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Abstract: The paper considers the multi-criteria decision-making problem based on linguistic picture
fuzzy information. Firstly, we propose the concept of linguistic picture fuzzy set(LPFS), where the
positive-membership, the neutral-membership and the negative-membership are represented by
linguistic variables, and its operation rules are also discussed. The linguistic picture fuzzy weighted
averaging (LPFWA) operator and linguistic picture fuzzy weighted geometric (LPFWG) operator are
developed based on the proposed operation rules. Secondly, we propose the generalized weighted
distance measure, the generalized weighted Hausdorff distance measure, and the generalized hybrid
weighted distance measure between LPFSs and discuss their properties. Thirdly, we extend the
technique for order of preference by similarity to the ideal solution (TOPSIS) method and the TODIM
(an acronym in Portuguese of interactive and multi-criteria decision-making) method to the proposed
distance measure, and the linguistic picture fuzzy entropy method is proposed to calculate the weights
of the criteria. Finally, an illustrative example is given to verify the feasibility and effectiveness of the
proposed methods, the comparative analysis with other existing methods and sensitivity analysis of
the proposed methods are also discussed.

Keywords: linguistic picture fuzzy set; hybrid distance measure; entropy; multi-criteria
decision-making

1. Introduction

In 1965, Zadeh [1] proposed the fuzzy set (FS) F = {(x, up(x))|x € X}, where pp(x) represents
the membership degree of x € X to the set F. Since it was put forward, it was extended in many aspects.
One of the generalizations of FS is intuitionistic fuzzy set (IFS), which was introduced by Atanassov [2]
by adding the non-membership degree to the FS. The IFS was defined as E = {(x, up(x), vg(x))|x € X},
where g (x) and vg(x) represent the the membership degree and the non-membership degree of
x € X to the set E. Although the IFS has been successfully applied in many fields, they cannot
represent all decision information. For example, the voters are divided into four groups of those
who: vote for, abstain, vote against, and refusal of the voting, which cannot be expressed by the FS
and the IFS. In order to express such information, Cuong [3] proposed the concept of picture fuzzy
set (PFS) P = {(x, up(x),np(x),vp(x))|x € X}, where pp(x), np(x) and vp(x) represent the positive
membership degree, the neutral membership degree, and the negative membership degree of x € X
to the set P, respectively. The PFS is suitable to represent the decision information involving more
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answers: yes, abstain, no, refusal. Comparing with IFS, the hesitancy degree of PFS is dividend into
two parts: neutral degree and refusal degree.

In traditional multi-criteria decision-making problems, the decision makers use numerical values
to evaluate the alternatives. However, in many practical decision-making problems, due to the
complexity of the decision-making environment, the decision makers may prefer to use linguistic
variables [4-6] to represent evaluation information, which is more aligned to human being’s cognition.
Since the introduction of linguistic variable, the linguistic term set (LTS) and its extension have been
studied and applied to many fields [7-17]. For example, Chen et al. [12] proposed the concept
of linguistic intuitionistic fuzzy set (LIFS) where the membership degree and the non-membership
degree are represented by linguistic terms. However, the LIFS has some limitations in representing
the decision maker’s opinions in qualitative evaluation involving more answers: yes, abstain, no,
refusal. Although some scholars have studied the picture linguistic term set [13-15], but its positive
membership, neutral membership, and negative membership represent the element of X to a certain
linguistic term, they are expressed by numerical values. In some situations, the evaluation is suitable
to be represented by linguistic terms.

The linguistic picture fuzzy set has effective reliability to demonstrate the questionable and
probable datum which emerge in real decision-making problems. The motivations and goals of the
paper are given as follows: (1) Introduce the concept of linguistic picture fuzzy set; (2) Put forward
some new operational laws for linguistic picture fuzzy set and discuss their properties; (3) Propose the
linguistic picture fuzzy weighted average operator and the linguistic picture fuzzy weighted geometric
average operator; and (4) Establish the multi-criteria decision-making method on the basis of the
TODIM method and TOPSIS method under linguistic picture fuzzy environment, which can deal with
uncertainty information effectively.

2. Literature Review

2.1. Application of Picture Fuzzy Set in Decision-Making Methods

PFS has more degrees of freedom to express the uncertain information in practical decision-making
problems, which is more realistic and computational driven. Recently, many scholars applied the
PFS to multi-criteria decision-making problems. Wei [18] proposed the picture fuzzy cross entropy
and utilized it to rank the alternatives in real decision-making problems. Furthermore, Wei [19]
introduced the operations of PFSs and proposed picture 2-tuple Bonferroni mean operator according
to the proposed operations. Considering the sum of degrees of PFSs in [19] exceeds 1, Wang [20]
proposed some new operations of PFSs and applied them into multi-criteria decision-making problems.
Wang [21] constructed a multi-criteria decision-making framework for risk evaluation of construction
project with picture fuzzy information. For many other applications of PFS in decision-making
methods, we can refer to [22-26].

On the other hand, we know that the distance measure can describe the difference between FSs,
which is an important aspect in multi-criteria decision-making problems. Many distance measures
between FSs have been proposed in the past few years. The common distance measures are the
Hamming distance measure, the the Euclidean distance measure, generalized distance measure,
and the Hausdorff distance measure [27-31]. These distance measures are widely used with TOPSIS
method, TODIM method, et al.

2.2. An Overview of the TOPSIS Method with the Recent Development

As we know, the TOPSIS method is an important multi-criteria decision-making method proposed
by Hwang and Yoon [32], which select the best alternative based on its closest distance to the positive
ideal solution and the farthest distance to the negative ideal solution. In recent years, many scholars
have carried out extensive research on it. For example, Sajjad et al. [33] developed the TOPSIS
method to interval-valued Pythagorean fuzzy set. Liu et al. [34] introduced the concept of Fermatean
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fuzzy linguistic term sets based on linguistic scale function and extended the TOPSIS method to the
proposed Fermatean fuzzy linguistic term sets. Furthermore, Chen et al. [35] proposed the proportional
interval type-2 hesitant fuzzy set based on Hamacher aggregation operators and extended the TOPSIS
method to its fuzzy decision environment. The TOPSIS is a ranking method based on the concept of
compromised solution. In realistic decision-making problems with a TOPSIS method, an important
step is how to balance the separations of an alternative from the positive ideal solution and the negative
ideal solution.

The TOPSIS method is not only reasonable but also implicitly considered the relative importance
of the alternative to positive ideal solution and negative ideal solution.

2.3. An Overview of the TODIM Method with the Recent Development

The TODIM method was proposed by Gomes and Lima [36] based on the prospect theory,
which considered the behavior of decision makers. Many scholars have studied the TODIM
decision-making methods. For example, Gomes and Rangel [37] defined a reference value for
the rents by the TODIM method of multi-criteria decision aiding. Zhang and Xu [38] developed
the TODIM method to hesitant fuzzy environment based on the decision maker’s psychological
behavior. Furthermore, Ji et al. [39] introduced a projection-based TODIM method under neurotrophic
environments and applied it to personnel selection. Liu et al. [40] extended the TODIM method
to the distance measure under Fermatean fuzzy linguistic environment. According to the existing
studies about the TODIM methods, we know that the TODIM method is an acronym in Portuguese
of interactive and multi-criteria decision-making, which considers the behavior of decision makers.
The advantage of TODIM method is the potential value of gains and losses can be used to reflect
risk preferences.

In general, this paper developed the TOPSIS method and TODIM method to the proposed LPFSs.
There are several contributions of the paper, which are given as follows:

(1)  We give the concept of LPFS and define the operation rules between LPFSs, which have more
advantages to deal with the uncertainty in multi-criteria decision-making problems.

(2) We propose the linguistic picture fuzzy weighted averaging operator, the linguistic picture fuzzy
weighted geometric operator, and the hybrid distance measures between LPFSs.

(3) We define the linguistic picture fuzzy entropy to calculate the objective weights of the criteria
in multi-criteria decision-making problems, then we develop the TOPSIS method and TODIM
method with linguistic picture fuzzy entropy to the proposed distance measures.

The rest of the paper is organized as follows: In Section 2, we briefly review some basic concepts
and operation laws about IFS, PFS, and LTS. In Section 3, we first give the definition of LPFS and define
its basic operation rules, then the LPFWA operator and the LPFWG operator are developed. In Section 4,
we propose the generalized weighted distance measure, the generalized weighted Hausdorff distance
measure and the generalized hybrid weighted distance measure between LPFSs and discuss their
properties. In Section 5, we extend the TOPSIS and TODIM method to the proposed distance measure,
and the corresponding decision-making methods are established based on entropy weight to deal with
the multi-criteria decision-making problems. In Section 6, an illustrative example is given to verify the
feasibility and effectiveness of the proposed methods, the comparative analysis with other existing
methods and sensitivity analysis of the proposed methods are also discussed. Finally, the conclusions
and future studies are given in Section 7.

