi-poly-Genocchi polynomials

gﬁlk/]\ 2eke) (x) given by the following generating function to be

00 n 1Ei 1 1+
Zg,(l’f}[kz' k’)(x)%:r 1k1k2( k())L(Og)A( ))ef\(t). (10)

n=0

Motivated by the definition of degenerate multi-poly-Genocchi polynomials, utilizing the
degenerate multi-polyexponential function (9), we consider the following definition.
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Definition 1. Let k € Z. Type 2 degenerate multi-poly-Euler polynomials Q‘ESL ) (x) are defined by the
following Taylor expansion about t = 0:
i gtk o B Eif k- o (108 (1 +2t))ex<t) 1)
A n! t’(eA( )+ 1) M

In the case when x = 0 in (11), the type 2 degenerate multi-poly-Euler polynomials QE( 1k )(x)
reduce to the corresponding numbers, that is the type 2 degenerate multi-poly-Euler numbers denoted

by el )

Remark 1. Letting A — 0, the type 2 degenerate multi-poly-Euler polynomials e‘:‘( ke r )( ) reduce to a new
type multl—poly—Euler polynomials which we denote (’E(kl k- k’)( ), which are dzﬁerent from the polynomials

E,Sk1 ko )( x) introduced by Jolany et al. [10], as follows:
Z El (ki ko, k) )tn _ Ei, ky,--. k, (log(1+ 2t))€xt
n! tr(et + 1>r :

Remark 2. In the case when r = 1, the type 2 degenerate multi-poly-Euler polynomials reduce to a new type
degenerate poly-Euler polynomials that we denote Qii(jf/)\(x), which are different from the polynomials E,sk%(x)

in (6) defined by Lee et al. [25], as follows:

ex(t). (12)

> (k t” Eik,A (log, (1 +21))
LS Hea ) +1)

Also, when x = 0 in (12), these new type degenerate poly-Euler polynomials E‘Eflk%(x) reduce to the
corresponding numbers (’Efﬁ, that is, in(qk/)\(O) = (‘Sik/)\

Now, we investigate some properties of the type 2 degenerate multi-poly-Euler polynomials.

Theorem 1. The following relation
ky ko K - Ky ko, Ky
e = L ()€ ma (13)

holds true for n > 0.

Proof. From Definition 1, we observe that

O (kikyo k) o " Bl g (logy (14+28))
n;)@'” T t’(eA()Jrl) er(t)
ad K1 ko, mox m
= Lo Y @
n=0 " m=0
R Ay #n
- nX:o<mZo (m) Enma " (Fma n!’

which gives the desired result (13). O
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Remark 3. When A approaches to 0, we get the following known relation for the multi-poly-Euler polynomials

(cf. [4,10])
Er(lkl,kz,...,kr)(x) -y <n>EnI(_1§7ﬁ2""'kr)xm'

m=0 m

The degenerate Euler polynomials of higher order are given by the following Maclaurin series:

- (M) (. t" — < 2 )r b
E,/(xA)—= = —=——=] ei(t),
EO w )n! ex(t)+1 A(H)
cf. [1,6,25], and also see the references cited therein. We also notice that when r = 1, the degenerate
Euler polynomials of higher order reduce to the degenerate Euler polynomials in (3), namely,
1

EM (1) 1= Ey 0 ().

A summation formula for the type 2 degenerate multi-poly-Euler polynomials is stated in the
following theorem.

Theorem 2. Forky, ko, - -k, € Z,and n,r € Nwithn > r, we have

@(kl/kZ/”'/kr)(x) _ ’f n'EﬁlrJ)r, n(GA) e (D) pgp - (D A S0 (47 —m, nr)zm

A _
n (ntr—m)tmt o i, (= 1) (= D)5

—r

m=0

(14)

Proof. From Definition 1 and (9), we see that

I I P LA (U (D (D (logy (1426
n=0 n! (e)‘(t> + ) 0<ng <np<---<ny (1’11 - 1)! s (Tlr - 1)!?1]{1 .- -1’1];’
(Dngr - (D, amr! a p

2 SL/\(m,nr)Zm—
0<ny<ng<---<ny (1’11 — 1)! s (Tlr — 1)!71];1 s nf’ 1171];’ m=ny m!

1 27e) t) > (1)111, ( )ny, S , (m/nr)ni" m tm
-7 (@ -17) 1 ( L o )

m=n, \0<n<m<--<n, (N — 1)L+ (n, — 1)!n’{1 cen

~ o iEé’)(x;/\)% » ( )y Wy L r 510, 1)1 2’”) "

k ke—1 Kk
1=0 Sm=ny \0<ny<np<---<ny (711 - 1)' e (”r - 1)!7/111 e nrr_llnrr

= i f Y (MY (D p - (Vg AES Ly (354)S1 0 (1 —m,nr)zm,rt”*r
n=0m=00<n; <ny<--<ny (ng —1)!--(n, — 1)!71?1 e nl:’ 11;1’;’ n!

