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Abstract: In this paper, we define soft w-open sets and strongly soft w-open sets as two new classes
of soft sets. We study the natural properties of these types of soft sets and we study the validity
of the exact versions of some known results in ordinary topological spaces regarding w-open sets
in soft topological spaces. Also, we study the relationships between the w-open sets of a given
indexed family of topological spaces and the soft w-open sets (resp. strongly soft w-open sets) of
their generated soft topological space. These relationships form a biconditional logical connective
which is a symmetry. As an application of strongly soft w-open sets, we characterize soft Lindelof
(resp. soft weakly Lindelof) soft topological spaces.
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1. Introduction

The soft set introduced by Molodtsov [1] is applied in many fields such as economics, engineering,
social science, medical science, etc. It is used as a tool for dealing with uncertain objects. The theory
of soft sets has been introduced and studied by several researchers (see [2,3]). Authors [1,4] applied
soft sets in many areas such as Riemann integration, Perron integration, smoothness of function,
operation research, game theory, probability and theory of measurements. Authors [5] applied soft
sets in decision-making problems. The notion of soft topological spaces is introduced in [6]. Then
researchers modified several concepts of classical topological spaces to include soft topological spaces,
some recently published soft topological papers are appeared in [7-26]. For the purpose of improving
some known topological theorems, Hdeib [27] introduced the notion of w-closed sets as a weaker
notion of closed sets as follows: Let (X, ) be a topological space and A a subset of X. A point x € X is
called a condensation point of A if for each open set U with x € U, the set U N A is uncountable. A is
called an w-closed subset of X if it contains all its condensation points, A is called an w-open subset
of X if X — A is w-closed. As a known characterization of w-openness, A is w-open if and only if for
each x € A there exists U € & and a countable set C C X such that x € U — C C A. The family of all
w-open subsets of X is denoted by 3. It is well known that , forms a topology on X finer than
3. Also, it is known that the collection {U — C : U € 3 and C is a countable subset of X} is a base for
3. Using w-open sets, Lindel6fness has been characterized in [27], several continuity concepts have
been introduced and studied in [28-30], and several generalizations of paracompactness have been
introduced and studied in [31]. Also, some modifications of both w-open and w-closed sets appear
in [32-36]. The area of research related to w-open sets is still hot (see [37—43]), and the door is still open
to use w-open for the purpose of generalizing some known topological concepts or improving some
known topological results.

When we define a reasonable generalization of soft open sets in topological spaces, we hope that
this will open the door for a number of future related research. For example, as a generalization of
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soft open sets in soft topological spaces, soft semiopen sets were defined in [44], then many related
research articles have appeared, for instance, [45-50]. In this paper, we will modify the definition of
w-open sets in classical topological spaces in order to define soft w-open sets and strongly soft w-open
sets as two new classes of soft sets. We will study the natural properties of these types of soft sets, and
we will study the validity of the exact versions of some known results in ordinary topological spaces
regarding w-open sets in soft topological spaces. Also, we will study the relationships between the
w-open sets of a given indexed family of topological spaces and the soft w-open sets of their generated
soft topological space. These relationships form a biconditional logical connective which is a symmetry.
As an application, we characterize soft Lindelof (resp. soft weakly Lindelof) soft topological spaces via
strongly soft w-open sets.

This paper is organized as follows:

In Section 2, we introduce some basic definitions and results which we use them in our research.

In Section 3, we introduce and investigate soft w-open sets as a class of soft sets which contains
the class of soft open sets.

In Section 4, we introduce and investigate strongly soft w-open sets as a class of soft sets which
lies between the class of soft open sets and the class of soft w-open sets.

In Section 5, In this section, we use strongly soft omega open sets to characterize soft Lindelof soft
topological spaces.

In Section 6, we define and investigate soft weakly Lindelof soft topological spaces. In particular,
we characterize soft weakly Lindelof sets STS’s which are strongly soft anti-locally countable via
Sw-open sets.

2. Preliminaries

In this section, we introduce some basic definitions and results which we use them in our paper.

Definition 1. [1] Let X be an initial universe and A be a set of parameters. A soft set over X relative to A is
a function F : A — P (X). The family of all soft sets over X relative to A will be denoted by SS (X, A).

Definition 2. [2] Let F,G € SS (X, A). (1) F is a soft subset of G, denoted by FCG, if F(a) C G(a) for each
a€ A

(2) F and G are said to be soft equal, denoted by F = G if FCG and FCG.

(3) Union of F and G is denoted by FUG and defined to be the soft set FUG € SS (X, A) where
(FUG) (a) = F(a) UG (a) for eacha € A.

(4) Intersection of F and G is denoted by FNG and defined to be the soft set FNG € SS (X, A) where
(FNG) (a) = F(a) NG (a) for each a € A.

(5) The difference of F and G is denoted by F — G and defined to be the soft set F — G € SS (X, A) where
(F—G) (a) = F(a) — G (a) foreach a € A.

Definition 3. [51] Let A be an arbitrary index set and {F, : « € A} C SS (X, A).

(a) The union of these soft sets is the soft set denoted by \J Fy and defined by (AU/Fa> (a) = U Fu(a)
xEA x€EA
foreacha € A.

(b) The intersection of these soft sets is the soft set denoted by () Ey and defined by (Aﬂ/Fa) (a) =

aEA a€A
N Fy (a) foreacha € A.
aEA

Definition 4. [2] Let F € SS (X, A).
(a) F is called a null soft set over X relative to A, denoted by 04, if F (a) = @ for each a € A.
(b) F is called an absolute soft set over X relative to A, denoted by 1,4, if F (a) = X for each a € A.
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Definition 5. [52] Let F € SS (X, A). F is called a soft point over X relative to A if there exist e € A and

x € X such that
_ ) {x} dfa=e
P(a)—{ O ifate’

We denote F by ex. The family of all soft points over X relative to A is denoted by SP (X, A).

Definition 6. [21] Let X be an initial universe and let A be a set of parameters. Foranya € AandY C X,
the soft set F € SS(X, A) defined by
F(b) = { Y ifb=a

@ ifb#a
will be denoted by ay.

Proposition 1. [52] Let ay, b, € SP (X, A). Then ay = by iff x = y and a = b.

Definition 7. [52] Let F € SS (X, A) and ex € SP (X, A). Then ey is said to belong to F (notation: ex€F) if
exCF or equivalently: ex€F iff x € F (e).

Proposition 2. [21]F € SS (X, A) — {04} iff there is ay € SP (X, A) such that a,€F.

Proposition 3. [52] Let F,G € SS (X, A). Then the following are equivalent:
(a) FCG.
(b) Forall ay € SP (X, A), ayEF implies ax€G.

Definition 8. [52] Let F € SS (X, A). The set {ay : ayE€F} will be denoted by Pt (F).
Itis clear that SP (X, A) = Pt (14).

Proposition 4. [52] Let X be an initial universe and A be a set of parameters. Then for any F,G € SS (X, A),
FCG iff Pt (F) C Pt(G).

Definition 9. [6] Let T C S(X, A). Then T is called a soft topology on X relative to A if
(1) 0p,14 €71,
(2) the union of any number of soft sets in T belongs to T,
(3) the intersection of any two soft sets in T belongs to T.

The triplet (X, 7, A) is called a soft topological space (STS) over X relative to A. The members of
T are called soft open sets in (X, T, A) and their complements are called soft closed sets in (X, T, A).

Proposition 5. [6] Let (X, T, A) be a STS. Then the collection {F(a) : F € T} defines a topology on X for
every a € A. This topology will be denoted by T, .

In this paper, the closure of a subset Y C X in the topological space (X, 7, ) mentioned in
Proposition 5 will be denoted by Y.