3. Preliminaries

In this section, we review some basic concepts and operations related to IFS, PFS, and LTS.
Throughout the paper, let X = {x1, x2, ..., X, } be a finite and discrete set.
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3.1. Intuitionistic Fuzzy Set
Definition 1. [2] Let X be a fixed set, and an IFS E is defined as follows:

E = {(x, pe(x),0e(x))|x € X},

where pp(x)(0 < pp(x) < 1) and vg(x)(0 < vg(x) < 1) represent the membership degree and the
non-membership degree of x € X to the set E, respectively, and they satisfy the condition: 0 < pg(x) + vg(x) <
1forany x € X. mg(x) =1 — pugp(x) — vg(x) is the hesitant degree of x € X to the set E.

3.2. Picture Fuzzy Set
Definition 2. [3] Let X be a fixed set, and a PFS P is defined as follows:

P={(x, up(x), 1p(x), 0p(x))|x € X},

where up(x)(0 < up(x) < 1), np(x)(0 < yp(x) < 1) and vp(x)(0 < vp(x) < 1) represent the positive
membership degree, the neutral membership degree, and the negative membership degree of x € X to the set
P, respectively, and they satisfy with the follow condition: 0 < up(x) + np(x) +vp(x) <1 forany x € X.
The refusal membership degree Gp(x) =1 — pup(x) — yp(x) — vp(x).

The PFS is a generalization of FS and IFS. If the set X has only one element, the PFS is reduced to
P = (up,np,vp), we call it a picture fuzzy number (PEN).

Definition 3. [3] Letting P = {(x, pp, (x),1p, (x),vp, (x))|x € X} and Py = {(x, pp,(x),11p,(x),vp,(x))|x €
X} be any two PFSs on X, the consequent operations of PFSs are given as follows:

(1) Py CPiffVx € X, up (x) < pp, (x),17p, (x) < 11p,(x) and vp, (x) > op, (x);

(2) Pp=Diff Py CPyand P, C Py;

(3)  PyU Py = {(x,max(pp, (x), ptp, (x)), min(yp, (x), 17p, (x)), min(vp, (x), vp, (x)))[x € X};
(4) P10 Py = {(x,min(pp, (x), up, (x)), max(yp, (x),1p,(x)), max(vp, (x),0p,(x)))|x € X};
(5) P = {(x,0p,(x),7p, (x), pp, (x))|x € X}.

Definition 4. [23] Letting P; = {(x, pp, (x),11p, (x),vp, (x))|x € X} and P, = {(x, pip, (x), 17p, (%), vp, (x))|x €
X} be any two PFSs on X, A > 0, the operations of PFSs are defined as follows:

1) Pr® Py = (ppy (%) + ppy (x) = ppy (¥) i, (%), 76, (x)17, (), 0Py (X) 0P, (%)),

(2) Pr® Py = (pp (x)pp, (%), 17, (%) 4178, (%) = 176y (x)17, (%), 0Py (%) + 0P, (x) — 0Py (x)0p, (%)),
3) APr= (1= (1= pp (), (gp, (1)), (0p, (1))}

@) Pt = (o)1= (1= py (2))N, 1 = (1= op, (x)1).

Definition 5. [26] Letting P = (up,np,vp) be a PFN, the score function S(P) and the accuracy function
H(P) can be defined as follows:

S(P) = Up — Up, S(P) S [—1,1],
H(P) = up+np+wvp, H(P)e€[0,1].

Definition 6. [26] For any two PFNs Py = (up,,1jp,,vp,) and P» = (yp,, p,,vp,), S(Py) and S(P,) are the
score functions of Py and P>, H(Py) and H(P,) are the accuracy functions of Py and P,, the comparison rules of
Py and P, are given as follows:

(1) IfS(Pl) < S(Pz), then P; < DPy;

(2) IfS(Pl) > S(Pz), then Py > DPs;
(3) IfS(Pl) = S(Pz), then



Symmetry 2020, 12, 1170 5o0f 27

(@)  ifH(Py) < H(P,), then Py < Py;
(b) lfH(Pl) = H(Pz), then Pl ~ Pz.

3.3. Linguistic Term Set
Definition 7. [4] Let S = {s;|i = 0,1,---,27} be a finite discrete linguistic term set, which satisfies
the following properties:
(1) Theset S is ordered: s; > sjif i > j;
(2)  Negation operator: neg(s;) = s; where j = 2T — i;
(3)  Maximization operator: Max(s;, sj) =s;jifs; >sj;
(4)  Minimization operator: Min(s;,s;) = s; if s; > s;.
In order to describe the linguistic evaluation information accurately in multi-attribute

decision-making problems, Xu [41] extended the discrete linguistic term set S to the continuous
linguistic term set S, = {s;|i € [0,27]}.

4. Linguistic Picture Fuzzy Set

In this section, we first propose the LPFS and its operational rules. The score function and accuracy
function of LPFS are described, which play an important role in comparing linguistic picture fuzzy
numbers. Then, we propose the LPFWA operator and the LPFWG operator, and their properties are
also given. Furthermore, we propose the hybrid distance measure for LPFSs and discuss its properties.

4.1. Linguistic Picture Fuzzy Set and Its Operations
Definition 8. Letting X = {x1,x, ..., X, } be a fixed set, the LPFS « is defined as

k= {(xi,su(xi),5p(xi),50(x;))|x; € X},

where sy (x;),5p(X;),50(x;) represent the linguistic positive membership degree, the linguistic neutral
membership degree, and the linguistic negative membership degree of x; € X to the set «, respectively. For any
x; € X, the conditions sy (x;),55(xi),59(Xi) € S and 0 < a+ B+ 0 < 27 are always established.
The linguistic refusal membership degree is syc_o_p_g(x;). If the set X has only one element, we call
K = (sa,Sp,59) as a linguistic picture fuzzy number (LPFN).

Definition 9. Let x = (sq,5p,59) be a LPEN, and the score function LS(x) is defined as follows:
LS(k) =a—6, )
and the accuracy function LH (k) can be given as:
LH(x) = a+B+86. 2)

Based on the proposed score function and accuracy function, the comparison rule between two
LPFNSs %7 and 3 is given as follows:
(1) IfLS(xq) > LS(xy), then k1 > xo;
(2) IfLS(xq) = LS(xy), then

(@) if LH(xy1) > LH(kp), then k1 > xp;
(b)  if LH(x1) = LH(k7), then k1 ~ k.

Example 1. Letting k1 = (S2,51,53), ko = (84,51,52) and k3 = (s1,51,82) be three LPFNs defined on
S(o,21] = S|o,8), according to (1), we can get LS(x1) = —1, LS(xp) = 2and LS(x3) = —1. In order to compare
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with these LPFNs, we should continue calculating the score function of k1 and k3. According to (2), we can get
LH(xy) = 6 and LH(x3) = 4. Thus, ky > k1 > 3 is obtained based on Definition 9.
4.2. Some Operation Rules and Properties of Linguistic Picture Fuzzy Numbers

Based on the operations of picture fuzzy numbers, we introduce the operation rules of LPFNs
as follows.

Definition 10. Let k1 = (Sq;, S B/ sp,) and xy = (Sa,,s Bas s, ) be two LPFNs, the operation rules between x4

and 1y are defined as follows:

(1) x1&K = (Stlerzx 4%, SﬁlﬁZ ’ 59%92 );

(2) K1 QK= (5“1“2/

(3) /\Kl =
A , .

@) x = <SZT(%)/\’SZT—ZT(1—%)A’ 21_21(1_%)A)’

(5) 11 Croiffaeg <ap, By < Poand 6y > 6y

(6) &1 = (0,56, 501)-

0 );

%b1+p2—B32 7 %0, 10,

CUA
(S2T—27(1—%))\' (b 2T )

Example 2. Let A = 2, k1 = (sp,51,54) and «p = (s3,52,52) be two LPFNs defined on So21 = Sjog)
the operational rules can be shown as follows:
1) K1 ®r2 = (55,5 23,5102,502) = (5425,5025,51);

(2) K1 RKy = (SM,51+271 2, S4+27%

oo
m‘

< ) = (S0.75,52.75,85);

(3) 2Kk = (58—8(1—;)2’ 58(—)2’ 8(%)2) (83.5,50.125,52);
(4) K% (58( )2'58 8(1— 1)2’58 8(1— 4) ) = (50.5/51.875/56);

(5) Because2 = a1 <ap =3,1= 01 < P2 =2,4=01 >0y =2,itiseasy to have k1 C x».

4.3. Linguistic Picture Fuzzy Aggregation Operators

In this subsection, we develop the LPFWA operator and the LPFWG operator based on the
operation rules defined in Definition 10, their properties are also discussed.

