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Abstract: Integral inequalities play a critical role in both theoretical and applied mathematics fields.
It is clear that inequalities aim to develop different mathematical methods. Thus, the present days
need to seek accurate inequalities for proving the existence and uniqueness of the mathematical
methods. The concept of convexity plays a strong role in the field of inequalities due to the behavior
of its definition. There is a strong relationship between convexity and symmetry. Whichever one we
work on, we can apply it to the other one due the strong correlation produced between them, especially
in the past few years. In this article, we firstly point out the known Hermite-Hadamard (HH) type
inequalities which are related to our main findings. In view of these, we obtain a new inequality
of Hermite-Hadamard type for Riemann-Liouville fractional integrals. In addition, we establish
a few inequalities of Hermite-Hadamard type for the Riemann integrals and Riemann-Liouville
fractional integrals. Finally, three examples are presented to demonstrate the application of our
obtained inequalities on modified Bessel functions and g-digamma function.
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1. Introduction

Generally, integral inequalities form a strong and thriving field of study within the huge
field of mathematical analysis. They have participated in the study of many common fields, e.g.,
ordinary differential equations, integral equations, and partial differential equations [1,2]. Particularly,
they have participated in the field of fractional differential equations, especially fractional integral
inequalities, which have been crucial in providing bounds to solve initial and boundary value problems
in fractional calculus, and in establishing the existence and uniqueness of solutions for certain fractional
differential equations [3—-6].

The most efficient branch of mathematical analysis is fractional calculus, which involves integrals
and derivatives taken to fractional orders or orders outside of the integer or natural numbers. Here,
we present the Riemann-Liouville (RL) definition to facilitate the discussion of the aforementioned
operations, which is most commonly used for fractional derivatives and integrals.

Definition 1 ([7,8]). Let x € J := |3, a4]. Then, for any L' function G on the interval J, the nth left-RL and
right-RL fractional integrals of G(x) are, respectively, defined by:

7,60 = o [ =07 G0, 0
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and ,
~M = _
e 0y

where Re(n) > 0 and I'(-) represents the known gamma function:

/ (x—x)" ' G(p)dx,

The most well-known inequality, which has a strong relationship with the integral mean of
a convex function, is the Hermite-Hadamard (HH) inequality [9]:

_ 1 &y G G
¢ (as—;M) = g — &3 /th C(R)dx = (0‘3);’ (M)' @

where G : ] C R — R is assumed to be a convex function and a3, a4 € J with az < ay.

The HH inequality in Equation (2) gives an approximate from both sides of the mean value
of a convex function and ensures the integrability of the convex function as well. In addition, it is
a matter of great attention and one has to observe that some of the classical inequalities for means
can be obtained from Hadamard’s inequality under the usefulness of peculiar convex functions G.
The inequality in Equation (2) plays a crucial role in mathematical analysis and in other areas of pure
and applied mathematics as well. Typical applications of the classical inequalities are: probabilistic
problems, decision making in structural engineering, and fatigue life.

The right and left part inequality of the inequalities in Equation (2) are called trapezoidal and
midpoint inequalities. There are two types of the researchers who have been worked on the inequalities
in Equation (2). Many of them have worked only on the trapezoidal type inequality [10-12] or midpoint
type inequality [13,14], while others have bee n worked on both of them at the same time [15-17].
Both trapezoidal and midpoint inequalities can be explained in the following definition:

Definition 2 ([15]). Suppose G : [a3,a4] € R — R is a twice differentiable function on an open interval
(a3, a4) with |G|, == SUP,¢(

G"(x)| < oo. Then, the trapezoidal and midpoint type inequalities are

a3,04)
defined by:
X4 g — A3~ = (“4 _“3>3 =1/
/ G(O)dx — =5 —[G(w3) + Gla)]| < = (16" &)
a3
and
N = (43 + &y (ag —a3)® | =
[ 6(0ax — (s —a) 6 (272 )| < B0 o)., @
a3
respectively.

