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Abstract: We present a new approach based on the notion of inertance for the simultaneous collisions
without friction of a rigid solid. The calculations are performed using the screw (pliickerian) coordi-
nates, while the results are obtained in matrix form, and they may be easily implemented for different
practical situations. One calculates the velocities after collision, the energy of lost velocities, and the
loss of the kinetic energy. The general algorithm of calculation is described in the paper. The main
assumption is that the normal velocities at the contact points vanish simultaneously. The coefficients
of restitution at the contact points may be equal or not. Some completely solved applications are
also presented, and the numerical results are discussed. The numerical values depend on which
coefficient of restitution is used.

Keywords: simultaneous collision; coefficient of restitution; inertance; screw coordinates

1. Introduction

The problem of the collision of rigid bodies is often met in the literature. The main
problems may be described as follows. Most papers deal with the collision at one point,
the collision being without [1-14] or with friction [15-44]. Usually, the friction at the
contact points is a Coulombian one [15-43], but other types of friction may be also consid-
ered [44]. The unanimous accepted hypotheses for the collisions are [1-49]: all the forces
excepting the impact ones are neglected, there are two phases of collisions (compression
and restitution), the rigid displacements vanish, and the tangential stiffness is infinite.
Three different coefficients of restitution are used: Newton, Poisson, and energetic. It is
proved [14,47] that in the in the case of the collision without friction the three coefficients
of restitution have equal values, but this is not the singular case for their equality [43].
Researchers [30,31,39-41,43] have proved that in the case of collision with friction, the three
coefficients of restitution may have different values. Moreover [43], there exists no relation
between the values of the three coefficients of restitution and it is possible [43,47] that
some certain coefficients of restitution may have values greater than 1 in the general case
of collision with friction. The authors [30,31,40-42] have proved that the consideration of
the Newton or Poisson variants may lead to inconsistent results. Generally, the authors
consider that the best results in the study of collisions with friction are obtained using
the energetic coefficient of restitution [15-37,39—43], but one may use some particular
coefficients of restitution [38].

Most researchers deal with collision at one point, regardless of whether they discuss
singular collision, multiple successive collisions, or collisions of particular kinematic chains.
The approaches are based on classical mechanics and use of Lagrange’s or Kane’s equations.
The simultaneous collision of a rigid solid at several points implies some difficulties
concerning the distribution of velocities after the collision. This distribution must satisfy
the Euler equation for the velocities of a rigid solid. Some aspects are discussed in [38—41]
for some particular cases considering that at both points of collision, the coefficients
of restitution are equal. The collision with friction may lead to complex mathematical
problems concerning the cases of sticking and slipping of the rigid solid. It is proved
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that, in this situation, the contact point may move only on maximum four principal
directions [43] resulting a system of polynomial equations [39—-41] for which the solutions
are obtained by numerical methods [49]. The phenomenon of jamb [24] is generally avoided
in the references.

In our paper, we deal with screw coordinates [14,43,45-49]. The notion of inertance
was introduced by Pandrea [13,48] and developed by Pandrea et al. [14,43,49].

Aside from the classical hypotheses at collision we added a supplementary one that
states that the normal velocities at the contact points vanish simultaneously.

The paper is organized as follows: in Section 2, we present the case of the free rigid
solid acted by two impulses at two different points; Sections 3 and 4 are dedicated to the
calculations of the velocities after collision, the energy of lost velocities, and the loss of
kinetic energy; in Section 5, we highlight some particular cases; Section 6 describes the
algorithm of calculation for the collision of the free rigid solid at two points; Section 7 is
reserved for the presentation of four numerical applications, while in Section 8, we perform
some discussions concerning the collision of the free rigid solid at two points; in Section 9,
we discuss the general case of the collision at two points of the constrained rigid solid,
and in Section 10, we calculate the velocities after collision; Section 11 is dedicated to the
presentation of three numerical applications concerning the collision at two points of a
rigid solid with constraints; in Section 12, we present the algorithm for the collision at two
points of the rigid solid bounded by the surface of a certain equation, and in Section 13,
we discuss an example; in Section 14, we present some general aspects concerning the
collision with Coulombian friction; the paper ends with a Conclusion section.

2. The Case of the Free Rigid Solid
2.1. General Formulation of the Problem

We have a rigid solid in general motion, and one considers the system Cxyz of the
central principal axes of inertia, C being the center of weight. The kinematical parameters
before the collision are v (the velocity of the center of mass) and w? (the angular velocity)
(Figure 1). The rigid solid collides normally at the points A; and Aj, the collisions being
without friction.

Figure 1. The formulation of the problem.

One considers as known:

- the mass m and the central principal moments of inertia Jy, J,;, and J; for the rigid solid;
- the restitution coefficients ky;, kp, and k,, respectively, corresponding to the Newton,

f
Poisson and energetic variants, respectively, defined by the relations ky = —%,
kp =% and k, = [aE] respectively, are identical [14] in the case of a single colli-
P = PC/ e — AEg 7 P YI g
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sion without friction. In the previous expressions, v{zn represents the relative normal
velocity after the collision at the contact point, o0, is the relative normal velocity
before the collision at the contact point, P; is the impulse in the phase of restitution,
P, is the impulse corresponding to the phase of compression, AE? represents the
variation of the kinetic energy in the phase of restitution, and AE{ is the variation of
the kinetic energy in the phase of compression;

- the normal axes orientated to the outside of the rigid solid Ajx; and Ajyx; at the
collision points A; and Aj, respectively;

- the status of velocity w” and v of the rigid solid before the collision.

One asks for (at the end of collision):

- the velocity v¢ and the angular velocity w;

- the velocities at the collision points;

- the magnitudes P; and P, of the impulses at the points A; and A;, respectively;
- the kinetic energy of the lost velocities;

- theloss of kinetic energy.

One considers the cases of the Newton and Poisson variants.
The main hypothesis states that the normal velocities at the points A; and A, simulta-
neously vanish.

2.2. Notations
We use the following notations:

- the components wg, wg, wg and wy, wy, w; of the angular velocities w? and
w), respectively;

0 .0 0 s 0
- the components v, v¢,, and ve, and vcy, vy, and v, of the velocities vie and

Y
V¢, respectively;

- the screw (pliickerian) coordinates of the velocities of the rigid solid

T
01 _ 0 0 0 0 0 0
{VC} - [ Wy wy Wz Uy UCy ¢, ] ’ (1)

T
{VC}:[wx Wy Wz Ucx Ucy UCZ]}

- the coordinates x1, y1, and z; and xy, y», and z; of the points A; and Aj, respectively,
relative to the reference frame Cxyz;

- the director cosines of the axes of the local reference systems A;x1y1z1 and Azx2y22
and the rotational matrices [R;] and [R;]

a1 412 413 ap1 dpp a3
Ri]= | biy b2 bz |, [Ro]=| bar by b3 |; )
€11 C12 €13 C21 €22 (23

- the matrices [S1], [Sz], [D1], and [D;] defined by the relations

0 -z i dp dip di
Sil=1 z 0 —x |, [Di]=[S]Ri]=1|¢en er es |, ®3)
-vi x 0 fiao fo fs
withi =1, 2;
- the matrices of the screw (pliickerian) coordinates of the axes A;x;, A;y;, and A;z;,
i=1,2,

T
{Bix} =[an bq ca dn en fa ]T,
{By}=[an bn cp dp ep fo ]T, 4)
{B}=la3 bs cz dsz es fs ]

- the scalar values of the impulses P; and P, at the points A; and A;, respectively;



Symmetry 2021, 13, 1924 4 of 43

- the matrix [n] given by

(0 m
)= [ [0 } = ©

C O = o oo

o= o o oo

= o O O oo

C OO OO M

©C O O O =mOo

oo m=m oo
~

- the sign * for the mixed product of two matrices in screw (pliickerian) coordinates

{Eix} * {Ey} = {Eix} n]{Eq }; )

- the matrices of position and their inverses

[R:]"  [0]
D" [Ri]"

TR ]
= o)y |-

wherei =1, 2;
- the components vyy, v1y, and v1; and vay, vz, and vy, of the velocities at the points
Aj and Aj, respectively, components [48,49] given by relations

, @)

vie = {Ex} ]{ve}, vy = {Eiy} l{vc}, viz = {Bi} {ve}, 8

withi =1, 2;
- the matrix of inertia of the rigid solid and its inverse

0 0 0 m 0 0
0 0 0 0 m 0
_[[0] m]1_| 0 0o 0 0 0 m
R e A
0 J, 0 0 0 0
0 0 J 0 0 0
[0 0 0 J:t o o ] ©)
o o o o J' o
-t=| O 0D _| o 0o 0o o o g
[m]~'  [0] m=1 0 0 0 0 0
0o m1 o 0 o0 0
0 0 m* 0 0 0 |

2.3. Determination of the Impulses

The general theorems at collisions [13,14,48,49] may be put in the matrix relation

{M}{{Vc} - {Vg}} = —Pi{Eir} — P{Ex}, (10)
wherefrom it results in
{ve} = {v2} = —PMJ B} - PIM] 2 {Ex). (11
Defining the inertances [13,14,43,48,49] by the relations

Sijxy = {Eix}T[n][M]_l{Ejy} = &ijxys i=1,2 (12)
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from the expression (11), one obtains

01y — 09y = —P18112x — Pag12vx, U2y — 09y = —P19212x — Pagoor- (13)

2.3.1. The Newton Model
For the Newton model [13,14,48,49], one may write

v = kN, i=1,2, (14)
and from (13), it results in
(1 + k{\])v(l]x = Pig11xx + P2812xx/ (1 + kﬁf)vgx = P1go1xx + P2§22xx- (15)

The situation is captured in Figure 2.

P,
(141 ) vy,
gllxx

g 22xx

Py
(@) &120= &1, =0
P,
(1+k)) v,
g22)o(
P
gllxx

(b) &12™ &o1e <0
Figure 2. (a) g12vx = §21xx > 0; (b) g12xx = 2142 < 0.
For the planar collision, one has
{Eix}=[an bix 0 0 0 fu ]T, {Exx}=[an by 0 0 0 fo ]T, (16)

1 2 2 1 i
withai +b7 =1,i=1, 2.

It results in

2 b 2
L1y = % + f]]T]’ Qiowy = anaz]’:g uba fnjfﬂ = 9210 §20ux = % + %, 17)

(14+kN)0), = Pigiiey + Pagiove, (1+KY)0Y, = Pi1g1ove + Pagoosx.
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The velocities after collision read

b b
w:wo—m@ le vx_vx—Plﬂ—PZ@,vyzvg—Pli—Pzﬂ. (18)
m m m m m

In addition, one has

o), =apod+ bnvg + fruw®, v1y = a0y + byoy, + W,

2 + fa1w0, Vo = a210x + bo1vy + 0.