Definition 11. Letting x; = (Saj,Sﬁj,Sej)(j = 1,2,...,n) be a number of LPFNs defined on Sy ;) and
w = (w1, wy, ..., wn) be the weighted vector OfK]'(j =1,2,...,n), satisfying with 27:1 wj=10<w;<1),
then the LPFWA operator is defined as follows:

n

LPFWA(k1, %2, ..., kn) = EP(wjik;). ©)
j=1

Definition 12. Letting x; = (sa;,Sp;,50;)(j = 1,2,..,n) be a number of LPFNs defined on Sy ;) and
w = (w1, wy, ...,wy) be the weighted vector of;c]-(j =1,2,..,n), satisfying with 2]”:1 w; =10 < w; <1),
the LPFWG operator is defined as follows:

n
LPFWG(k1,K2, ., Kn) = ®(K;U])
j=1

5. The Distance Measures between Linguistic Picture Fuzzy Sets

In this section, we first develop the generalized weighted distance measure and the generalized
weighted Hausdorff distance measure between LPFSs, respectively, then combing the proposed two
distance measures, we define a generalized hybrid weighted distance measure between LPFSs.
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Definition 13. Letting A = {(sa, (x}),5p,(x), 50, (x}))|x; € X} and B = {(su (x}),5p5(x;), 50, (x}))|x; €
X} be two LPFSs defined on X = {x1,%x2, .., Xn}, where sy(x;j),sp,(x;) and sg,(x;)€ Spoq(i = A,B),
the generalized weighted distance measure between LPFSs is defined as follows:

I

where A > 0, w = (w1, w3, - -+, wy) is the weight vector of x;(j = 1,2,- - -, n) and satisfies with } /'y w; =
1(0 < CU]' < 1).

wa(xj) — ap(x))
2T

* L [Bat) — Bo(x)

A
0a(xj) —0p(x))

+
2T

2T

dro(A,B) = [; iwj (
=

Definition 14. Let A = {(sa, (x}),5p,(x;),50,(x}))|x; € X} and B = {(su, (%), 5p5(x;), 50, (x}))|x; € X} e two
LPFSs defined on X = {x1,xy, ..., Xn}, where sy (x;),sp,(x;) and sg,(x;)€ Sjg27)(i = A, B), the generalized
weighted Hausdorff distance measure between LPFSs is defined as follows:

A )] T

where A > 1, w = (w1, wy, ..., wy) is the weight vector of xj(j = 1,2,...,n) and satisfies with Z}‘Zl wj =
100 < wj < 1).

Ba(x)) - Bal(x)|"
2T

0a(x;) — Op(x;))
2T

aa(xj) — ap(x))

A
2T !

’

n
leH(A/ B) = [Z w]-max <
j=1

Definition 15. Let A = {(sa,(xj),5p,(x),%0,(x;))|xj € X} and B = {(suz(x;),5p,(xj), 50, (x}))[x; €
X} be two LPFSs defined on X = {x1,x,...,xn}, where sy, (;),sp,(x;) and sg.(x;) € Sjor)(i = A, B),
the generalized hybrid weighted distance measure between LPFSs is defined as follows:

A >:|

s ) — . A
digwy (A, B) = <Zz’ ({max< Ba(x;) — Br(x;))
=1
A>>>%

2T
1
ta2
where A > 1, w = (w1, wy, ..., wy) is the weight vector of Xj (j = 1,2,...,n) and satisfies with Z}q:l wj =
10 < wj < 1),

04 (x;) — 0p(x))
2T

aa(x;) — ap(xj)

A
27 !

’

4)
Ba(x;) — Br(xj)
2T

"‘A(xj) —ap(x))
2T

A+ 04(xj) —0p(x;)

A
+ 2T

6. Results

In this section, we develop the TOPSIS method and TODIM method based on the proposed
distance measure to linguistic picture fuzzy decision-making environment and propose the
corresponding linguistic picture fuzzy multi-criteria decision-making methodology using linguistic
picture fuzzy entropy.

Assuming that a linguistic picture fuzzy multi-criteria decision-making problem has
m alternatives { A1, Ay, ..., Ay }, each alternative is evaluated based on the criterion {Cy, Cy, ..., Cy },
and w = {wq, wo, ..., wj} is the corresponding weight vector of criterion C; (j =1,2,..,n) and satisfies
with ¥ jwj = 1(0 < w; < 1). The evaluation of alternatives given by the decision-maker is
represented by LPENs A;j = (sa;;, g, 56, ) (i = 1,2,..,m;j =1,2,...,n), and the linguistic picture fuzzy
information matrix A is given as follows:

C @) . Cy
Al (S‘Xll’ 5,511/ 5911) (Sau, Sﬁlzf 5912) s (S"‘ln’ 5/51;1’ Sgln)
Ay (50421’5/321’5921) (Sazzfsﬁzzfs(’zz) (5“2 75B2y7 50, )
A= (Aij)mxn = . . . . ! . v . (5)

Am (S"‘ml’ S,Bml’ ngl ) (StmeI Sﬁmz/ Semz) s (s“mn/ S,an’ semn>
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The purpose of the multi-criteria decision-making problem is to rank the alternatives and
choose the appropriate one. In the following, we develop the TOPSIS and TODIM methods to
LPFSs, respectively.

Multi-Criteria Decision Making with TOPSIS Method Based on Entropy Weight under the Linguistic Picture
Fuzzy Decision Environment

In the following, the proposed distance measure with TOPSIS method and TODIM method under
linguistic picture fuzzy decision environment is summarized by the following algorithmic steps.

Step 1: Normalize the evaluation decision matrix.

In the TOPSIS method, we should choose the alternative that has the shortest distance from
the positive ideal solution and the longest distance from the negative ideal solution. The positive
ideal solution is a solution that maximizes all the benefit criteria and minimizes all the cost criteria.
Firstly, we determine the adjustment method based on the type of attribute criteria. For the benefit
type criterion, we do not need to do anything, but, for the cost type criterion, we apply the negation
operator defined in Definition 10 to adjust the corresponding element A;; = (sq;;, s Bijs 591.].) in decision
matrix, which can be obtained as follows:

Aij =

~ { (sai,., SByi/ 59,»,)/ for benefit type criterion; ©)

(Sgl,f, Spys Sa,,-), for cost type criterion.

Step 2: Calculate the weight vector of criteria based on linguistic picture fuzzy entropy.
In order to get the objective weights of the criteria, we first introduce the entropy weight method,
and the corresponding definition of linguistic picture fuzzy entropy is defined as follows.

Definition 16. Let A = {(su,(x),5p,(x),50,(x))|x € X} and B = {(su5(x),5p,(x),59,(x))|x € X}
be two LPFSs defined on X = {x1,x, -+, X}, where sy, (x), sp,(x) and sq,(x) € Sjg27)(i = A, B) for any
x € X, if the function Es : LPFSs(X) — [0, 1] satisfies the following conditions:

(1) Es(A) =0if Aisacrisp set;

(2) (A)—llfﬂéA—‘BA—GA,

(3)  Es(A) < Es(B) if aa — Bal +[aa — 04l +[Ba — 04| = |ap — Bg| + [ap — 05| + B — 5],
(4)  Es(A) = Es(A), where A is the complement of A,

then Es is a linguistic picture fuzzy entropy.

Definition 17. Let A = (s,XA,sﬁA,s(;A) be a LPFN, where a4, Ba and 64 € [0,27], the linguistic picture
fuzzy entropy measure is defined as follows:

ES(A):1_2T1X2(‘D‘A_ABA|+|D‘A—9A|+‘ﬁA_9A|)- 7)

Example 3. Letting k1 = (s3,52,51) be a LPEN, where s3, 55 and 51 € Sjg 27 = S| g], we can obtain

1

ES(A)Zl_zxsxz

(I3=2|+[3—=1]+]2—1]) = 0.8438.

Now, we apply (7) to calculate the entropy value of A}j, and the corresponding entropy value
matrix E = (El-]-)mxn is obtained as follows:



Symmetry 2020, 12, 1170 9 of 27

G G C
A1 [En En E1n
Ap Erxy Ex» ... E
E= . S ®)
Auw \Eyn Eunp ... Emn

Aggregate and normalize the entropy value matrix E, which is given as follows:

Yty Eij

_ == (i =1,2..m,i =1,2..n), ©)
ie1 Lj—1 Eij ( J )

G =

where E;; is the corresponding entropy value.
Calculate the objective weights of criteria, the weight of criterion C; is obtained by

1-¢

m, (j=12,...,n), (10)

Wwj =

where ¢; is the normalized entropy value.
Step 3: Obtain the linguistic picture fuzzy positive-ideal solution and negative-ideal solution,
respectively, which can be described as follows:

At = (A AL, ALY, AT ={A[, Ay, ALY, (11)

where g]* = mux{glj, ﬁzj,. . ,ﬁmj} and ﬁ]* = min{glj, ﬁzj,~ . ,ﬁm]-}, which are determined by the
score function and accuracy function of LPFNs defined in Definition 9.

