[>

VY Curves in 4-dimensions

;> with(DifferentialGeometry) : with(Tensor) : with(JetCalculus) : with(Tools) :
| > DGsetup([t], [X,Y,z], M, 4) :
| M > Preferences("JetNotation", "JetNotationl") :
M > o devalDG(dt &w dy[ ]Cdx[ ] &w dz[ ])
oddt Ydy[ |Cdx[ ] Ydz[ ] 1.1)

[ [nvariant vector v0

M > v0devalDG(tD tCx[ 1D
vod tD_tCx[ ]D_x[ 1Cy[ ]D_y[ 1Cz

:wl corresponds the derivative of v0
M > wldevalDG(D tCx[1]1D x[ ]JCy[1]D y[ 1Cz[1]1D z[ ])
wldD_tCx, D x 1Cy,D_y[ 1Cz D_z[ ] 1.3)

x[1C []D []CZ[]D_Z[])
[1D_z[ ] 1.2)

:here k1 corresponds to 1/B

wl
M > vldevaIDG( Kl )

Dt _%Dx] _yDyl] 7D_z]

vid = C— ——C———C— (1.4)

:solve the normalization criterior to determine k1.
| M > tmpl d solve( Hook( [v0, v1], w) K1,k1) :

| substitute back into v1, thus giving v1 uniquely
M > vl d subs(kl=tmpl,vl)

vid D_t c %1 DX (1.5)
ty, Cx[ 17, Kz[ 1x, Ky[ ] ~ ty,Cx[ 17, Kz[ 1x, Ky[ ] '
y, D_Y[ ] z,D_z[ ]

C
tyICX[ 12, Kz[ IS Ky[ ] tyICX[ 12, Kz[ 1% Ky[ ]

;input the derivative of the vector v0
M > w2devalDG(x[1,1]D_x[ ]1Cy[1,1]D_y[ 1Cz[1,1]1D_z[ ]) :
| input the chain rule relation with v2

M>v2d evaIDG(WZK—kZZVl)
tmpl
v2d Fk k2D_t (1.6)

(ty, CX[ 12, Kx, 2 1Ky[ 1)’
K (ktx Y KRXETX 2 Cx % 20 JCK2X, Cx Y[ 1) DX ]

ty, CX[ 1z, Kx, [ 1Ky[ 1)’

V1,12 Cx Yy, 12 1Ck2y, Cy[ 1y, ) D[ ]

ty, CX[ 1z, Kx, [ 1Ky[ 1)’

K (kty,z, | KXx[ 177 ,Cx7[ 17, ,Ck27, Cy[ ]z, ;) D_z[ ]
(ty, CX[ 12, KX, 2 1Ky[ 1)’

;solve to obtain k2 and input it to get v2 uniquely
M > tmp2 d solve(Hook( [VO0, v2], ®), k2) :

(I~ty1 y1, 1 KX[

]
(
]
(




| M > v2 d subs(k2 =tmp2, v2) :

| we can then calculate the first invariant by computing w(v1,v2)
M > 1, d Hook([v1,v2], )

X2 1 Kx ,2,Cy,

L, d (1.7)

(ty, ©X[ 17, KX z[ TKy[ ])3

same story, take the next derivative of v0, solve the chain rule relation and normalize to find k3
| and substitute back into v3 to obtain v3 uniquely

M > w3devalDG(x[1,1,1]D_x[ ]Cy[1,1,1]1D_y[ ]1Cz[1,1,1]D_z[ ]) :
Mo> v3id evaIDG( (w3 K3 tmpl tmp32 v2 Kk3vl) ] :

L tmpl

LM > tmp3 d solve( Hook( [vO0, v3], w), k3) :

 then v3 is uniquely determined

M > v3 d simplify(subs(k3 =tmp3, v3)) :

| can now calculate more invariants, in fact two more

M > I, d Hook([v1, V3], ®); Iy,  Hook([v2, v3], ®)

I, d 1 .
(ty, CX[ 12, KX z[ TKY[ 1)

(tx1y1 ) K3txy, 7, C3tX 1Y 7

Ktxl,lylyIZICx[ ]xlzlzl,171K3x[ ]xlzilC3x[ ]X1,1Z121,1KX[ ]X1,1,1Z%
2

KX z[ 17, 1’1C3 X Xy 1 2[ ]ZI’ICXIXL B 17, K3 xilz[ ]Z1Cty1y1, 11

K3tyi1K3 XL1Y 12 0 CY o X1 KXy 1z Ky 20 1%

C3xX 1Y, 1 2ZL1Cx YL 1KY 1Yy, 1)
1
(ty, CX[ 12, KX, 2[ 1Ky[ 1)°

Iy, Ak (EXY 2 KUY 2 KUy, (18)

CtxXy Yy 1 4 O Y 2 KEX Y g KRXETY 1 2 CXOTYL L1 2
CXYI1Z 1 KX Yy ZDTKRX Y012, 6% Y020 ])

:continue the same procedure again

M > widevalDG(x[1,1,1,1]1D_x[ ]Cy[1,1,1,1]D_y[ 1Cz[1,1,1,1]1D_z[ ]) :
w4 K 6 tmp1” tmp2 v3 K (4 tmpl tmp3 C3 tmp2?) v2 Kk4vl )

M > v4 d evalDG 2
tmpl

M > tmp4 d solve( Hook( [v0, v4], ), k4) :
| this gives ut v4 uniquely
M > v4 d subs(k4 =tmp4, v4) :
| we can then compute the final invariants
M > I, d Hook([v1, V4], ®)

1

(ty, CX[ 12, Kx, 2[ 1Ky[ 1)
K4t2x1y1y1’ 1,121,1C15t2X1yi121,1C4t2X1,1y1y1, 1,121K15t2X1,1yi121

lya (t2 X y% z) 11,1 K6 t X\YiYi14, 11 (1.9

C6t2X1, 1,1y1y1,121Kt2X1, 1. 1,1%21C2tx[ X\ Y1202 4,14
2
KIOtX[ 1% Y,2 17 KOIX[1X Yy 127 C30EX[ 1% Y, 17,




KAX[IX Y 142 1 CAtXL X Y22 (K30EX[ X 1Y 127
CAtx[ 1% 1Yy 1 ZC6X 1% Y122 (COX[ X 1 1Y, 17

K2tX[ 71X 4, 1’lylszztx%ylz[ 17, 1,1C36txfy1,lz[ 17, ,C4t

X%yl, L1202, Cotx X Y2017 K30tX X 1Y, 12[ 17 4
RAtX X 1Yy 1 20120 CAtx Xy Y 2017 KOt X, 1Yy ,2[ 17
C2tx Xy Vi 2 ]21C30txily1,12[ 17 K10tX X Y, 2[ 12, CX] ]2x1
2?21, 11, K10X] ]lezlzl,lzl, L1 CISX ]2X12§,1C4X[ ]2X1,1Z?21, 11

K15 X[ ]le,lzlz%,IC6x[ ]le, lele,le[ ]le, 1. le?sz[]

xfz[ 12)2) 11, C10X] ]xfz[ 12002 C2X[ X% 120172y

K30X[ X% 1 2[ ]zilKZX[ 1% X ,1201202  C2ZXOIX X g 2 ]zf
C30 X[ ]XiIZ[ 1202 KIOX] 1% 1% 4 2] ]Z?CX?Z[ ]2217 11,1 K6
X%Xl,lz[ ]221, L1 K4 X%XI, 1l ]221,1KX%X1, L1l 'z, C15x, Xilz[ ]221,1
CLOX % 1 X 11 2] ]ZZIKISXilZ[ ]221Ct2y?y1, 1, 1,1K10t2y1y1,1y1, 11
ClStzyilK4tx[ 1YY 2,  KOEXTTY Yy 12 1 C2WXETY Y 0 4
C30tx[ ]yilzl,lKIOtx[ Yy YL 1 K28 YL 1Y 24

COtX YL IYy 12, 1, CHYITY 11 2 R2EX Y Yy 20 ]
Cl0tX Y Y 20 TKAEX Y[ 1Yy 1 Cotx 1YYy g 2 1K30tX,
yilz[ TROTX, | VLY 1 2y CAtX Y Y 1 20 1C2E Y I 7

K4 X[ ]2y1,121 2,1 C15X] ]2y1,1Zi1K6X[ ]zyl, L1472, CX ]2y1, 1, 1,12%
R2X[ 1 Y[ 1202 1 CIOXIX Y[ 17y 12 CAXLIX Y2017
COXLIX Yy 020 12 R2XIX Yy g 1 20 12 KAXDTX Y127
K30X[IX Y2012, COXOIX Yy 20 1 KeX[Ix Y[ 177,
C4x][ IX, Y 2l 12, C2 X[ 1X 11 Y[ ]szfoy[ 17[ 17, 1710

X%yl, L1 2l ]2K6x1x171y[ 12017 KOX X 1Y 2] ]2

Kax X 1 YL120 17 KAX X 4 1Y) 2] ]2K2X1X1,1,1,1y[ 12[ 1, C15
Xilyl,lz[ ]2C10X1,1X1, YLD R2EYL 1Y Yy 0 1 CIOtYL Y Yy 0y
CAXLIYLIYL 12,  COXLIYL Yy 11 2 K2XEIYL DY 11D

Cx YL T2 1 C2X YL 1Yy 1y 20 1K6X Y[ 1Yy (2]

KaAX YOIV 20 TRX Y ]zzlcy[ ]zyl, 1, 1,1)

=M > 1,  Hook( [v2, v4], ®)
1
(ty, ©X[ 17 KX 2] TKy[ ])8

ly, AF (tz XYiYi12,1,1,1 Kt XYiYi 1400 (1.10)




K6t2x1yi121’ 1,1C6t2X1y1,1y1, 1,121,1Kt2X1,1y%21, L1

C6t2x1’1y1y1,121’ 1,1Ct2X1,1y1y1, 1, 1,121K6t2X1,1y1,1y1, L 14

K6t2X1, 1,1y1y1,121,1C6t2X1, 1,1)’?,121Ct2x1, 1, 1,1%21,1Kt2X1, LYY h
COXTIX Y122, KOEXL XYy 12y 12y COTXL XY, 1,12%,1

RUXCIX Yy 1 202  RKEXE DX Y1202y 4 i COXLTX Y2y 12

KO EXT Xy 1Yy, 1,122, 1 CUXLIX Yy, lefK6tx[ 1%, l,lylzil
COXLIX Y1, 1202, 1 COXUIX Y1 22 KEXETX 1,13’1,1Z?Kt
X?yl,lz[ 12,4, 1,1CtX%y1, L1 2012 GO X Y 2002,
COotx X 1Yy 12017, KOt Xy, 2012 KU X 1y 2017
RUX X 1 Y 2012 GO Xy Y 2 ]ZIK6tXi1yIZ[ 12 ,,,C6t
Xilyl, L2 177C6tx  xp Y z[ 1z Kotx, (X 1Y 1217

KEXLTY Y120 1 CUXLIY Yy g 112, COTX] ]yilzl, 11

KOTX 1Yy 1Yy 1,12 KU YL DYy 121 COG YL Y 111200

C2tX  YLIY1 2,0, KO YITY 2 KU YETYy 0002
RUX Y Y, Z01COEX Yy Yy ZD1Co X YLDy, 2 Ko tx,
inZ[ TR2tXy o YE Y 2 CX YOI 2 CUX Y Y 2]

KX[ ]Zyl,lzl 2 1,1,1COX[ ]zyl,lzl,lzl, ;1 Ko X[ ]2y1, 1,12?,1

Cx[ ]2y1, Lt i OXEIX Y 2017 RXEIX Yy g1 2017

CX[ X  YL1Z17) g KOXEIX Y[ 17y 02y (KOXLIX 1Yy 120175 1,4
CI2X[ 1%, 1Yy oy 12012 KXODX Yy 2012 C6X0 1% YI1Z
ROXLIXy 1 1Y 12012  KRXETXy g 1 YE1202  ©OXEIX Y2017
WX Xy Y1202y 1 XX Yy 1 2 'Cx, XL Y12i12,

KX Xy, 1, 1Y, 1 2L ]2C6Xi1y[ 17[ 17, 1,1K6Xi1y1, 1,12l I
KOX, 1 X 1,1 YL120 12 1 COX X 1Yy 2] Cx[ 1 Y2
RXEIYE Iy 10,12, 1 KX YT ]221, L CX YY1 2]

Cx, VT2 KX YLDy 2 1)

M > 1,.d Hook([v3,v4], ®)
1 3 3
|, Ak CX VY, 2 Kt x vy z (1.11)
4 10 1YY 4 1YY L4
’ (tyICX[]leXIZ[]Ky[])<
3 3 3
K3t lelyilzl,l,l,lc‘“ XOYiY Y21 C3UXY Y Y120
3 3 3 3
K4t lelyil,lzl,lC3t leilzl,l,lK?’t leilyl,l,lzl,IC?’t X1

3 3
y%yl,lzl,l,l,lKA"t Xl,ly%yl, 121 K3t Xl,lylyilzl,l,l




K3 t3X1,1y1y1,1y1, 1, 1,121C4t3X1,1y1 y% I,IZIC3t3X1,1yilyl, 1,121Kt3X1, 11
yizl, 1, 1,1C4t3X1, 1,1y%y1, 1,121,1Ct3X1, 1,1y%y1, 1, 1,121C3t3X1, 1,1y1yi121,1
K4t SEREIRINEE 1,121K3’t3 Xy, 1,1yi1zlct3 X, 1,1y? Z, 1,1K3t3 XLt
y%yl,lztht}XL 1, 1,1)’%3’1, 1,IZIC3t3X1, 1, 1,1y1yi121