From a complementary viewpoint to Ostrowski type inequalities [18], trapezoidal and midpoint
type inequalities provides a prior error bounds in estimating the Riemann integral by a generalized
midpoint and trapezoidal formula [15,19]. We know that the development of Ostrowski’s inequality
has registered an attractive growth in the past decade with more than two thousand papers published
on it. Many refinements, generalizations, and extensions in both discrete and integral cases have
been discovered (see [16,17]). Generalized versions were discussed, e.g., the corresponding versions
on time scales, form-time differentiable functions, for multiple integrals, or vector valued functions
(see [15,20]). Many applications in special functions, numerical analysis, probability model, and other
fields have been proved (see [16]) as well.
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In 2013, Sarikaya et al. [12] generalized the Hermite-Hadamard inequality in Equation (2) to
fractional integrals of Riemann-Liouville type. Their result is stated as follows:

- (a3 +u I'(n+1)
G( 32 4)§2(0¢4—tx3)

i {jZJrG(M) +sz6(0¢3)} < M

/ ®)
where G : [n3,a4] — R is assumed to be an L! convex function with 7 > 0. Meanwhile, they obtained
some inequalities of trapezoidal type in the same paper.

On the other hand, Sarikaya and Yildirim [13] introduced a new version of the HH-inequality
(Equation (2)) for Riemann-Liouville fractional integrals:

(ata 21717 (7 + 1) _ - - G(az) + G(as)
o) < ey {32“32“4)+G(“4)”2“3§“4)'G(“3)}§324' ©

Meanwhile, they obtained some inequalities of midpoint type in the same paper.

There are many papers studying integral inequalities for the Riemann-Liouville fractional
integrals and some new relevant generalizations of Hermite-Hadamard type inequalities
(see [11,12,19,21-27] for more details).

The purpose of this paper is to introduce a new inequality of Hermite-Hadamard type and to
establish a few related inequalities for Riemann-Liouville fractional integrals.

2. The New Hermite-Hadamard Inequality

In view of the HH-inequality in Equation (5) and HH-inequality in Equation (6), we can deduce
the following version of the HH-inequality.

Proposition 1. Let G : [a3,a4] — R be an L' convex function on [a3, ay) with a3 < ay. Then for y > 0,

we have
217 T+ 1) | = (03t oA f(a3tag) g - ] i,
LD 0 () 6 0

Moreover, we have the following new HH-inequality

- a3+ oy 217 T +1) [ (340 1 A0ty G(az) + G(ay)
< < .
e e A e R e O e e

K3+0y

Proof. Applying twice the right part of the HH-inequality in Equation (5) with a3 replaced by =5~
and a4 replaced by ©7%, obtains

21717 (7 +1)
(ag —az)

21717 (7 +1)
(ag — a3)"l

7 = A A X3y

j<a3+a4>+G(‘x4)+‘J(X4—G < 2 )
2

.Y ~ -

J“3+G( 5 ) +J(a3;“4),G(063)

Adding these together, we see that the inequality in Equation (7) is proved directly.

On the other hand, we can deduce from the inequalities in Equations (6) and (7),

2170 +1) [y - (az+as 7 o~ (3t 0 G(as) + G(ag)
o (55) o o (42 B

-2

<




40f11
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that this gives the right part of the inequality in Equation (8)

By convexity of G, we can write
~(X+ty

<

(%)

G(®)+G(®)
2

and for ¥ = %_txg + SAagand 7 = %ag + 4 0c4, write
26 (0% c o (a4 228, ) v o (28 + X)), e (0], (10)
2 2 2 2 2
, and then integrating both sides with

Multiplying both sides of Equation (10) by (1 — )

respect to i over [0, 1], we get
"‘3+“4>/( ol l01X</ )1 1(;( 2-X 4>d;z

2 2
+/ ’7 1G( ZX(X3+?2(0(4> dX

zG(

By changing the variables in both right side integrals, we obtain
21 % n—1 _

<a3+064) < - /m :x (x—w> G(x)dx

(g —a3)7 Josjta 2

21 =y

fG

n 2

+ P
(ag —ag)"

- (a3 +ay 21T +1) [y - (az+as N a3 + oy
<
G( 2 ) (g —ag)" Tt C 2 9,6 2 ’ (1)
and thus the left part of the inequality in Equation (8) is proved. Therefore, the inequalities in
Equations (9) and (11) can be rearranged to the desired inequality in Equation (8). O