Step 4: Utilize the proposed distance measure to calculate the separation distance measure
D/ (Aj, A") and D; (A;, A~ ), which are given by

D = Dj (A, A*) =

1

n
wjdipwy (Ajj, A7), Di = Dj (A, A7) =) widinwy (A, A7) (12)
1 =1

M-

]

Step 5: Calculate the closeness coefficient p; of each alternative A;, which is obtained by

D

1
= o= (13)
+
D; + D

Pi

the bigger p; is, the better alternative A; will be.

In general, the flow diagram of the proposed TOPSIS method is depicted in Figure 1.

In the following, we extend the TODIM method to the proposed distance measure under linguistic
picture fuzzy decision environment, and the steps of the algorithm are given as follows.

Step 1 and Step 2 are the same as TOPSIS method, and here we do not give the specific steps.

Step 3: Calculate the relative weight of each criteria.

To compare the evaluation of the alternatives with different criteria, we consider the relative
weight of the criterion. Assume that wyj is the weight of criterion C]- relative to C,, which can be
calculated by the following formula:

wrj = —, ji=12,..,n, (14)

where w, = max{wj|j = 1,2,..,n}.
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Step 4: Calculate the overall dominance degree of the alternative A; over alternative A under
criterion C i which is represented as follows:

n
5(Ay Ap) = 2 (A Ay), i k=1,2,..,m, (15)

where 4)7(Ai, Ay) is the dominance degree of the alternative A; over Ay under criterion Cj, and

(/jl(leNY(Aq/Ak])) Ajj > Ay
¢i(Ai, Ax) = {0, Ajj = Ayj; (16)

21‘1: Wrj
—H/]wl,j](dMNY(Aij, A1, Aij < Ay

Problem Set of
alternatives

y

Pref S ..
Making decisions Experts discussion relerences ngmsucp icture fuzzy decision
matrix shown as (6.1)

/Y
Normalize the decision
matrix by (6.2)

Calculate the criteria weight
based on the entropy by (6.6)

v

Calculate the positive-ideal
and negative-ideal solution by (6.7)

v

Calculate the separation distance
measure by (6.8)

v

Obtain the closeness coefficient
@ and ranking results by (6.9)

Feedback to experts

Figure 1. The flow diagram of the proposed TOPSIS method.

The hybrid linguistic picture distance d; HNy(Ai]', Akj) denotes the distance measure between A;;
and Ay;, and the comparison result between A;; and Ay; is determined by Definition 9. The parameter
g(g > 1) is a regulating variable that can be determined by the decision maker’s preference, and the
parameter 7 represents the attenuation factor of the loss.

Step 5: Calculate the overall dominance degree of the alternatives A;, which is obtained by

Yim1 0(Ai Ay) — ml.in{ZZLl 5(Ai, Ar)}
miaX{ZZl:l O(Ai, Ap)} — mlin{):i”=1 5(Ai, Ax)}

Y(A) = (17)

wherei =1,2,--- ,m.

Step 6: Ranking the alternatives according to the value of ¥ (4;), the bigger ¥ (4;) is, the better
alternative will be.

The flow diagram of the proposed TODIM method is depicted in Figure 2.
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Problem
Set of alternatives

Preference

Expert:

Linguistic picture fuzzy decision
discussion

'E matrix shown as (6.1)

v

Normalize the decision matrix
by (6.2)
v

Making decisionsm

A

Feedback to experts Calculate the criteria weight
based on entropy by (6.6)

Calculate the relative weight
by (6.10)

v

Calculate the dominance matrices
under each criterion by (6.11)

Calculate the overall dominance
value by (6.13)

v

@ Obtain the ranking results

Figure 2. The flow diagram of the proposed TODIM method.
7. Numerical Example

In this section, we give a numerical example (adapted from Chan and Kumar [42]) to illustrate the
feasibility and effectiveness of the proposed methods. The comparisons with other existing methods
are also discussed to show their advantages.

7.1. Background

A manufacturer wants to choose the best global supplier for the most critical parts used
in its production process. Four suppliers A;(i = 1,2,3,4) are evaluated based on the criterion
C]- (j=1,2,..,5), and the criterion C]- (j=1,2,..,5) stands for “overall cost of the product”, “quality of
the product”, “service performance of supplier”, “supplier’s profile” and “risk factor”, respectively.
The evaluation information of the suppliers A;(i = 1,2, 3,4) is represented by the LPEN (s,xl., SB.s 591.) €
S)027] = S|o,8, and the corresponding linguistic picture fuzzy decision matrix A is shown in Table 1,
where the linguistic term S = {sy = extremely poor, s; = very poor, s, = poor, s3 = slightly poor, 54 = fair,
s5 = slightly good, s¢ = good, sy = very good, sg = extremely good}.

Table 1. The linguistic picture fuzzy decision matrix A.

C1 Cy C3 C4 CS
A1 (s6,51,51) (Sa,83,51) (sa,83,51) (s5,52,51) (54,53,51)
Az (s4,83,51) (54,52,52) (54,82,81) (s5,51,81) (Se,51,51)
Az (s4,s2,51)  (s5,52,51) (86,51,81) (54,52,51)  (s4,51,82)
Ay (s4,51,52) (s5,51,51) (s3,52,51) (s4,53,51) (53,52,52)

In the following, we apply the proposed TOPSIS and TODIM methods in Section 6 to solve the
above multi-criteria decision-making problem, respectively.

7.2. TOPSIS Method

In this subsection, the TOPSIS method based on linguistic picture fuzzy entropy proposed in
Section 6 is used to select the most appropriate alternative.

Step 1: Normalize the linguistic picture fuzzy decision matrix A.

Because the criteria C; and Cs are the cost-type, we transform the matrix A to normalized matrix
A by (6), the corresponding normalized decision matrix A is obtained in Table 2.
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Table 2. The normalized linguistic picture fuzzy decision matrix A.

C1 Cy C3 C4 C5
A1 (s1,51,8) (54,83,81) (54,83,51) (s5,82,51)  (51,83,54)
Ay (51,53,84) (s4,52,82) (S4,82,81) (85,51,51)  (51,51,56)
Az (s1,52,54) (s5,52,51) (86,51,81) (54,52,51)  (s2,51,54)
Ay (s2,51,84)  (s5,81,81) (s3,52,51) (s4,83,51) (52,52,83)

Step 2: Calculate the objective weights of each criteria based on linguistic picture fuzzy entropy.

We apply the linguistic picture fuzzy entropy to calculate the weights of each criteria and
the entropy value matrix is obtained in Table 3. The weight vector w = (w1, ws, w3, wg, ws5) =
(0.2021,0.1995, 0.1995, 0.2021, 0.1968) is obtained by using Equations (9) and (10).

Table 3. The entropy matrix of A.

C C (6] Cy Cs

Ay 0375 0.625 0.625 05 0.625
Ay 0625 075 0675 05 0.375
Az 0625 05 0375 0.625 0.625
Ay 0625 05 075 0.625 0.875

Step 3: Determine the linguistic picture fuzzy positive-ideal solution A" and negative-ideal
solution A~, respectively, and the results are obtained as follows:

A+ - {(SZr 51, 54)/ (55/ 52,81 )r (S6r 51,81 )/ (551 52,51 )r (52/ S, 53)}/
AT = {(Sll 51, 56)/ (54/ S2, 52)/ (53/ S2, Sl)/ (54/ 52, Sl)/ (S], 51, 56)}'
Step 4: Based on the obtained weight of the criteria in Step 2, we utilize the hybrid linguistic

picture fuzzy distance measure digwy(A = 3) defined in (4) to calculate the separation distance
between A; and AT, A;and A~ respectively, the results are obtained in Table 4.

Table 4. The separation distance of each alternative.

Aq Ap Az Ay
DiJr 0.1862 0.2385 0.1024 0.2055
D; 0.1607 0.1313 0.2366 0.2239

Step 5: Calculate the closeness coefficient of each alternative as follows:
p1 = 0.4633, pp = 0.3551, p3 = 0.6979, p, = 0.5215,

so the ranking order is A3 = Ay = A1 > Aj, that is to say, the best alternative is As.

7.3. TODIM Method

In the following, we apply the TODIM method to deal with the same numerical example, and the
calculation steps are given as follows:

The results of Step 1 and Step 2 are the same as Section 7.2.

Step 3: Calculate the relative weight.

Since ! = (0.2021,0.1995,0.1995,0.2021,0.1968), then w, = w; = w3 = 0.2021. According to
(14), we can obtain the relative weight as follows: wy; = 1, wip = 0.9868, w3 = 0.9868, w4 =1
and w15 = 0.9738.

