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Abstract: In view of the complexity and asymmetry of finite range multi-state integer-valued time
series data, we propose a first-order random coefficient multinomial autoregressive model in this
paper. Basic probabilistic and statistical properties of the model are discussed. Conditional least
squares (CLS) and weighted conditional least squares (WCLS) estimators of the model parameters
are derived, and their asymptotic properties are established. In simulation studies, we compare
these two methods with the conditional maximum likelihood (CML) method to verify the proposed
procedure. A real example is applied to illustrate the advantages of our model.

Keywords: multinomial autoregressive process; random coefficient; binomial thinning; parameter
estimation

1. Introduction

Integer-valued time series data are fairly common in practice. For example, the
number of major global earthquakes per year; the number of road accidents in successive
months; the number of births at hospital per month, etc. The structure of this kind of
data is complex and asymmetrical, and thus many statistical methods may not be suitable.
In order to describe this kind of data more effectively, Ref. [1] proposed a binomial thinning

operator “o” defined as:

X

poX = Z Y;, 1)
i=1

where {Y;} is a sequence of independent and identically distributed (i.i.d.) Bernoulli

random variables with distribution B(1, p).

Based on the thinning operator (1), Refs. [2,3] introduced a most widely used INAR(1)
process; Ref. [4] extended INAR(1) process to the case of random coefficients and proposed
the RCINAR(1) process; Ref. [5] discussed the generalized RCINAR(p) process with signed
thinning operator; Ref. [6] introduced the threshold RCINAR(1) process and the related
forecasting problems; Ref. [7] discussed the RCINAR(1) process with generalized negative
binomal marginals.

Comparing the INAR(1) model and its extension, the studies of integer-valued time
series with a finite range are relatively few. Ref. [3] attempted to replace INAR(1) process
by binomial AR(1) process to describe this kind of data in 1985. Moreover, Ref. [8] studied
the threshold autoregressive analysis for a finite-range time series of counts and applied it
on measles data. Ref. [9] extended the BAR(1) model to some types of bivariate binomial
autoregressive models. A new bivariate binomial time series model with two identical
binomial distributions was introduced by Ref. [10].

The models discussed above are all aimed at the integer-valued time series data of
up to two states, but there is little research on the integer-valued time series of mult-
states. Ref. [11] considered the specification tests for the multinomial logit model. Ref. [12]
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introduced an INAR(1) negative multinomial regression model for longitudinal count
data, and Ref. [13] used the autoregressive negative multinomial regression models to
analyze multiple emotions over time. Ref. [14] studied a comparison of choice models for
voting research by multinomial probit and multinomial logit. Recently, Ref. [15] extended
the binomial AR(1) process to a multinomial autoregressive model, which can describe
finite-range integer-valued data with three states. The definition of the F-MAR(1) process
is as follows:

Xlt = th + Zyt + Z3t/
Xot = a0 (X141 — Z1s) + Bao (Xop-1— Zot) &)
+ 720 (n — Xl,t—l - Xz,t—l - ZSt)/

where «a;, B; and y; € (0,1) fori = 1,2. Zyy = a3 0Xy4-1, Zoy = P10 Xo—1, and
Zst =710 (n— X101 — Xo4-1)-

The F-MAR(1) process is easy to interpret. For a closed group of Alzheimer’s disease
subjects with n mutually independent subjects, each of these subjects may be in one of
three states: cognitively normal (CN), mild cognitive impairment (MCI) and diagnosed
with Alzheimer’s disease (AD). With drug treatment or other means, these three states
can interchange mutually with a certain probability. X;; and Xy represent the number of
subjects in states CN and MCI at time ¢, respectively. Clearly, the number of subjects in
states AD can be obtained directly from n — Xq; — Xy;. Although the data is not symmetric,
good properties and conclusions can still be obtained due to the stationarity and ergodicity
of the model.

However, similar to the RCINAR(1) process, in most situations, the coefficients in
F-MAR(1) process can also be affected by many factors. As in the above example, the
transition probabilities among the three states should be affected by the patients’ age,
physical condition, economic conditions, and so on. In this paper, we attempt to extend
the F-MAR(1) process to a case with random coefficients, where the fixed «;, §; and
v in Equation (2) are replaced by ii.d. random variables «aj;, B;; and 7;;. This type of
extension will lead to more complex model structure and more difficult derivation of
relevant probabilistic and statistical properties. Correspondingly, the extended model can
be applied to more practical problems, and the data fitting results may also be better than
the model with fixed coefficients.