19
va = Clz]?)?c + b217]y ( )

Using the relations (15), one obtains the values of the impulses after collision for the
Newton model

S (1+ kll\l)v(le
&821xx (1 + ké\])vgx

811xx  812xx
821xx  822xx

’ (1+kN>le 812xx

P — (1+k3)v3,  ooux ,Pzz‘

‘gllxx 812xx
821xx  822xx

(20)

2.3.2. The Poisson Model

The impulses Pf, i = 1, 2, in the compression phase are obtained from the relations
(13) imposing the condltions viy = 0,1 =1, 2; it results in the system

o), = Pfgiiex + P5g12xx, 3y = {9012 + P5go0vx, (21)
with the solutions
v(l)x 812xx ‘ 811xx U(l)x
v v
P = 2x  822xx ,PS = 821xx  Upy (22)

‘ 811xx  812xx

'gllxx 812xx
&21xx  822xx

821xx  822xx

The total impulses are deduced from the relations
j (1+klf)Pf, P, = (1+k§)P§. (23)

3. Velocities after Collision

The matrix of the screw (pliickerian) coordinates of the velocity at the point C is
deduced from the relation (11)

fve} = {vt} - M) B} - PoIM) H{Exi). 24)
The tangential velocities at the point A; are
vy = Uly Pig11yx — Pagioyxs 1z = 03, — Pi&112x — Pag1ozv, (25)
while the tangential velocities at the point A, read
Uy = Uzy Py gotyx — Pagooyxs 2z = 09, — Pigo12x — Pagoozx- (26)

The angles oc(l), o1, ocg, oy between the tangential velocities and the axes A;y;, i =1, 2,
before and after the collision are obtained from the expression

i . (% [
cosol = —H  sinal = ——2_ cosa; = LA
1 0 2 2 t 0 2 02 2 402
( ly) +(o2) (Uiy) +(o) v (27)
sin o = ——2iz
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4. The Energy of Lost Velocities E, and the Loose of Kinetic Energy AE,
The energy of lost velocities E, [13,14,48,49] is defined by relation

1 T
= >{tvet = {0} } mimi{{ve} - {¥2}}. 28)

Taking into account the expressions (10) and (11), one deduces
By = 5 {P{E) "+ Po(B) M) (PB4 PaE2)). @)

On the other hand, .
™| ] = v, (30)

and the relations (12) lead to

E, = (P1 S11xx T 2P1 Pag1oxy + P2822xx> (31)

N\'—‘

The loss of kinetic energy

aE = (o} M {2} vl )M (v} )

is obtained by considering the expression (28), which successively reads

E, = MHvel'mM ]{Vc} {ve}'m

MJ{v¢} + Z{VC} M]{ve} = (33)
= —AE.— {Vc}

{{VC} - {VC}} = —AE, +Plle +szgx;

yielding
AE. = —E, + P19Y, + P03, (34)

5. Particular Cases
5.1. 812xx = 0

If the collision directions are perpendicular, and one of them passes through the center,
then 1oy = 0; it results in the final impulses

R,

(1+k)oh,

Py (35)
811xx 822xx
for the Newton model, and
Pl — (1 + k{?)v(l)x, P2 — (]' + klZJ)vgx (36)
S11xx 822xx
for the Poisson model, respectively.
5.2. [R1] = [Ry] = [1]
In this situation, one obtains
0 —zi
[D,‘] = [Sz] = Zj 0 —X; , 1= 1, 2, (37)
—yi x 0
T T
{Ex}=[1 00 0 2z —y1 | ,{Ex}=[1 00 0 z —yz], (38)
1.2y 1 z1z2 | i 1 y2
== +21 4+ = 4 SR 2 ——+ 4 39
e, T 812xx = T, L. 822xx LT (39)
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5.3. Planar Case

Let us return to the planar case, where we obtained the system

(1 + k?’)v?x = P1&11xx + P2&12xx, (1 + ké\])vgx = P1821xx + P2822xx, (40)

that is, a system of two linear equations with two unknowns.

Assuming that kN = ké\] , v(ljx = ng, and P; = P, = P, the system (40) becomes

P(g11xx + 812xx) = A, P(§21xx + §22xx) = A, (41)

where
A= (1+R ol = (14 K)ol (42)

The system (41) has a unique solution if and only if
S11xx T §12vx = §21xx T §22xx 7 0. (43)

The conditions (43) imply

1 2
1

1 »
wT L T m + %1, fu1 = £fa. (44)

If we consider that the rotational matrices are
[Ri1] = [Ro] = [1], (45)

then
ayn =1, a0 =1, b1 =0, by1 =0, f11 = —any1 +bux1 = —y1,

46
fo1 = —any2 + boixo = =2 #6)
and the relations (44) lead us to

y1= £y, (47)

2 nty)
—+ == #0. 48
- T 7 (48)
No matter the value of i1 (y; = y2 or y; = —Y»), the relation (48) always holds true.

One may observe that the conditions kY

weaker condition, namely

= k) and 0! = 0}, can be replaced by a

2 yilyit+y)
T 20 (49)

=2}

. Algorithm of Calculation
The input data are:
- mechanical and geometrical characteristics of the rigid solid (m, C, Jx, ]y, and J;);
- the two points of collision A; and Aj, that is the coordinates x;, y;, and z;, withi =1, 2,
relative to the reference frame Cxyz;
- the velocities v% and w"? before collision;
- the director cosines of the axes of the local systems A;x;y;z;, i =1, 2;
- the coefficients of restitution k1 and k.
One successively calculates:

- the rotational matrices [R1] and [R;] using the expressions (2);

- the matrices [S;] and [D;], i = 1, 2, using the formulae (3);

- the matrices of screw coordinates {Ej}, {Ej} and {E;}, i = 1,2, using the
relations (8);

- the matrix [n] given by (5);
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the values vy, v;y and v;,, i = 1, 2, using the formulae (8);

the matrix of inertia [M] and its inverse [M] ' with the aid of the expression (9);
the inertances gjjxy, i,j = 1, 2, using the formulae (12);

the impulses P; and P»:

(a) for the Newton model using the relations (16),
(b) for the Poisson model using the expression (18) and (19);

the velocities after the collision with the aid of the expressions (24)—(26);
the energy of lost velocities E, with the relation (28);
the loss of kinetic energy using the expression (34).

. Numerical Applications

Example 1. The collision of a sphere at two points (Figure 3).

Due to the symmetry, we may choose the reference frames as shown in Figure 3.

In addition: Jy =], =], x1 =R, y1 =0,z21 =0,z =0, x, = Rcos 6, and y, = Rsin6,
where R is the radius of the sphere, and 6 is the angle between the axis Cx, = Apx; and
the fixed axis Cx; = A1xy, v% = woRi, w? = wek, klN = kg =kandi=1, 2.

It results in the following

1 0 0 cos® —sinf® 0
Ri]J=]10 1 0|, [Ry]=| sin® cos® O |,
0 01

0 0 1
0 0 0 0 0 Rsin®
[Sl] =10 0 —R |, [Sz} = 0 0 —Rcos9 |,
0 R O —Rsin® Rcos6 0
z
2
v g
y 0 Y2 Y
)
A
1 Y A, X,
xle
Figure 3. Example 1.
0 0 0 0 0 Rsin©
[Dl] = [51][R1] = 0 0 —R ’ [Dz} = [Sz} [Rz] = 0 0 —RcosH ’
0 R O 0 R 0

{v%}:[o 0 wy woR 0 O}T,

{Ex}=[1 000 0 0], {Exx}=[cos® sin@ 0 0 0 0],
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000100
0000T10
[]_000001
M=110000 0]
010000
001000
000 m 0 O 0 0 o J ' 0o 0
000 0 m O o o0 0 0 J' o0
|00 0 0 0 m 4_| 0 0o o0 o0 o Jt
[M]_]OOOOO’[M]_m_lo 0 o o0 o0 |
0 J OO 0 O o m® 0 0 0 0
00 J 0 0 O 0 o m 0 0 0
_ 1
iter = (B} TIIMI 7 (B} = ) 9o = (Baed "] M) (o) =
cose
S12xx = §21xx = {Elx}T[ M) {Ep, ) =

7

{gllxx 812xx } — { mil % :| — Sinie
m

21xx  §22xx wsb oyl m2
{E,}=[0 10 0 0 R], {Ey}=[ —sin® cos6 0 0 0 R,
{E.}=[0 010 R 0], {Ex}=[0 0 1 Rsin® —Rcos® 0],

o, = {Er} ){v2} = woR, o), = {Ea, } M]{v2} = woR, o}, = {Ex.} " I]{v2} =0,
vgx = {sz}T[n]{VOC} = woR cos 6, vgy = {Ezy}T[n]{voc} = woR(1 —sin®), ng = {EZZ}T[n]{VOC} =0.
The Newton model yields

[ (1+kN)le 812xx }
(1+k )sz 822xx

|: 811xx  &812xx ]
821xx  822xx

1+k))0)
1+ Ko, Py = LS (1HR)G ],
[ 811xx  812xx :|

21xx  822xx

{ 811xx (1+k{\])v?x ]
- 0

fve} = {v2} ~ Pi[M] B}~ oM B2} = [0 0wy —awoRk 0 0],

S1lyx = {Ely} “HEnL} =0, S12yx = {Ely} HEy )} = sme
Slzx = {Elz}T[ﬂ][M}_l{Elx} =0, 81220 = {Elz}T[ﬂHM]_ {Exx} =0,
1yx = {Ezy} THEL) = —sme/ S0yx = {Ezy} “HEyn)l =0,

Eo1zx = {EZZ}T[nMMrl{Eu} =0, g222¢ = {Eaz} [n][M] " {Ez,} =0,

Uy = Uly Pigi1yx — Pagioyx = WoR, 01z = 03, — P1g112x — Pag1ozx =0,

Uoy = Ugy — Pigo1yx — Pagooyx = woR(1+ksin®), v, = 09, — Pigo1zx — Pagorzr =0,

o
1 o
cosaf = y =1, sinad = 1z
\/ 1y 12 \/ 1y 1z
09
2 o
cos o = j =1, sinad = 2
v2y sz va v2z
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01 . 0
cos ] = % =1, sinx; = % =0, oy =0°,
1/vly+vlz ,/vlervlz
(%] . (%)
COS Xp = % = 1, S xp = ﬁ = 0, (0.5] :OO,
A /UZy + 03, A /UZy + 03,

v?:}} %mw%Rz(l +k)?,

By =5 {tve) — (v} } miMI{ {ve) -

AE;. = —E, + P1of, + Pyod, =

N =

mw%R2

/N

1—#)
For the Poisson model, one obtains

0
01y  812xx
Uy 822xx

‘gllxx 812xx
&21xx  822xx

0
‘ 811xx U1y
21xx Uy,

Py = = mwoR, P5 = =0,

‘gllxx 12xx
&21xx  822xx

P =P{(1+K}) = mwo(1+K)R, P =P (1+K) =0.