Step 4: Calculate the overall dominance degree of the alternative A; over alternative Ay under
criteria C;.
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We assume 17 = 2 and apply the hybrid generalized distance measure djgwy (A = 3) defined in
(4) to calculate the overall dominance degree of the alternative A; over alternative Ay under criteria
Ci(j = 1,2,3,4,5), which are obtained as follows:

0  —02780 —0.2501 —0.2501
0.1124 0 00511 —0.2561
P1(Ai Ay) = 0.1035 —0.1263 0 ~0.1390 |’
0.1035 0.1035  0.0562 0
0 0.0558 —0.1399 —0.2578
01399 0  —0.1399 —0.1507
P2(Ai A = | 00558 0.0558 0 0.0507 |’
01028 0.0601 —0.1271 0
0 0.0507 —0.2799 0.0558
—0.1271 0 —0.2578 0.0507
93(Ai Ay) = 0.1117  0.1028 0 0.1528 |’
01399 —0.1271 —03830 0
0 0.0511 0.0511 0.0562
~0.1263 0 0.0562  0.1035
Pl A) = | 01263 01390 0  —0.1263 |’
01391 —0.2561 0.0511 0
0 01109 —0.2595 —0.1518
~02818 0  —02595 —0.3871
95(Ai, Ap) = 0.1021  0.1021 0 —0.1409 |’
00597 0.1524 0.0555 0
0 ~0.0095 —0.8843 —0.5537
—0.5627 0 ~0.5499 —0.6397
5(Ai/Ak):
0.2468 —0.0046 0 ~0.2027

—0.0129 —-0.0672 —0.3473 0

Step 5: Using (17) to calculate the overall dominance degree of the alternative A;, we have
Y(A1) =0.1701,¥(A) =0,¥(A3) = 1,¥(Ayg) = 0.73%4.

Step 6: Ranking the alternatives based on the overall dominance degree of the alternative, it is
obvious that the ranking order of the alternatives is A3 >~ A4 > A1 > Ajp, so A3 is the best alternative.

7.4. Comparison Analysis with Other Existing Methods

In this subsection, in order to verify the effectiveness of the proposed methods for solving the
multi-criteria decision-making problems, we utilize the aggregation operators, the different distance
measures, and other existing methods to calculate the same numerical example, and the results are
given in Table 5.
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From Table 5, we can see that the ranking results of the proposed methods are the same as the
method of Krohling et al. [43] and Boran et al. [44], which can demonstrate the feasibility of the
proposed TOPSIS and TODIM methods based on the linguistic picture fuzzy entropy in this paper.

Table 5. Comparison results with other distance measures and existing methods.

Approach Ranking Results

Approach from Krohling et al. [43] Az = Ay > A1 - Ay
Approach from Boran et al. [44] Az = Ay = A1 = Ay
Approach based on LPFWA operator Az = Ag = A1 - Ay
Approach based on LPFWG operator Ay - Az = A1 - Ay

TOPSIS method based on ds,, (shown in Appendix A) Az = Ay = A1 = Ay
TOPSIS method based on ds,p (shown in Appendix A) Az >~ Ay = Ay > Ap
TODIM method based on d3,, Az = Ay = A1 - Ay
TODIM method based on ds,,y Az = Ay = A1 = Ay

If we apply the LPFWA operator and LPFWG operator to aggregate the decision information,
respectively, we can obtain A LPFWA(AH,AH, A13, A14,A15) = (532820, 522136, 51.8869 )/ A2 =
(53,2820, 16464, S21621), Ay = (54.0111r 515196, 517384) and Ay = (33579, 51,6433, S1.6428). Based on the
score function of LPFS, we can obtain A3 > Ay > A; > Aj. Similarly, we apply the LPFWG
operator to obtain the aggregated decision values as follows A1 = (52.4070,52.4472,53.1324), A/2 =
(524070, 518503, 53.2625), A3 = (529895, 516200, 52.4005) and Ay = (sp,9049,51.8477,52.1491). Using the
score function of LPFS, we have Ay > Az > A; > Az. Obviously, the ranking result of the
alternatives based on LPFWG operator is different from that obtained by the proposed method
in this paper. The differences are the ranking orders between A3 and A4. The main reason is that the
operation of geometric operator does not satisfy the closure of operation and may cause the loss of
decision information.

Compared with other existing methods, the proposed decision-making methods have some
advantages in solving multi-criteria decision-making problems. In the methods of Krohling [43]
and Boran [44] et al., they consider the TODIM and TOPSIS methods in IFS, which cannot meet
the needs of decision-making problems involving more answers of types. We can know it from the
following aspects.

Firstly, the proposed LPFS is a generalized form of IFS by incorporating the neutral membership
degree, which can deal with the decision information better under uncertain conditions. Secondly,
the proposed LPFES overcomes the limitations of PFS that represents the decision information with
numerical value, which express the evaluation information with LTS that is closer to human cognitive
ability. Thirdly, considering the weight of criteria is an important component of multi-criteria
decision-making problem, we propose the linguistic picture fuzzy entropy to calculate the objective
weight of criteria and reduce the randomness in decision-making process, which can improve the
rationality of decision-making results. The proposed hybrid distance measures between LPFSs are
constructed based on the geometric interpretation of LPFSs in some extent, which is more suitable for
comparing the alternatives.

7.5. Sensitivity Analysis

In this subsection, we make the sensitivity analysis of parameters in the proposed TOPSIS and
TODIM methods.

Firstly, in the TOPSIS method between LPFSs, we consider the influence of the parameter A in
hybrid distance measure djwpy. Letting A = 1,2,10,55,100, we can obtain the ranking results
with different A, which are given in Table 6, and the corresponding change diagram is shown in
Figure 3. According to Figure 3, we can see that the calculation values of Aj, A; and Aj3 are increasing
as A increases. However, the calculation values of A4 are decreasing as the value of A increases,
which shows that the change of A in the distance measure may affect the decision makers. We can also
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see that the ranking order of the alternatives is A3 >~ A4 > A > A; for different A, which illustrates
the stability of the proposed TOPSIS method between LPFESs for different distance measures.

Table 6. Ranking results obtained by TOPSIS method with different A.

A 1 P2 P3 P4 Ranking Results

A=1 04470 02577 07172 06037 Az = Ag>= Ay = Ay
A=2 04562 03312 0.6963 05438 As= Ay = A= Ay
A=10 04856 0.3902 07255 05001 As= As>= A; = Ay
A=55 04974 03983 07455 04999 Aj = Ay = A = Ay
A =100 04986 03991 07475 05000 A= As>= Aj = A,

0.8
0.7

0.6
A1l
A2

04 \ = Ad
A4

03

Figure 3. The ranking results by TOPSIS with different A.

Secondly, we consider the influence of three parameters A,# and g in the proposed TODIM
method between LPFSs.

(1) We calculate the ranking results of the alternatives with different A in hybrid distance measure
diwhHy. Assuming 7 = 2and g = 2,let A = 1, 2,10, 55, 100, the calculation results of the alternatives
with different A are obtained in Table 7, the corresponding graph with change of parameter A is shown
in Figure 4. From Figure 4, we can see that the ranking results is always A3 >~ A4 = A; = A,
which also shows the stability of parameter A in the proposed TODIM method between LPFSs for
different distance measures.

(2) We consider the influence of the parameter # in the TODIM method, which represents the
sensitive coefficient of risk aversion. Assuming A = 3 and g = 2,lety = 1,1.5,2.5,3, 5, the ranking
results with different # are shown in Table 8, we know the ranking order of the alternatives is
Az = Ay = Ay > Aj. The corresponding graph with change of parameter # is shown in Figure 5,
and it is clear that the ranking results are stable for different #, which illustrates that the decision
maker is not sensitive to risk aversion.

(3) The parameter g in TODIM method is a regulation variable, which represents the preference
of decision makers. Now, we consider the influence of g on decision results. Assuming A = 3 and
n =2,letq = 1,3,10,55,100. The calculation results are obtained in Table 9 and the change graph
corresponding to g is shown in Figure 6. According to Table 9, we can see that the ranking result of the
alternatives is Az > A4 > Aj = A, and the change of parameter g does not change the stability of the
TODIM method, which can also be illustrated from Figure 6.

Table 7. Ranking results obtained by TODIM method with = 2, g = 2 and different A.

A ¥4 Y, Y3 Y, Ranking Results
A=1 0.1516 0 1 07723 Az > Ag > A1 > Ay
A=2 0.1641 O 1 07480 Az > Ay A= Ay
A=10 01769 0 1 07267 Az > Ay = A1 = Ay
A=55 01783 0 1 07223 Az > Ag > A1 = Ay

A=100 0.1784 0 1 07218 Az = Ay = A= Ay
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Table 8. Ranking results obtained by TODIM method with A = 3, 4 = 2 and different 7.

7 Y, Y, ¥j3 Yy Ranking Results
n=1 101770 0 1 07303 Az>= Ag> A1 > Ap
n=15 101734 0 1 07351 Az»=Ay>= A1 > Ay
n=25 01674 0 1 07430 Az > Ag > A1 > A
= 0.1650 0 1 07463 Az > Ayg> A1 > Ap
n=5 01574 0 1 07564 Az>= Ay A1 > Ay

Table 9. Ranking results obtained by TODIM method with # = 2, A = 3 and different 4.

q ‘Yl ‘Yz ‘Y3 Y4 Ranking Results
g=1 01674 0 1 07430 Asz> Ay> Ay > Ay
g=3 01627 0 1 07486 Asz> Ay> Ay> Ay
g=10 01517 0 1 07635 Az> Ay> Ay> Ay
g=55 01482 0 1 07686 Asz> Ay> Aj> Ay

g=100 01479 0 1 07691 Asz> Ay= Ay = Ay

09
08
07
06
+— A1
—=A2

A3

A4

04
03
02
0.1

Figure 4. The ranking results by TODIM method with # = 2, g = 2 and different A.