Definition 10. [53] Let (X, T, A) be a soft topological space. A subcollection B of T is called a soft base of T if
every member of T can be expressed as a union of members of B.

Proposition 6. [54] Let (X, T, A) be a STS and let B C t. Then B is a soft base for T if forevery F € T— {04}
and every ay€ F, there exists G € B such that ay€GC F.
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Definition 11. [6] Let (X, T, A) be a STS and let G € SS(X, A). The soft closure of G in (X, T, A) is denoted
by Cl+(G) and defined by
Cl(G) = N{F : Fis soft closed with GCF} .

Definition 12. [21] Let X be an initial universe and let A be a set of parameters. Let {3, :a € A} be an
indexed family of topologies on X. Then the soft topology {F € SS (X, A) : F (a) € Sy foralla € A} will be

denoted by @ .
acA

For any topological space (X,3) and any set of parameters A, denote the family
{FeSS(X,A):F(a) € Sforalla € A} by 7(3).

Proposition 7. [21] Let X be an initial universe and let A be a set of parameters. Let {S, :a € A} be an
indexed family of topologies on X. Then the family {ay :a € Aand Y € 3} is a soft base of @ ..
acA

Proposition 8. [21] Let X be an initial universe and let A be a set of parameters. Let {3, :a € A} be an

indexed family of topologies on X. Then < &) %ﬂ> = Sy forallb € A.
acA b

3. Soft Omega Open Sets

In this section, we introduce and investigate soft w-open sets as a class of soft sets which contains
the class of soft open sets.

Definition 13. [52] Let G € SS(X, A). Then G is called a countable soft set if for all a € A, the set G (a) is
countable. The collection of all countable soft sets from SS(X, A) will be denoted by CSS(X, A).

Definition 14. Let (X, T, A) bea STS and let G € SS(X, A). Then G is called a soft w-open set if for all ay €
G, there exist F € Tand H € CSS(X, A) such that ay €F — H CG. The collection of all soft w-open sets in
(X, T, A) will be denoted by 7.

Theorem 1. Let (X, T, A) bea STS and let G € SS(X, A). Then G is soft w-open if and only if for every a, €
G there exist F € T such that ay € Fand F — G € CSS(X, A).

Proof. Necessity. Suppose that G is soft w-open. Let ay € G, then there exist F € Tand H € CSS(X, A)
such thatay € F— H CG. Thusay € F € 7. Also, since F — H CG,then F— G CHandso F— G €
CSS(X, A).

Sufficiency. Suppose that for every ay € G there exist F € T such thatay € Fand F - G €
CSS(X,A). Let ay € G, then there exist F € T such thatay € Fand F — G € CSS(X,A). Put H =
F — (GUay). Then H € CSS(X, A) and ax EF — H CG. It follows that G is soft w-open. [

Notation 1. Fora STS (X, T, A), denote the collection {F — H : F € Tand H € CSS(X, A)} by ..

Theorem 2. Let (X, T, A) bea STS. Then
(1) T C 1 C 1.
(b) (X, 7w, A) isa STS.
(c) T is a base for T,.
(d) Countable soft sets are soft closed in (X, T, A).

Proof. (a) Since 04 € CSS(X,A), then T = {F—04: F € 7} C 7. On the other hand, 7. C 1,
is obvious.
(b) (1) Since 04,14 € T, thenby (a) 04,14 € Tw.
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(2) Let F,G € 1, and let ay € FNG. Then a,€F and a,EG. Then by Theorem 1, there exist
H,W € tsuch that axy€HNW € tand H—F, W — G € CSS(X, A). It is not difficult to check that
(HﬁW) — (FﬁG). Thus by Theorem 1, FNG € 1.

(3) Let {Gy : @ € A} C 1, and let ax€ |J Gg. Then there is B € A such that a,€Gg. So, there exist
aEA

F e tand H € CSS(X, A) such thatay, €EF — H QG;;EUG,X. Therefore, |J Gy € Tw.
aEN aEN
(c) Obvious.

(d) Follows because by (a), 7 C 7,. O

Theorem 3. Let X be an initial universe, A be a set of parameters and let T = {04} U
{la—H:H € CSS(X,A)}. Then (X, 7, A) isa STS.

Proof. (1) By definition of 7,04 € 7. Since 04 € CSS(X, A), then1y = (14 —04) € 7.

(2) Let 14 — H,14 — K € T—{04}. Then HUK € CSS(X,A) and (14 — H){i (14 —K) =
(14 — (HUK)) € 7.

(3) Let {14 —Hy:a€A} C T—{04}. Then N{Hy:a €A} € CSS(X,A) and so
U{la—Ha:a €A} =14—N{Hy:a €A} eT. O

Definition 15. Let (X, 7, A) be a STS. Then {04} U {14 —H: H € CSS(X,A)} will be called the
cocountable soft topology and will be denoted by coc(X, A).

Proposition 9. For any STS (X, 7, A), coc(X,A) C 1.
Proof. Obvious. O

Theorem 4. For any STS (X, T, A), the following are equivalent:
(a) coc(X,A) C T.
b) T = 7.
(c) T = 1.

Proof. (a) = (b): Suppose that coc(X,A) C 1. We need only to show that 7, C 7. Let G € T
and H € CSS(X,A). Then G— H = GN (14 — H). Since coc(X,A) C 7,then14 — H € 7 and so
G — H € 1. It follows that 7, C .

(b) = (c): Suppose that T = 7.. Then 7 is a soft topology. By Theorem 2 (c), it follows that
T, = T, and hence T = 1.

(c) = (a): Suppose that T = 1,,. Then by Proposition 9 and Theorem 2 (a), we have coc(X, A) C
. C1=T.

O

Corollary 1. Let X be an initial universe and A be a set of parameters. Then (coc(X, A)),, = coc(X, A).
Theorem 5. For any STS (X, T, A) we have 7, = (Tw),,-

Proof. By Proposition 9 and Theorem 2 (a), we have coc(X,A) C 7. C 7,. Then by Theorem 4,
it follows that 7, = (7w),,. O

Theorem 6. Let (X, 7, A) and (X,0, A) be two STS’s. If tUcoc(X, A) C o, then . C 0.

Proof. Let F — H € 1., where F € T and H is a countable soft set. Since F € 7,14 — H € coc(X, A)
and TUcoc(X,A) Co,thenF, 1y —H€ocandsoFN(1y—H)=F—-Heo. O

Corollary 2. Let (X, 1, A) and (X, 0, A) be two STS’s. If T U coc(X, A) C o, then 1, C 0.
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Proof. Follows from Theorem 6 and Theorem 2 (c¢). O

Lemma 1. [55] Let (X, T, A) be a STS and let BB be a soft base for T. Then for every a € A, the family
{F (a) : F € B} forms a base for the topology T, on X.