The rest of results are identical to those obtained in the Newton case.
As numerical values, we consider wg = 3 rad/s, R = 0.25 m, k = 0.5, resulting in

000100
000010
|0 000001
M=110000 0]/
010000
001000
0 0 0 10 0 07 0 0 0 400
0O 0 0 0 10 0 0 0 0 040
|l o o 0o 0 o0 10 4 |0 0 0 00 4
M=1925 0 o o o0 of™M =|o1 0 0000
0 025 0 0 0 0 0 01 0 00 0
0 0 025 0 0 0| 0 0 01000
{ve}=T[0 03 07 00],
100 [ 0707107 —0.707107 0
Ri]=|0 1 0], [Ry=| 0707107 0707107 0 |,
00 1 0 0 1
0 0 0 0 0 0.176777
Si]=|0 0 —025|,[Sy)= 0 0 —0176777 |,
0 025 0 ~0176777 0176777 0
0 0 0 0 0 0176777
D=|0 0 —025|,[DJ=|0 0 —0176777 |,
0 025 0 0 025 0

(B} =[1 0 0 0 0 0], {Exx} =[ 0707107 0707107 0 0 0 0],

{Eyy}=[0 1 0 0 0 025 17, {Ey} = [ —0.707107 0,707107 0 0 0 025 1%,

{E.}=[0 0 1 0 —025 0]", {Ex.}=[0 0 1 0176777 —0176777 01",
Qi1xr = 0.1, G125y = 0.070711, o140y = 0.070711, gopyx = 0.1,
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811yx = 0, g12yx = 0.070711, g112x =0, 1220 =0,
1yx = —0.070711, go2yx =0, $212x = 0, €202 =0,
o}, = 0.75, o), = 0.75, o], = 0,
09, = 0538330, 09, = 0.219670, vy, =0,
Py = 11.25, Py = 0,
{ve}=[0 0 3 -0375 0 0],
vy =0.75, v1; =0
vy = 1.015165, vp, =0
Ccos oc(l) =1, sincx(l) =0, cx(lJ =0,
cos ocg =1, sin ocg =0, ocg =0,
cosoxg =1, sinx; =0, ¢y =0,
cosoy =1, sinay =0, op =1,
E,N = 6.328125, AE.y = 2.109375,
Pip = 11.25, Pyp = 0.

Example 2. The collision of an ellipsoid at two points (Figure 4a).

The equation of the ellipsoid is

b)
a)

Figure 4. Cont.
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Figure 4. Example 2. (a) Formulation of the problem; (b,c) some calculations.

22 2

Tt Tt 9= 1.
One knows 01 = 45°, 0, = 30°, v% =5i+7j + 4k, w® = 3i +j + 2k.
The coordinates of point A; are obtained from the system

X
£+

wherefrom (Figure 4b) x4, = \[, ya, = \[, ZA1 0.

y

us\‘,\, |
—_
N

Denoting the function f(x,y,z) = T +7 T + % —1 = 0, a vector which has the
direction of the normal n; is given by
2x Al y Ay .

4

wherefrom ¢ = %/ @p = 14.03624347°, cos @1 = \/%, sin @ = \/%

Proceeding analogically for the point A, one obtains (Figure 4c)

4 93 4
= ——, @y = 14.3916014, cos @, = L singy = ——
©2 9\/3 2 ©2 559 ©2 259
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The rotational matrices read
1 0 0 10 0
_ ~ o & _ 1
[Ri]=1| 0 cosp; —sing; | = \/1ﬁ }L/ﬁ ,
0 sin@ cos@q 0 N Ay
0 -1 0 cos(—@2) 0 sin(—¢y) 0 -1 0
9/3 0 _ 4
[Rz} =1 0 O 0 1 0 = /259 \/\/@
0 0 1 —sin(— 0 cos _4 9v3
(—92) 92 s 0 Oa

For the coefficients of restitution, we choose the following values:
- KN =k =10,k = kb = 1.0 (case 1);
- k{\] = kf =0.0, ké\] = klzj = 0.0 (case 2);
- ki\’ = kf =1.0, ké\’ = kg = 0.0 (case 3);
- KN =k =05,k =k} =05 (case 4);
- kY =k =07,k =k} = 0.3 (case 5).

The results are presented in Table 1.

Table 1. Results for the numerical cases considered in Example 2.

Case 1 Case 2 Case 3 Case 4 Case 5
00010 0
0000 1 0
00000 1
n] 100000
01 000 0
00100 0
0 0 0 10 0 0
0 0 0 0 10 O
0 0 0 0 0 10
26 0 0 0 0 0 |
0 20 0 0 0 O
M], M|} 0 0 10 0 0 0
0 0 0 0038462 0 0
0 0 0 0 05 0
0 0 0 0 0 01
01 0 0 0 0 0
0 01 0 0 0 0
0 0 01 0 0 0
V0 (3125 7 4]"
0.970143 —0.242536 0
[Rq] 0.242536 0970143 0
0 0 1
0 -1 0
[Ro] 0968620 0  —0.248548
0248548 0  0.968620
0 0 0.894427
[S1] 0 0 —0.894427
| —0.894427  0.894427 0 |
I 0 ~1.077632 1.866513 ]
[S2] 1.077632 0 0
| —1.866513 0 0
I 0 0 0.894427
[D1] 0 0 —0.894427
| —0.650791 1.084652 0 |
[ —0.579897 0 2.075784 ]
[D,] 0 ~1.077632 0
0 1.866513 0
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Table 1. Cont.

Case 1 Case 2 Case 3 Case 4 Case 5
{Eix} [ 0970143 0242536 0 0 0 —0.650791 ]"
{Exx} [0 0968620 0.248548 0579897 0 0]
{E1y } [ —0242536 0970143 0 0 0 1.084652 |"
{Ezy} [-1 0 0 0 —1.077632 1.866513 |"
{Exz} [0 0 1 —0894427 —0.894427 0 ]"
{E2.} [0 —0.248548 0.968620 2.075784 0 0 ]T
Slixx 0.142353
920vx 0.112934
812xx = 821xx 0.023492
S11yx —0.070588
S12yx 0.093970
812zx 0
821yx —0218485
822yx 0
912x —0.006028
92021 —0.046298
o), 5.246879
vgl’y 7.747624
o) 5.78854
véx 6.034837
3y —2.344606
09, 8.361996
pN 58.07 29.04 67.20 43.60 53.01
p;N 94.79 47.40 39.46 71.10 58.44
5.114251 4.057125 3.880038 4585688 4303428
1 1 1 1 1
5.779323 3.889662 6.373638 4.834492 5.450150
{vc} —0.633882 2.183059 —1.519834 0.774588 —0.143181
—3.590357 1.704821 1.548164 —0.942768 0.053605
1.643927 2.821963 3.019306 2.232945 2.547489
o1y 2.939137 5.343380 8.783734 4141258 5.998249
U1z 5.503966 5.646410 5.459166 5.575188 5.528779
2y 10.343432 3.999413 12.388680 7.171423 9.238326
Vos 13.100797 10.731396 10.593887 11.916096 11.387213
cosa?, sina?, of 0.801084, 0.598552, 36.7663°
cos océ, sin océ, océ —0.269977, 0.962867, —15.663°
Cos &1, 0.471048, 0.687348, 0.802119, 0.801084, 0.735296,
sin oy, 0.882107, 0.726328, 0.597164, 0.598552, 0.677746,
o 27.1020 43.4210 53.3330 53.2340 47.3320
oS &y, 0.619670, 0.319220, 0.688131, —0.269977, 0.630026,
sin o, 0.784862, 0.937041, 0.725586, 0.962867, 0.776574,
o 38.2920 18.616Y 43.4820 —15.663° 39.0520
Epn 876.8 219.2 471.7 4932 465.7
AE.N 0 219.2 119.1 164.4 165.2
PP 58.07 29.04 58.07 43.60 49.36
Py 94.79 47.40 47.40 71.10 61.62
5.114251 4.057125 4.057125 4585688 4.374263
1 1 1 1 1
5.779323 3.889662 5.779323 4.834492 5.212425
{ve} —0.633882 2.183059 —0.633882 0.774588 0.211200
—3.590357 1.704821 1.000586 —0.942768 —0.165426
1.643927 2.821963 2.821963 2.232945 2.468552
Epp 876.8 219.2 431.6 4932 459.3
AEqp 0 219.2 159.2 164.4 171.6
o1y 2.939137 5.343380 7.393006 4.141258 5.441957

012 5.503966 5.646410 5.503966 5.575188 5.546699




Symmetry 2021, 13, 1924 16 of 43

Table 1. Cont.

Case 1 Case 2 Case 3 Case 4 Case 5
Vay 10.343432 3.999413 10.343432 7.171423 8.440226
Uy 13.100797 10.731396 10.593887 11.916096 11.387213

The values obtained depend on which coefficient of restitution is used (Newton or
Poisson). The same values result only if the coefficients of restitution at the points are equal
(no matter their common value). This result is new, and it was not reported previously in
the references.

Example 3. Planar collision of a bar at two points (Figure 5).

One knows: AB =2AC =2CB =611 =L L =1k =K =k =03 k) =
K =k =02,v2 =3i+2j, w? =04, =4m,m =1kg, J: = J. = J; = 3ml? and
Jy = J» = 0.1ml%.

l I

A C B y=n

Figure 5. Example 3.