K3 € XYY 24, 1)1C4t2x[ ]lelyl,lzi 11

C2Ex| XYY 1440, 1)1K4t2x[ XYY 12,1200

K2 £ XYY 140, 1,1C3t2X[ IXp Y1 ¥y, leilK3t2x[ 1%

Viaziz o COUXUINY 122 CATXLIN Y, Y1220,

K6 X[ T1X Y, Y102 C3EXLIX Y, Yy 1122, KATX X,

yi 1,12121,1C3tzx[ ]Xl,lﬁzl,lzl, 1, 1,1K4t2X[ ]Xl,ly%Zi 11

C3t2X[ XYY 4, 1)1K6t2x[ XYY 414,10

K3t2X[ IX 1YY, 1,12121)IC6t2x[ XYY 1440

K3t x[ IX 1YY, lefC4t2x[ ]Xl,lyi lefK2t2x[ 1%y 1,1)’%2121, L1l
C4tx 1X, 1,1)’%21,121, 1,1K4t2X[ XYL 14200

Co6tx 1%, 1’1y1y1,1zilC4t2x[ XYY L1404,

C2t'x| IX 1YY, lefK6t2x[ 1%, 1,1%,12121,1

K4 IX 1YY, le?CZth[ 1% 1, 1,1y%2121, 1)1K3t2x[ 1% 4, 1,13’?2%,1
K2t2x[ XYY 17123C3t2x[ 1%, 1, 1,13’%,12%K2t2)(%y1y1, 12012010
C2t2xfy1y1, L1217, 1,1C3t2xfyilz[ 12 4, 1’1K4tzxfy1’1y1’ 120120
K3t2xfy1,1y1, 112l ]21,1C4tzxfyi L1l ]21’1C4t2x1x1’1y1y1’ L1212
K3t2x1x1,1y1y1, L1l ]21’1K6t2x1x1,1yi12[ 123,11

C6t2x1x1’1y1’1y1’ ! ]21,1C3t2x1x1’1y1’1y1’ L2l ]21K4t2x1x1’1
yil,lz[ ]ZICthxlxl,l,ly%Z[ 12, 1,1,1K4t2X1X1,1,1y1y1,1Z[ 121,11
K2t2Xlxl, LYYy ]21C4t2X1X1, LYYzl 1y K2t2)(1)(1, L1 1
V?Z[ 17, 1,1C3t2X1X1, LYY a2l ]21,1C2t2X1X1, LYYl 14
K3t2X1X1, 1, 1,1)’%,12[ ]21K3t2xilyfz[ 12,1, 1,1C6t2xi1y1y1,12[ 123,11
C3t2xi1y1y1, L1l ]21K6t2Xi1y1,1y1, 12l 121C4t2X1,1X1, 1,1)’%2[ 173,11
K6t2X1,1X1, LYYl 121,1K4I2X1,1X1, LYYl 121C6t2X1,1X1, 11
yilz[ ]Zlc3t2X1,1X1, 1 1,1V%Z[ 121,1K3t2X1,1X1, LYzl 17 K4t2xi 11
Y%Z[ ]2171C4t2xi LYY 217 K3tx] ]leyl,lzlzl,lzl, L1 1

Catx| ]2X1y1,1zlzi 1 C3 X[ ]2X1y1,lzilzl, 11 Ctx| ]2X1y1, 1,12?21, L1

2 2 3 2
KAt XYy 0202002 K3OCT Xy, 4 KOOy 142



C3tx ]leyl, 1, 1,1212%,1(:3“([ ]2X1,1y12121,121, L1 KAt ]le,lylzlzi 11
KX X Y2 12 G T X Yy 142 ST Y147
KX X Y1 42 KO X 2200,

Catx| ]2X1, Y122, 12,1 C3 X ]le, 1Y Z?,1K4tx[ ]le, 1,1y1,12%21, 11
K3 tx] ]2X1, LY 14 Zil(:tx[ ]le, LY, leiCtx[ ]2X1, L 1,1y12%21, L1
K3 tx] ]le, L1 1Y14 ZilC“X[ ]le, L 1,1y1,12%21,1KtX[ ]2)(1, LY 1,1Z§
C3tx| ]xfyl,lz[ 1212y, 4,1, KA TX] ]xfyljlz[ ]zi 1 K2tx] ]

XV 20120200 CAXOIGY, 201212 C2 X[ ]

XY 20122, K3y, 2017,

R3TXLIX Xy 1 Y1 2012y 12y 41, CHXLIX X Y 2] ]Zi L1

CIXLIX Xy 1Yy 1 201202 KOUXEIX X, 1Yy 1201242

RAEXT IX X 1Yy 12012020 i COTXLIX Xy Yy 2 ]Zil

C2XLIX Xy Y1 201202y KA X Y1 200202

CAHtx[ 1%,y 1Yoy 120122 (K2EXCIX X Yy 012017

KX 1X%, 0 Y2012, C3XO X%,y %2012

R3EXOIX Xy Y 1201202y C2ZEXLIX Xy Yy 2 ]sz3tX[]
Xilylz[ 12,2y 11,1 COtX] ]Xilylz[ 12,12, KO tX] ]Xilyl, L1147,
C3tx ]Xilyl,l, 12l 17, C4tx| XX Y120 120200

ROTX[ 1% X 1,1 V12l ]zilC6tx[ X XYy 20142,

KAX 1%, %0 Y 2018 C3 I % 120132,

RITXLIX) Xy 1 Y1 2 ]sz4tx[ ]xil,lylz[ 12y7; , C41x[ ]

Xi LYl ]z?Ctx?yl’ 12l ]221, 1, 1,1Ktxiy1, Ll ]221, 13t
X%X1,1y1,12[ ]221, 1, 1,1C3tX%X1,1y1, L1 12l ]221,1KtX%X1, LYl ]221, L1
C4tX%X1, LYl ]221, 1,1K4tX%X1, LYl ]221,1Ct

X?XL LY ]ZZICtX%XI, LYl ]221, 1,1KtX%X1, LY 2l I'z,
C3tx X V20 T2 C3tx Yy 2 Tz (K3t Yy 2 T2
K3tx, X Y, 20 T4 KAtgx X 207z,

CAtX Xy 1 X 1Y, 2 ]221K3tX1X1,1X1, LYl ]221,1

CItX X Xy, 1Y, 1 2 ]221C4tx1xi LYl ]221,1K4tx1xi LYl I'z,
K3txily12[ ]221’ 1,1C3txi1y1, B ]zzlc3txilx17 LY 2l ]22171K3t
Xilxl, LY Iz KEX| ]y?yl, L1, 1,1Ct2X[ ]y%yl, L4

C3tx ]ylyilzl, 1, 1,1K4t2X[ IYiYy Yy, 14, 1,1K3t2X[ WYYV, 14,1



C4tx ]ylyi 1,121,1K3t2X[ ]yilzl, 1,1C3t2X[ ]yilyl, L4

K2ty Y14, 1,102t2X1y[ Y4, 1,1C3t2X1Y[ ]yilzl, L1l
K4t %y Yy Y14, 1,1K3t2x1y[ Y%, 1’121,1C4t2x1y[ ]Vi L1l
K6t2x1’1y[ Y4, 1’1C8t2x1’1y[ WiYiag, 1’1C3t2x1’1y[ ]Vi121, L
C3t2x1,1y[ Y11, 17121K4t2x1,1y[ ]yi 1,1Z1C3t2X1,1y1y1,1y1, 12l
K4t2x1,1y1yi 12l ]K3t2x1,1yily1, L2l ]C3I2X1, LYl ]V%ZL L1l
thle, LY Iy, 1,121,1K2t2X1, L YLDIY o 1,121K3t2X1, LYl ]yilzl,l
C4t2X1, LYYy, 1,121Kt2X1, 1,1y%y1, Ll ]C‘”le, LYY Y12l
C3t2X1, 1,1yi12[ ]K?’tle, 1Yl ]yle’ 1,1C6t2X1, L YOIy 4
C2t2x1’ L YOIy, 1,121K3t2X1, L1 Yl ]Vi1Z1Ct2X1, 1, 1,1y%y1, 120 ]
K3t2X1, 1, 1,1y1yilz[ 1C31tx[ ]2y1y1,121,121, 111 KAt ]2y1y1,lzi 11

K2 tx[ ]Zylyl, L1212, 1 CAtx| ]2y1y1, L1414,10

C2tx( ]zylyl, L1420 K3EX] ]2y1y1, 1, 1,12%,1(:3“([ ]zyilzl 211,01
K6 tX[ ]zyilzl,lzl, RRSAR ]2y1,1y1, 1412, Cotx| ]zyl,lyl, 1,12%,1
K3tx| ]zyl,lyl, L1142 Catx| ]zyi L1412

CIXLIX YY1 12y, 0 KAEXLTX Y[ ]y1,1z%,1,1

R2IXLIXYLIYL 142, o CANXLIXYLIYL L1212, 100

C2UXLIX YL IYy 1 142, K3UXLIX Y 1Y, 1,1,12%,1

C2XLIX YY1, 120120  R2EXDIX Y Yy 1 20120, K3 EXT T X

Vi 12012 CAC I Y Y 120020 ST Yy Y1 2L 12
K4 tx| ]X1Yi1,1z[ 12 KOUXT 1% 1 YL1Y1Zy 12 0,0, C8IXLTX YL 1Y,

2 KX YEDY, 22 OO IX YY1 2,12,

CIXLIX YL 1Yy 1104 K3EXLIX Y Y2017,

RAEXTIXy 1YYy, 1 2002, 0 COUXUIX Y Yy g1 2012 COX X
Yiﬂ[ 12y KIZEXETIX Yy Yy, 020012 C3WXOIX Yy Y 12017
K4 tx[ ]Xl’l)/i L1 2012 CATXOIX YLD 202,

REIXLIX) 1 YL 202 0 CAXOIX YL IY 2700

K6 X[ 1% Y1V, 2 KA IX YL 1Y, 22

R2EXT IXp 1 Y1V, lefCStx[ XYY 2120

RATXT Xy 1 YY1 2012 R2UXE IR Yy Yy 12012 COtX X
Yiﬂ[ 12 CAXLIXy g Yy Yy 201 KAEXLIX Y I 42,
COtX 1X,, 11 Y1V 4 C2UXC 1% YT 1Yy 11 2



R3EXT X YY1 2012 C2UX Xy Vi Y 1 201 K3EX[TX
yilz[ 12, C2tx] Y WYzl 14, 1’1K2txfy[ Wizl 12,00
RAtX X (YL TYy 120120 C3U0X YY1 2017

R3EX X 1Yy 1 Y11 2 J'C4tx, Xl,lyi 12l I

KAtx X YEIY 2017 0 CAtxy Y0y, 120170,

C2tX X 1 YL, 1 2012 C28X X 4 1Yy Yy 11 2 ]2

KATX X YY1 2 ]ZC4tX1X1, L YOIYizl 120

R3O Xy g YEIY 1 2002  R2EX X gy YY1 2017

K2 Xy 1 YY1 2 ]2C3tX1X1, 1, 1,1)’%,12[ ]2C6txily[ V12012011
K6txi1y[ 2017, 1,1K3txily[ Wi ]21K3txilylyl,1,l,lz[ I
C6txily1,1y17 12l ]2K8tX1,1X1, YLzl 14,0,

Cotx; (X YLy 12012, C4tx (X YL 1Yy 1201

Catx, 1 X 1 1YYy 112 ]2K6tX1,1X1, 1,1yi12[ ]2

KO EX, Xy 1 YIIY1 2012, C3x 1%y YY1 2017

C3tX 1 X, ViV 2 ]chtxi LY IV 2 ]21’1K4txi LYY 217
K4txi LYYl 'C3x| ]3y1’121 2y 12,0, KAXT ]3y1,1212%, 11

K3 X[ ]3y1,1zilzl, 11 KX ]3y1, 1,12%21, 11,1 C4x ]3y1, L144,1%,11
C3x[ ]3y1, 1,12?,10)([ ]3y1, 1, 1,12%21, 11 K3X] ]3y1, L1,14 Zil

K3X] ]leyl,lz[ 12125 1,1, 1C4X[ ]2X1y1,1z[ ]Zi 11

C2x[ ]leyl, L1 2017027, KAX] ]leyl, L1 201212000

K2 X ]2X1y1, L1 201702, C3X] ]2X1y1, L2l ]Zil

K3X[ ]2x1’1y[ 1202112y 1,1 C4X] ]2x1’1y[ ]le%, L1 C3X ]le,ly[]
Zilzl, 1 1 K3 X[ ]2X1,1y1,1z[ 1212144, COX[ ]2X1,1y1,1z[ 1201214

K4 X[ ]2X1,1y1, 112017124 KIX] ]2X1,1y1, 12l ]Zil

Cox| ]2X1,1y1, 120177, CX| ]2X1, LYl ]2%21, L1,

K4 x] ]2X1, Y1222 K3X] ]2X1, 1, 1Yl ]Zil

C8Xx[ ]2X1, LYLa147,,C3x ]2X1, LYl ]Zil

K4x ]2X1, LY 20172 KX ]le, LYl 17 KX[ ]le, L1 Y]
2%21, 1 C3X[ ]2X1, L1 Yl ]leilK3 X[ ]2X1, LiaYi2l142,