This can be expressed as

Remark 1. The inequality in Equation (7) with = 1 becomes
1 L7 1. /a3+ay 1@(0(3)4—@(0(4)
< = — .
/ G(x)dx_2G< > )+2 >

&g — 03
Remark 2. The inequality in Equation (8) with 1 = 1 becomes the inequality in Equation (2)

Lemmal. If G : [a3,a4] — R isan L' function, then we have the following trapezoidal formula equality

a3+ oy 1 a3 + 0y
£)rol-e () )

21717 (7 + 1) {3,7 e (
a3

2 X+ §a4> d;z}. (12)

G(as) +G(ay)
2 (g — az)"
_"‘4—"‘3{/01(1_,3)*7(‘;’@3 2;X )dx—/ol(l—X)”G'< >
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Proof. By making the use of integrating by parts and then changing the variable, we get

—/ (1-x)"G <)2( 2= XIX4> dx
1
o 20-x)" A (X 2-X 2t s (R L 2-X )
T G(zzx3 7 ~ “4_“3/0 1-x)""G El’(3+ 5 dx
X=
2 _ 277+117 i a3+ g =1
= Glag) = ———7 /%?4 (u 5 ) G(u)du

g — 03 (ag —ag)

2 2T (p+1) oy - [(a3+as
ny — 063G %) - (g — az)1H1 Tni-C ( 2 > '

Analogously, we have

> 5 _
_/ UG/( 2)(“3+)2€a4>dx
1
20-x)" < (2—-X X 21 /1 —1s (2 X X _
= pad 1— n ~A
P G( 5 rx3+21x4 +“4_a3 O( X)" G > oc3+21x4 dx

2 I (+1) 7% fag+ay =1 _
- ¢ < T2 i G(o)d
ny — 03 (3) + (g —az)7H1 /as ( 2 U) (v)do

_ 2T (y +1) <oc3 + a4> N 2110 (17 + 1)37, G <a3 +a4>
(g — a3) 71 2 (g — a3) 717037 2 )

Consequently, we have

N4 — 03 . G(l’ég) + G(l’é4) 2'7_1F(17 + 1) n A~ 03ty ~ a3 + oy
4 (€1 - 62) - 2 - (“4 — 0(3)17 3063+G > + J“47G T .

This ends the proof of Lemma 1. [J

Remark 3. Observe that:

1. The equality in Equation (12) with 1 — x replaced by x becomes the following midpoint formula equality:

w Ul S ~1] = (2 A 3+ oy
@) {303;&4)&( 4)+J<%),G( 3)} G< > >

_a4_“3 1—;7‘/ Z Z_X —_/.1 =1 A/ Z_X K _
= 7] {/OXG (2063+ > 064>d)( OXG 2 IX3+2064 dx ¢,

which was proved before in [13] by Sarikaya and Yildirim.
2. The equality in Equation (12) with 1 = 1 becomes the following trapezoidal formula equality

Glag) + Glay) 1 [ Gax
2 g — X3 Jag

_ k403 ! oA (X 2—-x - ! =\ A 2-x X =
== {/0 (1-xG (zrx 7 (x4>d)( /0(1 )()G( 5 oc3+20c4)d)(}.
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Theorem 1. If G : [a3, 4] — R is an L! function, then, for the convexity of |G'|2,0 > 1 on [a3, ay] with
x3 < ag, we have the following trapezoidal formula inequality:

Glaz) +G(ag) 277'T(n+1) [ ~(as+ag) | a3 + oy
2 (ag —az)" Jo+ G 2 +90,-G 2

ay— 3 BR,y+1) - 2— (p+1)BR,y+1) -, G
4<n+1>15{( 116 g+ 22 DEBI D 1

N <2— (1 ;(;)f%ﬂ? ) 16 a2 + ‘WW(M@)Q}, (13)

where B(-, -) represents the beta function:

1
B(81,62) = /o X1 - Ry
Proof. At first, we let ¢ = 1. Then, by making use of Lemma 1 and the convexity of |G'|, we have

G(az) +Glag)  277'T(y +1) . a3+ ay 1 a3+ oy
‘ 2 (ag —agz)" Tas+ G 2 + 30, -G 2

044—063 1 X 2-X = (2—X X .
/0 {‘ (2 > 064)‘+’G< 2 0C3+20€4 dyx
—a 1
BB (16 )|+ 16 @) [ (1-7)7dx
X4