Theorem 7. Let (X, T, A) bea STS. Then foralla € A, (Ta)w = (Tw)a-

Proof. Leta € A. To show that (7;)w C (Tw)a, it is sufficient to see that U — C € (1), forall U € 1,
and a countable subset C C X. Let U € 1, and let C be a countable subset of X. Since U € T,
then thereis F € T such F (a) = U. Let H = ac, then H € CSS5(X, A). Since we have F — H € 1,
then (F—H) (a) =F(a) —H (a) = U — C € (Tw)a. To show that (1) C (Ta)w, by Theorem 2 (c) and
Lemma 1 it is sufficient to show that {(F —H) (a) : F € tand H € CSS(X,A)} C (4)w- LetF € T
and H € CSS(X, A), then (F — H) (a) = F (a) — H (a) with F (a) € 1, and H (a) is a countable subset
of X which implies that (F — H) (4a) € (T3)w. O

Corollary 3. Let (X, 7, A) bea STS. If G € 1, then for all a € A we have G (a) € (Ta)w-
Proof. Let G € 1, and leta € A. Then G (a) € (7v), and by Theorem 7 we have G (a) € (T3)w. O

Lemma 2. [21] Let X be an initial universe and let A be a set of parameters. Let {3, : a € A} be an indexed
family of topologies on X. If B, is a base for 3, foralla € A, then {ay :a € AandY € B,} is a soft base of
@D S

acA

Theorem 8. Let X be an initial universe and let A be a set of parameters. Let {3, : a € A} be an indexed

family of topologies on X. Then (@ E‘sﬂ> = @ (Su),-

acA acA
Proof. To show that (@ Sa> C @ (Sa), by Theorem 2 (c) it is sufficient to show that
acA w acA
(@ %u) C @ (Sy), Let F € @ 3, and H be a countable soft set. Then for every a € A,
acA c acA acA

F(a) € S, and H (a) is a countable subset of X and so (F—H) (a) = F(a) — H(a) € (Sa),-

Thus, F-H € @ (S4),. Foreverya € A, {U—-C:U € 3, and C is a countable subset of X}
acA
is a base for (3y),, so by Lemma 2 {ay_c:a€ A, U € 3, and C is a countable subset of X}

is a soft base for @ (3y),. Thus, to show that @ (S3y), C (@ %a> it
w

w*

acA aeA aeA
is sufficient to show that {ay_c:a€ A, U € 3, and Cisacountable subset of X} C
( &) %a) . Note that {ay_c:a€ A, U € J,and C is a countable subset of X} =
aceA w

{ay —ac:a € A, U € 3, and C is a countable subset of X}, which ends the proof. O

Lemma 3. [21] If (X, <) is a topological space and A is any set of parameters, then (7 (S3)), = S for all
ac A

Corollary 4. If (X, ) is a topological space and A is any set of parameters, then (7 (SJ)),, = T (Sw) for all
a€ A
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Proof. Foreacha € A, set 3; = 3. Then 7 (J) = @ I, and by Theorem 8
acA

() = <@ %)

acA

= @ (%a)w

ac€A
= 17(Sw).

O

Definition 16. The STS (X, T, A) is called a soft p-space if the countable intersection of soft open sets is
soft open.

Definition 17. [56] A STS (X, T, A) is called soft Ty if for any two soft points ay,a, € SP(X, A) with x # y,
there exist G, F € T such that a,€G — F and a,€F — G.

Lemma 4. [56] A STS (X, T, A) is soft Ty if for every soft point a, € SP(X, A) is soft closed.
Theorem 9. If (X, T, A) is soft Ty and soft p-space, then T = T,.

Proof. By Theorem 2 (a), T C 1,. To show that 7, C 7, by Theorem 2 (c) it is sufficient to show that
7. C 7. Let F € T and let H € CSS(X, A). Since (X, T, A) is soft T1, then by Lemma 4 ay soft closed for

allay€H,and so F — a, € T for all ay€H. Since (X, 7, A) is soft Ty, then 1 (F —ay) € T. Therefore,
axeH

F-H= N (F—ay) e
axeH

O

Definition 18. A STS (X, 7, A) is called soft locally countable if for ay € SP(X,A) there exists G €
CSS(X, A) N T such that ay€G.

Theorem 10. A STS (X, 7, A) is soft locally countable if and only if SP(X, A) C 7.

Proof. Necessity. Suppose that (X, T, A) is soft locally countable. Let a, € SP(X, A), then by soft local
countability of (X, T, A), there exists G € CSS(X, A) N 7 such that a,€G. Then G —a, € CSS(X, A)
andso,ay =G — (G —ay) € T..

Sufficiency. Suppose that SP(X, A) C 1. Letay € SP(X, A). Then a, € 1. and so thereis F € T
and H € CSS(X, A) such thata, = F— H. Then F € CSS(X, A) Nt with a,€F. It follows that (X, T, A)
is soft locally countable. [

Corollary 5. A STS (X, 1, A) is soft locally countable if and only if (X, T, A) is a discrete STS.
Corollary 6. If (X, 7, A) is a STS with X is countable, then (X, 1, A) is a discrete STS.
Theorem 11. For any STS (X, 1, A), (X, Tw, A) is soft Ty.

Proof. Follows from Theorem 2 (d) and Lemma 4. [

Definition 19. [56] A STS (X, T, A) is called soft T, if for any two soft points ay,a, € SP(X, A) with x # y,
there exist G, F € T such that a,€G, ay€F and GNF = 04.



Symmetry 2020, 12, 265 8 of 22

Theorem 12. If (X, 7, A) is a soft T, STS, then (X, T, A) is soft Ty.

Proof. Letay,ay € SP(X, A) with x # y. Since (X, T, A) is soft Ty, then there exist G, F € 7 such that
ax€G, ay€F and GNF = 04. By Theorem 2 (a), T C 7, and so G, F € 7, which ends the proof that
(X, Tw, A) issoft Tp. O

The following example shows that the converse of Theorem 2 need not to be true in general:

Example 1. Let X = N, A = Rand t = {14,04}. By Corollary 5, (X, ©,, A) is a discrete STS. Thus,
(X, Tw, A) is soft Ty. On the other hand, it is clear that (X, T, A) is not soft Tp.

Definition 20. A STS (X, 7, A) is called soft anti-locally countable if for every F € T — {04}, F ¢
CSS (X, A).

Theorem 13. A STS (X, T, A) is soft anti-locally countable if and only if (X, T, A) is soft anti-locally countable.

Proof. Necessity. Suppose to the contrary that (X, 7, A) is soft anti-locally countable and there is
G € tw — {04} with G € CSS(X, A). Choose ay € G. There are F € Tand H € CSS(X, A) such that
ay € F— HCG, and so FCHUG which implies that F € CSS(X, A). Since F € T— {04} and (X, 7, A)
is soft anti-locally countable, then we have a contradiction.

Sufficiency. Is obvious. [

Lemma 5. Let (X, 7, A) bea STS and let M € SS (X, A). Then ay € Clz(M) if and only if for all F € T with
ay€F we have FN M # 04.

Proof. Necessity. Suppose that ay € Clr(M) and suppose to the contrary that there is F € T with a,€F
wehave FAV M = 04. Since FN G = 04, then M C 14 — F. So, Cl;(M)C 14 — F. Since ay € Cl:(M),
then a, €14 — F, a contradiction.

Sufficiency. Suppose to the contrary that a, € (14 —CI:(M)) € t. Then by assumption,
(14 — Cl:(M)) N M = 04, a contradiction. [

Theorem 14. Let (X, T, A) be soft anti-locally countable. Then for all G € 1, Cl:(G) = Cl,(G).

Proof. Let (X, T, A) be soft anti-locally countable and let G € 1. Clearly that Cl;, (G) C Cl(G).
Conversely, suppose to the contrary that there is a,ECl+(G) — Cly, (G). Since M € 1, such that a,€M
but GV M = 04. Choose F € Tand H € CSS(X, A) such thatay € F — HCM. Thus, GN (F — H) = 04
and hence G FC H which implies that G F € CSS(X, A). Since a,€Cl.(G), then FNG # 04. Since
FNG € 1, — {04} and by Theorem 13 (X, T, A) is soft anti-locally countable, then FNG ¢ CSS(X, A),
a contradiction. [

The following example shows that Theorem 14 is no longer true if the assumption of being soft
anti-locally countable is omitted:

Example 2. Consider X =7, A=R,a=2and x =3andlet G = ay. Let T = {04,14,G}. Thenay € T
C 1y, we see that Cl:(G) = 14 but Cl,(G) = G # 14.