The rest of the paper is organized as follows: In Section 2, we introduce the first order
finite-range random coefficient multinomial autoregressive (F-RCMAR(1)) process, and
investigate some basic properties. In Section 3, we discuss the estimations of model and
establish the related theoretical properties. The related simulation studies are presented
in Section 4. In Section 5, we apply the proposed model to a real example. The results
demonstrate the availability and advantage of the proposed model in fitting finite-range
data with three states. Some concluding remarks are provided in Section 6. All proof
details and some figures are reported in Appendices A-D.

2. Definition and Basic Properties of the FFRCMAR(1) Process

In this section, we introduce a first order finite-range random coefficients multinomial
autoregressive (F-RCMAR(1)) process, which is defined as the following recursive equation:

Definition 1. Let X; = [Xy;, Xo4] T be a bivariate random variable, the F-RCMAR(1) process
defined as:

X1t =21t + Zoy + Z3t,
Xop = 0 (Xq,4—1 — Z1¢) + Bor o (Xpp—1 — Zoy)
+yo(n—Xip1— Xpi1 — Z3t), ©)]

where
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(1) Zy=way0Xi-1, Zot = Prro Xojp1, Zas = yie 0 (n — Xy o1 — Xo4-1);

(2)  n € Nisa given number denoted the upper limit for the multinomial range;

(3)  Awi}, {Bit} and {v;} are i.i.d. random sequence with cumulative distribution functions
(CDF) Py;, Pg, and Py, on (0,1) for i = 1,2, respectively, and they are independent of each
other;

(& let o, = E(o), g, = E(Ba), oy = E(ya), 02 = Var(ay), 03, = Var(y), and
O’%i = Var () fori = 1,2, note that they are all assumed to exist and be finite;

(5)  all thinnings are performed independently of each other, and the thinnings at time t are
independent of (X )s<t where X = [X15, Xos] T,

For a fixed population containing n individuals, each individual can only be in one of
the three states of I, Il and III. X;; in Definition 1 represents the number of individuals in
state I in the population at time f, where Z;; represents the number of individuals transiting
from the ith state at time t — 1 to the state I at time ¢.

The corresponding transition probability will be affected by random coefficients.
Xyt and (n — X34 — Xpt) represent the number of individuals in state II and III at time
t, respectively. Xp; is expressed as shown in Definition 1 to ensure that a0 X3 ;1 +
ap o (X171 —ap 0 Xyp1) < Xipo1, BreoXop1+Baro(Xop1—BrroXop 1) < Xopo1,
and y1po (n— X1 — Xop-1) +yzo(n—Xpp1 — X1 — 0 (n— X1 — Xop-1)) <
n — Xy -1 — Xp,4—1, 50 as to ensure that the condition of X1y + Xo; < n is established.

Proposition 1. If {X;} is generated from F-RCMAR(1) process presented in Equation (3), the
related transition probability function is deduced as follows,

P(Xap = x14, Xop = Xt | Xyp-1 = X101, Xp -1 = X24-1)

min{xy,%1¢_1+%24-1} min{x;;_1,k}

k=max{0xy;+x1_1+x2s1—n}  jr=max{0k—xp; 1}

1
L k k— _1—k+j
{ [/ Cgflu 10‘1t(1 _ Dclt)x” 1 ]1dpa“ /O Cx“h1 " —h (1 _ ,Blt)X2't 1 +]1dP,31[

1
x1p—k x1p—k — X141~ X241 — X1k
‘/0 Gl M (L= ) dpﬂm}' )

min{xp;,X1¢_1+x21—k} min{s,xp; 1—k+j1}

s=max{0,xy+xp+x1 4 1+x2 s 1—k—n}  jp=max{0,s+j;—x1,1}

1
[/ Sl 4 ]2(1_0%)16“ 1=j1— S+]2dp
0

X1,6-1 ]1

ki
/O X241~ k+]1132t( — Bar) ]deﬁzt

1
. X2t —S$ Xot—S(1 _ N—x14-1—Xpp—1—X1+k—xp4+s
A Cn X14—1—X2 41— X1t+k,)/2t (1 ’)/Zt) dPAth:| }’

V/ R Z Vs N Vs L
where Cy,, | = ( A ) = AT
Theorem 1. The process {X;} in Equation (3) is an irreducible, aperiodic and positive recurrent
(i.e., ergodic) Markov chain. Hence, there exists a strictly stationary process satisfying the F-

RCMAR(1) process.