1
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0 —>
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n

Figure 5. The ranking results by TODIM with A = 3,4 = 2 and different 7.

1
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0.8
0.7

0.6
0.5 —t— Al

Ai

—— A2
04
A3
03
A4

02

0.1

Figure 6. The ranking results by TODIM with A = 3,5 = 2 and different q.

8. Conclusions

In this paper, we proposed the LPFS based on PFS and LTS, where the positive-membership,
the neutral-membership, and the negative-membership are represented by linguistic variables, and the
LPFS can deal with the vague and imprecise information in qualitative environment. Furthermore,
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the operation rules of LPFSs, the LPFWA operator, and LPFWG operator are developed. Then,
we define some distance measures between LPFSs, and the TOPSIS method and TODIM method are
developed to the proposed distance measures based on the linguistic picture fuzzy entropy. Finally,
an illustrative example is given to illustrate the effectiveness of the proposed methods, and the
comparative analysis with other existing methods and sensitivity analysis of the proposed methods
are also discussed.

Although the proposed linguistic picture fuzzy set can solve the multi-criteria decision-making
problems, which still has the following limitations: (1) The linguistic term sets considered in this paper
are calculated based on the subscript of linguistic terms and the subscript is integer, which may cause
a loss of evaluation information. (2) The aggregated operators may not be a linguistic term set, which is
unreasonable and counterintuitive. (3) The proposed hybrid distance measure only considered the
Hausdorff distance measure based on the maximum value, which is susceptible to the extreme values
and it may cause the inaccurate ranking result in the multi-criteria decision-making problems with
extreme evaluation information.

In the future, in order to overcome the above limitations, we will take further studies from
the following aspects: (1) The different semantic situations with linguistic scale function can be
considered into the picture fuzzy sets, and it can be extended to the uncertain linguistic term set.
(2) How to define a new aggregated operator that satisfies the closure of linguistic picture fuzzy
set. (3) The proposed hybrid distance measure can take the mean and variance of linguistic picture
fuzzy set into consideration and it can be extended to the continuous distance measure. Furthermore,
the proposed method can be applied to practical decision-making problems such as pattern recognition,
medical diagnosis et al.
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Abbreviations

LPFS Linguistic picture fuzzy set

LPFWA  Linguistic picture fuzzy weighted averaging

LPFWG  Linguistic picture fuzzy weighted geometric

TOPSIS  Technique for order of preference by similarity to ideal solution
TODIM Tomada de decisao interativa multicriterio

FS Fuzzy set

LTS Linguistic term set

LIFS Linguistic intuitionistic fuzzy set
Appendix A

Theorem Al. Letting k1 = (5a1r5,311591)/ Ky = (saz,sﬁz,sez), and k3 = (5a315ﬁ3/593) be any three LPFNs
defined on S[O,ZT]/ and A, A1, Ay > 0, then we have

(1) K1 DKy =K DKy

(2) x1 QK =Ky RKy;

(3) Ay ®xp) = Axy D Ay,
(4)  Axy @ Ak = (A + o)y
(5) (kK1 ®K)" =K} @);
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(6) K{\l ® KlAZ = K%AﬁAZ).

Proof. The proofs of properties are similar, and we only give the proof of (1), (3) and (5) here.
(1) According to Definition 10, we have

K Ky = (S aqay , S S = (S xaq , S S = K K1.
1@ 2 <0(1+0(27%’ ﬁéfz/ 9%?'2) (062+0(1*%’ ﬁ%‘,fl/ 9291> 2@ 1

2T

(3) Based on Definition 10, we have

Mt @) = (5, w2 By Sy 5y )
= (Sorar(1-32)11-2) S3eq (zlf)gwszr( P p):
Because Ak; = (SZT—27(1—2—1) (;5] e 5,0 (91 )A) and Ak, = (szT 2e(1- 200 21(272) ,321(%)A),then
AK1 D AKp
=(s « « (2r-2t(1- 5L)M) (220 (1— i)’\)’s(zT(ﬂl)A)(zT(’iZ)A)’S(zr(ﬁ)ft)(zr(iz)?t))
2T-27(1— 51 A 421 -27(1— 52 ) — 2 2 el 0o biREA &
= (arar-g -2 %o Al v Soe( U5 )
= )\(K1 D Kz).
(5) Based on Definition 10, we have
(11 ® x2)"
=G 2T(<2r>2)mszrfzr(1 " e )}‘/S2T72T(l 7‘“6221%)3
_(ZT(( 2N S ooz (1- *31)A(1—§%)A’Szr—zm—%)m—;’%v)'
Because x} = (SZT(%)MSZT—ZT(l—%)/\/SZT—ZT(l—f))‘) and 15 = (s 20(52) 2 _2e(1- ’52)“ 2r—27(1- 2 )* +), then
K} ® Ky

S (1= O \A e —2r(1— 82)A
2r—2v(1— By por—ar(1- 2y - B e Al 5) ]>

= (s aqw ,S ,
(ar(s8 1 Sz -0 S2e-2e- 2 pra- 2 )

= (K1 ® Kz))‘.

Thus, Theorem Al is proved. O

Theorem A2. Let k; = (su;,5p;,56;)(j = 1,2,...,n) be a number of LPFNs, the aggregated value of LPFNs
based on LPFWA operator is obtained as follows:

LPFWA(Ky, K, .oy Kn) = . - ), Al
(K1, K2, ey K1) <527271‘[;?_1(124) ] SZTI‘[]'Ll(f—é) ’ SZTI_[?:1 ) ]> (A1)

where w = (w1, Wy, ..., wy) is the weight vector of xj(j = 1,2, ..., n) and satisfies with } iy wj = 1(0 < w; < 1).
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Proof. We apply the method of mathematical induction to prove Theorem A2.
(1) Whenn =2, forx; = (sal,slgl,s(;l) and xp, = (saz,sﬁz,s%),
LPFWA((x1,%2)
= w1K1 D waKy

= Caeact- g Sarryn Saryen) @ Carana- )2 Sarfo e Sarfpen)

= (s @ 3 /S 0w [
( 21— 27(1- 81y 427—27(1—- 2 )@2 — [ZHTU*#*"gﬂjﬂﬂlf%f"l1 e(5h)® 2][3T<€—%>°"2] r(5t) 121[3r<%>“’2])
= orara- g 0202 Sy By oy (2
Thus, (A1) is held for n = 2.
(2) Supposing that (A1) is held for n = m, then
LPFWA(%1, K2, s Km)
= wW1K1 @ Wrky D - - - B WKy
/8 0 w; )

= (S & ., S Bi
20211 (1= 26) 77 20 T () 20 T ()

when n = m + 1, we have

LPFWA(%1, €2, ooy K, Kia1)
= w1kl B wrky D - - - B WiKm © Wy 1Km11
= LPFWA(x1,%2, o, K ) B Wi 1Km11

)

] wir ﬁ 7
20200, (150 2o re, (8" T2 ()
® (521—_21—(1_“’;7_?_'1)“’m+1 ’ 521_( 5m+1 Ym+1” SZT( 9n21+1 )“m+1 )

- (5217271_[;7’:*11(1 g) Hm+1(27]) Hm+1(27])

That is to say, (A1) is held for n = m + 1. According to the mathematical induction, (A1) is held
for any n, so Theorem A2 is proved. [

In the following, we prove the properties in Theorem A3 by using the LPFWA operator.

Theorem A3. (1) Idempotency: Let kj = (Sa;,5p;,50,)(j = 1,2,..,n) be a number of LPFNs, if xj(j =
1,2,...,n) are all equal, that is, K=K = (s,x,s/g,se)for all j, then

LPFWA(x1,%2, ..., kKn) = K.
1,8 /)(] =1,2,...,n) be two collections of

By’
LPFNs, zfx;(] =1,2,...,n) is any permutation of x;(j = 1,2,..,n), then

(2) Commutativity: Let x; = (S,X].,S/gj,SGj) and K;- = (s/,8

!

©,).

(3) Boundedness: Let k; = (Saj,S‘Bj,ng)(j =1,2,...,n) be a collection of LPFNs and a~ = min;{«;},
at =max;{a;}, B~ = mini{B;}, B = max;{B;}, 6~ = min;{6;}, 6" = max;{6;}, then

LPFWA(x1, %2, ..., kn) = LPFWA(xy, %, ...,

(Su-r8p-,50+) < LPFWA(K1, K2, ..., Kn) < (So+,Sp+,S6-)-
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Proof. (1) Since x; = x = (Sa,S‘B,SQ) forallj(j=1,2,..,n), then

LPFWA(x1,%2,...,kn) = LPFWA(x, %, ..., k)

s @i, S S ;
( 2r-20 T (1- £2) 77 P2 [T, (£)°17 ZTH,-”Zl(%)w])
= (Sa,8p,50) = K.