The following example shows in Theorem 14 that the assumption ‘G € 1, can not be dropped:

Example 3. Consider (R, 7 (Sy,),Z) where Sy, is the usual topology on R. Let G € SS(R,Z) where
G (x) =Q—{x} forall x € Z. Since G € CSS (R, Z), then by Theorem 2 (d) G is soft closed in (X, T, A),
and 5o Cl(y(g,)) (G) = G. On the other hand, it is not difficult to check that Cly(g,)(G) = 14.
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Notation 2. Let X be a non empty set, A be a set of parameters, Y be a non empty subset of X. If F € SS (X, A),
then Fy € SS(Y, A) is defined by Fy (a) = F (a) NY.

Definition 21. [57] Let (X, T, A) be a STS and Y be a non empty subset of X. Then vy = {Fy : F € T} is
said to be the soft relative topology on Y and (Y, Ty, A) is called a soft subspace of (X, T, A).

Lemma6. Let (X, T, A) bea STS and Y be a non empty subset of X. If BB is a soft base for T, then {Gy : G € B}
is a soft base for Ty.

Proof. Straightforward. [

Theorem 15. Let (X, T, A) bea STS and Y be a non empty subset of X. Then (Ty)w = (Tw)y-

G € (1y).. Then there are F € Tand H € CSS(Y,A) such that G = Fy — H. Let M € CSS(X, A)
where M (a) = H(a) foralla € A. Then G = Fy — My = (F—M)y. Since F — M € 1, then
G € (Tw)y-. To show that (7,)y C (7Ty)w, by Lemma 6 and Theorem 2 (c) it is sufficient to show that
{(F-H)y:Fetand H € CSS(X,A)} C (Ty)w- Let F € Tand H € CS5(X, A). Then (F — H), =
Fy — Hy with Fy € 1y and Hy € CSS(Y, A). Hence, (F — H)y € (Ty)w. O

Proof. To see that (Ty)w C (Tw)y, by Theorem 2 (c) it is sufficient to show that (7y). C (7w)y. Let

4. Strongly Soft Omega Open Sets

In this section, we introduce and investigate strongly soft w-open sets as a class of soft sets which
lies between the class of soft open sets and the class of soft w-open sets.

Definition 22. Let G € SS(X, A). The set {a € A : G (a) # @} is called the support of G and is denoted
Supp (G).

Definition 23. Let G € SS(X, A). Then G is called a strongly countable soft set if G is a countable soft set
and Supp (G) is countable. The set of all countable soft sets from SS(X, A) will be denoted by SCSS(X, A).

Proposition 10. Let G € SS(X, A). Then G € SCSS(X, A) if and only if the set {ay : ax€G} is countable.
Proof. Straightforward. [
Proposition 11. Let X be an initial universe and A be a set of parameters. Then SCSS(X, A) € CSS(X, A).

Proof. Straightforward. O

The following example shows in Proposition 11 that SCSS(X, A) # CSS(X, A) in general:
Example 4. Consider F € SS(N,R) with F (a) = {1} foralla € R. Then F € CSS(X, A) — SCSS(X, A).

Theorem 16. Let X be an initial universe and A be a set of parameters. Then SCSS(X, A) = CSS(X, A) if
and only if A is countable.

Proof. Necessity. Suppose that SCSS(X,A) = CSS(X,A). Pick x € X. Let F € S5(X, A) where
F(a) = {x} foralla € A. Then F € CSS(X, A). Since SCSS(X, A) = CSS(X, A), then F € SCSS(X, A).
So Supp(F) is countable. Since Supp(F) = A, then A is countable.

Sufficiency. Suppose that A is countable. By Proposition 11, SCSS(X, A) C CSS(X, A). Let F €
CSS(X, A). Then Supp(F) C A. Since A is countable, then Supp(F). It follows that F € CSS(X, A).
Therefore, CSS(X, A) C SCSS(X, A) and hence SCSS(X, A) = CSS(X,A). O
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Definition 24. Let (X, 7, A) bea STS and let G € SS(X, A). Then G is called a strongly soft w-open set if for
all ax € G, there exist F € Tand H € SCSS(X, A) such that ay €F — H CG. The collection of all strongly
soft w-open sets in (X, T, A) will be denoted by T, .

Theorem 17. Let (X, 7, A) bea STS and let G € SS(X, A). Then G is strongly soft w-open if and only if for
every ay € G there exist F € T such that ay € Fand F — G € SCSS(X, A).

Proof. Necessity. Suppose that G is soft w-open. Let ay € G, then there exist F € Tand H € SCSS(X, A)
such that ay € F— H CG. Thusay € F € 7. Since F— H CG, then F— G CHandso F—G €
SCSS(X, A).

Sufficiency. Suppose that for every ay € G there exist F € T such thatay € Fand F - G €
SCSS(X, A). Let ay € G, then there exist F € T such thata, € Fand F — G € SCSS(X, A). Put H =
F—G.Then H € SCSS(X, A) and F — H CG. It follows that G is strongly soft w-open. [

Notation 3. Fora STS (X, T, A), denote the collection {F — H : F € Tand H € SCSS(X, A)} by Ts.

Theorem 18. Let (X, T, A) be a STS. Then
(@) T C Toe C Tsw-
(b) (X, Tsw, A) is a STS.
(c) Tsc is a base for Tg,.
(d) Strongly countable soft sets are soft closed in (X, Tsew, A).
(e) Tsc C Te.
() Tsw € Tw-

Proof. (a) Since 04 € SCSS(X,A), then T = {F —04 : F € 7} C T5. On the other hand, T C Tsw
is obvious.

(b) (1) Since 04,1, € 7, then by (a) 04, 14 € Tec.

(2) Let F,G € Ty, and let ay € FNG. Then a,€F and ay€G. Then by Theorem 17, there exist
H,W € tsuch thatay€EHNW € tand H—F, W — G € SCSS(X, A). It is not difficult to check that
(HANW) — (FAG). Thus by Theorem 17, FNG € Ty .

(3) Let {Gy : @« € A} C Ty and let ax€ |J G,. Then there is B € A such that a,€Gg. So, there exist

aEA
F € Tand H € SCSS(X, A) such that a, EF — H CGgC U G,. Therefore, U Gy € Tow-
aEA xEA
(c) Obvious.
(d) Follows because by (a), Tsc € Tsw.
(e) Straightforward.

(f) Follows from (c), (e) and Theorem 2 (b). O

The following example shows that the inclusion in Theorem 18 (f) cannot be replaced by equality,
in general.

Example 5. Let X be a set which contains at least two distinct points, A be an uncountable set of parameters,
and T = {14,04}. Pick x,y € X with x # y and choose b € A. Consider the soft set defined by F (a) = {x}
foralla € A. Then1y — F € 1. C 1, with byélA — F. On the other hand, if 14 — F € Ty, then there
are G € tand H € SCSS(X, A) such that by, €G — H Cly—F. S0G =14and14 — H Cly — F which
implies that F CH. Since Supp (F) = A, then Supp (H) = A is uncountable, but Supp (H) is countable.
Therefore, 14 — F & Tse.

Theorem 19. Let (X, T, A) bea STS.
(a) If A is countable, then T, = Tsw.
(b) If coc(X, A) C T, then Ty = Tsw-
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Proof. (a) Suppose that A is countable. Then by Theorem16, SCSS(X, A) = CSS(X, A). So Tse = T¢
and by Theorems 2 (c) and 18 (c) it follows that T, = Tsw.

(b) Suppose that coc(X, A) C 7. Then by Theorem 4, 7, = 7. So by Theorem 18 (a) 7y = T C Ty
Also, by Theorem 18 (f) we have 7oy € 7. O

The following example shows that the implication in Theorem 19 (a) is not reversible, in general:

Example 6. Let X be an initial universe, A be an uncountable set of parameters and let T = coc(X, A).
Then by Theorem 19 (b), T = Tsw-

The following example shows that the implication in Theorem 19 (b) is not reversible, in general:

Example 7. Let X =R, A = Nand T = {14,04}. Then by Theorem 19 (a) we have T, = Tse. On the other
hand, it is clear that coc(X, A) is not a subset of T.