The proof of Theorem 1 is similar to the proof of Theorem 1 in Ref. [15]. Furthermore,
the following properties can be obtained.

Proposition 2. For the stationary F-RCMAR(1) process defined in Equation (3), we have
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(1)

(2)

3)

4

(5)

E(Xap | Xpo1) = npigy + (pay — poy ) X101 + (ppy =t ) Xo-1,
E(Xor | Xp-1) = oy (1= pog) + [Hay (1 = pray) — proy (1= py )1 X1
+ (g, (1= ppy) — pp (1 — gy X1

Var(Xut | Xi1) = (pay — 07, — p2,) X1 + (pp, — 05, — ﬂél)th 1
+ (pyy — ‘7%1 - V'Zyl)(n — X1-1— Xo-1) + 02 Xlt 1
+ Uél Xgrt_l + (7%1 (n—Xy-1— Xo-1)2,

Var(Xy | Xi—1) = [m— (U3, + 02,) (1 — pay )1 X101
+ o — (g, +05,) (1 — pp, )1 X1
+ A= (3, +072)(1 - 1471) J(n — X141 — Xp6-1)
+ 05, (1= ey )* X5, 4 +‘7 (L=, )? X3, 4
+ ‘7«32(1 — oy, )2 (n — Xl,t—l — Xo4-1)%

E(X ) ”[V?l(l_P)"‘Vﬁl)‘}
W)™ T, —pag +(1—prag +1py )AF (Hay —Hog —1)pF(fing —pip )70’

1 [py T+ (1=piay )A]
E X [ 1 1 ;
(X2r) = Tt pioy —Hag +(1—pag gy JA+(pag —piog —=1)p+ (g —pip, )7

Var(Xy) = {(%xl — 0%~ My — Py + 05+ 3, = 2n03) - E(Xap) + (pp, — 0, —
MG, — M + 05, + i, — 2003 ) - E(Xa) (a,,%l +03,)E*(Xat) + (0f, + 07, ) E?(Xat)
+ ZailE(Xu)E(th) - 1(fhy = 03, = 13,) + 1202+ (03 02+ (g, — poy )+

+
)
20”31 (Vﬁl - V’h)(p - A)/A} Var(XZt) } / {1 ‘72 - ‘T (Vﬂél Hoy )2

202 (s — i) — A)/A},

VaT(XZt) = { |:7T— (‘Z’liz +002¢2)(1 _y‘Xl)Z —A+ (ygz +U’$2 —27’10',,2{2)(1 —Hm )2:| : E(Xlt)

+ o= (3, +02) (1= g, )2 = A+ (12, + 02, = 2n02,) (1 = iy, 2] - E(Xa)

+ [a,% (1= iag )2 + 02, (1= py 2| E2(X0r) + [03, (1= pp, )+ 02, (1 = i )?| E2(Xa)
+ 203, (1 = oy )E(X1) E(Xpy) + A + (n?03, — ”‘7%2 — 3, ) (1= phoyy )

+ {a@(l — )24 0%, (1= pgy 2+ (71 = A2+ 202, (1= iy, )2+ 2(r = A) (0 = V)]
(Har — i) (T = 1)/ A} [wl — 02, = 13, = iy + 03, + 1, — 2002, )E(Xuy)

+ (pup, — aél - yél — poy + 02 + i —2n02 VE(Xy) 4 (07,

+ 02 )E2(Xay) + (03, + 02, ) E2(Xar) + 203, E (X0 E(Xar) + oy, — 02, = 1i2,)

#1202, | /(1= 02, = 03, = (ay = 1) =202, (pay = iy ) (T = A)/ A] }/{1—0@41—

Hp, 2= 0%, (1= )2 = (p = A)2 = [202, (1= gy 2+ 207 = M) (0 = A) | (g, — i) (0 =
/A= {02, (1 = oy 2402, (1= py )2+ (70 = A% + 20, (1= gy 2420 = M) (p —
A (tay = poy) (70 = M)/ A} 03 4+ 02, + (g, — poy > + 202, (g, = iy ) (0 = M)/ A/

(1= =02, — (ay — oy > = 202, (o — i) (T — 1)/ A] };