Proceeding analogically, one obtains:

- for the Newton model:

l
xA] = 0/ }/A1 = _ll = _EI ZA] == 0/

Xa, =0, ya, =l =1,24,=0,

100
Ri] =[Ro] =[] =] 0 1 0|,
00 1]
0 —za Ua 00 -£71 700 -2]7
S1]=1| z4, O —x4 [=[00 0 [=]00 0 |,
~ya, xa, 0 Lo o] [20 0|
0 —ZA, Ya, 0 0 I [0 0 41
[Sz]: ZA, 0 —XA, = 0 00 = 0 00
—]/Az xA2 0 -1 0 0_ _—4 0 0_
00 —4% 00 -2 0 0 ! 0 0 4
Di]=[S1)[RiJ=]|0 0 0 |[=|00 0 |,[D=[S)Ro)J=| 0 0 O0|=| 0 0 0]},
50 0 2.0 0 -1 00 —4 0 0
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000100
000010
|00 0001
=11 0000 0]
01 00O0O
001000
0 0 0 m 0 O 0 0 0 100
0 0 0 0 m O 0 0 0 010
M] — 00000 mj|_1|0 0 0001
). 0 0 0 0 O 12 0 0 0 0 0|’
0 Jo O 0 0 O 0 16 0 0 0 O
0 0 J 0 0 O 0 0 12 0 0 O
0 0 o J' oo o 0 0 0 008333 0 0
0 0 o o ' o 00 0 0 0.625 0
mt=| 0 0 o o o J*! } _ |0 00 0 0 0083333 |
m 0 0 0 0 0 10 0 0 0 0
0 m?t 0 0 0 0 0 1 0 0 0 0
0 0 mt 0 0 0 0 0 1 0 0 0

{ve}=0 0 o & O]T:[o 004 3 2 0],
=1 0000 2], {E}=[01000 0],

{En}=[1 0000 ;] !
01 -Loo]'=[0o01 -20 0],

{Elz} = [ 0

{Ex}=[1 0000 —1]'=[1 0000 4], {E}=[010000],
(Ex}=[001100]"=[00140 0],

2 2
8ilxx = 2 + 47 = 1.333333, g11yx = 0, 12yx = 0, §21xx = 7 — 577 = 0333333,
81zx = 0, 812z2x = 0, 21yx = 0, 822yx = 0, 821z = 0, 8222x = 0,

l 4
o = (B} I{ v } = wl3 + 08 = 04 5 +3 =38, o), = {Ey,} ] {v0 | = o) =2, o}, = {E.} " m}{v2} =0,

o = {Eac} I{v2} =~ + 08 = —04 x4+3 =14, o), = By} ){vl} = =2, 0. = (B} m}{¥L} =0,

‘ (1—|—k11\])v(1)x 812xx
(1+ ké\’)vgx 822xx
‘gllxx 812xx
821xx  &22xx

’ 811xx (1+kg)ﬂgx
14k

_ 3655556, pY — L& (1FK)%B | o0

S11xx  812xx

821xx  822xx

P =

{ve} = {v2} = PM] ' {Ev} - (M {Exi} = [0 0 0143333 0853333 2 0],
Uy =2, 01 =0, vy =2, 12, =0,
Ccos cx(l) =1, sinoc(l) =0, cx(l) =0,
cosx; =1, sinx; =0, g =0,

coso<20:1, sincxg =0, cxg =0,
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cosxy =1, sinxy =0, xp =0,

Epn = 9.195356, AE.N = 4.972644,

Pip =3.64, P,p = 0.24;
- for the Poisson model:
{ve}=[0 0 —0.126667 —0.88 2 0 ]T,

vy =2, 01; =0, vy =2, 12, =0,
CcoSs oc(l) =1, sinocflJ =0, cx(lj =0,
cosx; =1,sinx; =0, gy =0,
Coscx/zo =1, sincxg =0, cxg =0,
cosaxy =1, sinaxy =0, xp =0,

E.p =9.191467, AE.p = 4.976533.

A classical subcase is that defined by I; = I, = [, k1 = kp =k, and w? =0. Assuming
now that k = 0.1, and k = 1.0, with the rest of the values remaining unchanged, the
following results are obtained

(E,}=[1 0 0 0 0 4], {Ex}=[1 0 0 0 0 —4],{E,}=[0 1 0 0 0 0],

1
{Ey}=[0 1 0 0 0 O}T,{Elz}:[o 01 —4 0 O}T,{Ezz}:[o 01 4 0 o]T,

Q11xx = 2.333333, Qooxx = 2.333333, g12xx = —0.333333, go1xx = —0.333333,
11yx = 0, §12yx = 0, 81120 = 0, 1220 = 0, $21yx = 0, g22yx = 0, 82120 = 0, g222x =0,
o), =3, v(l)y =2,0,=0,09, =3, vgy =2,1,=0;
- for k = 0.0 (regardless of the model (Newton or Poisson) used):

PN =P =15, PN =Py =15,

{ve}=[0 0002 0],
vy =2, 01 =0, 03y =2, 12, =0,
Ccos oc(l) =1, sin oc(l) =0, oc(l) =0,
cos ocg =1, sin ocg =0, ocg =0,
cosoxy =1, sinx; =0, ¢y =0,
cosaxy =1,sinaxy =0, xp =0,
Eyn = Epp = 4.5, AEcN = AE.p =4.5;

- for k = 0.5 (for both models (Newton and Poisson)):
PN =Pl =225, P = P} =225,

{ve}=1[0 0 -15 2 0 0],
Uy =2,01; =0, 03y =2, 0, =0,
Ccos oc(f =1, sin oc(l) =0, oc(l) =0,

cosay =1, sinad =0, a3 =0,

cosoxy =1, sinx; =0, g =0,
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cosaxy =1,sinaxy =0, xp =0,
Eyn = Epp =10.125, AE.y = AE.p = 3.375;
- for k = 1.0 (both models):

PN =P =3, PN =P} =3,

{ve}=[0 00 =3 2 0],
Uiy =2, 01 =0, vy =2, 12, =0,
cos occl) =1, sin oc(f =0, oc(l) =0,

cosocgzl, sinoc%zO,ooZO:O,

cosx; =1,sing =0, 1 =0,

cosaxy =1,sinay =0, axp =0,

Eyn = Epp =18, AE.y = AEcp = 0.

One may observe that the results are identical, regardless of which coefficient of
restitution is used. This is a particular case in which both coefficients of restitution at the
two points are equal.

Example 4. Spatial collision of a bar at two points (Figure 6).

One knows:

- the rotational matrix from the system OXYZ to the system Cxyz,

[A] = [W][6][e],
where { = —45°,0 = 0°, @ = —45°,
1 0 0 cos® 0 sin® cosp —sing 0
,[9][ 0 1 0 ][(p]{sin(p cos @ 0};

0 cosyp —siny
0 siny cos\p —sin® 0 cos® 0 0 1

W] =

- the mass of the bar m = 1 kg;

- the dimensions AjC = CA; =3[ =3 m;

- the central principal moments of inertia J, = [, = %ml2 = 0.75 kg m?, and Iy =
0.1ml? = 0.1 kg m?;

- the initial angular velocity w® = w?i + ng + wlk, where w) = 1rad/s, wg =
2rad/s, and w(z) = 0rad/s;

- theinitial velocity of the center of mass C, v?: = Ucyl +0cyj + vek, with v%x =5m/s,
v%y =10m/s, and ZJ%Z =2m/s;

- the coefficients of restitution:
(i) kzl\] = klf =1, kg\] = kg =1 (case 1),
) K=kl =06k) =k} = 0.3 (case 2), and
(i) kN =kP =0k =k§ =0 (case 3).
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Figure 6. Example 4.

It results in the following

000100
000010
m |0 00001
M=110000 0]/
010000
001000
0 0 0 100 0 00 1333333 0 0
0 0 0 010 000 0 10 0
| o 0o 0o 001 4 000 0 0 1333333
M=197 0 0 ooo|/™ =100 o o o |
0 01 0 00 0 010 0 0 0
0 0 075 00 0 001 0 0 0
{v}=[1 205 10 2],
10 o0 100 22
wl=]0 % 2l el=]0 10| [e]=| 2 2 ]
0 —¥2 V2 001 0 0 1
VoI
22\/E
A=Wl = | J1 1
0 0 1

The rotational matrices of the reference systems A;x1y1z1 and Apx;y22; relative to the
reference system Cxyz read

0 -1 0 0 0 1
[Aq] 1 0 0/, [A]= 0 1 0|,
0 0 1 -1 0 0
wherefrom
1 _v2 1 _1 1 2
. 2 % 2 . 2 2 \%
Rij=[A A= | L 2 3L RI=[AA =] 11
V2 0 V2 _ V2 N2 0
2 2 2 2
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We impose X¢ = 0 and from the relations

XAl Xc 0 XAZ Xc 0
YAl = Yc + [A] =3I |, YAZ = Yc + [A] 3l |,
ZA] ZC 0 ZA2 ZC 0

one obtains
Ye —3axnl =0, Z¢c + 3azl =0,

that is
3 . 3
Y = 3ax! = 3lcoscos @ = El' Zc = —3azl = —3lsiny cos ¢ = El.

It results in

Xa, 2 % % \O[ [0 ] -—¥
| a 11 2 _ —

Ya, | = 2 +1 -3 1 £ 3 | = 0 ,

ad Lel Ly G ogllol [ a

Xy 0 S 0 1107 [32]
— 2 —

Ya, | = 3 +| -3 1 £ 3 | = o |,

ad ¥l Ly e llod [a ]
0 -3l 0 0 0 30 ]

Si=|3 o0 Bl s)=| 0o o -¥2
o B o |

—-1.5 2.121320 1.5
[D1] = [S1][R4] = 0 0 3 ,
—1.060660 1.5 1.060660

- 311%5 % 0 ~2121320 2121320 0
[D2] = [S2][Ro] = 5 -3 0 = 1.5 -15 0 ,
3 (2 + ﬁ) 3 (z + ﬁ) 3 (2 _ ﬁ) 2560660 2.560660 —0.621320

{(Ei,} =[ —05 05 0707107 —15 0 4—1.060660 |,
{Ex,} = [ —05 05 0707107 —2.121320 15 2.560660 |,

(B} = [ —0.707107 —0.707107 0 2121320 —2.121320 15 |7,
{Eay} = =05 05 0707107 2121320 —15 2560660 |',

{E.} =[ 05 —05 0707107 15 3 1.060660 |", {Ex} = [ 0707107 0707107 0 0 0 —0.621320 ]",

L1lxx = 5.5, 812xx = &21xx = 0, 822xx = 38.242641, gllyx = —6.363961, g12yx = 32.698485,
811zx = 0, 8122 = 0, ngyx = —6.863961, gZZyx = —1.757359, 821zx = 0.878680, 8222x = —2.121320,

o), = 2414214, 0], = —12.727922, v}, = 6.414214, v), = 1.964466, v5, = 3.035534, 05, = 10.606602;