Cx ]2X1, LY 2l ]Z%KX[ ]X%yl, 12l ]221, 111 CX[ ]X%yl, 1,12l ]221, 11
CIXUIXy X YL12[ 17 12 4 KAXL X X Y[ ]2 ]Zil,l

2 2
CIXLIX X Y2012 CAXUIX X Y 120177,



RCOX[ X X 1Yy q, 1,12 ]221,1K2X[ IX X YE1Z0 1202 4,0,
CAxX[ X%, Y2012 2,  K8XL DX Yy 212
CaxX X%, Yy 120 T2 C2XLIX % Yy 12012

CoXEIX Xy, 1 YI1200120 2 K3IXEIX Xy g YL 12 ]Zil

CIXLIX Xy, 1Y, 2 ]221,1K2X[ XX Yl I'2, C3x[ ]

Xily[ 120122y, K6X] ]Xily[ 12017, 42, K3X] ]Xilyl,lz[ ]221,1,1
Cox ]Xilyl,l,lz[ ]221,1K3X[ ]Xilyl,l,l,lz[ I'z,

KAX[ X %y g V12002020 COXUIX X Y012017,
K6XT 1% X 1 Yo 2012 (CAXLIX % 1Yy 12017

R3XL X Xy, 1 YE120020 2 y ©C3XEIX Xy g g1 Y 1 2 I'z,C4x[ ]
Xil,ly[ 17[ 17,7 | K4X] ]Xil,lyl,lz[ ]221CX%X1,1,1V[ 17] ]221, LK

X? Xpa Y2l T KX%XL RERANE I Z, 1,1CX%X1, LYl K3 Xy
Xily[ 17] ]221,1,1,1C3X1Xi1y1,1,1,1z[ ]3C4X1X1,1X1,1,1y[ 17] ]221,1,1

KX X 1 X002 IC3x XXy, Y1zl ]221,1

B3 X X X 1Y 1 2 ]3K4X1Xi Y1zl ]221,1C4X1Xi LYl I'C3
Xily[ 17 ]221, 113 Xilyl, 12l I'K3 Xilxl, LYl ]221,1(:3

Xilxl, LYl ]BCZtX[ YOIV YL a2 R2EXCIYD DY Y 1200
K3 tX[ 1y[ ]ﬁ,121,1,1,1C4tX[ IYOIYia Y 14,10

CIUX[ 1YL 1Yy 1Yy 11,12, KATX[ Y[ ]yi L1241 Ctxyl ]zyl, L1411
Ktxy[ ]zyl, L2 1 C3 XYl ]zyl,lzl, L KAtx Y ]Zyl, L1l
R3tX (YL IYL Y, 1 20 1G4 X Y] ]yi L 203X Yl ]2y121, L1l
Catx 1Yl ]2y1, L1241 Gt Yl ]Zyl, L1 2 G20 YEIY Y 2]
KAtX 1 YTV Y1 20163t Y ]2y121, BLSIEERR ]2y1,121,1
KX 1Y ]Zyl, L1 R2ZEX YT Y 20 1C3 Xy VI ]Yilz[]
K3 X[ T'y[ 1Y 12 12, 1,1, 1C4X[ Tyl ]y1,1zi 11C2X] Ty[ IV L1440
K4x[ Pyl 1Yy 012,012,011 K2X] Iyl Wi 1142,,1C3X Iyl Y
ZileX[ DXV 0 200200 1 C2ZXEIXYI Y 1120120

C3x[ X1Vl ]221,121,1,1,1K4X[ IR ]22%,1,1

CIXUIX YY1 20120 0,0 CAXTIX YY1 020170,

KOXTIX YL 1Yy 11,120 12  K2ZX[DX 4 VI ]22121,1,1,1

CaxpIx; VI ]221,121,1,1K8X[ IX o YOIYi a2l 12,00

CaxpEIX, VI 2012 C2X0IX YY1 2017



[>
\ 4

C2X[I%, 1,190 ]22121, L RSXEIX YL ]zzil

CIXLIX, YOI 2012 R2XETX YY1 2017

C2x % 14 YI I'z] 12040, 2% %) YETYy g0 2 I

K2X X 4,1, Y[ I'2] 12 0 C2X X 4 YLy q 1 2 K3

Xily[ ]ZZ[ 12, 4, 1,1C3Xi1y[ Y12 ]2C4X1,1X1, LYl ]22[ 121,11

Kax, 1 X YLy a2 ]2C3X1,1X1, LYl I'2] 12, 4

R3X (X YOIy 2l ]2K4Xi LYl ]22[ 121,1C4Xi L YOIy 2l ]2
KX[ 11 ]Zyl, L1211 ©XLIYI ]Zyl, L1z 1 CX o YI T 20,1

i KX 1,1 Y[ ]2y1’ RRELSEER]! T ) 11CX 1Y ]2y1’ 1,12 ])

M >

Hypersurfaces in 4-dimensions

M > restart with(DifferentialGeometry) : with(Tensor) : with(JetCalculus) :
| with(Tools) :
M > DGsetup([Xx,y,z], [u],M,3):
| M > Preferences("JetNotation", "JetNotationl") :
M > o devalDG(dx &w dzCdy &w duf[ ])
oddx YdzCdy Ydu[ ] 2.1)

:This time too, we have the invariant vector v(
M > v0devalDG(xD xCyD yCzD zCu[ 1D u[ ])
v0od xD_xCyD_yCzD_zCu[ 1D_u[ ] 2.2)
_Input a non-canonical basis for T pM and use this to compute a non-canonical basis for the
| orthogonal complement with respect to ®
M > XdevalDG(D xCu[1]D u[]):YdevalDG(D yCu[2]D u[]):Z
d evalDG(D zCul3 ]D ul ) :
M > solve( {Hook( [X, evalDG(aD_xCbD_yCcD_zCdD_u[ ])], ®), Hook([Y,
evalDG(aD xCbD_yCcD_zCdD u[ ])], o), Hook( [Z, evalDG(a D_x

CbhbD yCcD zCdD u[ )], ®)}, {a,b,c,d})
{a ku,b,b=Db,c=u,b,d= uzb} (2.3)

| Take b = 1, this gives the vector
M > wldevalDG(ku[3]D_xCD_yCu[l]D_zCu[2]D_u[ ]):

which can used to do normalization, obtaining the first invariant horisontal vector
M > tmpl d solve( Hook( [v0, k1wl], ®) K1,k1) :

M > vld evalDG(tmplwl)
u; D_x Dy

Vldkxu1Cyu2Czu3Ku[] Cxu1Cyu2Czu3Ku[] 24)
u D_z u,D_uf ]

c xu, Cyu,Czu; Kul ] < xu, Cyu,Czu; Kul ]

| Next, take a representative q = - u+ u(x,y,z) for the hypersurface and compute its differential

|M > dg devalDG(kdu[ ]Cu[l1]dxCu[2]dyCu[3]dz) :



The symmetric differential and the differentaial shares the same scaling factor, which we know
compute
M > tmp2 d solve(Hook(k2 v0, dg) K1, k2)

tmp2 d I

xu, Cyu,Czu, Kul ]

2.5)

| hence the symmetric differential is
M > QdevalDG(tmp2 (u[l, 1]dx&sdxC2u[l,2]dx &sdyC2u[l,3]dx &sdz
Cul2,2]dy &sdyC2u[2,3]dy &sdzCu[3,3]dz&sdz))

Up dx ul’zdx

xu, Cyu,Czu; Ku[ ] ixC xu, Cyu,Czu, Kuf ]

Qd dy (2.6)

u, 5dx u, ,dy
C : dzC ;
xu, Cyu,Czu,Kuf ] xu, Cyu,Czu, Kul ]

u, ,dy u, ,dy
C 2,2 dyC 2,3
xu, Cyu,Czu; Kul ] xu, Cyu,Czu; Ku[ ]

dx

dz

u, ,dz u, 5 dz
C : dxC ;
xu, Cyu,Czu, Kuf ] xu, Cyu,Czu,Kuf ]

dy

U, 5 dz
C >
xu, Cyu,Czu; Kul ]

dz

which gives the first invariant as

M > 1, d Hook([vl,vl], Q)
uf u; s K2upuyuy 3Cu§ u , C2uuy ;K2u3u, ,Cu, ,

(xu; Cyu, Czu; Kuf ])3

s Q2.7
:Input more information we have gathered
M > o d Hook(v0, ®)

od kzdxKu[ 1dyCxdzCyduJ ] 2.8)

_M > B d convert(Contractindices(Q &tvl, [[1, 3]]), DGform)
u,u, .Ku,u, ,Cu dx u, u, .Ku,u, ,Cu dy
Bd ( 191,37 Y38 1,2) C ( 1Y, 3MU3 U ) 2,2)

2.9
(xu1Cyu2Czu3Ku[])2 (xu1CyUZCzu3Ku[])2

(uyu; ;KU Uy ;Cu,y 5) dz

(xu; Cyu, Czu; Kuf ])2

using o and B we can find the missing invariant horizontal vectors needed. Pick a basis for T
| {p}M and use it to construct a basis for ker a
M > WdevalDG(aXCbYCc?Z):
M > tmp3 d solve(Hook(W, ), {a, b, c})

byu,Ccyu,Ku[ ]bCxc
tmp3 d {a=F ,b=b,c=c (2.10)
yu, Kz

M > W1d evalDG(F (yu[l]Kz)DGsimplify(eval(eval(W, tmp3), {b=1,c=0}))) :
M > W2d evalDG(F (yu[1]Kz) DGsimplify(eval(eval(W, tmp3), {b=0,c=1}))) :

using this basis we can take a general vector in ker o
M > w2 devalDG(aW1Cb W2) : w3 d evalDG(c W1Cd W2) :
| then we solve and fix a,b,c,d by the conditions we have descriped in the paper




M > tmp4 d solve( {Hook([v1, w3], Q), Hook([w2, w3], Q), Hook([v1, w2], Q) K1,
_ Hook( [w2, w3], ) K1}, {a,b,c,d}) :

| this gives the final vectors

| M > v2 d subs(tmp4, w2) : v3 d subs(tmp4, w3) :

| which can know be used to compute our remaining invariants

M > 1, d Hook([v2,v2], Q); I,, d Hook([v3, v3], Q)

by d ((xu; Cyu,CzuyKup 1) (Y U uy 5 Uy s Ky utuy s K2y Uy uyuy 5 uy
Czy2u1 “2“1,3“2,3(:2)’2“1 U3U1,2“2,3K23’ZU1U3U1,3U2,2Cy2“§“1,1u3,3
Kyzugui3K2y2u2u3 “1,1“2,3C2y2“2“3 U1,2“1,3CVZU§U1,1“2,2Kyzuguiz
C2xyu1u1’2u2’3K2xyu1u1’3u2’2K2xyu2uL1u2’3C2xyu2u1’2u1’3
C2xyu3u171u2,2K2xyu3uizK2yzulu232u37302yzu1u§73
C2yzuyu ,uy 3 K2yzuyuy juy) s K2yzuguy ,u, ;C2yzuzuy Uy,
C2yu[ Jupuy ,uy sK2Zyuf Jupuy 3u, sK2yuf Juyuy us 3;C2yuf ]uzui3
C2yu[ Juzuy Uy s K2Zyu[ ]u3u1’2u1,3Cx2u1’1uz’szzuiszxzuLzuz’3
C2xzu; ;u, ,C2xu[ Ju; U, ;K2 xu[ ]u1’2u1,3C:zzu2,2u3,3Kzzu§’3
K2zu[ Ju, ,u; 5C22U[ U, ;u, sCU[ ]2u1’1u3’3KU[ ]Zui3>)/(y2u‘1‘u2’2
u§73Ky2u‘1‘u§73u3,3K2y2u?u2u172u§!3C2y2ufu2u1’3u273u3,3C2y2
u3u3u1 2 Uy, 3“3,3K4V2U?u3U1,3U2,2U3,3CZV2U?U3U1,3U§,3CYZU%U§U1,1“?,3
Kyzuzuguf 3 Uz, 3K2y2ufu2u3u1’1u2’3u3,3(36y2u2u2u3u1 2 Uy 3Us 3K4y2

2 2 2 2 2.2
“1“2“3“1,3“2,3(:23’2“ Uz Uy Uy o Us 3Ky2u1 Uz uy Uy 3KYZU Us Uy o Us 5

K4y2ufu§ul,2ul,3u2,3C4y2u2u§u%3u22K2y2u1u2u3u1,1u1,3u3,3
C2y2u1u§u3ui3K2y2ulu2u3u1’1u1’2u3’3C6y2u1u2u§u1’1u1’3u2’3
K4y2u uzugulzuf302y2u u§u1!1u12u23K4y2u UgU1,1“1,3U2,2
C2y2u u3u12u1 3CV2U§U§U%1U3 3Ky2u2u3u1 1“13K2y2U2U§U%,1U2,3
C2y2u2u3u11u12u13Cy2u3u11u22Ky2u3u1’1u1,2C2xyufu1,2uz,3u3’3
K2XVU1U1,3U2,2“3,3K2XVU1“2“1,1“2,3“3,3C2XVU%U2U1,2U1,3“3,3
C2xyufu3u1,1u2’2u3,3K2xyufu3ui2u3’3K4xyufu3u1’2u1,3u2’3C4xy
u2u3uf3u2204xyu Uy Uy Uy, 1u13u23K4xyu u2u3u12ui3C2xyu1
u3u1 LU Uy s KO Xy U u3u1 U 35Uy , Caxyu u3u1 2 Uy 3K2xyu2u§

u1 1 Uy, 3C2xyu2u3u1 Uy Uy 3C2xyu3u1 1 Uy, 2K2xyu3u171uizCZy2
ulu2’2u2’3u3,3K2y2u1u2’3K4y2u1u2u1,2u2’3u3’3C4y2ufu2uL3u§’3K2y2
“2“3U12“22U3 3C6y2u2u3u1Zug3K4y2u%u3u1,3u2,2u2,3C2y2u1