Theorem 20. Let X be an initial universe, A be a set of parameters and let T = {04} U
{1a—H:H € SCSS(X,A)}. Then (X, t,A) isa STS.

Proof. (1) By definition of 7,04 € 7. Since 04 € SCSS(X, A), then1y = (14 —04) € 7.

(2) Let 14 — H,14 — K € T — {04}. Then HOK € SCSS(X,A) and (14 — H)A (14 —K) =
(1A — (HOK)) €T

(3) Let {14 —Hy:a€A} C T—{04}. Then N{Hy:a €A} € SCSS(X,A) and so
U{lg—Ha:a €A} =14—N{Hy:a €A} eT. O

Definition 25. Let (X, T, A) bea STS. Then {04} U {14 — H : H € CSS(X, A)} will be called the strongly
cocountable soft topology and will be denoted by scoc(X, A).

Proposition 12. For any STS (X, 7, A), scoc(X, A) C Ts.
Proof. Obvious. O

Theorem 21. For any STS (X, T, A), the following are equivalent:
(a) scoc(X,A) C T.
(D) T = Ty
(€) T = Te-

Proof. (a) = (b): Suppose that scoc(X, A) C t. We need only to show that 7, C 7. Let G € T
and H € SCSS(X,A). Then G — H = GN (14 — H). Since scoc(X, A) C 7,then14 — H € T and so
G — H € 7. It follows that 7, C T.

(b) = (c): Suppose that T = Ts.. Then T is a soft topology. By Theorem 18 (c), it follows that
Tee = Tsw and hence T = T, .

(c) = (a): Suppose that T = T5,. Then by Proposition 12 and Theorem 18 (a), we have
scoc(X,A) CTee C Ty = 7. O

Corollary 7. Let X be an initial universe and A be a set of parameters. Then (scoc(X, A)),,, = scoc(X, A).
Theorem 22. For any STS (X, T, A) we have Tswy = (Tsw) 5

Proof. By Proposition 4.17 and Theorem 4.10 (a), we have scoc(X, A) C Tsc C Tyw. Then by Theorem
21, it follows that Tsy = (Tsw) O

sw*

Theorem 23. For any STS (X, T, A) we have Ty = (Tsw),, = (Tw)

sw*
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Proof. By Theorem 18(a) and (f) we have T C Tsw, Tw € (Tw ) Tsw € Tw and (Tw)gy, € (Tw)p = Tw-

Thus, we have 7w C (Tow), Tw € (Tw)s (Tsw)yw € (Tw)y = Tw and (Tw),, € Tw. Therefore,
Tw = (Tow)p = (Tw)ge- O

w

Theorem 24. Let (X, T, A) and (X, 0, A) be two STS’s. If T Uscoc(X, A) C o, then T5c C 0.

Proof. Let F — H € 15, where F € Tand H € SCSS(X, A). Since F € 7,14 — H € scoc(X, A) and
TUscoc(X,A) Co,thenF, 14— He€ovandsoFN(ly—H)=F—-Heo. O

Corollary 8. Let (X, T, A) and (X,0, A) be two STS’s. If Tt Uscoc(X, A) C o, then Ty, C 0.
Proof. Follows from Theorem 24 and Theorem 18 (c). [
Theorem 25. Let (X, T, A) bea STS. Then foralla € A, (Ta)w = (Tsw)a-

Proof. Let a € A. To show that (7;)w C (Tsw)a, it is sufficient to see that U — C € (Tyw), for all
U € 1, and a countable subset C C X. Let U € 1, and let C be a countable subset of X. Since U € T,
then there is F € T such F (a) = U. Let H = ac, then H € SCSS(X, A). Since we have F — H €
Tsw, then (F—H) (a) = F(a) —H(a) = U — C € (Tsw)a. To show that (Tsw)s € (Ta)w, by Theorem
2 (c) and Lemma 1 it is sufficient to show that {(F — H) (a) : F € Tand H € SCSS(X,A)} C (T)w-
Let F € Tand H € SCSS(X,A), then (F—H) (a) = F(a) — H (a) with F(a) € 1, and H (a) is a
countable subset of X which implies that (F — H) (a) € (T;)w. O

Corollary 9. Let (X, 7, A) bea STS. If G € Tsw, then for all a € A we have G (a) € (Ta)w-

Proof. Let G € Ty, and leta € A. Then G (a) € (Tsw ), and by Theorem 25 we have G (a) € (7). O
Corollary 10. Let (X, T, A) bea STS. Then foralla € A, (Tw)a = (Tsw)a-

Proof. Follows from Theorems 7 and 25. [

Theorem 26. Let X be an initial universe and let A be a set of parameters. Let {S, : a € A} be an indexed

family of topologies on X. Then (EB %a> =@ (S),-
sw

acA acA

Proof. To show that (EB %a) C & (S4), by Theorem 18 (c) it is sufficient to show that
acA sw acA

(EB %a) C & (Sa), LetF € @ Sy and H € SCSS(X,A). Then for every a € A,
acA sc acA acA
F(a) € S, and H (a) is a countable subset of X and so (F—H) (a) = F(a) — H(a) € (S4),-

Thus, F—H € & (Sy),- Foreverya € A, let {U—C:U € 3, and C is a countable subset of X}

acA
is a base for (3y),, so by Lemma 2 {ay_c:a€ A, U € 3, and C is a countable subset of X}
is a soft base for @ (Su),- Thus, to show that @ (S4), C < b 311) it
acA acA acA w
is sufficient to show that {ay_c:a€ A, U €S, and Cisa countable subset of X} -
( fa) %a) . Note that {ay_c:a€ A, U € 3, and C is a countable subset of X} =
acA sw

{agy —ac :a € A, U € 3, and C is a countable subset of X}, which ends the proof. O

Corollary 11. Let X be an initial universe and let A be a set of parameters. Let {S,; : a € A} be an indexed

family of topologies on X. Then (EB 3{1) = <€B %u) :
sw w

acA acA
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Proof. Follows from Theorems 8 and 26. [

Corollary 12. If (X, ) is a topological space and A is any set of parameters, then (T (3)),

w

Proof. Foreacha € A, set 3, = 3. Then 7 (J) = P I, and by Theorem 26,
acA

(T(s = <EB%>

acA

= @ (%’Z)w

acA
= 17(Sw).

O

Corollary 13. If (X, ) is a topological space and A is any set of parameters, then (T (3)),, = (T(S)),-

w

Proof. Follows from Corollaries 4 and 11. [
Theorem 27. If (X, 7, A) is soft Ty and soft p-space, then T = 7.
Proof. Follows from Theorems 9, 18 (a) and 18 (f). O

Definition 26. A STS (X, 1, A) is called strongly soft locally countable if for a, € SP(X, A) there exists
G € SCSS(X, A) N T such that ay€G.

Theorem 28. A STS (X, T, A) is strongly soft locally countable if and only if SCSS(X, A) N T is a soft base
for (X, T, A).

Proof. Necessity. Suppose that (X, T, A) is strongly soft locally countable. Let F € T — {04} and let
ax€F. Since (X, T, A) is strongly soft locally countable, then there is G € SCSS(X, A) N 7 such that
ax€G. Then we have GNF € SCSS(X, A) N T with a,EGAFCF. This shows that SCSS(X, A) N T is
a soft base for (X, 7, A).

Sufficiency. Suppose that SCSS(X, A) N T is a soft base for (X,7,A). Let a, € SP(X,A).
Then a,€1, and so there is G € SCSS(X, A) N T such that 1,€GC1,. This shows that (X,7,A)
is strongly soft locally countable. [J

Theorem 29. A STS (X, 1, A) is strongly soft locally countable if and only if SP(X, A) C Te.