- for kll\] = kf =0, ké\’ = kg = 0 (both models, Newton and Poisson):

PN =0.433941, P)¥ = 0.044318,
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{vc}=[ 1993234 1335225 0462374 5239130 9.760870 1.724495 |,
01y = —8.517194, vy, = —12.409591, vy, = 6.887904, vy, = 10.319320,
cos o = —0.893012, sin o) = 0.450032, o = 153.254263°,
cos oy = 0.275146, sin &) = 0.961402, o = 74.029285°,
cos oy = —0.565879, sin oy = —0.824488, oy = 235.536637°,
cos oy = 0.555267, sin «y = 0.831672, ap = 56.270878°,

E,n = 0567345, AEcy = 0.567345;

for kN =kl = 0.6,k =kl =0.3:
Newton model:
PN = 0.696050, PN = 0.055470,

{ve} = [ 2548995 1.167944 0.794976 5375760 9.624240 1.547042 |,
01y = —6.484486, vy, = —23.779531, vy, = 8.909145, vy, = 10.112667,
cos o = —0.893012, sin o = 0.450032, o) = 153.254263°,
cos o = 0.275146, sin o = 0.961402, o = 74.029285°,
cos o7 = —0.263086, sin ot = —0.964772, o = 234.746741°,
cos op = 0.661046, sin oy = 0.750345, «, = 48.620272°,

E,n = 1.415162, AEcy = 0.374222;

Poisson model:
PN = 0.694306, P)Y = 0.057614,

{vc} = [ 2551569 1.135793 0.785191 537596 9.624040 1549790 |,
01, = —6.425500, 01, = —23.703874, v, = 8.939522, vy, = 10.118746,
cos o = —0.893012, sin o) = 0.450032, o) = 153.254263°,
cos oy = 0.275146, sin &) = 0.961402, o = 74.029285°,
cosa; = —0.261632, sin ot = —0.965168, o = 254.833083°,
cos oy = 0.662089, sin x, = 0.749426, «, = 48.540681°,
E,p = 1413992, AE.p = 0.373592;
for ki\] = kf = 1.0, ké\] = kg = 1.0 (both model):

PN = 0.867883, P = 0.088637,

{vc} = [ 2986468 0.670450 0.924747 5478360 9.521740 1448990 |,
v1y = —4.306466, v1, = —31.233396, vy, = 10.743873, vy, = 10.032037,
cos o) = —0.893012, sin o = 0.450032, o = 153.254263°,
cos &) = 0.275146, sin o = 0.961402, o = 74.029285°,
cos o = —0.136588, sin a; = —0.990628, «; = 262.149544°,
cos oy = 0.730905, sin &, = 0.682479, «, = 43.037666°,

E,N = 2.269378, AEcp = 0.
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One may also observe that when the two coefficients of restitution at the two points
are different, one does not obtain the same results using Newton or Poisson definitions.

8. Discussions

Recalling the relations (16), (18), and (19), one may ask for the determination of the
situations in which the impulses given by the two models are equal, that is, PN = P/’ and
pY = PP

These equalities lead to the system

(1 + ky)v(ljx 812xx | _ P U(fx 812xx
(1+K)vh, 8o | (1+k) V9, §22xx

X x , 50

’ S11xx (1 +k{\])v(1)x ‘ _ (1 +kP) 811xx Uiy 0
821xx (1 + klz\])vgx 2 21xx Uy,

wherefrom

(1 + k?I) 0 820ux — (1 + ké\]> 09,8120y = (1 + kf) 09 8200x — (1 + ké’) 0. 812vr,  (51)

(1 + ké\])vgxgllxx - (1 + kﬂ\]>v(1)xgzux = (1 + klzj) nggllxx - (1 + kg) U(l)xgﬂxx' (52)

The previous relations become
(6 = K] Yo goae — (K5 = K} ) o g12e = 0, (53)

(ké\] - klzj)vgxgllxx - (k{\] - kg)v(l]xgﬂxx =0. (54)

Assuming that kf\’ = kP = k;,i = 1,2 (which is valid in the situation of single collision),
the Equations (53) and (54) transform into the system

(ko — k1)03,8120x = 0,
55
{ (k2 = k1)v] g212x = 0. ©5)

A first possibility is given by k1 = k.

Taking into account that g1oxy = g21xx and U(l)x # 0, U(z)x # 0 (there exist collisions at
the points A; and A;), the second possibility g12xx = §21xx = 0 results.

From the expression

m 0 0 0 0 0
0 m?1 0 0 0 0
1 0 0o m?* 0 0 0
[ﬂ][M} - 0 0 0 ];1 0 0 (56)
o o0 o0 0 J' o0
0 0 0 o0 0 J!']
one gets
_ 1 dindin  enejn  fifn
gijxe{Eix}T[ﬂ][M] 1{ij}=*(ﬂi1ﬂj1+bilbj1 +eicn) + —— + L+ (57)
m Jx Ty Iz
sincem >0, ]y >0, ], >0, ], >0, fori = j, it results
1y, o oy dy e fE
i = o (dh + 0 ch) + G G4 > 0 (58)

and, consequently, ¢11xx > 0, §22xx > 0.
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If g125x = L21xx = 0, §22xx > 0, then the relations (16), (18), and (19) lead to

‘ (1+k1)x§x 0 .
1+ky)x 1+k
Py = pp=p = LGN Sow | (rk)R, (59)
‘ 811xx 0 d11xx
0 822xx

‘ 811xx (1 + kl)xgx
Y _pp_p | 0 Otk | kel .
‘ S1lxx 0 822xx

0 822xx

and since x> 0, x3, > 0, it yields P; > 0, P, > 0.
One may also question the compatibility of the systems (16) and (18).
To answer this question, we have to calculate the determinant

A= ’ S11xx  S12xx
21xx  822xx

= &11xx822xx — 821xx821xx (61)

that is,

A = {Ep} [n][M] 7 {1 }H{Eax} ] [M] 7 {Eny}
—{E1} ] [M] " {Ep H{Eoy } T[] [M] T {Eyy } =
= {Ei } T MIM] Y {B1 H{Eor } T ) M] By} — {Eox H{Eox } T ) [M] B, } ) = (62)
= {Er} ][M] " { {E H o} ] [M] T {Eay} — {Epy }{Ery} ] [M] ' {Epy} b =
= {Exc} )M {{E1 HE2} " — {Ba H{Ew} T fIn (M) ™ {Eza ).

One may observe that if {E1 B} = {Epy }{E1,}T, which is equivalent to

aya21  a11bar  arcar  anda  anex  anfa
bi1axi  biibyr  bricor  budar biiear  bifa
cia citbar cnear cndar cner cinfa
diag diby ducy dudxn duen  dinfa
endy enby  encor  endyr  enear  ernfa
fiian fuba fuean fuda fueanr fufa 63)

axary  anbiy axienn  axpdy  axenn  anfu

byrarr  byibin baicnn bydin baienn bafn

co1a11  Co1b1n caienn cordin catenn corfn

dorary  dybiy doicny doidn darenn duifn |

enapr  exbin  exenn endin exenn eanfin

foranr  fabn  facn faidu faen faifu

then A = 0.
On the other hand, one has

_ | R g | _
o = TR 8 | {0k (Bu) = (4 ke)od (B M) (Ba), (69

_ xx (1—|—k)z;0Y _ _
g | S R | = {0 k(B = (1 k)ob (B2 M) (B, (69

0
P_ | U1x 8l2xx | _ 0 T .0 T 4
A= ’ Ugi 822xx ‘ B {le{EZX} vZX{ElX} }[T]HM] {E?_x}/ (66)
xx oY B
Ag - ’ g;ixx Uéx ‘ = {vgx{Elx}T - v(le{EZx}T}[nHM] 1{E1x}, (67)
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Resulting in
AN AN AP
Pl =L, P =2, P =4, P =2 (68)
Let us observe that if the two points A; and A, coincide (417 = Ay = A), then
{E1x} = {Eax}, v?x = vgx, and k; = kp, and it results in A{V =0, Af =0, Aé\[ =0, Ag =0,
and A = 0; consequently, the formulae (68) cannot be applied. For the Newton model, we
may use the first relation (15), which reads now

A7

(1+k1)0Y, = Prgiiax (69)
that is,
14 k)oY
P, = (1+ 1)0135_ (70)
11xx

For the Poisson model, one has to use the first Equation (17), written as
o = P{g11xn, (71)

wherefrom 0 0
1+k
U, = 14k = SR

C __
P1 -
11xx S11xx

(72)

The formulae (70) and (72) are identical to those obtained for the collision of a rigid
solid with an impulse.
The conditions PlN >0, plP >0, PZN >0, PZP > 0 imply the relations

ANA >0, AYA >0, APA >0, ANA >0, (73)

which have the signification of real collisions at the points A; and A,.

When g12,x = g21xx = 0, taking into account the expression (59) and (60), the condi-
tions (73) are equivalent to v?x > (0, and ng > 0.

Remembering the relations (8), we obtain the conditions

{Eu} W {v2} >0, (B2} ){v?} >0, (74)

which are the required conditions in this case.
The expressions (70) show that the model may be applied only if the initial data ({02 })

and the matrices {E1;}" and {Ep}" (that is, the geometric positions of the two contact
points) satisfy certain inequalities.

In the general case, one has to apply conditions (60), at which one has to add the
expressions (62)—(67). These relations define the conditions which must be fulfilled by the
initial data. If at least one of these the conditions is not satisfied, then it results that the
problem is indeterminate.

More particular cases may be discussed, and some new particular conditions may
be obtained.