2 2
“2“1 1 Uy 3 U3, 3K2y2u “2“1 3Uy, 3K4y2U1“2“3“1,1“2,3C4y2“1“2“3“1,2“3,3




2 22 2
Czy2u1u3u1,1u2’2u2’3K6y2u1u3u1’2u2’3C4y2u1u3u1,2u1’3u2’2K2y2

“%“3“1,1“1,2“3,3C2V2U§“3“1,2“?,304)’2“2“%“1,1“1,2“2,3K4YZU2“§
“?,2“1,3}(2)’2“3“1,1“1,2“2,2C2yzuguiszyZU?“2,2“5,3023’2“?“%,3“3,3
C2yzufu2u1’2u§’3K2yzufu2ul’3u2’3u3’3K2yzufu3ul’2u2’3u3’3C6yz
“?“3U1,3“2,2“3,3K4VZU%U3U1,3U§,3K4y2“1“2“3“1,2“1,3”3,3
C4yzu1u2u3ui3u2)3K2yzu1u§uLlu2,2u373C2yzu1u§u171u§)3C4yzu1
u§u1’2u1’3u2,3K4yzu1 ugui3u2’2C2yzu2u§uL1u1’2u3,3K2yzu2
“5“1,1U1,3U2,3K2VZU§U1,1“1,2“2,3C2VZU§U1,1“1,3“2,202yu[ ]“?“1,2
u§,3K2yu[ ]ufu1’3u2,3u3’3K2yu[ ]ufu2u1’1u§,3C2yu[ ]ufuzui3u3,3
C2yuj ]ufu3u1’1u2’3u3’3K6yU[ ]u%u3u1’2u1’3u3’3c4yU[ ]ufu3ui3uz,3
Cayu[ Jupuyuzuy Uy Uy s K4yuf ]u1u2u3ui3C2yu[ ]U1U§U1,1U1,2U3,3
Kéyu[ ]u1u§u1,1u173u2)3c4yu[ ]uluguljzufﬁszu[ ]uzuguilul3
C2yu[ ]uzugul,lui3C2yu[ ]uguiluszyu[ ]u§u1,1u1’2u1’3(3x2

uy Ui, 1 U§,3K2X2U% “1,2“1,3“2,3(:)(2 uy Uiz.“z,sz XU Uy U 1Uy 3l
C2x2u1 Uy uizumCuz’zuilugszuizul,1u§x204xyuful,2u§’3K4xy
ufumuz’zumKnyulu2u1’1u2’2u3’3K2xyu1u2u1’1u§’3C2xyulu2
uizu3’3C2xyu1uzui3u2,2C4xyu1u3uLlu232u273K8xyu1u3 “?,2“2,3
Caxyupuzu Uy 3uy ,Caxyuu3uy U Uy 3 KAXYyU, Uy uizu1)3K4xy
uguL1u1’2u2,2C4xyu§ui2K2xzu%ul,zu2’3u3’3C2xzufuL3u2’2u3’3
K2xzujuzu U, ,u; 3C2xzU, u3u1’1u§,302xzu1u3ui2u3’3K2xzu1 Uy
ui3u2’2K2xzu§uL1u1’2u2,3C2xzu§u1’1u1’3u2,2C2xu[ ]“%“1,1“2,3“3,3
K2xu[ ]ufu1’2u1’3u3’3K4XU[ Jupuzuy U Uy ;C4xuf ]u1u3u1’2ui3
C2 u273uilu§u[ IXxK2 u173u1’2u1,1u§u[ ]nyzufuiQu373Ky2ufu272u§,3
K2y2u1u2u1,2u272u3)302y2u1u2u1’3u272u2,3C2y2u1u3u172u2)2u233
K2y2u1 Uy u1,3u§’2Cy2u§uL1u§,3Cy2u§ui2u3’3K2y2u§u1,2uL3u253
K2y2u2u3 U1,1“2,2U2,3C2VZU2“3 “1,2“1,3“2,2(:)’2“%“1,1“%,2Kyzuguizuz,2
K4yzufu2’2u2’3u3,3C4yzufui3C4yzu1u2u1,2u2’3u3’3K4yzul Uy Uy 5
“%,3043’2“1U3“1,2U2,2U3,3K8y2“1“3“1,2“%,3043’2“1U3“1,3U2,2U2,3
K2yzu2u3u171u2,2u3’302yzu2u3u1’1u§73K2yzu2u3uizu“CZyzuzu3
uisU2,2C4VZU§U%,2U2,3K4VZU§u1,2”1,3u2,2C4yU[ ]U%U1,2u2,3u3,3
K4yul ]ufu1,3u§’3K4yu[ JupUyup Uy 3uy s Cayul Ju uzui3u2’3

2 2
Cayu[ Jupuzuy Uy s KAyu[ Jupuzuy Uy 3C4yul JUyUsUy Uy HU; 5



K4yul ]u2u3u1,2ui3K4yu[ ]u§u1,1u1’2u2’3c4yu[ ]uguizumsz
u% u2’2u§,3Kz2 uf u§’3u3’3K2 7 u, u3u1’3u2’2u3,30222ul u3u1’3u§,3sz u§
ui2u3’3K222u§u1,2u1’3u2’3szu§ui3u2,2K2zu[ ]ufu1’2u§’3C2zu[]
ufu1’3u2’3u3’3C4ZU[ Jupuzuy H Uy 53Uy ;K4 zuf ]u1u3ui3u2’3KzzU[]
“§“1,1U1,2U3,3C22U[ ]U§U1,1U1,3uz,3cu[ ]2“%“1,1U§,3KU[ ]ZU%U%,3U3,3
K2uf ]2u1u3u1)1u1,3u373C2 up ]Zulu3 uiSCu“uilugu[ ]zKui3uL1
ugu[ ]202x2u1 uL1u2’2u2,3K2x2u1uizu2,3K2 u2’2u1,2u1’1u3x2C2
uizu3x2C2xyu1 u1’2u2,2u2’3K2xyu1u1’3u§’2K2xyu2uLluz,zuz’3
C:2xyu2ul,2u1’3u2’2C2xyu3uL1u§,2K2xyu3ui2uz,2K4xzulul’zui3
C4xzu1u1,3uz’zu2’3C4xzu3ui2u2’3K4xzu3ul’zumuz’2
C2xu[ Jupuy Uy Uy ;C2XxU[ ]u1u171u§,3K2xu[ ]uluizu“Kqu[ 1y,
ui3u2’2K4u273u1,2u1’1u3u[ ]xC4uL3uizu3u[ ]xK2yzu1u§’2u373
Czyzuluz’zui3(32yzu2u1’2u2’2u3,3K2yzu2u1,3uuuz’3
K2yzu3u1,2u2’2u2,3C2yzu3ul,3u§,2C2yu[ JUpUy 5Uy U 5
K2yul Juju juy Uy s K2yuf ]u2u1,1u§,3K2yu[ ]Uzuizum
CAyu JUy Uy Uy 35Uy 3C2Y UL JUz Uy Uy o Uy s K2Y UL TU Uy 5 Uy 3L,
C222u1u272u2’3u3,3K222u1ug,3K2z2u3u1)2u2,2u3730222u3u1’2u§73
K4zu[ Juju; ,u, 3u; ;C4zUf ]u1u1,3u§’3C22u[ JusUy Uy s 5
K2zu[ ]u3u1’1u§’3C22u[ ]u3uizu3,3K22u[ ]u3ui3u2,2
C2ug ]2u1u1’1u2’3u3,3K2 uf ]Zului3u2’3K2 Uy 3Up o Uy UpUf FC2
ui3u1’2u3u[ ]2Cu§,2ul,1szuz’zuizsz2xzu1,2u2’2u2,3C:2xzuL3ui2
C2uy juy Uy Ul IxK2uy ,uy Uy Huf ]szzu§’2u3’3Kz2u2’2u§’3
K2zu[ Ju; ,u, ,u; ;C22zUf ]u1’3u272u2,3Cu§’3u171u[ ]ZCu373uizu[ 5
K2uy 3up 53U U] ]2>
L. d (y2 uéll uz,zug,sKyz uéll u§’3u3,3K2y2uf ) u1’2u§,3C2y2uf UyUp Uy Uy 5 (2.10)
Czyzu?u3u1,2u2,3u3,3K4y2uiu3u1,3u2,2u3’3C2y2u?u3u1,3u§’3Cy2uf
u%ul,1u§,3Ky2ufu§ui3u3’3K2y2ufu2u3ul’1u2,3u3,3C6y2
ufu2u3u1’2u1’3u3’3K4y2ufu2u3ui3u2’302y2ufu§ul,1u2’2u3’3Ky2uf
uguljlu§73Ky2ufu§uizu3,3K4y2ufu§u172u1)3u233C4y2ufu§ui3u2,2
K2y2u1u§u3u1,1u1’3u373C2y2u1u§u3ui3K2y2u1u2u§u1’1u172u3,3
C6y2u1 u2u§u1,1u1’3u2’3K4y2u1 U2U§U1,2U%’3CZYZU1U§ULIU1,2U2’3

3 32 2.2 2 2 2
K4y2“1“3“1,1“1,3“2,2C2YZU1“3“1,2“1,3Cy2U2U3U1,1“3,3Ky2“2U3U1,1



2 3 2 3 4 2 4 2
u1,3K2y2u2u3u1,1u2,3C2y2u2u3U1,1u1,2u1,3Cy2U3U1,1“2,2Ky2u3u1,1“1,2

szyuful,zumu3’3K2xyu?u1’3u2,2u3’3K2xyufu2uL1u2’3u3,3C2xy
ufuzul,zumu3’3C2xyufu3ul,1u2’2u3’3K2xyufu3uizu3,3K4xy
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“5“1,1“1,2“3,3C22U[ ]“§“1,1U1,3“2,3C“[ ]2“%“1,1U§,3K“[ ]2Uf“i3“3,3
K2u[ ]2u1u3u1’1u1’3u3’302 uf ]2u1u3 ui3Cu3’3uilu§U[ ]2Kui3u1’1
ugu[ ]2C2x2u1u1’1u272u2,3K2x2u1uizu“KZ u2’2u1,2u171u3x202
uizu3x2C2xyu1u1’2u272u2,3K2xyu1u1,3u§’2K2xyu2u1’1u272u2,3
szyu2u1’2u1,3u2’2C2xyu3uL1uiszxyu3uizuz,2K4xzulul,zui3
C4xzu1u1,3u2,2u2,3C4xzu3uizuz,3K4xzu3ul’zumuz’2

C2xu[ Jupuy Uy Uy 3C2xUf ]ulul,1u§,3K2xu[ ]uluizuszxu[ 14,
ui3u2,2K4u2’3u1’2u1’1u3U[ ]xC4u1’3uiZu3U[ ]xKZyzuluizul3
C2yzu1u2)2u§,302yzu2u1’2u272u333K2yzu2u1,3u272u2)3
K2yzu3u1’2u232u273C2yzu3u173u§,202yu[ JUp Uy HUy Uy 5

K2yul Juju suy Uy s K2yul ]uzulblugﬁKZyu[ ]uzuizui3

CAyu[ JUy Uy pUy 35Uy 3C2Y UL JUz Uy Uy o Uy s K2Y UL TU Uy Uy 3L,
szzulu2,2u2,3u3’3K222u1ui3K2zzu3u1’2u2’2u3,3C222u3u1’2u§,3
K4zu[ Ju,u; ,u, 3u; ;C4zU[ ]u1u1’3u§’3czzU[ JUs Uy Uy p U 5
K2zuf ]u3u171u§)3C22u[ ]u3uizu333K22u[ ]u3ui3uz,2

C2u[ ]2u1u1,1u2’3u373K2 uf ]zului3u2’3K2 Uy 3Up Uy UsUf FC2
ui3u1’2u3u[ ]ZCuizuL1szuMuizszzxzu1,2u2,2u2’302xzu1,3ui2

2 2 2
C2U2,3U2,2U1,1U[ ]xK2u2’2u1’3u1,2u[ ]szzuz’zquz Uy 5 U 3



2 2 2 2
K2zu[ ]u1’2u2’2u3,3C22u[ ]u1’3u2’2u2,3Cu2’3u1’1u[] Cu3’3u1’2u[]

K2u, 3u; 3u; ,Uf ]2)/((x3qu3 xzyufu203 xzzufu303 xyzulug
Co6xyzu,u,u,;C3 xzzu1 u%Cy3 u§C3yzzu§u3C3 y22u2u§Cz3 u§K3 X u[ ]
ufK6xyu[ Juu, Ké6xzuf Ju, u3K3y2u[ ]u§K6yzu[ ]u2u3K322u[ ]u§
C3xu|[ ]2ulc3yu[ ]2u2C32u[ ]2u3Ku[ ]3)2 (xu1CyUZCzu3Ku[ ]))

M >

[>

VY Surfaces in 4-dimensions

M > restart with(DifferentialGeometry) : with(Tensor) : with(JetCalculus) :
with(Tools) :
DGsetup([t,s], [Xx,y], M, 4) :