Proof. Necessity. Suppose that (X, T, A) is strongly soft locally countable. Let a, € SP(X, A), then by
strong soft local countability of (X, T, A), there exists G € SCSS(X, A) such that a,€G. Then G —ay €
SCSS(X,A)and so,ay = G — (G —ay) € Ty

Sufficiency. Suppose that SP(X, A) C 7. Letay € SP(X, A). Then a, € 7,c and so thereis F € T
and H € SCSS(X, A) such thatay = F — H. Then F € SCSS(X, A) with a,€F. It follows that (X, 7, A)
is strongly soft locally countable. [

Corollary 14. A STS (X, T, A) is strongly soft locally countable if and only if (X, Tsw, A) is a discrete STS.
Corollary 15. If (X, 7, A) is a STS with X and A are countable, then (X, Tsy, A) is a discrete STS.

Theorem 30. For any STS (X, T, A), (X, Tsw, A) is soft Ty.
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Proof. Follows from Theorem 18 (d) and Lemma 4. O
Theorem 31. If (X, 7, A) is a soft T, STS, then (X, Tsw, A) is soft Ty.

Proof. Letay,ay, € SP(X, A) with x # y. Since (X, T, A) is soft T, then there exist G, F € T such that
ax€G, ay€F and GNF = 04. By Theorem 4 (a), T C Tsw and so G, F € T, which ends the proof that
(X, Tsw, A) issoft Tp. O

The following example shows that the converse of Theorem 31 need not to be true in general:

Example 8. Let X = N, A = Z and © = {14,04}. By Corollary 15, (X, Tsw, A) is a discrete STS. Thus,
(X, Tsw, A) is soft Ty. On the other hand, it is clear that (X, T, A) is not soft T,.

Definition 27. A STS (X, 1, A) is called strongly soft anti-locally countable if for every F € T — {04},
F ¢ SCSS (X, A).

Theorem 32. A STS (X, 7, A) is soft anti-locally countable if and only if (X, Tsw, A) is strongly soft
anti-locally countable.

Proof. Necessity. Suppose to the contrary that (X, T, A) is soft anti-locally countable and there is
G € Tsw — {04} with G € SCSS(X, A). Choose ay € G. There are F € Tand H € SCSS(X, A) such
that a, € F — HCG, and so FCHUG which implies that F € SCSS(X, A). Since F € T — {04} and
(X, T, A) is strongly soft anti-locally countable, then we have a contradiction.

Sufficiency. Is obvious. O

Theorem 33. Let (X, T, A) be strongly soft anti-locally countable. Then for all G € Ty, Clr(G) = Clq, (G).

Proof. Let (X, T, A) be strongly soft anti-locally countable and let G € Ts,. Clearly that Cl, (G) C
Cl-(G). Conversely, suppose to the contrary that there is ay€Cl(G) — Cl,,(G). There is M € Ty,
such that a,EM but GFY M = 04. Choose F € T and H € SCSS(X, A) such that ay € F — HCM. Thus,
GA (F—H) = 04 and hence GN FCH which implies that GN F € SCSS(X, A). Since a,ECl(G),
then FNG # 04. Since FNG € Ty, — {04} and by Theorem 32 (X, T, A) is strongly soft anti-locally
countable, then FNG ¢ SCSS(X, A), a contradiction. [

The following example shows that Theorem 33 is no longer true if the assumption of being
strongly soft anti-locally countable is omitted:

Example 9. Consider X =7Z, A=N,a=2and x =3 andlet G = ay. Let T ={04,14,G}. Thenay € T
C Tsw, we see that Cl(G) = 14 but Clr,,(G) = G # 14.

The following example shows in Theorem 33 that the assumption ‘G € 75, can not be dropped:

Example 10. Consider (R, T (S3y),Z) where S, is the usual topology on R. Let G € SS(R,Z) where
G(x) = Q—{x} forall x € Z. Since G € SCSS (R,Z), then by Theorem 18 (d) G is soft closed in
(X, Tsw, A), and so Cl((g,)). (G) = G. On the other hand, it is not difficult to check that Cly(g,)(G) = 14.

Sw

Theorem 34. Let (X, T, A) bea STS and Y be a non empty subset of X. Then (Ty)sw = (Tsw)y-

Proof. To see that (Ty)sw C (Tsw)y, by Theorem 18 (c) it is sufficient to show that (7y),. C (Tsw)y-
Let G € (Ty),.. Then there are F € T and H € SCSS(Y,A) such that G = Fy — H. Let M €
SCSS(X,A) where M (a) = H (a) foralla € A. Then G = Fy — My = (F — M)y. Since F — M € T,
then G € (Tow)y. To show that (Tsw)y C (Ty)sw, by Lemma 6 and Theorem 18 (c) it is sufficient
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to show that {(F—H), : Fetand H € CSS(X,A)} C (ty)w. Let F € Tand H € SCSS(X, A).
Then (F — H)y = Fy — Hy with Fy € 7y and Hy € SCSS(Y, A). Hence, (F — H)y € (Ty)sw. O

5. Soft Lindelof STS’s and Soft Sw-Open Sets

In this section, we use strongly soft omega open sets to characterize soft Lindelof STS’s.

Definition 28. [58] Let (X, T, A) bea STS and let ¢ C SS (X, 7).

(1) o is called a soft open cover of (X, T, A) ifc C Tand J{F: F € 0} = 14.

(2) A countable subfamily of a soft open cover o of (X, T, A) is called a countable subcover of o, if it is also
a soft open cover of (X, T, A).

(3) (X, T, A) is called soft Lindelof if every soft open cover of (X, T, A) has a countable subcover.

Lemma 7. Let (X, T, A) be a STS and let BB be a soft base of T. Then (X, T, A) is soft Lindelof if and only if
every soft open cover o of (X, T, A) with ¢ C B has a countable subcover.

Proof. Necessity. It is obvious

Sufficiency. Suppose that every soft open cover o of (X, T, A) with ¢ C 3 has a countable subcover.
Let o be a soft open cover of (X,7,A) with o C 7 — {04}. For every F € 0, thereis B C B
such that J{G:G € Br} = F. Letu = {G:G € Br,F€}. Then J{G:G € u} = 14 and by
assumption, there is a countable subcover p of y. For each G € p, choose F (G) € ¢ such that G CF (G).
Then {F (G) : G € p} is a countable subcover of 0. [

Theorem 35. A STS (X, 1, A) is soft Lindelof if and only if (X, Tsw, A) is soft Lindelof.

Proof. Necessity. Suppose that (X, T, A) is soft Lindelof. By Theorem 18 (c), T is a soft base of Ty, so by
Lemma 7 it is sufficient to show that every soft open cover o of (X, Tsw, A) with o C Ty has a countable
subcover. Let o be a soft open cover of (X, Tow, A) with o C Ty, say 0 = {Fy — Hy : v € A} with F, € T
and H, € SCSS (X, 1) forall« € A. Then {F, : « € A} is a soft open cover of (X, 7, A). Since (X, T, A)
is soft Lindelof, then there is a countable subset A; C A such that {F, : « € A1} is also a soft open
coverof (X,7,A). PutH = O{H,X & € A1}. Then H is strongly soft countable. For each a,€H, take
a (ax) € Asuch that ay€F, () — Hy(s,)- Therefore, {Fy — Hy : & € A1} U {Fa(ax) — Hy(g,) : axéH} is
a countable subcover of ¢. It follows that (X, 75, A) is soft Lindelof.
Sufficiency. It is obvious. O

Corollary 16. Let (X, T, A) bea STS, where T = scoc(X, A) is soft Lindelof.