9. Collision at Two Points of the Constrained Rigid Solid
Determination of the Impulses at the Collision Points

If the constraints’ space is described by the screw matrices of the directions of con-
straints {U;}, i = 1, n, n being the number of constraints, and if the impulses have the
scalar values g1, g2, ... , qu, then [13,14,43,48,49] one may construct the matrix

U =[ {Ui} {U} ... {U.}], (75)
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while the general theorems at collision take the from

M{ve) - {VE}} = -1 R{E) + [Ulfa), 76

in which T
{a}=[@m a@ - an] (77)

The space of possible velocities is defined by the directions having the pliickerian
coordinates {D;}, i = 1, 6 — n, and by the matrix

D] =[ {D1} {Dy} ... {De_u} ], (78)

the velocities along these directions having the scalar values &;, &y, ..., and &g_j,.
One obtains the relations

{Ve} = DNe}, {ve} = DI{e’}, 79)
in which T
{e}=[& & ... & ] . (80)
Relation (76) becomes now
2
M) {{e} — {£'}} = -1 R{Ea} + U){a) (81)
Multiplying the last relation by [D]"[n], taking into account [13,14,48,49] that
[D]'[n][U] =0 (82)
and denoting
[Myeq] = [D] [n][M][D] (83)
one obtains ,
(e} = {£°} = =L PiMycq] [0 ] {Eir} (84)
i=1
or, equivalently,
2
{Ve} = {V2} =~ ¥ PID]Mycq] ' D] []{Eic}- (85)
i=1

Considering now the inertances

811xx = {Elx}T[n} [D] [Mred]il[D]T[n]{Elx}/
120 = {E1x}' M][D][Myea] ' [D]" [n]{E2r} = $21x, (86)
g2xx = {Eax}' [n][D][Miea] ' [D]' [n}{Eax},

the matrix Equation (85) leads to the system
U1x — 03y = —Pig11xx — Pa&12vx, V2x — U3y = —Pi&104x — Pagorvx- (87)

For the Newton model, one has

(1 + k{\l)v(fx = P1g11xx + P2812xx/ (1 + ké\’)vgx = P1go1xx + P2822xx, (88)



Symmetry 2021, 13, 1924 27 of 43

wherefrom it results in the impulses P; and P,

S (1K),

’ (1+ky )le 812xx
812xx (1 + ké\])vgx

- (1+k )03 822xx /PZ_‘

(89)
‘ S11xx  812xx S11xx  812xx
821xx  822xx 21xx  822xx
From the expression (81), one obtains
2
oi{{e} - {e*}} = -} AM) {Ex} + [M] ' [U){q} (90)
i=1
and, by multiplication by [U]' [n] and taking into account that [13,14,48,49]
[U]"M][D] =0, 91)
it yields
2
(U] n][M] 7' [U]{q} = }_ Pi[U]" [n][M]{Ex}, 92)
i=1
wherefrom

2 _
(a) = L Alu v (v U] M) B U] M) () 99)

10. Velocities after Collision

Knowing the impulses P; and P, (Equation (89)), from the matrix relation (85) one
deduces {V}, while the system (87) yields vq, and vyy.
Further on, using the inertances

Sliyx = {Ely} D [Mred [ ]T[n]{E1X}
812yx = &21yx = {Ely} [11 [D [ red} 1[D] [ ]{EZx}/

]
220c = {2y} "] 1D) Meea] D] ]} B2, o1
gi1zx = {E1z} [n][D][Myea] ' [D ]T[n]{Elx}
gi1zx = 8212¢ = {E1z}' [n][D][M red] '[D) ]{Ex},
822zx = {EZZ}T[“HD} [Mied] [ ]T[ﬂ]{EZx}

from the matrix relation (85), one obtains the velocities

01y = 0, — Pig11yx — Pagioyx, U2y = Uzy P1go1yx — Pagooyx,

(95)
01, = 05, — P18112x — Pago0zx, U2z = 03, — P1§012x — Pagoozy.
The energy of the lost velocities reads
1y 2
Ey=3 (P1 S11xx T 2P1Pag12x + Pzgzzxx) (96)

while the variation of the kinetic energy is

AE. = —E, + P19Y, + Py0)... (97)
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11. Examples

Example 5. The homogeneous bar OA (Figure 7) collides with two obstacles at the points
Aqand A,.

One knows: the mass m of the bar, the dimensions a4, b, I, the coefficients of restitution
ki and k; at the points A; and Aj, respectively, and the initial distribution of velocities,
Z)X:O,UYZO,ZJZ :O,wXZO,LUYZO,(DZ = w.

The only possible motion is the rotation about the OZ axis, and because CO x k = —Ii,
one obtains

(D}y=mpj=[0 01 —1 0 0]".

The constraints are:

- displacement along the OX axis; since CO X i = Ik, the following results
{Uiy=[1 00 0 0 1]}
- displacement along the OY axis; we have CO x j = 0, hence

{(Gi}=[0 1000 0]5

X avale
Z xl Al S
z o —_
22 " 4, I
Y=yi=y,=y

Figure 7. Example 5.

- displacement along the OZ axis; CO x k = —Ii, therefore
T
{U3}:[0 01 -1 0 0];
- rotation about the OX axis;
T
{U4}:[0 0010 0];
- rotation about the OY axis;
{(Us}=[0 00 0 1 0]

in conclusion

1 0 0 0 O
01 0 00
U =[{U} {Uz} {Us} {Us {Us}]= 8 8 —11 (1) 8
00 0 01
I 0 0 0 O
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It is obvious that

We have

{E,}=[10000 a], {Eyt=[01000 0], {B.}=[001 —a 0 0],

{Ex}=[10000 —b], {By}=[01000 0], {Ex}=[00105 0 0],

000100
000O0T10
[]_000001
M=110000 0}/
01 0000
001000
0 0 0m 0 O [0 0 0 J;1 0o 0 ]
0 0 0 0 m O 0 0 o o J' o
|0 0 0 0 0 m a_| 0 o o o o0 J!
[M]_Ixooooo’[w_mflo o o o0 o0 |
0 J, 0000 o m 0 0 0 0
0 0 J; 0 0 O 0 0 m?* 0 0 0
T 2 1
Mea] = (D" 0)[MI[D] = [ml? + ] = Jo, [Mrea] —H L

Sllxx = {Elx}T[nHD] [Mred]_l[D]T[ﬂHElx} = ;o ’
g12ex = {Erx} ][D][Myea] ' [D) ] {Ear} = G0 = g5y,
g22xx = {Ez} ][D][Myea] ' (D] }{Ear} = (52

{v}=[00 w00 0],
(W} = Bt {2} = wa, {o),} = (Bu,} ' mI{2} =0, {v}.} = (B} " m){+2} = 0,
(W} = (Bt m{v2} = —bw, {8} = {Bay} {v2} =0, {8} = (B2} m]{v2} =0,

SMxx  812xx
821xx  822xx

=0.

The system (88) is:
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- incompatible if the rank of the extended matrix

[;] — |: S11xx  812xx (1+kg)vgx :|
Qi §oxx  (1+K))0),

is equal to 2, that is either
1+ k{\l ) 0(1) .

gllxx ( ‘ O 98
o G| .
or ( ¥of
T4k )v),  81oxx ‘
0. 99
‘ (1+k)vh,  gooux * &)
The relation (98) leads to
Ny (I+Db)? Ny g (=D)L +D)
(1—|—k1 )awifo # (1+k2>( bw)ijo ,
wherefrom
(1+k¥)a(l+b) ;é—(l—kké\’)b(l—a). (100)
Analogically, expression (99) offers
Ny (14 D) N, (=D)(I+D)
(1+#] )awijo # (148 bw)
wherefrom one gets the same relation (100);
- compatible if rank [A] =1, that is
N _ N
(14K )a(+b) = = (14K )b(1 - a), (101)

wherefrom
N _ bl—ab— (14 k) (ab + al)

k2 bl + ab

For instance, ifa = b = é, then it results in

(102)

1

Since kll\] > 0and ké\] > 0, one obtained, in this particular case, ki\] < %, klz\] < %
Remark 1. One may observe that {Eq, } {Eax }T + {EZX}{Elx}T, and

’gllxx 812xx
21xx  822xx

The resulting condition (63) is a sufficient but not necessary one for the incompatibility of the
system which gives the impulses.

Example 6. Let us modify the previous example assuming that the end O of the bar can move along
the OX axis (Figure §).
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&

N
N
=
\
O~
<a<
I 1 _

X2 AZ

&
|-

Y=y1=y,=y

Figure 8. Example 6.
In this situation, the bar may rotate about the axis,
T
{D;}=[0 01 -1 0 0],
and it may translate along the OX axis,
{(Dyy=[0 00 10 0]5

resulting in

0 0
0 O
pI=[ (>} (D3 ]=]| ¢
0 O
0 0

Analogically, the constraints are:

- the translation along the OY axis,
T
{Ul}:[O 1 0 0 O O];
- the translation along the OZ axis,
{(Uab=[0 01 =1 0 0]%
- the rotation about the OX axis,
{(Usy=[0 00 10 0]
- the rotation about the OY axis,

{Usg}=[0 00 0 1 0];

one gets
0O 0 0 0
1 0 00
0 1 0 0
U =[{U} {U} {Us} {Uy} |= 0 -1 1 0
0 0 0 1
0O 0 0 O

A simple calculation offers

00
00

o o

D) [n][U] = [
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One obtains

{E,}=[1 0000 0], {Eyl=[010000],{E}=[001 —a 00],

(Ex}=[1 0000 —b], {By}=[01000 0], {Ex}=[001205 0 0],

[Mred] = [D}T[ﬂ][M] [D] = ]Z +m12 —ml -1 __ 1 |: m ml :|’

—ml m ’ [Mred] - mifz ml ]Z+m12

S1tex = {E1e} (D] Myea) D] [n){Exe} = 02,
812xx = {Elx}T[nHD] [Mred}il[D]T[n]{EZX} = ]Z;}Zab = &21xxs
9220 = {E2c} T ][D][Mea] (D] ] {Es} = L2,

{v}=[00 wooo],
o), = (B} I {v | = 0w, of, = {By,} ) {v} =0, of. = (B} ] {v2 } =0,
= {EZx} {v } va {Ezj} { } =0, vgz = {EZX}T[n]{v%} =0,

_ (a+b)?
- m;

_ (J- + mb?) (1 4+ kN)aw + (J. — mab) (1 4 kY ) bw

7

A= ‘ 8llxx  812xx
&21xx  &22xx

‘ (1+k )le 812xx

(1+Kk)05,  g2ur mj; ’
‘ S (THKN) _ (J: + mgz) (1+ ké\])bw — (J: — mab) (1 + KN)aw
So1xx  (1+K))03, mj. ’
P (J= + mb?) (1 4+ kN)aw — (J; — mab) (1 + kYY) bw P —(Jz + ma?) (1 + KY)bw — (J. — mab) (1 + kYY) aw
1= , 2 = =
(a+b) (a+Db)?
Further on, for the simplicity of the calculation, we will consider thata = b = % It
results in
mi?
]Z = T/
4 2 4
S11xx = 3’ 812xx = 21xx = 3m’ 822xx = 3m’