=
\

| M > Preferences("JetNotation", "JetNotationl") :
M > o d evalDG(dt &w dx[ ]Cds &w dy[ 1)
o ddt Ydx[ ]Cds Ydy[ ] 3.1)
M > vOd evalDG(tD_tCsD sCx[ 1D x[ ]Cy[ 1D_y[ 1)
vOd tD_tCsD_sCx[ 1D _x[ 1Cy[ 1D_y[ ] 3.2)

:lnsert a non-canonical basis on the tangent space
M > XdevalDG(D_tCx[1]D x[ ]1Cy[1]1D y[ ]); Y evalDG(D_sCx[2]D _x[ ]
Cy[2]1D_yl[ D
XdD_tCx,D_x 1Cy,D_y[ ]
YA D sCx,D x| ]Cy,D_y[ ] 3.3)

;Take an arbitrary vector
M >W®devalDG(aD tCbhD sCcD x[ ]CdD_y[ 1)
WEdaD tChD sCcD x[ ]CdD_y[ ] (3.4)
;use it to compute a basis for the orthogonal complement of T {p}M with respect to ®
M > tmpl d solve( {Hook([X,W™®], @), Hook([Y,W*], ®)}, {a,b,cd}):
LM > Witmp d subs(tmpl, W) :
M > X d DGsimplify(eval(Wtmp, {a=1,b=0})) : Y © d DGsimplify(eval(Wtmp,
L {a=0,b=1})):
| using these we can compute a canonical basis for T_{p}M
M > vid evaIDG( YI2ZISCXRIKYL] f ¢ = ( kYL sRX[TJTCX] ] )D_s

C( ("y[l]SC?[[z]}PX)Egl]]CX[l] (Y[2]sKy[ ])X[)zl:]:ﬁ 1]]
C( (X[21tKy[ 1) y[)(l[]zl]:))//[[;]] (X[TJtKX] 1) ) D_;[ ])
(yzssztKy[ 1) D_t X[z](t/)ll[sl(]leth[ 1) D_s
vid Ky K Ky (3.5)

(SX, Y, Ksx,y, CX[ 1% KX, y[ 1) D_X[ ]
X Ky,




K (tx Y, KXy, KX 1y, Cy[ 1Y,) D_y[ ]
X Ky,

M>v2d evaIDG(( ky[z)]([sle}):[)llglt]CY[ ) ) D_tC( X[2];[(23]XI[<1;['[1|]<X[ : ) bs

(X[2]sKX[ 1) y[TTkX[1] (y[2]1sKYy[ 1)
C D
((l‘ [1]tC [])[2[];](3/3[1[]2@( [1]tK [])) -
yI1]tCy[ ]) X y x[1]tKx
C D
( X[2]Ky[1] ) _y[])

(yzsCty1 Ky[ ]) D_t c (xzsCxltKX[ ]) D_s

v2d k
X Ky, X Ky,

(3.6)

> (SX, Y, Ksx,y, CX[ 1y, KX, y[ 1) D_X[ ]

X, Ky,

c (tx Y, KXy, KX 1Y, Cx,y[ 1) D_y[ ]
X Ky,

_Arbitrary vectorsin T {p}Xand T {p}X"Eto be determined a quadratic form expression in the
[ basis d"2f and d"2g
LM > witmp d evalDG (k1 X Ck2Y) : w2tmp d evalDG(I1 X * CI2 Yt) :

M > HldevalDG(x[1,1]dt&sdtC2x[1,2]dt &sdsCx[2,2]ds &sds) :
devaIDG(y[l 1]dt&sdtC2y[1,2]dt&sdsCy[2, 2]ds&sds)

M > QldevalDG(aH1CbH2)
Qid (ax, ,Cb Y1) dtdtC(axLZCb Y1.2) dt dsC(axl’ZCb Y1.2) ds dt 3.7
C(ax, ,Cby, ,)dsds

| Fix Q1 up to scale by Q(v1,vl) =0.

M > tmpl d solve(Hook([vl, vl], Q1), {a})

=M > Q1 d subs(tmpl, Q1) :

| We can now determine w1tmp uniquely as the second null-like vector to Q1

M > tmp2 d solve( {Hook( [v1, witmp], ®) K1, Hook( [wltmp, witmp], Q1) }, {K1,

l k2}) :

M > wl d subs(tmp2, witmp) :

| Having obtained w1 uniquely we can fix Q1

| M > tmp3 d solve( {Hook([vl, wl], Q1) K1}, {b}):

=M > Q1 d subs(tmp3, Q1) :

| Next, we find the corresponding 1-form

M > df d evalDG(dx[ Jkx[1]dtkx[2]ds);dg d evalDG(dy[ |Ky[1]dtFk y[2]ds)
df A kx, dt Kx, dsCdx[ ]

dg d ky, dt Ky, dsCdyJ ] 3.8)
M > ol d evalDG(a df Cb dg)
oldk(ax,Cby,)dtK(ax,Cby,)dsCadx[ JCbdyJ ] (3.9

Recall that the 1-form corresponding to the quadratic form has the same coefficients, hence we
| substitute these into ¢1, determining it uniquely.

M > ol d subs(tmp3, subs(tmpl, o1) ) :
| Now we can compute our first invariant
M > 1, d Hook(v2, o1) :




| again boils down to just finding the coefficients
M > 02 devalDG(cdfCddg)
o2d k(cx Cdy))dtK(cx,Cdy,) dsCcdx[ ]Cddy[ ]

;The vector w2tmp is not determined, so the first thing to do is find it

M > tmp4 d solve( {Hook( [v2, w2tmp], ®) K1, Hook(w2tmp, 1) }, {I1,12}) :
M > w2 d subs(tmp4, w2tmp) :

| Having found w2 we can move on to obtaining 62

| M > tmp5 d solve( {Hook(w2, 02) K1, Hook(v2, 02) }, {c,d}) :

| These coefficients will give the quadratic form Q2 uniquely

M > Q2tmp d evalDG(c H1Cd H2)
Q2tmpd (cx, | Cdy, ;) dtdtC (cx ,Cdy, ,)dtdsC(cx, ,Cdy, ,) dsdt

C(cx, ,Cdy, ) dsds

;M > Q2 d subs(tmp5, Q2tmp) :
| the remaining invariants are then computed as
M > 1, d Hook([vl, vl], Q2)

1
l,, d — 3
(x2 Kyl)

y%Ks3x2,2y§y2C2 sztx1 XY, y2,2K2 sztx1 x2y2y1,2C2 sztx1 X1,2Y§
K2 sztx1 xz,zylyZCsztxlyfyz’sz sztx1 Y, yzyl’ZCsztxlygyLle $t
xgyl y172C2 sztxgyzyLlKZ sztxle,lyicz sztxzxuyl yQKSZtXLIyly%
C2 sztxlpzy%yzKsztxzyznystzxfxzyMKstzxfxmyzcz stzxfy1 Y2 o
K2 stzxfy2y1’2K2 s,tzx1 xgyl,ZCZStle xle,zyzKZStle X Y1 Y12

C2 stle XY, Y1 C2 s,tzx1 xl’zylyzKZStle xz,znystzx;yl,1Kst2x§x1,1y2
K2 stzxle,lylyzcz stzxle,2y§Ct3xi’y2,2K2t3xfx2y1,2Kt3xfx2,2y1Ct3x1
x§y1’1C2t3x1 X3 X1, 2 Y Kt3x§x1’1y1K2 s X[ 1%Y, Y, ,C2 s x| 1% Y2 91,2

K2 s X[ ]xljzyécz S* X[ 1%, 2 Y] yszzx[ ]yfyMCZ s> X[ 1Y, yzymKszx[ ]
VY1 1 C28 YL 1YY, 2 K2 YL 1Y, Y, C387 %, YL 1Y K4S X, Y[ 1Y, Y,
Cszxuy[ ]ﬁKz STX[ 1X XY, , C2SIX[ 1X; %) , Y, KAStX[ ]X Y1 Y, 5
Castx[ 1X Y,y ,C2stx| ]x%yLZKZ STX[ 1% X 2 Y, C2StX[ 1%,Y,Y ,
K2stx[ 1Y,y 1 K2stxX[ ]X; ,¥, ¥, C2stX] ]xz,zyfcz StX X Y[ 1Yy,
K4stx, X1 2 Y[ 1Y, C2stx, X 2 Yl 1Y, C2stx y[ 1Y, y1’2K2 St Y[ 1YY
K2 stxgy[ 1Y, 1 C4stx X YL 1Y, K28t X, Y[ 1Y, C2stx (Y[ 1YY,
K2stx ,y[ ]ny3 £ X[ ]xfy2)2C4t2x[ 1% x2y17202t2x[ 1X1 % Yy KEX[ ]
x%yLletzx[ ]xlejzyICtzxfxz’zy[ ]Cztzxfy[ ]Y1,2K2t2X1X2X1,2Y[ ]
K2t2x1x2y[ ]Y1,1K2t2X1X1,2Y[ ]yICtzxngly[ ]Cztzxle,ly[ 1Y,

To find the remaining invariants we start with the 1-form and determine it's quadratic form. This

(3.10)

(3.11)

(53 XY Y, K2 S XY, Y, Y1, ,CS X, Y3 Vi1 Ks X | y,C28 X,y (3.12)



CsX[ ]zxzyz’szx[ ]quyzcst[ ]2y1y2’2K23x[ ]zyzyl’2

K2SX[ 1% Y[ 1Y), ,C4sX[ X Y[ 1, K2SX[ 1%, , Y[ 1Y, K2SX[ Y[ 1YYy,

C25X[1Y[ 1Y,y 1 CS%YL Ty 1 K3 %, Y[ Py, C25% ,y[ Ty,

C3tx[ ]2x1y2’2K2tX[ ]2x2y1’2KtX[ ]zxz’zleZtX[]xlxz’zy[]

KATX[IX VLY 2 C2IX[ 1% X YL JC2ZIX[ 1% Y[ 1Y, 1 C2IX[ 1%, Y[ 1Y,

C2tx X, Y[ ]2Ctx1y[ ]2y1) K2, % Y[ ]2 Ktx, Y[ ]2y1 KX[ ]3 Y20

| CXUT XYL IC2XTYL1Y, o K2XL 1%, oYL KXY T Y, Cx Y T)

M > 1, d Hook([vl, wl], Q2)

IZCdI‘(s3x2xL1y§y§’2K233x2x1’1y1y2y1,2y2’2K33x2x1’1y§y1’1y2’2C233x2x1’1 (3.13)
)éyiszS3X2X1,2y%y1,2y2,2C453X2X1,2y1y2y1,1y2,2K233X2X1,2y§y1,1y1,2
KS3X2X2,2V%V1,1y2,2C253X2X2,2y?yi2K253X2X2,2y1y2y1,1y1,2C53X2X2,2y§
inCs3xily§y2’2K253xl’1x1’2y1y§y2’2K233x1’1x1’2y3y1’2K53x1’1x2’2
y%yzyz,2C453X1,1X2,2y1y§y1,2K33X1,1X2,2y2y1,10253)(%,2)’%3’23’2,2(:233)(%,2
y;yh1K2s3x1’2x2’2y%y2y1’2K2s3x1,2x272y1y§y1,ICS3X§72y%y2yLl
C232tx1x2x1’lylyizKZsztxlxzxL1y2y1,2y2’2K452tx1x2x1’2y1y1,2y2’2
C432tx1x2x1’2y2y1’1y2’2K252tx1x2x2’2y1y1,1y2,2C432tx1x2x2’2y1yi2
K252tx1x2x2,2y2y1’lyl,szsztxle1x1,2y§y2,2K232tx1x1’lxz,zylyzyz,z
C452tX1X1,1X2,2y§y1,2C32tX1X1,1y%y§,2K252tX1X1,1y1y2y1,2y2,2
Ksztxlxlj1y§y1’1y2’20282txlxly1y§yf,2C4sztx1xiley2y272
K452tx1xlpzxzjzyly2y1)2K2sztxlxl,zxzyzygyl,1K252tx1x1,2yfy172y232
C452tX1X1,2y1y2y1,1y2,2K252tX1X1,2y§y1,1y1,2C232tX1X§,2y1y2y1,1
Ksztxlxz,zyfyl,1y2’2C2sztxlxz,zyfyiszsztxlxz,zylyzyl,lyl,z
Csztxlxz,zygyilesztxng1y1y1,2y2,2K2sztx§xLly2y1,1y2,2C4szt
ngl,1y2yi2C452tX§X1,2y1y1,1y2,2K432tX§X1,2y2y1,1y1,2K252t
X§X2,2y1y1,1y1,2C252tX§X2,2y2yi10232tX2X%,1y§y2,2
K2$2tx2x1)1x1’2y1y2y2)2K432tx2x1,1x172y§y1,2C452tx2x1,1x272y1y2y1,2
K2$2tx2x1,1X2’2y§y1,1C452tx2xi2y§y1’1K2s2tx2x1’2x2,2y1y2y1’ICszt
Xi1y1y§y2,2K232tX1,1X1,2y%y2y2,2K232tX1,1X1,2y1y§y1,2K32tX1,1X2,2
yiy2,20452tx1’1x2’2yfy2y1,2K52tx1,lxz,zylygyl,lczsztxizyiyz,zcnszt
X%,zyﬁéyl,1K2Sztxl,zxz,zy?yl,szSztxl,zxz,zy%yzyl,1032“(%,23’?3’1,1
Cstzx?xlej1y§)2K2stzxfxle,2y172y2,2K5t2X%X2X272y1,1y272C25t2

2 2 2 2.2
X X2X2,2yi2K5t2X1 x1’1x2’2y2y2’2C23t2x1 X1 Y1 y%,zKZSt X1 X, 1Y2Y1,2Y2.2