Proof. Consider (X,0, A) where ¢ = {04,14}. Then (X, 0, A) is obviously soft Lindelof. So by
Theorem 35, (X, 05w, A) is soft Lindelof. Since 05, = scoc(X, A), then (X, 7, A) is soft Lindelof. O

Theorem 36. Let (X, 7, A) bea STS. If (X, Tw, A) is soft Lindelof, then (X, T, A) is soft Lindelof.
Proof. Follows because by Theorem 2 (a) we have 7 C 7,,. O

Theorem 37. Let (X, T, A) be a STS where T = coc(X, A). Then (X, 7, A) is soft Lindelof if and only if A
is countable.

Proof. Necessity. Suppose that (X, 1, A) is soft Lindelof and suppose to the contrary that A is
uncountable. Pick x, € X and let H € CSS(X,A) where H(a) = {x.}. For each a € A,
let G, = (14 — H)Uay,. Then {G,:a € A} is a soft open cover of (X,7, A) which contains no
countable subcover. Thus, (X, T, A) is not soft Lindelof which is a contradiction.
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Sufficiency. Suppose that A is countable. Consider (X,0, A) where ¢ = {04,14}. Then
0w = coc(X,A) and oy, = scoc(X,A). So by Theorem 19 (a) coc(X, A) = scoc(X,A). Therefore,
by Corollary 16 (X, T, A) is soft Lindelof. [J

The following example shows that the converse of Theorem 36 is not true in general:

Example 11. Let X be a non empty set and let be an uncountable of parameters. Let T = {04, 14 }. Then clearly
that (X, 7, A) is soft Lindelof. On the other hand since 1, = coc(X, A) and A is uncountable, then by
Theorem 37 (X, T, A) is not soft Lindelof.

Theorem 38. Let X be an initial universe and let A be a set of parameters. Let {S, : a € A} be an indexed

family of topologies on X. Then (X, @ S, A) is soft Lindelof if and only if A is countable and (X, 3,) is
acA

Lindelof for all a € A.

Proof. Necessity. Suppose that (X, @D S, A) is soft Lindelof. Since {ax : a € A} is a soft open cover
acA
of @ S, it contains a countable subcover {ax : a € A1} where A is a countable subset of A. It is
acA
not difficult to show that A; = A and hence A is countable. Let b € A. To show that (X,$3y) is

Lindelof, let M C S, with U{M : M € M}.Letc = {byy: M € M}U{ax:a € A—{b}}. Thenois
a soft open cover of the soft Lindelof STS <X, D g, A> and so it has a countable subcover p. It is

acA
not difficult to show that there is a countable subfamily Mj of M such thatp = {by; : M € M;} U

{ax :a € A—{b}}. Therefore, M, is a countable subcover of M and hence (X, },) is Lindelof.
Sufficiency. Suppose that A is countable and (X, <S,) is Lindelof for all 4 € A. Let B =

{ay:a € Aand Y € 3,}. By Proposition 7, B is a soft base of @ ;. We apply Lemma 7. Let o
acA

be a soft open cover of (X, D 3y, A) with o C B. Foreacha € A, leto, = {YC X:ay €0}.
acA
Then for all a € A, 0, is an open cover of the Lindelof topological space (X, S,) and so 0, contains

a countable subcover p,. Let p = {ay :a € Aand a € p,}. Since A is countable, then p is countable.

Therefore, p is a countable subcover of ¢. It follows that | X, & g, A> is soft Lindelof. O

acA
Theorem 39. Let X be an initial universe and let A be a set of parameters. Let {S, : a € A} be an indexed
family of topologies on X. Then the following are equivalent:

(a) | X, ( D 3 ,A> is soft Lindelof.
aceA w

(b) <X, ) Sa,A) is soft Lindelof.

acA

(c) (X, ( ® %a) ,A) is soft Lindelof.

acA

Proof. (a) = (b): Follows by Theorem 36.
(b) = (c): Follows by Theorem 35.
(c) = (a): Follows by Corollary 11. O

6. Soft Weakly Lindelof STS’s

In this section, we define and investigate soft weakly Lindelof STS'’s. In particular, we characterize
soft weakly Lindelof sets STS’s which are strongly soft anti-locally countable via sw-open sets.

Definition 29. [59] A STS (X, T, A) is called soft separable if there is F € SCSS (X, A) such that 14 =
Cl¢(F).
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Definition 30. A STS (X, 1, A) is called soft weakly Lindelof if every soft open cover o of (X, T, A) contains
a countable subfamily p such that 1, = Clo(J{F : F € p}).

Definition 31. [60] A topological space (X, ) is called weakly Lindelof if every soft open cover M of (X, <)
contains a countable subfamily My such that X = U{M : M € M;}.

Theorem 40. Every soft Lindelof STS is soft weakly Lindelof.

Proof. Let (X, T, A) be soft Lindelof and let ¢ be a soft open cover of (X, 7, A). Since (X, T, A) is soft
Lindelof, then there is a countable subfamily v of ¢ which is also a soft open cover of (X,7,A). Thus,
we have

g =J{F:Fe}CClL((J{F:Fer})
and hence 14 = CI(J{F : F € 9}). This shows that (X, T, A) is soft weakly Lindelof. [J
Theorem 41. Every soft separable STS is soft weakly Lindelof.
Proof. Let (X, 7, A) be soft separable. Let o be a soft open cover of (X, 7, A). Since (X, T, A) is soft

separable, then there is a G € SCSS (X, A) such that 14 = Cl(G). For every a,€G, choose F,, € o
such that ay€F,, . Then {F,, : a,€G} is a countable subfamily of ¢. Moreover,

14 = Cle(G) = Clo (| {ax : ax€G})ECL (\ {Fay : 1,EG}).

and hence 14 = CZT(LNJ {Fa, : ax€G}). This shows that (X, T, A) is soft weakly Lindelof. [

Lemma 8. [6] Let (X, 7, A) bea STSand F € SS(X, A). Then foralla € A, F (a)[Z C (CI(F)) (a).

Theorem 42. Let (X, T,A) be a STS. If A is countable and (X, 7,) is weakly Lindelof for all a € A,
then (X, t, A) is soft weakly Lindelof.

Proof. Let o be a soft open cover of (X, 7, A). For eacha € A, {F(a): F € ¢} is an open cover of
(X, 1,) and by assumption there is a countable subfamily ¢, of ¢ such that U {F (a) : F € 0,} = X.
Lety = {F:F € 0;,a € A}. Then 07 is a countable subfamily of c. By Lemma 8, or each a € A,

X = U{F(a):F€a,}
U{F(a):Fen}
(O{F:Feq})(a)

C (Cl(O{F:Fen}))(a).

N

It follows that Cl- (U {F : F € v}) = 14. Hence (X, 7, A) is soft weakly Lindelof. [

Corollary 17. If A is countable and {(X,3,) : a € A} is a family of weakly Lindelof topological spaces, then

X, ® Sa,A) is soft weakly Lindelof.
acA

Proof. For each b € A, by Proposition 8, ( &) %ﬂ) = 3y and so (X, ( &) Sa> > is weakly Lindelof.
acA b acA b

Thus, by Theorem 42, we have (X, D 3y, A) is soft weakly Lindelof. [
acA

The following Example will shows that the converse of Theorem 42 need not to be true in general:
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Example 12. Let X be an uncountable set and let A be a set of parameters contains at least two points.
Fixx € Xanda € A. Let t = {04} U{F € SS(X, A) : ax€F}. Then

(@) (X,t,A)isaSTS.

(b) (X, 1, A) is soft weakly Lindelof.

(c) (X, 1) is a discrete topological space and hence it is not weakly Lindelof for all b # a.

Proof. (a) (1) By definition of 7, 04 € T. Also, since obviously 4, €14, then14 € 7.
(2) Let F,G € T — {04}. Then ay € F and ax€G. So ay € FNG and hence FNG € T.