-4

- 3m2’
_ 1 N N _ 1 N N

P = 12mlw[4(1+k1 )+2(1+-)], P = nmzw[ (1+8) +2(1+4)],
lw
01x = 03y — Pig11xx — Pagronr = E[6 —6(1+k1)],
lw
v2x = 09, — Pig1oxx — Pagorex = 18 [ 6+ 6<1 + kN)}
T

Sityx = {E1y} M][D][Myea] D] M{E1x} = 0, g12yx = g21yx = {E1y} " ][D][Miea] ' [D] }{Eax} =0,

2yx = {Ezy}T[TIHDH Mred] ' [D] [n]{E2c} = 0, g1tz = {E1z}" [n][D][Mrea] ' [D]" [n]{E1x} =0,
Q122 = g212x = {E1z}" [M][D][Myea] "' [D] M]{E1+} = 0, g222¢ = {Ezz}' [n][D][Myea] ' [D]" n]{E2s} =0,

0 0
v1y = U1y, — Pi&1iyx — Pagizyx = 0, v2y = 03 — P1go1yx — P2g22yx = 0,
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U1z = v(l)z — P1811zx — Pa&12z0 = 0, U2z = v%z — P1g212x — P2g202x =0,
Ep = 5 (P¥g11xx + 2P Pag1oxx + P2820xx)
= e LT (1) +2(1+ 1)) + [4(1+ ) +2(1+ k)] [4(01+KY) +2(1+ k)]
+[a(1+K) +2(1+K)]7}

AE; = —Ep + P1oY + Pyol,
= 2 LA (14 k) + 201+ k) ) [4(1 kY 201+ KY) ) [4(1+ KY) +2(1+KY)]
+[4(1+RY) +2(1+ k)] |+ 25 fo(1+kY) +6(1+KY)]

0O 0 00O 0 O
0O 000 O0 O
O 1100000 m
0O 0 00 0 O
0O 0000 O
L
0
2 B w (k) +KY)
{ve} = {32} = L DM 'O MBS = | o T o |
i=1 T(kz _kl)
0
L 0 i

(10 i) (U] [ M) G = [0 0 0 o ] [ miM] (Ul [ M) B = [0 0 0 o

As numerical values, we consider: m = 10kg,/ =1m, w =1rad/s,anda =b = é
The simulations are performed in the following cases: (i) kll\] =0, ké\] = 0; (ii) ki\] =0,
kY = 0.5; (iii) k)Y = 0, kY = 1; (iv) k&Y = 0.5,k = 0; (v) kY = 0.5, k) = 0.5; (vi) k)Y = 0.5,
ké\] = 1; (vii) k{\] =1, ké\] = 0; (viii) ki\] =1, ké\’ = 0.5; (ix) ki\’ =1, ké\’ = 1. The results are
presented in Table 2.

Table 2. Results for the numerical cases considered in Example 6.

Case ) (ii) (iii) @iv) ) (vi) (vii) (viii) (ix)
Py [Ns] 5 5.833 6.667 6.667 7.5 8.333 8.333 9.167 10
P; [Ns] -5 —6.667 —8393 —5.833 —7.5 —-9.167 —6.667 —8.333 —10

v1y [m/s] 0 0 0 -0.167 —-0.167 -0.167 —0.333 —0.333 —0.333
Upy [M/8] 0 0.167 0.333 0 0.167 0.333 0 0.167 0.333

Ep []] 1.667  2.639 3.889 2.639 3.75 5.139 3.889 5.139 6.667

AE. []] 1.667  1.528 1.111 1.528 1.25 0.694 1.111 0.694 0

Remark 2. One may solve this example considering the rigid solid as a free one to obtain the
same results.

Indeed, we have

0 0 0 ;Y 0 o0

o o0 o o0 J' 0

1| 0 0 o o o0 J!
M = m 0 0 o o0 o0 |

0 m?1 0 0 0 0

0 o0 m' 0 0 0
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1"

{Ex}=[1000 0 a], {Ex}=[100 0 0 —b
l{Elx} — ]z+ma2

L1xx = {Elx}T[nHM]i m_
$12ex = {E1e} [n][M] " {Eay} = 502,
g2ur = {Eax} T ][M] 7 {Epy } = L5

The resulting values are the same for P;, and P,. Moreover, since

M)~ {1y} = [D]Myes) (D) Il (B} = [0 0 ¢ 2 0 0],
IM]™" (B} = [D][Myeg) D] I} {B2} = [0 0 —£ L 0 0],
one obtains the same value for {v¢}.

The coincidence of the results is explained by the fact that the motion is permitted
along the directions on which there exist the impulses.

Example 7. Let us assume that the only possibilities of motion for the bar are the rotation about the
OZ axis, and the displacement along the straight line (d) (Figure 9).

The initial conditions are wg =0, wg =0, wg = w, vg = 3wl, vg = 4wl tan &, and
0) = 0.
d)
Ué‘/ 10, iQ
\
o _
X Xy 3 Al\ N
x =
X, g c \1 Y o -
A,

=y=y

Figure 9. Example 7.

In this situation, we have
CO = —Isinai —Icosaj, CO xi=1Icosak, CO xj=—Isinak, CO x k =Isinaj —Icos ai,
(D1} =[0 0 1 —lcosa Isinw 0] ,{D}=[0 0 0 1 0 0],

{(Ui}=[0 10 0 0 —Isina ], {U}=[0 0 1 —lcosa Isina 0],
{Us}=[0 00 10 0], {U}=[0000 10],

0 0 —sinax 0 0 O
0 0 cosx 0 0 O
11 o B 0 100 T o000
e R o o1 0]l [P [HHU]_[O 00 o}’
0 sinx 0 0 01
0 0 —Isina 0 0 O
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{Ex}=[1 00 0 0 {Ely}:[01ooooT {E.}=[0 0 1 —a 0 0],

al’, },
{Ex}=[1 0000 0], {By}=[01000 0], {Ex}=[001105 0 0],

J. +ml?>  —mlcos

[Mred] = [D]T{n”M] [D] = |: —ml cos « m

], [Mred]_l _ 1 [ m ml cos ],

J, + mi2sin? o | mlcosa  J; + ml?

{VC} [0 0 w 3wl 4wltanx O}T,

v?x = {E1X}T[n}{voc} = wa + 3wl, v?y = {E1y}T[n]{vg} = 4wl tan «, vcl)z = {ElZ}T[n]{vg} =0,

vy, = {sz}T[n]{V%} = —wb+3wl, Ugy = {Ezy}T[n]{vg} =4wltan«, 03, = {EZZ}T[n]{Vg} =0.

The simulations are performed form = 10kg, | =1m, w =1rad/s,a =b =
the following cases: (i) kN =0, kN = 0; (ii) ki\’ = 0.3, ké\] = 0.7; and (iii) ki\’ =1k

and
13\1

The results are given in Table 3 for o = 30°, Table 4 for o = 457, and Table 5 for o = 600

Table 3. Results for the numerical cases considered in Example 7, o« = 300.

Case 1 Case 2 Case 3
{v2} [0 0 1 3 230940 o0]"
Mg, [My] ! 13.33333 —8.66025} {0.17143 0.14846
—866025 10 0.14846 0.22857
Py 46.67 4822 93.33
P -333 9.89 —6.67
V1 0 -1 —3.33333
o1y 0 —0.07698 —2.30940
o 0 0 0
02 0 —1.86667 —2.66667
2y 2.30940 2.30940 2.30940
V2, 0 0 0
0 0 0
0 0 0
0 ~13 -1
{ve} 0 143333 ~3
0 —0.07698 —2.30940
0 0 0
E, 7333 126.90 293.33
AE, 7333 60.21 0
{a} [-2333 0 0 0] [-2411 0 0 0] [ —4667 0 0 0]"
0 0 05 0 0 0
0 0 1 000
1 0 0 100
D], [U] 1 086603 YT 0 001 0
0 05 0 00 1
0 0 05 0 0 0
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Table 4. Results for the numerical cases considered in Example 7, o« = 450,

Case 1 Case 2 Case 3
{v2} (00013 4 0]
Mo, Mg~ 13.33333 —7.07107} {0.12000 0.08485
—7.07107 10 | 0.08485 0.16000
P, 100.00 103.33 200.00
P, ~30.00 —17.67 ~60.00
014 0 1 ~3.33333
o1y 0 ~0.13333 —4
015 0 0 0
o 0 —1.86667 —2.66667
vy 4 4 4
o 0 0 0
0 0 0
0 0 0
0 13 -1
{vc} 0 143333 -3
0 ~0.13333 —4
0 0 0
E, 126.67 183.84 506.67
AE. 126.67 113.49 0
{a} [ —4714 0 0 0] [-4871 0 0 0] [-9428 0 0 0]"
0 0 ~070711 0 0 0O
0 0 1 000
1 0 0 10 0
(D], [U] ~1 ozorm |- U= 0 01 0
0 070711 0 00 1
0 0 ~070711 0 0 0
Table 5. Results for the numerical cases considered in Example 7, o« = 60Y.
Case 1 Case 2 Case 3
{v2} [0 0 1 3 692820 0]"
-1 1333333 -5 0.09231 0.04615
[Mrea], [Myed] -5 10 } {0.04615 0.12308
P 260.00 286.67 520.00
P ~110.00 ~100.33 ~220
01 0 1 —3.33333
o1y 0 ~0.23094 —6.92820
015 0 0 0
o 0 —1.86667 —2.66667
2y 6.92820 6.92820 6.92820
o 0 0 0
0 0 0
0 0 0
0 13 -1
{ve} 0 143333 3
0 0.23094 —6.92820
0 0 0
E, 286.67 354.69 1146.67
AE. 286.67 27331 0
{q} [ 11258 0 0 0]" [ -11634 0 0 0]" [ 22517 0 0 0]"
0 0 —0.86603 0 0 0
0 0 1 000
1 0 0 10 0
(D], [U] 1 o5 /U= 0 01 0
0  0.86603 0 00 1
0 0 ~0.86603 0 0 0
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12. Algorithm for the Collision at Two Points of the Rigid Solid Bounded by the
Surface of Equation f(x,y,z) =0

The algorithm is as follows:
Inputs:

- the geometric and mechanical parameters of the rigid solid;

- theinitial velocity of the center of weight {VC} = [ 02, v?:y 02, ] ;