COU(XU, th) — (;4,,617}171)(ﬂ*)\)Vﬂr(Xlt);(yﬁl7}471)([)7)\)‘/117‘()(%)],

Cov (X, Xpp41) = (m — A)Var(Xay) + (p — A)Cov(Xat, Xot),

Cov(Xut, Xap42) = [(Hay — ) (T = A) + (1 = A)(p — A)|Var(Xyy)
+[(mp, = 1) (= A) + (0 = A)?]Cov(Xay, Xay),




Symmetry 2021, 13, 2271

50f27

Cov(Xat, X1,441) = (Hay — pyy)Cov(X1t, Xot) + (pp, — poy ) Var(Xar),

Cov(Xot, X1,042) = [(May — P )* + (Hp, — Hoy) (7T — A)]Cov (X34, Xo)

+ {(pay = 1) (ppy = o) + (ppy = i) (p = M) Var(Xar),

Cov(Xat, X1,441) = (Pay — pyy)Var(Xar) + (pp, — oy )Cov(Xar, Xot),

Cov(X1t, X1,042) = [(pay — Pn)* + (g, — Hop) (70 — M) Var (X1p)

+ [(Hay = ) gy = 1) + (g = pyy) (7 = 2)] Cov(Xar, Xau),

Cov(Xot, Xpp41) = (1 — A)Cov(Xay, Xat) + (0 — A) Var(Xa),

Cov(Xor, Xp42) = [(Hay = By ) (T = A) + (7T = A) (0 — A)]Cov(Xqy, Xot)

+ (i, = o) (T = A) + (0 = A)?|Var (Xay).

Since the forms of variance and covariance are so complicated, the derivation procedure is
simple and similar, we only present the covariance up to two steps. The corresponding correlations
can be solved by the formula of covariance and variance. The rest steps can be deduced by analogy.
Here, 7t = piay (1 — pay ), p = ppy, (1 = gy ), A = iy (1= iy ), A= 1= (ptag — piy ) (p = A) =
(Vlﬁ - V’Yl)(n - /\)'

Remark 1. Based on the statistical properties in Proposition 2, the autocorrelation function
{Corr(Xit, Xitik)}iz12; k=12,... of FFRCMAR(1) process can be negative or positive for different
parameter combinations, which means that model (3) can describe both positively correlated and
negatively correlated data.

3. Parameter Estimation

Suppose that {X;}N | is a strictly stationary and ergodic solution of the -RCMAR(1)
process. The parameter 7 is assumed to be known. Our major interest lies in the estima-
tion of parameters 0 = (piay, Hays Hp,s Hpyr P/ #iy,) T. We mainly discuss three different
methods to estimate the unknown parameters: conditional least squares (CLS), weighted
conditional least squares (WCLS) and compared with conditional maximum likelihood
(CML), in next section.

3.1. Conditional Least Squares Estimation

From Proposition 2, the CLS-estimators can be obtained by minimizing the following
expression over 0 € (0,1)°:

N
S(0) =Y (X: — E(X¢ | X4-1)) " (Xt — E(X¢ | Xi-1))
t=1
N
= Zl[xlt — Ny — (Vﬂll - V?l)Xl/tfl - (.uﬁl - .u"rl)XZ,t*l]z
=
N
+ Z[XZt — My (1= pyy) = (Hay (1 = prag) = pop (1= 1)) X101
t=1
— (pp, (1 = papy) — oy (1= iy ) X 12 )

Take the partial derivative of Equation (5) with respect to parameters 8, the CLS

estimators of 01 = (a,, Hpys Mo )T can be obtained first as follows:
N
Y X1-1X1
~CLS =
P N
g | =B Y Xpp1Xu , ©6)
~CLS t=1
y’)‘] N
Yo(n—Xpp1— Xop—1) X1y