(2) According to Definition 11, we have

LPFWA(xq1,%2,....,%,) = (s & w;,S w.s S o)
( 1,12 n) (ZT—ZTH}/‘ZI(l—%) ] ZTH;-':1(£%) j ZTH/n:l(zi[) ])

!

! !
LPFWA(xq, %y, ..., k) = (s 8 y /
27727117:1(1774)“’1 2T ;1=1(%)”f 2rn;1=1(%)“’f

Since K} is any permutation of Kj (j =1,2,..,n),itis easy to know

!

LPFWA(x1, %2, ..., Kn) = LPFWA (i}, 3, ...y ).

(3) Assume that LPFWA (x1, k2, ..., Kn) = (S, 556,596), since
a” = mini{a;}, «” = max;{a;}, B~ = min;{B;}, B+ = max;{B;}, 6~ = min;{6;}, 67 = max;{6;},
we can get

e 1189 < oe T s — g <2 T
TU(E) > TU(E) =S¢, = TU(E)
j=1 j=1 j=1
and
L a7\ n & n at
20 =2t J(1 = 50) <2 =27 [ [(1 = 50) = 8o, < 2T =20 [ J(1 = ).
=1 T ] 27 ] 2T

Because s, and sy are increasing as « and 6 increase, then
Sy < Su. < Sy, Sp- < Sp. < Sp+.

We know LS(s,-,8p-,5¢9+) = &~ — 07 and LS(s,+,84-,59-) =™ — 67,
then

LS(s,r,sﬂf,sm) < LS(LPFWA(K1, 12, ..., Kn)) < LS(S“+,S‘B—,SG—).
Thus, (Sa—,Sﬂ—,SQJr) < LPFWA(K1, K2, ..., k) < (sa+,s/57,597) is obtained. [

Theorem A4. Letting kj = (Sa;,5g;,5¢;)(j = 1,2, ..., n) be a number of LPFNs, the aggregated value of them
based on LPFWG operator is obtained as follows:

LPFWG(k1, %2, ., kn) = (

s Cw,S U o)
ZTH}Ll(%) 1" -2t };1(17/;4) i 2T*2TH}7:1(1729—{[) 1)
where w = (w1, Wy, ..., wy) is the weight vector OfK]'(j =1,2,...,n) and satisfies with Z]’-‘:1 wj = 1(0 < w;j < 1).

Proof. The proof is similar to Theorem A2, and we omit it here. O
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Theorem AS5. (1) Idempotency: Let x; = (saj,sﬁ],,s(;].)(j = 1,2,...,n) be a number of LPFNs, sz](] =
1,2,...,n) are all equal, that is, K=K = (sa,sﬁ, sg) for all j, then

LPFWG(x1,%2, .., Kn) = K.

(2) Commutativity: Let kj = (s,x].,sﬁ].,s(;j) and K;» = (sa;,sﬁ/j,se{, )(j = 1,2,...,n) be two collections of
] ]

LPFNs, sz;»(j =1,2,...,n) is any permutation of x;(j = 1,2,...,n), then

LPFWG(kq, %2, ..., Kn) = LPFWG(KII, Klz, weer K;)

(3) Boundedness: Let xj = (s,xj,sﬁj,sf;j)(j =1,2,...,n) be a collection of LPFNs and a~ = min;{a;},
at =max;{a;}, B~ = min;{B;}, BT = max;{B;} 06~ = min;{6;}, 67 = max;{6;}, then

(Sp—, Sg-/ sg+) < LPFWG(k1, K2, ..., kn) < (sa+,sﬂ+,597 ).
Proof. The proof is similar to Theorem A3, we omit it here. [J

Theorem A6. Letting A = {sa,(x;),5p,(xj),50,(xj)|x;j € X}, B = {say(x;),8p;(xj), 50, (xj)|x; €
X} and C = {suc(x)),8p.(xj),50.(xj)|xj € X} be three LPFSs defined on X = {x1,%2,...,Xn},
where su;(x;}),8p,(xj) and sg,(x;) € Sjg27)(i = A, B, C), the generalized weighted distance measure dy,,(A, B)
satisfies the following properties:

(1) 0 < dlw(A/ B) <1

(2) d1w(A,B)=0<= A=B;

(3) dlw(A/B) = dlw(B/A);

(4) IfACBCC,then dlw(A,B) < diu(A4, C) and dq1, (B, C) < d1, (A, C).

Proof. (1) Based on the definition of LPFSs, we know that «;, 8;, and 6; € [0,27](i = A, B), and
0 <a;+B;i+6; <2t(i = A, B). Forall x; € X, it is easy to know that

N N A

0 < |aa(xj) —ap(xj)] <21 <=0< M <1
N Be(x) [

0 < |Ba(x) — Bo(x))| < 27 = 0 < |PAELPED T < g,

A 3 A
0 < [04(x}) — 05(x})| <27 <=0 < ‘M <1.
According to the absolute value inequality, we have
Ba—Ps
2T

Bal®  |BB|"  |0a]", |08
27 2T 27 2t
_ (@)t + (B! + (04)* + (2p)* + (Bp)* + (05)*

(2r)* '

0, — 05|

2T

A A
XA — KB
+ +
2T

A
+

A
+

A
+

A
el + 5]

< | Z4 pat:d

— 12T +2T +

By Mathematical induction, the following inequality can be established,

(aa)* + (Ba)* + (04)" + (ap)* + (BB)" + (68)"
(2o

When A = 1because 0 < a; + B; + 0; < 27(i = A, B), we have

ag+Pa+04s+ap+Bp+0p
2T

<2

<2

When A = n, assuming that the inequality is held, that is,

(&a)" + (Ba)" + (84)" + (ap)" + (BB)" + (65)"

2oy =2
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When A = n + 1 because 0 < a; + B; + 0; < 27(i = A, B), we have

(‘XA)n+1+(‘BA)n+l+(9A)r1+1+(0‘3)11+1+(ﬁ3)n+l+(98)n+l
(ZT)n+1

_ | (@a)"aa+(Ba)"Ba+(0a)"04a+(ap)"ap+(Br)"Br+(05)" 05
= Ztyae

2t((aa)"+(Ba)"+(04)"+(ap)"+(B5)"+(65)")
(2T)n2t

<

<2.

A A X /\ . . . . .
Thus, 0 < |28 a0 |- 'ﬁA(xf sl |y |20 90 | < 5 s obtained, which implies 0 < dy (4, B) < 1.

(2) d1w(A,B) = 0= |IXA(XJ') — (XB(x]‘)| =0, |,BA(XJ) — ,BB(X])| =0and |9A(x]) — QB(X])‘ =0 for
all xj € X <= a4(xj) = ap(x;), Ba(xj) = Bp(xj) and 04 (xj) = 0p(x;) for all x; € X<= A = B.
(3) Since

wa(x;) —ap(x;j) ap(xj) —aa(x))
2T 2T

Ba(xj) — Br(x)) Br(xj) — Ba(x))
2T 2T

’

’

and
0a(x;) — 0p(x;) Op(x;) — 0a(x))
2T 2T
then dy4 (A, B) = dy4(B, A) can be easily obtained.
(4) Because A C BC C,then0<ay <ap<ac,0<Bs<Pp<Pcand by >0 > 6c > 0.
It is easy to know

7

lag —ap| <|aa—acl, [Ba—Bsl < |Ba—Bcl 04— 05 <04 —Oc|.

For any A > 0, we have

A
+

A
<

A
+

04 — 0p A

2T

04 —0c
2T

Ba— Bs
2T

Ba— Bc
2T

XA — Q&B A
2T

XA — &c

A
2T +

+

Then,
d1(A,B) < dy,(A,C) isobtained.