C2 stzxfxizyzy“Kz stzxfxuxz,2y2y1’2K4st2xfozy1 y1,2y2’2043t2
Xfxl,zyzyl,1y2,2CSt2X%X§,2y2y1,1K25t2X%X2,2y1y1,1y2,2C43t2X%X2,2y1yi2
KzStZX?Xz,zyzyl,1y1,2K25t2X1 x§x1,1y1,2y2,2C4st2x1 ngl,zyl,lyz,z
K2stx, ngz,zyl,lyl,ZKZStle x2x1’1x1’2y2y2’2C4st2x1 X 1%, 2% 0,2
KZStle XX y1’2y2)2K2st2X1 x2x1,1y2y171y2,2C4st2x1 X2X1,1y2y%,2
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C2stX X 1 X 5 Y[ 1YYy s KESTX X 1%, Y[ 1Y,Y). 2
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Xily[ 12 Y5 2, ©28EX X, 1 X Y[ 1YY, , ©8SEX X, 1 X LY [ 1Y, 5
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K4t2x1x2x1,1x272y[ ]y172C2t2x1 XX Yl ]y1)1y2’2K4t2x1 XX 1Yl ]Yiz
Cztlexle,zxz,zy[ ]y1’1C4t2x1x2x1,2y[ ]y1,1y1,2K2t2X1X2X2,2y[ ]yil
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C2sX 1 Y[ 1Y2Y1, 2 K28X H Y[ 1YY 1 CSX o YL 1Y Y1 1 C2UX[ XX, Y, 5
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Xixle,1X2,2y1,1y§,2C43t2X%X2X1,1X2,2yi2y2,2C4Stzxfxzxizyl,1y§,2
K4st2xfx2x1,2x2’2yl,1y1’2y2,2Cst2x%x2x§,2yi1y2,2Kst2xfxilx2,2y2y§,2
C2st2xfxi1ylyi2K25t2xfxi1y2y1,2y§,204st2xfxl,lxl,zxz,zyzyl,zyz,z
Kgstzxfxl,lxl,zyl yl,zyg,zcgstzxixl,1X1,2y2yi2y2,2C23t2X%X1,1
Xg,zyzyl,1y2,2K45t2X%X1,1X§,2y2yi2K4St2X%X1,1X2,2y1y1,1y§,2085t2
X%Xl,lxz,2yl yizyz,QC4st2x%x1’1x2)2y2y1’1y1)2y2’2K88t2x%x171x2,2y2y’;'72
K4St2X%Xi2X2,2y2y1,1y2,2C83t2X%Xi2y1 y1,1y§’2K8st2Xf
Xizyzyl,1y1,2y2,2C43t2X%X1,2X§,2y2y1,1y1,2K85t2X%X1,2X2,2y1 Yi,1Y1,2Y22
CSstzxfozxz’zyzyLlinKstzxfxizyzyiIC2st2xfx§,2y1 yilyz,szstz
X%Xg,zyzyilyl,zKZStle xgxilyl’zinCSStle X§X1,1X1,2yi2y2,2045t2)(1
ngl,1X2,2y1,1y1,2y2,2K85t2X1 ngl,lxz,zyizKSStle ngizyl,lyl,zyz,z
C8st2x1 ngl,zxz,zyl,lyiszstle ngizyilyl,zczstle X2X%,1X1,2y2y§,2
K2st'x, szilylyl,zyg,Zczstle szilyzyl,lyg,ZKSSthl XX

Xizyzyl,zyz,zK“Stle X2X1,1X1,2X2,2y2y1,1y2,2C85t2X1 X2X1,1X1,2X2,2y2yi2



C8st'x, XL 1%, 20 y?’2y2’2K8St2X1 XX 1 X, 2Y2 Y111, 2Y2,2

C4st'x XX, 1%, 20 y1,1y1,2y2,2K85t2X1 XL 1%, 20 yiz

K4st'x, X2X1,1X2,2y2yi1y2,2C85t2X1 szl,1X2,2y2y1,1yi2C85t2X1 )
Xizyzyhlyz,ngStle szizxz,zyzyl,1y1,2K83t2X1 szizyl Yi,1Y1,2Y22
C8st2x1 szizyzyilyz,2C25t2X1 X2X1,2X§,2y2yi1

C8st2x1 XX, 2%, 20 yl,lyizKSStle X2X1,2X2,2y2yi1y1,2K25t2X1 X
X%,Zyl yilyl,zczstle szizyzinCZStle Xilxl,zylyzy%,szStle
Xilxz’zyfyizKM,tle Xl,lxizyl y2y1’2y2’2C8st2x1 X1,1X1,2X2,2y?y1,2y2,2
K4st'x Xl,1X1,2X2,2y1y2y1,1y2,2C85t2X1 Xl,1X1,2X2,2y1y2yi2C45t2X1 X1
X%,zy%ymyz,ngStle xl’lxizyfinCSStle X?,2y1y2y1,1y2,2K85t2X1
Xizxz,zy%yl,lyz,zKSStle Xizxz,zyl y2y1,1y1,2C85t2X1 Xl,zxg,zy?yl,lyl,z
C2st2x1 Xl,zxg,zyl yzyilestle xg,zyfyiletzxgxi1y171y§,2K4st2
ngl,1X1,2y1,1y1,2y2,2K25t2XgX1,1X2,2yi1y2,2C4St2X§X1,1X2,2y1,1yi2
C4st2x;xi2yi1y2,2K4st2x;x1,2x2,2yi1y1,2Cst2x;x§,2yiletzxgxilyz
y§,2C45t2X§Xi1X1,2y2y1,2y2,2C25t2X§Xi1X2,2y2y1,1y2,2K45t2X§
X%,1X2,2y2yi2K45t2X§X1,1Xi2y2y1,1y2,2C4St2X§X1,1X1,2X2,2y2y1, 11,2
KStzxixl,1X§,2y2yi1K23t2X2Xi1y1 y2y§,2C25t2X2Xi1X1,2y%y§,2C83t2X2
Xilxl,2yl y2y172y2,2C4st2x2xi1x2)2y1 yzyljlyzszSStzxzxi1x272y1 yzyiz
Kgstzxle,1Xi2y%y1,2y2,2K83t2X2X1,1Xi2y1y2y1,1y2,2
K4St2X2X1,1X1,2X2,2y%y1,1y2,2C85t2X2X1,1X1,2X2,2y%yi2
CSStzxle,1X1,2X2,2y1y2y1,1y1,2K25t2X2X1,1X§,2y1 yzyi1C83t2x2xi2
y%yl,1y2,2K85t2X2Xi2X2,2y%y1,1y1,2C25t2X2X1,2X§,2y%yi ICt3x?xi1 2,2
K4t3X?X1,1X1,2y1,2y§,2K2t3X?X1,1X2,2y1,1y§,2C4t3X?X1,1X2,2y%,2y2,2
C4t3x?xizy171y§,2K4 3 X? X1,2X2,2y1,1y1,2y2,2Ct3X?X§,2 L1Ys 2 K2 3 X%X2
Xi1y1,2y§,208t3xfxle,1X1,2yi2y2,2C4t3X?X2X1,1X2,2y1,1y1,2y2,2K8t3
xfxle,1x2’2y7,2K8t3xfx2xi2yl,1y1,2y2,2C8t3xfx2x1,2x2’2y1,1yi2K2t3

20 2 3.2 3.2 3
X1X2X2,2yilyl,2Kt X1X1,1X2,2y1y§,2C4t XIXL 1 X 2% 2 YY), 2Y0, 2, €2t

X%Xl,lxé,zyl yl’1y2’2K4t3x§xL1xizylyizK4t3xfxi2x2’2yl y1’1y2’204t3
X%Xl,zxgjyl y1,1y1,2Kt3X%Xg,2y1 yilCt3 X| ngilyl,lyizK“ £ X|
ngl,1X1,2y1,1y1,2y2,2K2t3X1 ngl,lxz,zyilyz,zc“ﬁxl ngl,lxz,zyl,lyiz
C4t'x ngizyilyz,zK“ﬁXl ngl,zxz,zyi1y1,2Ct3X1X§X§,2yi1C2t3X1 )

3 2 3
Xilxl,zylyg,ngt XpX X 1 X1 Y Y12 Ya o KATX XX 1 X 2% 51V 1 Y22



C8tx X2X1,1X1,2X2,2y1yi2C8t3X1 szizylyl,lyz,ngtsxl )
Xizxz,zylyl,lyl,zczt3xl X2X1,2X§,2ylyi1Kt3X§Xilyl y§,2C4t3x§
Xilxl,zyl yl,2y2’2C2t3 ngilxz,zyl Y, 1Yo, 2 K4 3 ngilxz,zyl inK4 3
ngl,lxizyl y1’1y2’2C4t3 X§X1,1X1,2X2,2y1 Yi, 13’1,2Kt3 ngl,lxg,zyl yil

K28 X[ ]szilyl yg’2C2 s X[ ]szilyzyl,zy%,zcgszx[ IX X 1%, 291 Y0, 2
y§72K852x[ ]szl,lxl,zyzyizyz,2C4 S X[ 1% %1%, 2 Y yl,lyg,z

K8 X[ ]X2X1,1X2,2y1yi2y2,2K4 s X[ 1X X 1%, 2Y2 Y1, 1Y1,2Y2,2

Cs8 szx[ ]X2X1,1X2,2Y2YizK8 szx[ ]xzxizylyl,lyg’zCS szx[ 1%
xizyzyl’lyl,zyLzCSszx[ 1% %1 2% 2 Y1 Y1, 1Y1,2Y2,2

K8 s x| ]X2X1,2X2,2y2y1,1yi2K2 S X[ ]X2X§,2y1 yf 1Y2,2C2 S X[ ]szg,zyz
yilyLQKZ S X[ ]Xilxl,zy%yizczszx[ ]Xilxz,zylyzyiszzx[ ]X%,ly%y;,z
C25x| ]Xilylyzyl,zy%,ZKszx[ ]xilygyl,lyizC8szx[ ]Xl,lxizy%yl,zyz,z
K8 s X[ IX 1%, 2%, 2 Y y2y1’2y2’2C432X[ ]X1,1X1,2X2,2y§y1,1y2,2

KBS X[ 1%, 1% 2% 2V Y1 2 C4S XL 1% 1 X oY1) 0 Vs

KBS X[ 1%, 1%, 5 Y1 Yo Y1 2 Yo 2 C4S XL IX, 1 X 5Y3Y1 1 Y1 2 Ya 2 KAS'XL 1%,
X%,Zyl y2y1’1y2’2C8SZX[ ]Xl,lxg,zylyzyizczszx[ ]X1,1X2,2y?y1, 1y§,2

K45 x| ]Xl,lxz,zy%yizyz,zK“ s X[ IX, 1% 2Y1 Y2 Y1, 191,22, 2

C8s x| 1%, 1%, 2 yzyizC2szx[ ]Xl,lxz,zygyilyz,zK“szx[ 1%, 1%, 2
y%ylalyizKSSzx[ ]xizygyl’lyz’zCSszx[ ]Xizxz,zylyzyl,1y2,2C832X[ ]
Xizxz,zygyl,lyl,zK“Szx[ ]xizy%yl’lyiz(:Sszx[ ]Xizyl Y2¥1,1Y1,2Y2,2
K45 x| ]xizygyilyz’zKSSZX[ ]Xl,zxg,zylyzyl,1y1,2K252X[ ]Xl,zxg,zyg
inC4szx[ ]Xl,zxz,zy%yl,1y1,2y2,2K832X[ 1%, 2% 2 Y1 2 Yy, 1y%,2

C452X[ ]X1,2X2,2y§yilyl,2C2 SZX[ ]Xi,zyl yzyilezx[ ]X§,2y%yi1yz,2
C252x[ ]Xg,zylyzyilyl,szzx[ ]xizygyilCZszxzxily[ ]y1y1,2y§,2

K2 szxzxily[ ]yzyl’1y§’2K832X2X1’1x1,2y[ Y yizyz,z

C832x2x1,1x1’2y[ ]yzyl,1y1,2y2,2K432X2X1,1X2,2y[ 1YY, 191,222
C852X2X1,1X2,2y[ ]yly‘;’,ZC452x2x1,lx2,2y[ ]yzyilyz,z

K8 52X2X1,1X2,2y[ ]yzylslyijSSzxzxizy[ iy, 1y1,2y2,2K832X2

Xizy[ ]yQyi1y2,2K852x2x1’2x2’2y[ Y ylplyizCSszxleyzxz,zy[ 1Y,
yilyLQCZSzxzxizy[ ]ylyilyl,szszxzxg,zy[ ]yzyi1C352Xi1Y[ ]y§y§,2
K432xilx1’2y[ 1YY, Y5 , K12 szxilxl,zy[ ]ygyl,zylzCszxilxz’zy[ ]y?
y§,2K6 Szxilxz,zY[ ]y§y1,1y2,2C12 Szxilxz,zY[ ]yginC16 82X1,1