- the coordinates x;, y;, and z; of the collision points A;, i =1, 2;
- the coefficients of restitution kq, k».
Step 1. Determination of the matrices {E;,} and {Ey,} of the pliickerian (screw)

coordinates.
One successively calculates

of of of
D = = D = = D = = 1
flx ax‘A]/ fly ay 1/ le aZ A]/ ( 03)
of of of
f2x ax‘Azr ny ay’Azr fZZ aZ Azl ( 0 )
RDf; = \/(Dfe)* + (Dfiy)? + (Dfi.)%, RDf = \/(Dfac)® + (Dfay)* + (Do), (105)
Dflx Dfly Dflz
— — = 1
an RDf,’ " T RDf’ c11 RDf,’ (106)
o Dfo - Dny o Df2z
ax = RDf' "' = RDfy’ €1 = RDf,’ (107)
[ dyq ] [0 —zp y1 | [ a1 |
en |=| zz 0 —x b1 |, (108)
it L -1 0 |l cun |
[dor | [ O =z w2 ][ ax |
e1 | =] z2 0 —x by |, (109)
| fa1 | L~ x 0 || ca |
T
{En}=[an b ci1 du en fu ], (110)
T
{Exx}=[an by cn dn en fa] . (111)
Step 2. Determination of the matrices {Ej, }, {Epy }, {Ei;}, and {Ep.}.
One calculates:
VLgx 0 0 —w: wy Xj
VLBy = {VC} + Wy 0 — Wy yi |,i=1,2, (112)
NViy 0 —c1 ba VL), L
NVy | =| ca 0 —ap VLgv ,i=1,2, (113)
NV, —bg an 0 VL)
RNV, = \/(NV)? + (NViy)2 + (NV2)2, i =1, 2, (114)
Nle Nvly NVlz
_ - 7 = 11
M3 = RNV, b1z RNV, = RNV, (115)
Nsz NVZy NV2Z
_ - 4 = 11
23 = TNV, PP T RNV, B T RNV, (116)
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di3 0 —zi Vi a3
€3 = Zj 0 —X; bi3 ’ 1= 1, 2, (117)
fiz -yi x 0 i3
T
{E.}=[ms bizs a3 dis es fiz ], (118)
{Ex} = a3 by cn da exs fz], (119)
apn 0 —c3 b ai
bip | = | ci3 0 —aj by |,i=1,2, (120)
2 —biz  ap 0 il
dip 0 —zi Vi i
en | =1 z 0 —x bp |, i=1,2, (121)
fi2 —vi % 0 Ci2
T
{Eiy} =[ a2 b c2 diz enn fi2 ], (122)
T
{Epy} =[ a0 bn cn dnp en fo]. (123)

Step 3. Determination of the initial velocities in local coordinates at the contact points

Al and A2.
One calculates:

o = (B} mi{v2}, of, = {Eyy}In{v2 }, of. = {Exz}m) {2

o) = (B} ){v2}, o8, = {Ez, }Im}{v2}, ok

Remark 3. One must obtain 09, = 0 and v3, = 0.

Step 4. Determination of the inertances.
One uses the formulae:

Si1vx = {E1x} [MM] " {E1}, Q120 = {Er} ] [M]” {Ep},
822xx = {EZX}T[HHM]il{EZX}I

{E1X} ngyx = {Ely} {E2x}
822yx = {EZy} {EZX}
Q11zx = {E1z} ] [M] " {E1s}, g10ox = {Erz} ][M] ' {Eni},
g2x = {Epz} [n][M] " {Epy ).

Step 5. Determination of the impulses.
One obtains:

gllyx - {Ely}

(1+kN)le 812xx
(1+k )UZx 822xx
‘gllxx 812xx

812xx  &22xx

81lxx (1 + kzl\])v(l)x
Sicr (14 ké\])vgx
d11xx  812xx
812xx  822xx

Step 6. Determination of the velocities after collision.
One calculates:
Uiy = —ki\]v(l]x, Ug = — kY09,

0 0
v1y = V1, — Pi&1iyx — Pa812yx, U2y = V3 — P1&12yx — Pa812yx/

0
01, = 0%, — P1g112x — Pag1221, 02z = 09, — P1§122x — Pagoza,

= (Ex:}n}{ve}.

(124)

(125)

(126)

(127)

(128)

(129)

(130)
(131)

(132)
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{ve} = {ve} - M| {Ex} - P2[M] T {En), (133)

va

— Y1y 1 — 01z —
COs X1 = = =, SIN X1 = = —, COS XXy = 5 >
vly+vlz \ /vly—l-v1Z \ /vzersz (134)

: — U2z
SN Xp = .
\/ v§y+v%2
Step 7. Determination of the energy of the lost velocities and the variation of the

kinetic energy.
One uses the formulae:

1
EP = E <P12811xx + 2P1P2g12xx + P22g22xx>r (135)
AE. = —E, + Poi, + Po),. (136)
13. Example

Example 8. Let us consider the sphere of equation
fx,yz)=x*+y*+22-R*=0
and mass m, which is collided at the points A1(R,0,0) and A»(0,R,0) (thatis, x; = R, y; =0,

z1 =0,x =0,y2 = R, zp = 0). One knows: v?:x =0, v%y =200, v%z =0, wy=0,w, =0,
w; = 0, and the coefficients of restitution kY and k.

We have: of of af
Ny W
Dflx :2Rr Dfly = 0/ Dflz = 0/ Dfo = 0/ szy :2R/ DfZZ = 0/

RDf; = 2R, RDf, = 2R,

Z,

a1 =1,b11=0,¢c11=0,4ap1 =0, b1 =1, ¢ =0,

e;1 | =101, | e1 | =
fm 0 fa1
{Ex}=[10000 0], {Ex}=[0 100 0 0],

-0
{vc}—[vo 20 0], {vg}:[o 00 o 20 0],

o o O
|

VLgx voo VL%X z)Oo
VLly = 20 , VLzy = 20 ,
VLY, 0 vy, | L 0
NVi, 0 Nvo,, T [ O
NV, 200 NV,, | | -0

RNV; =20°, RNV, = o°,

a3 =0,b13=0,c13=1,a3=0, b3 =0, c)3 = —1,

di3 0 do3 —R
HEIHEN
fi3 0 f23 0

{E.}=[0 01 0 —R 0], {Ex}=[0 0 -1 —R 0 0],
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a1z 0 axn 1 dip 0 dy 0
bp | =1 |, | b =0, |e2|[=]0] |ex|=] 0 |,
c12 0 2 0 f12 R fo2 -R

{By}=[0 1000 R],{Ey}=[10000 —R],

o). =7, v(l]y:200, o), =0, 03, = 20°, vgy:vo, 09, =0,

2mR?

]x:]y:]z:I: 5 7
000 m 0 O 0 0 o J ' 0o 0
000 0 m O 0 0 0 0o J ' o
000 0 0 m 1|0 0 o o0 o J!

M] = J OO 0 0 0 M= m~1 0 0 o o o0 |’

0 J OO 0 O 0 m?1 0 0 0 0
00 J 0 0 O 0 o m 0 0 0

1 1 1
11xx = 77 §12xx = 0, §20xx = 77, §11yx = 0, Q12yx = 77/ §22yx = 0, 81120 =0,
g122x = 0, §22:x =0,

P = va(1 +k$’), P, = vao(l +k§V),
U1y = —ki\]vo, vgx = —Zké\’vo, vy = —Zké\]vo, Uy = —ki\]vo, U1, =0, v, =0,
cosog = —1, sinox; =0, o = 1800,
cosxy = —1,sinaxy =0, xp = 1800,

{ve}=[0 0 0 —KVo® —2ke® 0],

4

E, = [(1+k{\’)2+4(1+k§’)2

2
m(vo) N2 N2
AE. = — {5— GOREEICINE
14. Collision with Coulombian Friction

14.1. General Aspects

In the case of collision with friction, one has to take into account the existence of the
tangential impulses P;;, which are situated in the planes A;y;z; (Figure 10). The scalar
values of these impulses are |, P;, i = 1, 2, while their senses are opposite to the tangential
velocities v;;. The scalar components of the tangential velocities read v, and v;;, i =1, 2.

Consequently, the impulses at the points A;, i = 1, 2, have the components P;,
w; P; cos «;, and w;P; sin ;, where

COS X = ————, sinw; = i=1,2. (137)

Zi
Viol———
V," |
W; P.coso Lo Vi
‘ >
} P,‘( Ai Vl‘\
W; Psinoy;

Figure 10. Scalar components of impulse and velocity.
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14.2. Mathematical Model
Taking into account the components of the impulses, the general theorems [13,14,48,49] read

[M}{{Vc} - {V?:}} - _épi{{Eix} + 1y cos o { Ey | + pysin o {E;; } }. (138)

Using the notations:

{ai}=[1 weoso; wsineg ', i=T1,2, (139)

{ [[]I;ZI]] ] = [ {Ex} {Ey} {E:z}] (140)
one obtains i
[M]{{VC} - {v‘%}} ;P,[ }{al} (141)
wherefrom

{tve) - {2}} =~ X nimg [[ H{cxi}. (142)

i=1

We denote by [Hix], [Hjy], and [H;], i = 1, 2, the matrices of inertances,

1) = (B il | 5], 1) = (B} Tl | (5,

; R (143)
] = (el .

These matrices are constant, each one having one row and three columns.

From the matrix relation (142), one deduces the system

2
ZP ix {o‘z} Uiy = UOy ZPZ[ 1y]{0‘1} Uiz = U ZP iz {0‘1 (144)
i=1

The system has six non-linear equations with eight unknowns (vjy, vy, v;z, i = 1,2,
Py, and P,).

The non-linearity is given by the relations (137), (139), and (144).

We have to work with differentials, the system (144) becoming

2
Z [Hix]{cxi}

d Oix 131

ap [ ZZ ] = — 1221 Hiy [ {e} |- (145)
L [Hi[{o}

Il
A

15. Conclusions

This paper solves the problem of the simultaneous collision of a rigid solid at two
points. The authors considered a supplementary hypothesis which states that the normal
velocities at the contact points vanish simultaneously. The calculations are performed
using the theory of the screw coordinates and the notion of inertances. We obtained the
velocities after the collision, the energy of lost velocities, and the loss of kinetic energy.
The problem is solved in both cases: free rigid solid and rigid solid with constraints. The
coefficients of restitution are considered in the Newton and Poisson cases. We proved
that in the general case, the results obtained using Newton and Poisson coefficients of
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restitution are different. In the case of the constrained rigid solid, we also deduced the
expressions of the constraint impulses.

All the results are given in matrix form, and we present the algorithms of calculation in
all possible situations. There are also cases of indetermination of the problem. The results
are validated in some particular cases, proving that the problems may also be solved by
classical methods.

Future works will be dedicated to the collision at several points of the rigid solid and
to the case of the collisions with friction.
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