which means the asserted result (14). O

Remark 4. When r = 1, we have

Zm_1
_ E'rl+lfm,)t(x)51,/\(n + 1- m/l)/

which is a new relation including a new type degenerate poly-Euler polynomials (12), degenerate Euler
polynomials (3), and degenerate Stirling numbers of the first kind (7).

An addition formula for the type 2 degenerate multi-poly-Euler polynomials is given by the
following theorem.
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Theorem 3. The following addition formula
n
ki,ka, -+ kr n kq,k ke
el ) = (1) Wl ) (15)
m=0
is valid for k1, kp, - -+ ,ky € Zand n > 0.
Proof. Given Definition 1, we see that
i @(klrkzw' kr)(x + )ﬁ Eik, ky,-- <1Og/\(1 +2t)) ex-i—y(t)
P P OGRS A
v gk k) B "
- n;O@n,/\ (x)n! mZ::O(]/)m,/\m!
- = (n (k1ka, - kr) t
B (5 Qo)

O

which implies the claimed result (15)
The derivative property of the type 2 degenerate multi-poly-Euler polynomials is provided below.
(16)

Theorem 4. The following relation
d alkika k) _ v glkuka k)
deE”)‘ (x) —n.l;@n_l)\ (x) CED

ky € Zandn > 0.

is valid for k1, kp, - -
Proof. By Definition 1, we observe that
i i@(kl LOYREMS )( )tn _ Bk k) (10g/\(1 +2t)) iex (t)
— dx ) n! tr(ex(t) +1)" dx
[e9) tn
Y etk k) )——ln(1+/\t)
n=0 n!
(ki ko Ky e~
—_ Z@;(Ml\ 2 )(X)EE%AI 1tl
n=0 tl=1
D I DY
n=01=1 ! nt’
which provides the asserted result (16). O
pon setting r = 1, we acquire
I+1
(=™ A1

Remark 5.

which is the derivative formula for the new type degenerate poly-Euler polynomials (12)

Remark 6. Taking r = k = 1, we attain
d
=n! E En l/\ l)'l

dx
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which is the derivative formula for the degenerate Euler polynomials, cf. [6].

Theorem 5. The following correlation
(kllkZ/'”rkl’ 3 - (klkar“' rkY)
Qn,)\ Z Z 182/\ (m l) n—m,A : (17)
m=0]=0

is valid for k1, kp, - -+ ,ky € Zand n > 0.
Proof. By means of Definition 1, we attain that

Z Qf(kl ko, kr) x) £ _ _ EBig k- (log/\(l + Zt)) X (t)

n! tr (6’ A(H) + 1) A

_ Bl don (log, (1+21))
tr(e)\( )+ 1)

_ Elkl,kz, (log/\(l +2t)) i <x) (e/\(t) — 1)’

(ea(t) =1+1)"

OGRS ¢

[od k ,k kr tn (o] o tm

=) inz/l\ ? )ﬁ ()1 ), Saa (m,1) —
n=0 T 1=0 m=l

where the notation (x); is a falling factorial and is defined by (x)p = 1and (x), = x(x —1) - - (x — (n — 1))
forn > 1, cf. [1,2,6-8,14-22,25]. Therefore, we arrive at the asserted Formula (17). O

Remark 7. In the case when r = 1, we acquire

el £ £ (2)ohses tm

which is a relation for the new type degenerate poly-Euler polynomials (12) and the degenerate Stirling numbers
of the second kind (8).

Kim [17] introduced the degenerate Whitney numbers which are defined by the generating

(en(t) =1k
mkk!

function to be

[ee] tn
=Y Wia(nk|A)—, (k= 0).
n=k '

Remark 8. In the special case m = 1 and & = 0, the degenerate Whitney numbers Wy, (1, k |A') reduce to the
degenerate Stirling numbers Sy ) (n,k) of the second kind in (8), that is, Wy o(n,k |A) := Sy 5 (n, k).

A correlation including both the type 2 degenerate multi-poly-Euler numbers and polynomials
and the degenerate Whitney numbers.