XizY[]Y1Y2Y1,2y2,2C1232X1,1Xi23’[]ygyl,1y2,2K432X1,1X1,2X2,2y[]
yfyl,zyz’ZCSSzxLlxl,zxz’zy[]y1y2y1’1y2’2K1652x1’1x1,2x2,2y[]ylyzyiz
K1252X1,1X1,2X2,2y[]ygyl,lyl,ZKzsle,lxg,zy[]y%yl,lyz,zcétsle,l
xg’zy[]y%inC352xl,1x§’2y[]yiyilK1682XiZY[]y1y2y1,1Y2,2C432
Xizxz,zy[ ]y%yl,1y272C1652xizx2’2y[ IYiYaYi 1Y, 2K452X1 2X§ 2 Y[ ]
yfylylyuK4szx1’2x§)2y[]ylyzyilezxizy[ yzy% K2 stx] ]Xlxle 13@2
C8STX[]X1X2X1,1X1,2y1,2)’§,2C45tX[]X1X2X1,1X2,2y1,1y§,2
Kgstx[]X1X2X1,1X2,2yi2y2,2K85tX[]Xlxzxizyl,ly;ﬂ
C83tx[]xlxle,zxz,zyl’1y1,2y2,2K2stx[]xlxzxizyilyz,zczstx[]xl
X%,1Xz,zyzy§,2K45tX[]X1Xi1y1y;,2045tx[]Xlxilyzyl,zyg,z
K8StX[]X1X1,1X172X2,2y2y1,2y2,2C16Stx[]X1X1,1X1,2y1y1,2y§,2
K165tx[]X1X1,1X1,2y2yi2y2,2K45tX[]X1X1,1X§,2y2y1,1y2,2
C8S'[X[]Xlxlalxizyzﬁ,zcgﬁx[]X1X1,1X2,2y1y1,1y§,2
K16stx[]xlxl’1x2,2y1yi2y2,2K8StX[]X1X1,1X2,2y2y1,1y1,2y2,2
Cl6stx[]xlxl,lxz,zyzy?ﬂCSstx[]xlxizxz,zyzyl,1y2,2K16stx[]x1

X Y1 Yi 1 Yo 2 CI6SEXL X, X ¥, Yy 1 Yy 2 Ya s KB SEXL 1% X, 5% 5o ¥y 1 Y,
C165tx[]X1X1,2X2,2y1y1,1y1,2y2,2K165tX[]X1X1,2X2,2y2y1,1yi2
CZstx[]xlxizyzyilK4stx[]X1X§,2y1ﬁ71y2,2043tx[]X1X§,2y2y21,1y1,2
C2stx[]xgxilyuyizKSstx[]x§x1’1x1’2ﬁ72y252K4stx[]
ngl,1X2,2y1,1y1,2y2,2083tx[]ngl,lxz,zyizcgsu[]ngizyl,lyl,zyz,z
K85tx[]xgxl’zxz,zyl,1yi2023tx[]xgxizyilyl,szstx[]xzxilxl,zy2
inCZStX[]xzxilylyl’zyizKZstX[]xzxilyzyl’lyizc8stX[]xle’l
Xizyzyl,zyz,zc“s'[x[]szl,1X1,2X2,2y2y1,1y2,2K83tX[]X2X1,1X1,2X2,2y2
yingstX[]szl,1X1,2y1yi2y2,2C85tX[]szl,1X1,2y2y1,1y1,2y2,2
KA4SEXL 1% 1% 21 Y1 1 Y1 2Ys 2C8STXL 1% X 1% 1Y V)
C4s'[x[]xle,lxz,zyzyi1y2,2K8stx[]xle,1x2’2y2y1,1yi2K83tx[]x2
Xizyzyl,lyz,zcgs'[x[]szizxz,zyzyl,1y1,2085tx[]szizylymyl,zyz,z
K8StX[]szizyz)/ilyz,zKZStX[]X2X1,2X§,2y2yil
K8stx[]xle,zxzyzylyl,lyizC8stx[]xzxmxz’zyzyilyljzczstx[]x2
xizylyilylyzKZStx[]xzxizyzy‘;’leZStx[]XilxljzylyzygDQCZStX[]
Xilxzazyf)ézC8StX[]XL1X%,2y1yzy1,2yz,2K83tX[]X1,1X1,2X2,2y%y1,2y2,2
C4STX[]XL1X1,2X2,2y1)’2y1,1yz,2K83tX[]X1,1X1,2X2,2y1y2yi2



K4 stx[ ]1x 1x22y2y1 1y22C8stx [ 1X, 1x“yzyf , K8stX[ ]
Xizylyzyl,lyz,zcgstx[]X1,2X2,2y?y1,1y2,2C83tX[]X1,2X2,2y1y2y1,1y1,2
K8 SX[ 1%, 2% 5¥1 Yy 1 Y1 2 K2SEXL 1%, 2% 5 Y, ¥, Y, 1 C2StXL 1% V1Y)
CZStxlxzxily[]yl,zyg,zKSStxlxle,1X1,2y[]Yizyz,z
K45tX1X2X1,1X2,2y[]yl,1y1,2y2,2C83tX1X2X1,1X2,2Y[]yizcgﬂxlxz
Xizy[]yL1y1,2y272K8stxlxleyzxz,zy[]yl,lyizCZStxlxzxizy[]yilylpz
K4Stxlxilxlazy[]y2y§,2C23tX1XilX2’2y[]ylyizCZStxlxily[]ylyLz
y%,szsJ[XlXily[]yzyl,1y§,2C16StX1X1,1Xi2y[]y2y1,2y2,2
KB STX X) 1 X1 2% 2 YT IV Y1, 2 Yo 2 ©8STX Xy 1 X 2% Y[ 12 Y1, 1Ya,2
K16stx1x1’1x1’2x2’2y[]yzyizK8stx1xlel’2y[]ylyizyz’z
C85tX1X1,1X1,2y[]yzyl,1y1,2y2,2K45tX1X1,1X§,2y[]ylyl,lyz,z
Cgstxlxl,lxg,zy[]ylinK4StX1X1,1X2,2y[]y1y1,1y1,2y2,2
CgStxlxl,lxz,zy[]ylyizc“StXle,le,zy[]yzyilyz,z
K8stx1x1,1x2,2y[]yzyl’1yi2K16stx1xizy[]y2y1’1y2,2C8$'[xl
Xizxz,zy[]ylyl,1y2,2C16StX1Xi2X2,2y[]yzyl,lyl,ZCSStxl
xizy[]ylyl’1y1’2y2’2K8stx1xi2y[]yzyilyz’zKSStxlxl’z
X%,Zy[]ylyl,1y1,2K4StX1X1,2X§,2y[]yzyilKgstxlxl,ZXZ,zy[]ylyl,lyiz
C8stX X 2% Y[ ]y2y2 1Y, 2C25tx1x§ HY[ ] ylyf 1C23tx1x§,2y[ 1Y,
yilyl,ZKZStxlxg,Zy[ ]yzyl 1K23tX2X1 YL 1YL, 13’% ,C8st
X§X1,1X1,zy[]yl,1y1,2y2,2C43tX2X1,1X2,zY[]Yilyz,zKSSt
X§X1,1X2,2y[]yl,lyingstxgxizy[]yilyz,ZCSStxgxl,zxz,zy[]yilyl,2
K25tx§x§’2y[]inC4stx2xily[]yzyiszstxzxilxl’zy[]ylyg’2
K16stxzxilx1,2y[]y2y1,2y272K85tx2xi1x2’2y[]y2y1’1y2’2016stx2
X%,1X2,2y[]yzyi2C85tX2X1,1Xi2y[]y1y1,2y2,2C165tX2X1,1
Xizy[]yzyl,1y2,2C43tX2X1,1X1,2X2,2y[]ylyl,lyz,z
Kgstxle,lxl,zxz,zy[]ylinK16StX2X1,1X1,2X2,2y[]yzyl,lyl,z
C4stx2x1,1x§,2y[]yzyilKSStxzxizy[]ylyl,lyz’ZCSStx2
Xizxz’zy[]ylyl’lyl’zKZStxle’zxizy[]ylinCZStxily[]ylyzyiz
KZStXilxl,zy[]yfyizKSstxilxljzy[]y1y2y1,2y2)2K4st
Xilxz,zy[]ylyzyl,1y2,2085txilxz,2y[]ylyzyizcgswl,lxizy[]
y?yl,ZyZ,ZCSStXI,IXizy[]ylyzyl,1y2,2C4StX1,1X1,2X2,2y[]y%yl,ly2,2
Kgstxl,lxl,zxz,zY[]y%yizK83tX1,1X1,2X2,2y[]ylyzyl,lyl,zczstxl,l



X%,Zy[]ylyZyilKgstXizy[]y%yl,lyz,ZCSStXiZXZ,zy[]y%yl,lyl,Z
K25t 2 Y[ 1YL K3EXL 1K Y, , CI2EX[ XX 1% 5y 5Ys
C6t2x[]xfxl,lxz,zyl,lyizKlztzx[]xfxl,lxz’zyizyz’zKlztzx[]xf
X%,zyl,lyg,zcutzx[]Xixl,zxz,zyl,1y1,2y2,2K3t2X[]X%Xizyilyz,z
C4t2X[]Xlxzxilyl,zy%,zKlmzx[]X1X2X1,1X1,2yi2y2,2

K8 £ X[ ]xlxzxL1x2,2y171y1,2y272C16t2x[ ]xlxlejlxzpzy’;’DZC16t2x[ 1% %,
Xizyl,lyl,zyz,sztzx[]X1X2X1,2X2,2y1,1y%,2C4t2X[]X1X2X2 2%13’12
C2EX[ 1% 1% 5 Y1 Vo s KBEXLIX Xy 1 X0 5% 5V Yy 2 Y0 s KATX[ X%,
Xg,zylyl,lyz,zcgtzx[]Xlxl,lxg,zylyizcgtzx[]Xlxizxz,zylyl,lyz,z
thzx[]X1X1,2X§,2y1y1,1y1,2C2t2X[]Xlxg,zyﬂithzX[]ng%,lyl,ly%,z
C4x[ | ngl 1 X291, 1912 Y2, ,C2x( ]ngl,lxz,zyilyz,zK“ﬁx[]

X2X1 1%, 21, 1y% 2K4t2x X2X12 ,1y2,2C4t2X[]ngl,zxz,zyilyl,z

KE x| szz,zyiletzx X2X1,1X1,2y1y§,2C8t2X[]szl,lxizylyl,zyz,z
CAEX[ 1K X 2% 2 Vi Yi 1Yo s K EXL TG X 1 X 5% 5¥, Y1, K8 EX[ 1%,
xi2y1y1,ly2,2C8t2x[]xzxizxz,zylyl,lyl,sztzx[]xle,zxizylyilcfxf
xilxz’zy[]yé’ZCthxfxily[]y1’2y§’2K4t2xfolxl’zxz’zy[]y1’2y2’2K8t2
X%XLIXLQy[]yi2y272K2t2Xfxl,1X§72y[]y171y2,2C4t2X%x1’1x§)2y[]yiz
K4t2x%x1,1x272y[]y171y1,2y272C8t2Xfx1)lxzjzy[]y’;’DZC4t2x%

X2 2% Y[ 1Y Ys, 208t2X%X% YUY 1 Y12 Ys, 2K4t2X%X1 2X§ YL 1YL 1 Y12
K8t2X1X12X22y[ ylly% 2Ct2X1X2 2 Yl ]yf1C2t2x1x22y yilyl,2
Kztlexle,lxl,zy[]yg,sztlexle,ly ]yl,lyg,zcgtlexle,l
xizy[]y1’2y2’204t2x1x2x1’1x1’2x2’2y[]yL1y2’2K8t2x1x2x1’1x1,2x2’2y[]
yizC8t2x1x2xL1X172y[]yL1y1,2y27204t2x1x2x1)lxzjzy[]yilyzbz
thlexle,lxz,zy[]yl,lyingtlexzxizy[]yl,lyz,zcgtlexz
Xizxz,zy[]y1,1y1,2K8t2X1X2Xi2Y[]Yi1y2,2K2t2X1X2X1,2X§,2Y[]Yil
C8t2x1x2x1’2x2,2y[]yilyl,zKthxlxzxizy[]yilKthxlxilxl’zy[]yl
y%,zcgtlexl,lxizy[]y1y1,2y2,2C4t2X1X1,1X1,2X2,2y[]ylyl,lyz,z
thlexl 1%1,2%, 2 Y1 ] yly% K8 Ex, Xi YUYV Y, ,C8Ex,

X%zxz YL I Y, 1y12K2t2X1X12X2 2 Y] yly%ICtZXZXI 1YL ] y§,2K4t2X§
Xl 1 X1, 2Y0 1Yy, 2 Y, 2K2t2X2X1 1 %2V 1Y Ys, 2C4I2X2X1 1 %02 Y1 ]Yizc‘”z
X%lelxlazy[]yL1y2’2K4t2x2x1,1X1’2x2,2y[]y1,1y1’2Ct2x2x1’1x§’2y[]yil
Cztzxzxily[]ylyizKStzxzxilxl,zy[]y1y1,2y2,2K4t2x2



Xilxz,zy[ ]ylyl,1y2’2C8t2X2Xi1X2’2y[ ]ylyizC8t2x2xleizy[ IYiYi 1 Y22
K8t2x2x1,1x1,2x2,2y[ Y y1,1y1,2C2t2x2x1’1x§’2y[ ]ylyilcsx[ ]szxil
y§,2K4sx[ ]2X2X1,1X1,2y1,2y§,2K25X[ ]2X2X1,1X2,2y1,1y§,2

Casx ]2X2X1,1X2,2yi2y2,2C45X[ ]2X2Xi2y1, 1y§,2

K4 sx[ ]2X2X1,2X2,2y1,1y1,2y2,2CSX[ ]2X2X§,2yi1y2,2K3X[ ]zxilxz,zyzyg,z
C2sx[ ]zxilyl y;,zKZSX[ ]zx%71y2y1,2y§72C4sx[ ]2X1,1X1,2X2,2y2y1,2y2,2
K8 sx[ ]2X1’1X1,2y1y1’2y§,2C85x[ ]2X1,1X1,2y2yi2y2,2czsx[ ]2)(1,1
x§,2y2y1,1y2,2K4sx[ ]le,lxg,zyzyizK“SX[ ]2X1,1X2,2y1 yl,lyg,z