where
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% x2 % X X )E] X (n—X —X )
=1 1,t—-1 =1 1,t-142,t-1 =1 1,6—1 1,6-1 2,t—1
B = gX X; Ii]xz gx (= Xy 4—1—Xp4_1)
= B K1 X2 RIS RS 1t-1 X1
N N N 2
L Xypqn=Xqp 1-Xpp 1) L Xpp q(n—Xqp 1 -Xpp 1) L (n=Xyp1-Xp4 1)
t=1 t=1 t=1
Wi . » CLS . 195(0)  19S(8)
ith the representations of 81, based on the expressions of —55—, —5 5 and
2 a‘uaZ 2 a]/llgz
—1950) \ve can find the CLS estimators of 8 = ( )T as:
2 aP‘wz , 2 — ]’lazr ]’1’32/ ,u"yz .
N
Y Xi-1Xo
ﬁgLs =1
5 CLS - Crs 1 N
0 = | g, =D Y Xo -1 Xot , @)
~CLS t=1
]/[’)/2 N
Y(n—Xq-1 — Xop—1) X0t
t=1
where cLs
ACL
1—fig, 0 . 0
D=Bx 0 1-pghe 0
_ n»CLS
0 0 1—75

The following Theorem 2 and Theorem 3 show the asymptotic normality of Bcrs.

Theorem 2. Considering {X;} obtained from model (3), the CLS-estimators 9?5 given in
Equation (6) are the consistent estimators of 01 and asymptotically normal as:

VN (éf“ - 91) LN N(o, V1_1W1V1_1). ®)

Theorem 3. Let {X;} represent a process satisfying Equation (3), @1CLS are the consistent estima-
tors of 01. Then, the CLS-estimators 9?5 also satisfy the asymptotic normality as:

VN (é?s - 62) LN N(o, V;1w2V;1). )

3.2. Weighted Conditional Least Squares Estimation

In this section, we consider adjusting function (5) by weights to improve the effect

of CLS estimation. The related weighted conditional least squares (WCLS) estimators

Bwers == (LS, pRvets, ﬁg‘ias, ﬁZ\gCLS’ ANCES, ACLS)T can be obtained by minimizing

the following function:

Q(6) = i Ve (X — E(Xy | Xp1)) T (Xe — E(X¢ | Xpq)). (10)
=1

The weight V; in Equation (10) is expressed as follows:

Ve = {[fiay (1 = flay ) X161 + fip, (1 = fig ) Xop1 + flo (1 = i)
(n— X1-1 — Xop-1)]* + [flay (1 — flay ) (1 — flay) X141
+ g, (1= fip, ) (1 — fipg,) Xo 41+

1
floy (1= iy, ) (1= i) (n — Xm0 — Xoe—1)]? 2. (11)

The expression of V; is based on the one-step conditional variance of F-MAR(1)
process in Ref. [15], i.e., the related model with fixed coefficients, and the fixed coefficients
in one-step conditional variance are replaced by the expectation of random coefficients.
T = (flay, Pays figys gy flys ﬁWZ)T are the consistent estimators of 0. In the simulation,
we use the CLS estimators to replace them.
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Through the similar alg

e

AWCLS _

o v\]zc
ch
By

where B; = (Bgij))g,xg with

ebraic operations, we can find the WCLS estimators Owcrs as:

N
El 7z X141 X1

LS

N
ol =Byt Y 7= X1 Xy , (12)
LS t=1

Ny
Zl Vj(” — Xpp-1— Xopo1) X1

1 12 21 N1
Y o v Ry B§ ) B§ ) — Y. o X1-1Xa-1,
t=1"T t=1"'7
N N
1 13 31 1
=) = % %,t 1s Bi ) B§ ) = Y fol,tfl(n — X1 — Xo4-1),
t=1"T =1 VT
33 1
= 27 n— Xy — Xo1)%
=1 ’7
N
23 32 1
BE ) B§ ) — vazt 1(n—Xpp—1 — Xo4-1).

Z X1,t-1X2t
ﬁ%as =1
~ WCLS . _
02 = .”%CLS =D;! Z 7o X1 X0t , (13)
ﬁ’y CLS N t=1
2
E 7(" — Xqp-1 — Xo—1) Xt
h
where | _ s . .
X1
Dl = Bl X 0 ﬁg\iCLs 0
~WCLS
0 0 1—72)