Theorem 6. Forky,ky, -k, € Z and n > 0, we have

n m

ky,ko, ky k,k,-,k,

el ) (xu 1 a) ZZ() X)1 Wi (m, 1A )€U, (18)
m=0[=0



Symmetry 2020, 12, 1691 8 of 10

Proof. Utilizing Definition 1, we attain that

oo

(kK " Eig, x (logA(l —|—2t))
(‘Slrz +a) = 1.k, N
n=0 xu (X)Yl! tr(eA( )+1) e/\( )g)L ( )
Elkl ko (IOgA(l + Zt)) o u x
- t’(@A( )+ 1) ey (t) (eh(t) —1+1)
Elkl kz (logA(l + 2t [e<) (x) l
= tr(e,\( )+ 1) ;J l ~1)
Bl ke oo r (logy (1428)) & ) (e () — 1)1 )
N t’(eA( )+ 1) z;)u (x)lTeA(t)
_ ity (logy(1420) & ) (@0 -1)'
— tr(e/\(t) + 1)r I;OM ( )l T e)\( )
ad oo n p
= Z egf/]\/kz, k) ' Z Zul(x)lwulx(n’l|)\)ﬁ
=0 1=01=0 .
= 2 (2 2(:’1)1,[1(36)11/\/““(7”,[/\)Qz(klnkf kr)> t',
n=0 \m=0]=0

which provides the claimed Formula (18). O

Remark 9. Upon settingr =1, we get

G() (xu+a) ZZ( ) x) Wia(m, 1|A)E n)m)\,

which is a relation between the degenerate Whitney numbers and the new type degenerate poly-Euler
polynomials (12).

4. Conclusions

As is known, for k € Z, the polylogarithm function is defined by (cf. [4,10])

Liy(x) = Y =

It is easily seen that Li; (x) = —log (1 — x).
For k1,ky, - - - ky € Z, the multiple polylogarithm function [4,10,19] is given by
. X'
Lig, ko, iy (X) = )

ky ko ke’
0<ny<ny<---<ny My Ny~ + SR

where the sum is over all integers 1,1y, - - - , 1, satisfying 0 < ny <npy < --- < n,.

By means of the multiple polylogarithm function, the degenerate multi-poly-Bernoulli
polynomials are introduced (cf. [4,10,19]) as follows

(k1 k- ik gy, ke (1 _eit) x
Z AB )l’l' — (Q\(f) _ 1)y e)\(t)' (19)

Then, several properties for those polynomials are investigated.
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A slightly different version of the polylogarithm function, the polyexponential function Eiy (x) is
defined as an inverse to polylogarithm function as follows (cf. [13])

n

Eig(x) = i:l(n—xl)'nk (k € 7).

For k = 1in (4), it yields Eij (x) = e* — 1.
The modified degenerate polyexponential function Eiy , (x) is defined by (cf. [14])

. o (1);1 A
E =y A,
i (x) n;l (n— 1)!nkx
It is noted that for k = 1, Eij 5 (x) = ey (x) — 1.

Let kq, ko, - - -,k € Z. The degenerate multi-polyexponential function is given by, (cf. [20])

(1)111,)\ ce (1)ny,/\xnr

Eig, ko, o1 (X) = )
R 0cm<ieoen, (11— D)1=+ (ny — 1)t -l

where the sum is over all integers 11,1y, - - - , 1, satisfying 0 < n; < np < --- < n,. By means of this

function, Kim et al. [20] defined and investigated the degenerate multi-poly-Genocchi polynomials

gﬁllf/l\’kz"“k’) (x) given by the following generating function to be

= (F1,k2,+kr) ﬁ _ r!EikLkzr“,kr,/\(logA(l + t)) x
P CTOES T

Motivated and inspired by the definitions of the degenerate multi-poly-Bernoulli polynomials
and the degenerate multi-poly-Genocchi polynomials introduced by Kim et al. [20], in this paper, we
have introduced a new generating function for the degenerate multi-poly-Euler polynomials, called the
type 2 degenerate multi-poly-Euler polynomials, by means of the degenerate multi-polyexponential
function as follows:

(ki ke Ky t"  Eig gy k1 (logy (1421)
Z @;(1,1 2 )(x)— _ 1/k2 ( A )eﬁ(t).

= n! tr(ex(t) + 1)

Then, we have derived some useful relations and properties. In a special case, we have
investigated a correlation including the type 2 degenerate multi-poly-Euler polynomials and numbers,
and degenerate Whitney numbers. We have also analyzed several special circumstances of the results
derived in this paper.

In the plans, we will continue to study degenerate versions of certain special polynomials and
numbers and their applications to probability, physics and engineering in addition to mathematics.
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