C8sx| ]2X1,1X2,2y1yi2y2,2C45X[ ]2X1,1X2,2y2y1,1y1,2y2,2

K8 sx[ ]2X1,1X2,2y2yi2K43X[ ]inzxz,zyzyl, 1Y2, 2 C8SX[ ]2Xi2yl yl,lyé,z
K8 sx[ ]2Xizy2y1)1y1,2y2)2C4SX[ ]2X1,2X§,2y2y1,1y1,2

K8 sx[ ]2X1,2X2,2y1 Y1 1Y12Y2 2 C88X] ]2X1,2x272y2y1,1yiszx[ ]2X§72y2
yilC2sx[ ]2X§,2y1 yilyzszZSx[ ]zxizyzyilyLZKZSx[ ]szily[ 1Y1,2
y§,208sx[ 1X X 1%, Y1 ]yizyz’2C4sx[ 1% X1 1%, Y0 1Yy, 1 Y1, 22,2

K8 SX[ 1% X 1% 5[ ]Vingsx[ ]szizﬂ Y1 1%1,2%22

C8SX[ 1% X 2% , Y[ ]y1,1yizK2 SX[ ]xzxizy[ ]yilyl,2C4SX[ ]
X%,1X1,2y[ ]yzyiQKst[ ]Xilxz,zy[ ]ylyé,zKZSx[ ]Xily[ ]ylyl,zyé,z
C2sx[ ]Xily[ ]y2y1,1y§72K16sx[ ]Xl,lxizy[ 1291,2Y2,2

CESX[ Xy 1 X, 2% 2 YT 1Y Y12 Y2 o KESXLIX, 1 X 2% Y[ 1YY 1 Y2,
CI6SX[ 1%, 1%, 2% 2 Y[ 1Y2¥1 2 C8SXL 1%, 1%, YL 1Yi Vi 2 Vs 5

KESXT X 1 X 2Y[ 1Y, Y1 1Y, 2Y0, 2, C48X] ]Xl,lxg,zy[ 1Y1Y1,1Y2,2

K8 sx[ ]Xl,lxizy[ ]ylyi204SX[ IX1 1%, Y0 1YYy, 191,222

K SX[ 1% 1% 2 Y1 ]ylyizK4sx[ 1%, 1%, 291 ]yzyilyz,z

C8SX[ 1%, 1% Y[ Y2 Yy 1 Y1 2 CL6SXL 1K Y[ 1Ya Yy 1Y o K8 SX[ ]
Xizxz,zy[ 1Y1Y1, 1Y, K168X] ]Xizxz,zy[ 1¥2Y1, 1Yy, 2 K8 SX[ ]

Xizy[ 1Y1Y1 Y1, 2Y0, 2 C 88X ]Xizy[ ]yzyilyz,ZC8sx[ 1%, 2

6 YL 1Y Ve 1 Vi 2 C4SXLTX, 2 2 YL 1%, Y1 1 C8SXL 1%, 5% 5 YL 1Y Y11 Vi
K8 SXL X, 5% oYL 1YaVr Vi 2 K2SXL 16 YL 1Y, v K2SX[ 1% 5[ 1Y,
yilyLQCst[ ]Xg,zy[ ]yzyilexzxily[ ]2y1,1y§,2

K4s%, X 1%, Y[ ]2y1,1y1,2y2,2K28X2X1,1X2,2y[ ]2yi1y2,2

Casxy Xy 1% ,Y[ ]zyljlyizC4SX2Xizy[ ]zyilyz,zK“SXzXl,zXz,zy[ ]
yilyl,ZCsxzxizy[ ]zyilK3sxi1y[ ]2y2y§’2C2sxi1xL2y[ ]2)’1)’5,20125

2



Xilxl,zy[ ]2y2y1’2y2,2C6sxi1X2’2y[ ]2y2y1,1y2,2K123Xi1X2,2y[ ]zyzyiz
K8sx1,1xi2y[ ]2y1y1’2y2,2K12sx1,lxizy[ ]2y2y1,1y2,2

KASX) 1 X 2% Yl ]2y1y1,1y2,2C85X1,1X1,2X2,2y[ ]Zylyiz

Cl2ZsX) 1% 2% 5V ]2y2y1,1y1’2K3sx1’1x§’2y[ ]ZyzinCSS

Xizy[ ]Zylyl,1y2,2K85Xi2X2,2y[ ]2y1y1,1y1,2C25X1,2X§,2y[ ]2y1yi1
C3tx| ]2X1Xily§,2K12tx[ ]2x1x1’1x1’2y1’2y§’2K6tx[ ]2X1X1,1X2,2y1,1y§,2
Cl2tx| ]2X1X1,1X2,2yi2y2,2C12tX[ ]lexizyl,lyg,z

KI12tx] ]2X1X1,2X2,2y1,1y1,2y2,2C3tX[ ]lexg,zyilyz,zKZtX[ ]zxzxilyl,z
y§,2C8tx[ ]2X2X1,1X1,2yi2y2,2C4tX[ ]2X2X1,1X2,2y1,1y1,2y2,2

K8 Tx[ ]2X2X1 1%, 23’? 2 K8 X[ ]2X2Xi2y1,1y1,2y2,2C8tX[ ]2X2X1,2X2,2y1,1
yizKZtX[ I %% 2y% 1Yy, 2 KEX[ ] Xilxz,zyly%,z

Catx ]le,1X1,2X2,2y1y1,2y2,2C2tX[ ]lej1x§)2y1y1’1y2)2K4tx[ ]2X1,1
X%,zylyizK‘“X[ ]zxizxz,zylyl,1y2,2C4tX[ ]2X1,2X§,2y1y1,1y1,2KtX[ I
% 2V Y K2EXL 1 % 5 YL 1Y5 o KAEXLIX O YL 1Y) Y5 5

CRUX[ XX, 1 X 2% 2 Y[ 1Y) 2% 2 C L6 XL 1% X, 1%, 5V 1Y} 5Vs 5
C4tx[]X1X1,1X§,2y[]yl,lyz,zKStX[]X1X1,1X§,zy[]yi2
C8tx[]x1x1,lx272y[]y171y1,2y272K16tx[]xlxl,lxuy[]yizK8tx[]x1
xizxz,Qy[]y1,1y272K16tx[]xlxiQy[]y1,1y172y2,2C8tx[]XIXLZ
X%,zy[]y1,1y1,2C16tX[]X1X1,2X2,2y[]yl,lyisztx[]X1X§,2Y[]Yi1
K4'[x[]x1x§,2y[]yilyucztx[]xzxilxl,zy[]yizcztx[]x2

XYL Y01 Y s KB XL 1% 5 5 YL 1Y) Vs
K4tX[]x2x1’1x1’2x2’2y[]y1’1y2’2C8tX[]xle’lxl’zxz’zy[]yiz
thx[]xle,lxl,zy[]y1,1y1,2y2,2K4tX[]szl,lxz,zY[]yi1y2,2

C8IX[ 1% X 1% Y[ ]ylylyiQCSIX[ ]x2xizy[ 11,1 Yo, o KEIX[ 1%,
Xizxz,zy[]yl,lyl,zcgtx[]sziz)’[]Yi1y2,2cztx[]X2X1,2X§,2Y[]yil
K IX[ 1% X 2% 5 I ]yilyl,zcztx[ ]xzxizy[ ]yilcti[ ]

X0 1% YL 1Y Yo s KB XL 1% X YT 1YYy 0 Ya
K4tX[]X1’1X1’2X2’2y[]y1y1’1y2’2C8tX[]X1’1X1’2X2’2y[]ylyi2C8tX[]
Xizy[ 1Y1Y1, 1 Y2, K8 TX] ]Xizxz,zy[ 1YY, C21X] ]X1,2X§,2y[ ]ylyil
CZtX1X%,1X1,2y[ ]Zyithxlxily[ ]zyl,lyg,ZKStxlxl,lxizy[ ]2y1,2y2,2
KATX X, 1 %) 2% 0] ]zyl,1y2,2C8tX1X1,1X1,2X2,2y[ ]zyiz

KA TX X 1 X Y1 ]zyl,1y1,2y2,2K2tX1X1,1X2,2y[ ]zy%,lyz,z



Catx X 1% ,Y[ ]zyljlinCStxlxizy[ ]2y1,1y2,2K8tX1

Xizxz,zy[ ]2y1,1y1’2C4tx1xi2y[ ]Zy%,lyz 2 C21x Xy, 2X§2y[ ]2)’?1

KATX X 5% Y] ]zyilyl,ZCtxlxg,zy[] y1 1K2tX2X1 1YL y§2C8tx2
X%,lxl,zy[ ]2y1,2y2,2C4tX2Xi1X2,2y[] y1,1y2,2K8tX2X1,1X2,2y ] Viz
thxle,lxizy[ ]2y1,1y2,2C8tX2X1,1X1,2X2,2y[ ]2y1’1y1’2K2tx2x1’1
Xg,zy[ fyithXily[ ]2y1y§’2C4txilx1’2y[ ]23'13'1,23’2,2C2t

Xilxz,zy[ ]zylylb1y2,2K4txi1x2’2y[ ]zylyizK4tX1 1X%2y[ ]2y1y1 1Y2,2
CAtX X 2% 2 Y1 ]zylyl,lyl,ZKtxl,lxg,Zy[] yly? KX T X1 1)’;2
C4x| ]3x1,1x1,2y1,2y§’2C2x[ ]3x1,1x2’2y1’1y§’2K4x[] X1,1X2,2yi2y2,2
Kax( T Xizyl, 1y§,ZC4X[ 5 X1, 2%, 2 Y1, 191, 2 Y2, 2 KRX[ ¥ X%,zyilyz,zcx[ §
Xilxz,Qy[]y%,QCZX[ ]in1y[]y1,2y§,2K4X[ ]2X1,1X1,2X2,2y[]yl,zyz,z
K8 X[ ]2X1,1X1,QY[]V%,2y2,2K2X[ ]2X1,1X§,2y[]y1,1y2,2C4X[ ]2X1,1
X%,zY[]yizK“X[ ]2X1,1X2,2y[]yl,lyl,zyz,zch[ ]2X1,1X2,2Y[]Yi2C4X[ I
Xizxz,zy[]yl,lyz,zch[ ]inzy[]y1,1y1,2y2,2K4x[ ]le,zxg,zy[]yl,lyl,z
K8 X[ ]le,zxz’zy[]yl’linCx[ ]2)(;,2)’[])’?,1(:2)([ ]zxg,zy[]yilyl,z
sz[]xilxl,zy[ ]ZyizKX[]xily[ ]2y1,1y§,2C8X[]X1,1Xi2y[ ]2y1,2y2,2
CAX[ Xy 1 X, 2% Y[ ]2y1,1y2,2K8X[]X1,1X1,2X2,2y[ ]Zyiz

CAxX[ 1%, 1% VI ]2y1,1y1,2y2,2C2X[]X1,1X2,2y[ ]zyilyz,z
KAXL X % oYL T Y1 Y1 o K8 XL VLT Y, 1 Yy, C8 X[ ]

Xizxz,zy[ ]2y1,1y1’2K4x[]xi2y[ ]zyilyz’zKZX[]xl’zxizy[ ]2)’?,1
Cax[ 1% 2%, VI ]2y%,1y1,2KX[]X§,2y[ fyilcxily[ ]3y§,2K4
X%,lxl,zy[ ]3y1’2y2’2K2xi1x2’2y[ ]3y1’1y2’2C4xilx2’2y[ ]3y%,2C4X1,1

Xizy[ ]3y1,1y2,2K4X1,1X1,2X2,2y[ ]3y1,1y1,2CX1,1X§,2y[ ]3)’?, 1)/

(4 (52 XN y2y2,2K52 X1 y§y172K52 X1,2y%y2,2052 Xl,zygyl,lcsz X2
y%yl,szzxz,zyl Yo V1, 1 CSUX X 1YY s K2ZSTX X 5 Y1 Yy 2 C28EX % Y1 Y 5
KSTX %) 2o Yy 1 CSUGX 1YY, n K28 X 1Y,y , C2816X 1Y,
KStX, % YY1 Kt X? )(1,23’2,2Ct2 X% X2,2y1,2Ct2X1 XX 1Y2,2

Kt x, X3 %2 Y11 Ktzxgxl,lyl,thzxéxl,zyl, T KSXEIX 1 YaYs, 5

C2SX[ XYY 2 K2ZSX[ 1% YY) 2 CSX[ 1%, 2V ¥y 1 KSX (Y[ 1Y Y22

C2sX Y[ 1Y2Y1, 2 K28X H Y[ 1YY 1 CSX o YL 1Y Y1 1 C2IX[ XX, 5 Y, 5



K2 tx[ 1X xz’zyl’thX[ ]xle’lyz’ZCtX[ ]xzxz’zyl’thx1 XYL 1Y 0
Ctx % Y1V 1 C2tX % 1 Y[ 1Y, K2tx,% ,¥[ 1Y KX[ ]2X1,2y2,2
CX[ X 5 Y1 2 CXL 1%, YL 1Y 2 KXL 1% 5V 1Y; 1 KX YL 7Y 5
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Cx LYl ]2y1, 1) (% Kyl))