Similarly, we have
dlw(B/ C) S dlw (A/ C)
O

Theorem A7. Letting A = {(su, (xj), 55, (xj),50,(xj))x; € X}, B = {(say(x}),5p,(x}), 50, (xj))|x; €
X} and C = {(sac(xj),5p-(xj),50-(x;))|x; € X} be three LPFSs defined on X = {x1,%2,...,Xn},
where  su;(xj), sp,(xj) and sg,(xj) € Sjgo7)(i = A,B,C), the generalized weighted Hausdorff distance
measure dyywy (A, B) satisfies the following properties:

(1)0 <diwn(A,B) <1;

(3) diwn (A, B) = diwn(B, A);

(4) IfA Q B Q C, then leH(A,B) S leH(A/ C) and leH(Br C) S leH(Ar C)

Proof. (1) Because 0 < a; + B; +0; < 27(i = A, B) for all xj € Xand A > 1, we have

wa(x))—ap(x) |
2T

0< ‘DCA(XJ‘) —D(B(x]‘)| <21<=0< <1
N N A

0< [Balx)) — Bp(x))] < 2t =0 < | Pl T < g,
N A

0 < 04 (x}) — 05(x})| < 27 <= 0 < [ACDBED| T < g
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04 (x)—05(x) |
2T

Ba(x)—Bs(x)) |*
2T

wu () —ap(x;) |
2T

7 7

1
x
Then, 0 < [max( >} < 1 is obtained, that is,

0 <diwnu(A B) <1
The proofs of properties (2) to (4) are similar to Theorem A6, and we omit it here. [

Theorem AS8. Let A = {(sa,(xj),sp,(xj),50,(xj))|xj € X}, B = {(sa5(x}), 5, (X)), 50, (xj))|x; €
X} and C = {(sac(xj),5p-()), sec(x]))\x] € X} be three LPFSs defined on X = {xl,xz, w Xn},
where sq;(x}),5p,(xj) and s¢,(xj) € Sg27)(i = A, B, C), the generalized hybrid weighted distance measure
d1awy (A, B) satisfying the following properties:

(1) 0< d1Hwy(A,B) <1
(2) lewy(A,B) =0<«<= A=B;

(3)  diuwy (A, B) = diawy (B, A);
(4) IfACBCC, thendigwy (A, B) < digwy(A,C) and digwy (B, C) < digwy (A, C).

Proof. The proof is similarly to Theorem A6, and it can be obtained based on Theorems A6 and A7,
we omit it here. [J

o The Remarks of Definition 13

Remark Al. If A = 1, the generalized weighted distance measure dy,,(A, B) is reduced to the weighted
Hamming distance measure dy,, (A, B) between LPFSs, which is given as follows:

xj) — ap(x;) ,BA( xj) — Be(x)) N 0a(x;) —0p(x))
2T 2T 2T

where w = (w1, wy, - -+ ,wy) is the weight vector oij(j =1,2,--- ,n) and satisfies with 2}1:1 w; =100 <

w; < 1).

If A = 2, the generalized weighted distance measure d1,,(A, B) is reduced to the weighted Euclidean
distance measure dz,,(A, B) between LPFSs, which is given as follows:
2) ] 2

where w = (w1, wy, - - - ,wy) is the weight vector oij(j =1,2,---,n) and satisfies with 27:1 w;=1(0 <
w; <1).
j =

dow(A, B) Zw]<

xj) — ap(x;)

? N Ba(xj) — Br(x))
2T

2
04 (x;) —0p(x))
+
2T

2T

dsw(A,B) = [Zw(

Remark A2. If w; = L for all j, the generalized weighted distance measure dy,(A, B) is reduced to the
generalized normalized distance measure dy,, (A, B) between LPFSs, which is given as follows:

dln(A/B) = [21]1 i (

1

A>:| x
where A > 1.

Ifwj = % for all j and A = 1, the generalized weighted distance measure dy,,(A, B) is reduced to the
normalized Hamming distance measure dy, (A, B) between LPFSs, which is given as follows:

wa(xj) —ap(x)) )
2T ’

aa(x;) —ap(x))
2T

* | [Bat) —Bo(x)

A
0a(xj) —0p(x))

+
2T

2T

N Ba(xj) — Br(x))

04 (x;) —0p(x))
- n j j

2T

1 n
dZn(A B) 211 4
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fw;j = L for all j and A = 2, the generalized weighted distance measure dy,,(A, B) is reduced to the
normalized Euclidean distance measure d3, (A, B) between LPFSs, which is given as follows:

i

Remark A3. If A = 1, the generalized weighted Hausdorff distance measure dyw (A, B) is reduced to the
weighted Hamming—Hausdorff distance measure dyw (A, B) between LPFSs, which is given as follows:

).

where w = (w1, Wy, ..., wy) is the weight vector of x;(j = 1,2,...,n) and satisfies with i 4 w; = 1(0 <
a)j S 1).

If A = 2, the generalized weighted Hausdorff distance measure dyw (A, B) is reduced to the weighted
Euclidean-Hausdorff distance measure dsy (A, B) between LPFSs, which is given as follows:

2 )] 3
where ;u = (w1, wy, ...,wy) is the weight vector of Xj (j = 1,2,...,n) and satisfies with Z;Z=1 wj = 1(0 <
w; <1).

] =

wa (%)) — ap(x;) ?

2+ Ba(x) — Ba(x))
2T

0a(x;) — 0p(x;)
—~ n j j

2T

d31’l(A/B) = lzlni; (

o The Remarks of Definition 14

Ba(xj) — Br(x))
2T

0a(x;) — 0p(xj)
2T

wa(x;) — ap(x))
2T

7 ’

n
d2WH(A/ B) = Zw] max (
j=1

2

ﬁA( i) — Bs(xj)
2T

0a(xj) — 0p(x;)
2T

“A(x]) —ap(x )
2T

7

d3WH A B [Z (4)] max(

Remark A4d. Ifw; = % for all j, the generalized weighted Hausdorff distance measure dyyy (A, B) is reduced
to the normalized Hausdorff distance measure dynp (A, B) between LPFSs, which is given as follows:

A)r
where A > 1.

If wj = % forall j and A = 1, the generalized weighted Hausdorff distance measure dywp (A, B) is
reduced to the normalized Hamming—Hausdorff distance measure dynp (A, B) between LPFSs, which is given
as follows:

fwj= % forall jand A = 2, the generalized weighted Hausdorff distance measure dyywy (A, B) is reduced
to the normalized Euclidean-Hausdorff distance dsnp (A, B) between LPFSs, which is given as follows:

)

0a(xj) —0p(x))
2T

wa(x) —ap(x) |

Ba(xj) - Ba(xp) [*
2T !

2T

leH A B [Z max(

aa(xj) — ap(x;))
2T

04(x;) — 0p(x;)
2T

Ba(xj) — BB(x;))
! 2T

’

dZNH A B Zmax(

1
2 2

a(x)) —ap(x )
2T

[Balx) —Batxy) ?
2T

04(x;) —0p(x))
2T

’

dsny (A, B) |: Zmax(

o The Remarks of Definition 15

Remark A5. If A =1, the generalized hybrid weighted distance measure dypywy (A, B) is reduced to the hybrid
weighted Hamming distance measure dopyyy (A, B) between LPFSs, which is given as follows:
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QA(Xj) — 93()(]')
2T
04 (x;) — 05(x;)
* : 2T :

aA(x]- —

) — ap(xj)
2T !

Ba(xj) — Ba(xj)
2T !
Ba(xj) — B(x))
4 ] 5 ]

~

aa(x)) — ap(x))
2T

i~ (o )
1

“a )

where w = (w1, Wy, ..., wy) is the weight vector of x;(j = 1,2,...,n) and satisfies with i ; w; = 1(0 <
a)j S 1).

If A = 2, the generalized hybrid weighted distance measure dypwy (A, B) is reduced to the hybrid weighted
Euclidean distance measure dspyy (A, B) between LPFSs, which is given as follows:

3wy (A, B) = (ZL;] ({max< Balxj) = Bs(x)) | |0alxj) — b5 (x))
)))

= 27 2T
1
2
where w = (w1, Wy, ..., wn) is the weight vector of x;(j = 1,2,...,n), and satisfies with Y ;_; wj = 1(0 <
wi < 1).
] —

wa(xj) —ap(x;) |* ?
2T

7 7

ap(xj) — ap(x))
2T

2 N Ba(xj) — Br(x))

2 84 (x;) — 05(x))
+
2T

2T

Remark A6. If w; = 1 = for all j, the generalized hybrid weighted distance measure dyprwy (A, B) is reduced to
hybrid normalized dzstance measure dypNy (A, B) between LPFSs, which is given as follows:

n N x: A xi) — X A
leNy(A,B)—<21nZ:<[max< Balx) — Bs(x) ' 16a(x;) — 05(x) ﬂ

= 2T 2T
)
where A > 1.

Ifwj= % forall jand A = 1, the generalized hybrid weighted distance measure d1gwy (A, B) is reduced
to hybrid normalized Hamming distance measure dypyny (A, B) between LPFSs, which is given as follows:

douny(A, B) = % i ([max ( , Ba(xj) — Ba(xj) ’ 04(xj) — 0p(x;) )}

2t 2T
1 Bal(xj) —Bo(xj)|  |0a(x;) —0p(x;))
t3 < + 27 + 27 )) '
fw;= % forall jand A = 2, the generalized hybrid weighted distance measure d1gwy (A, B) is reduced
to hybrid normalized Euclidean distance measure dspny (A, B) between LPFSs, which is given as follows:

d3HNy(A B ( i <[max < .BA (JC]) - ,BB(xj) 9A(x]') — 03 (x]) 2 >:|
j=

o of )’
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wa(x)) — ap(x) [*
2T !

7

* N Ba(x;) — Br(x))
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+
2T

2T

aA(x/-) — OCB(JC]')
2t

ap(x;) —ap(x;)
2T
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