AWCLS

Theorem 4. For the WCLS estimators é{NCLS = (ﬁWCLS, VEVCLS, ﬁYrVCLS) and 8, =

AWCLS »WCLS AWCLS
(o Prgy "0 flay

)T given by Equations (12) and (13), we have

WCLS d _ _
VN(8 — 1) SN (0, v wavs?), (14)
and WCLS d
VN(8 —6,) SN (o, v Wy, (15)
where
[ x2 X11 — iy (1 — X10 — Xo0) — g, Xa0] X
Véll) —(1 = 240, )E % +E{[ 11— fy ( 10V 20) — Hp, X20] 10],
T T
[ x2 X11 — ey (1 — X10 — X20) — Hay X10) X
V;zz) —(1—2up,)E % +E{( 11 = P ( 10V 20) — Pa; X10) 20}
T T
N 2
R R A
L T
£ [(Xn — pay X10 — pp, X20) (1 — Xq0 — Xzo)]
Ve !
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R e A
V(13) —(1— pta))E :Xlo(n - ‘?/(10 — X20) | ,
L T i
V) =(1 - g, | T2 0 = Kool |
(31) —(1— py)E :X10(71 - ‘3/(10 - Xzo): ,
L T d
v —(1 ) )E [ Xoo(n — ‘)/(Tlo — X0) | ;

and

11 (1
Wg ) =E [X11 = nptyy — (pay — o) X10 — (ppy — V71)X20]2(1 - V“l)zx%o]'

vz
2 1
W:g, ) = E V2 [X11 = nptyy — (pay — P‘m)Xlo - (]’lﬁl - VW)XZO]Z(l B yﬁl)zxgo]l
33 1
Wi = 2 [X11 = nptay = (pag = Hoy) X0 — (p, — Py ) Xa0]?

(1= piyy) (= X120 — Xzo)z} ,
wi? =wi =E [;Tz[xn — gy — (Hay = pyy) X0 = (g, — oy ) Xa0)?
(1= pay) (1 = pp,) X1 X0,
wi = wil = F [;TZ[XH =ty = (Hay = Jon) X0 — (i, — Pio) X20]?
(1= pay ) (1 = pyy ) X0 (1 — X0 — Xzo)} ,
w® —wi? = E[

V2 [X11 — Npy — (May — V'n)Xlo - (Vlﬁ - ‘”’h)XZO}z

(1= ppy ) (1 = pryy ) Xo(n — X190 — Xzo)}-

X2 X2

Vi =(1 = PE| TR |, VP = (- 2E| T2,

T T

_ _ 2
V9 1[0 ]

T

v =V = (L )1 - g )E| T2,
Vz(113) V(31) (1= pay ) (1 — oy )E X = ‘}20 ~ Xx) :| ,
VI VB = (1 g, )(1 - gy )E| 22U ff“’ — Xm) };

and
wi—m 2 (Xar =iy (1= ) = (oo (L= i) = pra (1= i) Xao

- (#ﬁz(l — ppy) = oy (1= pioy ) X0 2(1 — pay )2 X50 )
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Wi = E{Vlfz[le 1y (1= i) = (tag (1= pay) — iy (1= ) X10
— (g, (1 = g,) = o (1 = iy )) X0 (1 — g, )* X530}
W = B Kot = iy (1= ) = (g (1= ) = g (1= 13)) Xag
— (ppy (1= ppy) = poy (1= 1y )) X202 (1 = ey )*(n — Xuo — X20)?};
W) = WP = B X = i (1= ) = (e (1= o) = (1 = 7)) X
— (g, (1 = pg,) = poyy (1 = 1)) X202 (1 = pay ) (1 — g, ) X10X20};
W = W = X = iy (1= ) = (= ) = g (1= i) X
— (1= igy) = py (1 = iy ) Xa0l? (1 = pay ) (1 = pyy ) Xao (1 — X1 — Xao) };
w =w = E{;%[Xﬂ — iy (1= pyy) = (May (1= pay) — pon (1= iy )) X0
— (mpy (1 = pg,) = poyy (1 = gy )) X202 (1 = g, ) (1 — oy ) Xoo(n — X109 — X20) }-

Theorem 4 is similar in proof to the Theorem 2 and Theorem 3. Therefore, we will not
prove this theorem any more.

4. Simulation
Consider the F-RCMAR(1) process (3):

X1t =21y + Zot + Zay,
Xop =g 0 (Xu,4—1 — Z1r) + Bor 0 (Xo4—1 — Zoy)
+y20(n— X1 — Xop—1— Zat),

where Zy; = ;0 X141, Zot = B1ro Xop1, Zar = yir o (n — Xy0-1 — Xop-1)-

In this section, we assume that «;;, 8;; and 7;; follow the power function distributions
PF(1,a;), PF(1, B;), and PF(1, ;) for i = 1,2, respectively. Under these assumptions, we
compare the performances of the CML estimators with those of the CLS estimators and
WCLS estimators described above.