() Let {Gy:a € A} CT—{04}. Thena, &€ U Gyandso U G, € 7.
xEA aEA
(b) Let o be a soft open cover of (X, 7, A). Choose F € 0 — {04} and let p = {F}. Then p is

a countable subfamily of o with 14 = CI(F). It follows that (X, T, A) is soft weakly Lindelof.
(c) Straightforward. O

a

Lemma9. Let (X, 7, A) bea STS, where A = {a}. Then F (a) = (Cl(F)) (a).

Proof. Suppose to the contrary that F (a)u # (CI¢(F)) (a). Then by Lemma 8, there is x €

(CI(F)) (a) — F (a)". So, we have ”xéax,m” € T and a,ECI;(F). Thus, aximaﬁl—“ # 04. Choose

ayéax_maﬁl-". Theny € (X —F (a)a) N F (a) which is a contradiction. [
Theorem 43. Let (X, T, A) bea STS, where A = {a}. Then (X, 7, A) is soft weakly Lindelof if and only if the
topological space (X, 1) is weakly Lindelof.

Proof. Necessity. Suppose that (X, 7, A) is soft weakly Lindelof. Let M be an open cover of (X, 7;).
Then {ay; : M € M} is a soft open cover of (X, 7, A) and so there is a countable subfamily M; C M
such that CI:(U{ap : M € M1}) =14

Sufficiency. Suppose that (X, 7,) is weakly Lindelof. Let ¢ be a soft open cover of (X, 7, A). Then
{F(a) : F € o} is an open cover of (X, ;) and so there is a countable subfamily  of ¢ such that
U{F(a): F€v} = X. By Lemma 9, we have (CIc(U{F:F € v})) (a) = U{F(a): Fe} = X.
It follows that Cl- (U {F : F € 7v}) = 14. Hence, (X, T, A) is soft weakly Lindelof. [

Theorem 44. Let (X, T, A) be a STS, where A = {a}. Then (X, T, A) is soft separable if and only if the
topological space (X, T,) is separable.

Proof. Necessity. Suppose that (X, T, A) is soft separable. Then there is F € SCSS (X, A) such that
14 = CI¢(F). Since A = {a}, then there is a countable subset Y C X such that F = ay. We are
going to show that Y = X. If Y* # X, then thereis x € X —Y" € 1,. So, there is G € T such
that G (a) = X —Y" and hence G = ay ye. Sinceay € G € Tand ay € Cl¢(F), then GNF # 04.
But GNF = ay, yeNay = XV =

Sufficiency. Similar to the necessity part. O

ap = 04. It follows that Y* = X and hence (X, T,) is separable.

The following example shows that the converse of Theorem 40 is not true in general:

Example 13. Let S be the Sorgenfrey line and (X, ) be the Cartesian product topological space S x S. It is well
known that (X, ) is a separable topological space that is not Lindelof. Let A = {a} and let T = {ay : U € I}.
Then (X, 7, A) is a STS with T, = 3. Thus, by Theorems 44 and 38 (X, T, A) is soft separable that is not soft
Lindelof. Therefore, by Theorem 41 (X, T, A) is soft weakly Lindelof that is not soft Lindelof.

The following example shows that the converse of Theorem 41 is not true in general:

Example 14. Let X be an uncountable set and let S be the cocountable topology on X. It is well known that
(X, ) is a Lindelof topological space that is not separable. Let A = {a} and let T = {ay : U € S}. Then
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(X,7,A)isa STS with t, = . Thus, by Theorems 44 and 38 (X, T, A) is soft Lindelof that is not soft separable.
Therefore, by Theorem 40 (X, T, A) is soft weakly Lindelof that is not soft separable.

Lemma 10. Let (X, 7, A) be a STS and let B be a soft base of T. Then (X, 7, A) is soft weakly Lindelof
if and only if every soft open cover o of (X, T, A) with ¢ C B contains a countable subfamily p such that
14 = Cl(U{F : F € p}).

Proof. Necessity. It is obvious

Sufficiency. Suppose that every soft open cover o of (X, T, A) with ¢ C B contains a countable
subfamily p such that 14 = CI-(J{F : F € p}). Let o be a soft open cover of (X, T, A) witho C T —
{04}. Forevery F € o, there is By C Bsuch that J{G:G € Bp} = F. Lety = {G:G € By, F € 0}.
Then U{G:G € u} = 14 and by assumption, y contains a countable subfamily p such that 14 =
Cl:(U{G : G € p}). For each G € p, choose F (G) € o such that G CF (G). Then {F (G) : G € p}isa
countable subfamily of 0. Also,

14 = CL(U{G: G € p))ECL({F(G): G € p})

which shows that 14 = CI(U{F(G):G €p}). It follows that (X,T,A) is soft weakly
Lindelof. O

Theorem 45. Let (X, T, A) be a strongly soft anti-locally countable. Then (X, T, A) is soft weakly Lindelof if
and only if (X, Tsw, A) is soft weakly Lindelof.

Proof. Necessity. Suppose that (X, T, A) is soft weakly Lindelof. By Theorem 18 (c), Ts is a soft base of
Tsw, S0 by Lemma 10 it is sufficient to show that every soft open cover ¢ of (X, T, A) with o C T,
contains a countable subfamily p such that 14 = Cl;(U{F : F € p}). Let ¢ be a soft open cover of
(X, Tsw, A) witho C 75, say 0 = {Fy — Hy : o« € A} with F, € Tand H, € SCSS (X, 1) foralla € A.
Then {F, : « € A} is a soft open cover of (X, T, A). Since (X, T, A) is soft weakly Lindelof, then there is
a countable subset A; C A such that Cl(J{Fy : « € A;}) = 14 is also a soft open cover of (X, T, A).
Put H = J{H, : « € A1}. Then H is strongly soft countable. For each ay€H, take a (ay) € A such that
axEFy(a,) — Hy(a,)- Therefore, {Fy — Hy 1 € A} U {le(ax) — Hy(ay) axéH} is a countable subfamily
of o and by Theorem 33,

1A CZT(U{Fa e Al})QClT({Fu — H,x S Al} U {Fa(ax) — H‘x(ax) . LIXEH})

= Clo,({Fy—Hy:a € A} U {wa) — Hyay) : axéH}).

It follows that (X, Tsw, A) is soft weakly Lindelof.
Sufficiency. It is obvious. O

The following example shows in Theorem 45 that the assumption ’strongly soft anti-locally
countable’ can not be dropped:

Example 15. Let (X, T, A) as in Example 12. Then
(a) (X, Tsw, A) is a discrete STS.
(b) (X, Tsw, A) is not soft weakly Lindelof.

Proof. (a) We show that SP (X, A) C Tsw. Let b, € SP (X, A). If by = ay, then by € T C Tsw. If by # ay,
then we have a,Ub, € T, a, € SCSS (X, A) and so (axUby) — ay = by € Too.

(b) By (a), SP (X, A) is a soft open cover of (X, Tsw, A). If p is a countable subfamily of SP (X, A),
then by (a) Clr,(U{F : F € p}) = U{F : F € p} # 14. It follows that (X, Ts,, A) is not soft weakly
Lindelof. O
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7. Conclusions

In this paper, w-open sets as a weaker form of open sets in ordinary topological spaces are
extended to include soft topological spaces, where soft w-open sets and strongly soft w-open sets as
two weaker forms of soft open sets are introduced and investigated. The results deal mainly with the
relation between the generated soft topology and the given indexed family of topologies, as well as the
relation between a given soft topological space and their topological space. Also, as two main results,
the soft Lindelofeness and soft weak Lindelofeness are characterized. In future studies, the following
topics could be considered: 1) To define several types of soft w-continuity; 2) To define separation
axioms via soft w-open sets.
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