- (,7+1)(|G’<a3>|+|c’<a4>|)

IA

| /\

For ¢ > 1, we use Lemma 1, power-mean inequality, and the convexity of |G'|¢ to get

s D 1 (252) 1.0 (252)
<o ( /;u_@vdx)“ {( [la-rfe (B 255 ax)
(oo (e L) far))

— {(/ 0" | £16/ >|@+2;X|G’<a4>|@}dx)‘lz

17+1

+(/01<1—x> 276 (aa)IQ+IG(0c4)IQ]dX>é}

a4 —a3 B(2,n+1), 2- (g + 1By +1) ., 1
_4('7+1)15{< 7 |G )l + 207+ 1) |G(w4)|q)

2-(+1)B2y+1) B2,y+1), ~, 0
+( 2(7+1) |G(“3)|Q+2|G(0<4)|‘3> }
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where the following facts are used:

2 2 !
1_
X1 ovige 1 ~B2,n+1)
) 50-0ax = o

Thus, we are done. [

Remark 4. Observe that:

1. The inequality in Equation (13) with 11 = 1 becomes the following trapezoidal formula inequality:

G(a3) er Glag) - ias /0:4 G(x)dx
B Mg%{(m’(gg)w N 5@’<6a4>|@>@ . (5|G/<6ws>g i lG’<g4>|Q)"}. (14)

2. The inequality in Equation (13) with y = 1 and ¢ = 1 becomes the following trapezoidal formula
inequality:

‘G(%);G(m‘ : /“4G<x>dxg%(lé’(@lﬂé’(mw (15)

g — X3 Jag

Theorem 2. If G : [a3,a4] — R is an L function, then, for the convexity of |G'|¢,0 > 1 on [n3, ag] with
w3 < g, we have the following trapezoidal formula inequality:

G(az) +G(ag) 217 T(n+1) [y ~[a3+ag 7 o~ [+ 0y
‘ o) el e P el

(g —a3)"
< M |G (a3)[° + 3]G  (ag) |\ ¢ | (3]G (a5)|® +]G"(wg)|? Q}’ 16
_4(ﬂp+1)5{< 4 > +( 4 ) 1o

1,1 _
whereé—l—g—l.

Proof. Making use Lemma 1, Holder’s inequality, and the convexity of |G’|¢, we get

’G(zxg,);é(m;) 27T (g + 1) {323+G <cx3+zx4) LG (zx3 +¢x4) H

(g — a3) 2 4= 2
&g — 03 1 . -3 1L, (% 2—% ¢ ]
< VA X _
<= (/0 (1-%) dx) (/O G (21x3+ 5 vc4> dx)

1
1 _ 2 _ ¥ v 4 °
+ (/0 G’( zxzx3+)2(vc4> dx) }

: M{ (f [Bree+ 25 e wr dx>é

([ R e e+ Zic ] dx)l‘?}

_ wmw [ (1G@)I 3G )\ ¢ (3G (@)l + G ()]0 ¢
4(17p+1)%{( 4 ) +< 4 ) }’
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which rearranges to the proof. [J

Remark 5. The inequality in Equation (16) with 1 = 1 becomes the following trapezoidal formula inequality:

Glaz) +Glag) 1
2 Ny — Q3

/lx4 G(x)dx

a3

< M {('Gl(”‘3)|9+3|@(w4)'g)é+<3|G’<“3)IQ+G’<"‘4)|Q>é}

T a(pr1)e 4 4

1

<270 (25)" (16 )l + 16 @al).

3. Examples

There are many applications to demonstrate the use of integral inequalities, especially applications
on special means of the real numbers [10,14,16]. In this section, we present some examples to
demonstrate the applications of our obtained results on modified Bessel functions and g-digamma
functions. The modified Bessel functions have been shown to play an important role in the Casimir
theory of dielectric balls (see, e.g., [28-30]).

Example 1. Consider the function Z; : R — [1, 00), defined by
T5(z) =2%T(0+ 1)z "I4(z), z€R.
Here, we consider the modified Bessel function of the first kind g, defined by [31]:
(5)"™

5= Ly

The first order derivative formula of T5(z) is given by [31]:

Ié (z) = ﬁzﬁl (2). (17)

By making use of Remark 2 and the identity in Equation (17), we can deduce

w35 1(as) + asgZyy1(ag)
4(p+1)

Ty(ay) — Ty(as)
Ny — K3

or g > —1,a3,a4 € Rwith 0 < a3 < ay. Specifically, for T_, (z) = cosh(z) and T (z) = ™) e get
0 R with Specifically, for T_, h(z) and Z, SInh(z) e g
cosh(ay) — cosh(as)

o4 — 03

< sinh(a3) + sinh(ay)
< > .

We can also get the following inequalities for the inequality raised in Remark 1 by the same technique
used above:

Zy(ag) — Zg(a3)
Ny — K3

a3 + oy T (063 + a4) n w3Zgy1(a3) + asZyiq(ag)
=8(a+1) ! 2 8(0+1)

In particular,

cosh(ay) — cosh(az)
Ng — K3

2 4

< % sinth <oc3 + zx4> n sinh(az) + sinh(ay)
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Example 2. Here, we consider the modified Bessel function of the second kind K, defined by [31]:

T_5(z) + I
Ks(z) = ;gii)(gn)g(z).

Ks(z)

Z0

/
Let Gy(z) := — ( ) with ¢ € R. Consider the integral representation [31]:

Kalz) = /0 =7 Ot coch(at)dt, 2> 0.

It is clear that z — KC5(z) is a completely monotonic function on an interval (0, c0) for all § € R. Since the
product of two completely monotonic functions is also completely monotonic, z — Gg(z) is a strictly completely
monotonic function on the same interval for all ¢ > 1. Therefore, the function

Ks(z) ), Kg+1(2)

Gola) = (F52) = =4 as)

is strictly completely monotonic on an interval (0,00) for all § > 1 and thus G is a convex function. Then,
by making use of Remark 2 and the identity in Equation (2), we can deduce

w3/ Co(ag) — ag®KCq(a3)
Ky — &3

< 44 Kgi1(a3) + a3?Kq1(ng)
- 2

foreach ¢ > 1and a3, 0y € R with 0 < a3 < ay.
We can also get the following inequality for the inequality raised in Remark 1 by the same technique
used above:

230 o () — K5 (a3)
nNg — K3

1 [ 20304 0 a3+ oy 064@’C@+1(“3) + WS@IC@H(M)
<3 Kst1 +
2 \ a3+ oy 2 4

foreach ¢ > 1and a3, 0y € R with 0 < az < ay.

Example 3. Consider the g-digamma function ¥y, defined by [31]:

) Q€+z
Yo(z) = —In(1—¢) +In(0) ) s
{=0
0 Qéz
=-In(1-¢)+In(0) ) T
=1 Q

for0 <o <1,and

1 0 Qf(é+z)
¥o(z) = —In(0—1) +1n(o) | z — 5~ ) T-
=0+

0 —lz
— —In(g—1) +In(o) (Z— % ‘g_zlge—f>

foro>1landz > 0.
From those definitions, we see that z — ¥, (z) is a completely monotonic function on an interval (0, %)
for all ¢ > 0, and consequently z — ¥, (z) is convex on the same interval.
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Let Gy(z) := Yy (2) with @ > 0 and, therefore, Gy(z) := ¥y, () is completely monotonic on the interval
(0,00). Then, from Remark 1, we have

_ Yolas) + ¥o(as)
_— 2 .

11,22 (063 +0é4) < ‘Te(‘)%) — ¥o(as) (19)

2 nNg — K3

Combining the inequalities in Equations (15) and (19), we get

B2 )+ ).

¥o(az) + ¥y (as) ~ Yolas) — ¥o(as)
2 g4 — K3

4. Conclusions

In this article, we consider the new integral inequality and some related inequalities of the
Hermite-Hadamard type for Riemann-Liouville fractional integrals. Integral inequalities form a crucial
branch of analysis and have been combined with various type of fractional integrals but never done
before in this form. For this reason, we study the inequality of Hermite-Hadamard type and related
inequalities via the Riemann-Liouville fractional integrals, generalizing the previous results obtained
by Sarikaya et al. [12,13].
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