The probability density function of the power function distribution PF(0, c) is:

p(x;0,c) = ex*7 197, 0<x<0,6>0 ¢>0.
2
We have E(X) = Cj_—el and Var(X) = (CHC)QW. Here, we make 6 = 1 so that a;;, B
and ;; € (0,1) for i = 1,2. According to the expression of expectation and variance, we can
also find the relationship between them as:

2 _ 2
Var(X) = Cg = E(X) _ EX)(1-E(X)) '
(c+1)*(c+2)  (c+1)(c+2) 2—E(X)
Therefore, when we find the estimators of {y,xl., Hpir Hos i = 1, 2}, the related

estimators of {(T,fi, Uéi, 0'%1,, i = 1, 2} can also be obtained directly. The estimation of

variance is not given in the simulation any more.
For a fixed value of xy, it is easy to derive the conditional likelihood function of

process (3) as:
N

Lip) = [P(X¢ =x¢ | Xp1 = x121).
t=1

The transition probability P(X; = x; | X;—1 = x;_1) is:
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min{ Xy, Xy ;1+Xo1} min{ Xy 1,k}
P(X: | X41) =
k:maX{O,X1[+X1,t,1+X2,t,1771} jlzmaX{O,k7X2/t,1}

{ {C];%UAMB(M +j X1 —j1+1)

ok
XzfllﬁlB(lﬁ +k—ju, Xop1 —k+j1+1)

n—Xi-1— X1 T

B(y1+Xue —kn—Xq 1 —Xpp1 — Xyp +k+ 1)} :

min{ X, X1,;-1+Xp—1—k} min{s, X5 ; 1—k+j; }

s=max{0,Xy;+Xp;+X1 1 +Xp—1—k—n}  jp=max{0s+j1—Xq,_1}

[Ci(lj,zl ]1“23(“2 +s—jo, Xip1—1—s+jp+1)

CJ;?N (ki P2B(B2+jo, Xop1 —k+j1 —j2+1)

er S
n—Xyp1—Xo-1— — Xy +k 72

“B(yo+ X —s,n—Xyp 1 —Xop1— Xop +k— Xpp +5+ 1)} }/

where the Beta function B(a,b) = fol 11— x)"dx, and 5 = (a1, 2, B1, B2, 71, 72) T
The CML-estimators

CML ACML ACML ACML ~CML ~CMLNT
flopy = (@77, , BT B AT )

can be easily obtained by solving the following equation:

ey = arginf {—logL(n)}.
176(0,+oo)6

The consistency and the asymptotic normality of the CML-estimators #j-,,; are estab-
lished in Theorem 5.

Theorem 5. Let {X;} be a F-RCMAR(1) process satisfying Equation (3). Then, there exists
consistent CML estimators of 3, which are also asymptotically normally distributed as

N d —
VN(fcpr —1) = N(O, I 1(’7)>/ (16)
where 11 (x) is the Fisher information matrix.

Furthermore, the CML estimators of 0 = (ja,, Hay, Hp1r MBys Hoys V”)T can be ob-
tained by

T
~CML »CML A~CML »CML ACML A»CML
(‘utxl ’ I/IIXZ ’ ]’lﬂl 4 Auﬁz 4 Iu'}’l 4 V'YZ )
~CML

. . N ~ R T
CML CML ,31CML ‘B(ZZML 45 ,.},CML '
1+ &%’ML 1+ & ACML’ 14+ 'B%TML 14+ ‘BgML’ 1+ ,?1CML’ 1+ ,?CML

To report the performances of the proposed methods described above, we conduct
simulation studies under the following various combinations of the F-RCMAR(1) model
with sample size N = 100, 200, 500, 1000. The corresponding moments can be obtained
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according to Proposition 2. The related sample paths and autocorrelation function (ACF)
of X1; and Xy are provided in Figure 1.

Case A. (n, yal,yaz,yﬁl,yﬁz,y%,yw) = (50, 0.05, 0.05, 0.1, 0.1, 0.6, 0.9),
with EXy; = 16.0574, EXy; = 10.2221,
VarXy = 122.7455, VarXy; = 41.9010, Corr(Xy;, Xor) = 0.5366;
Case B. (n, yal,yaz,yﬁl,yﬁz,y%,yh) = (7, 04, 0.1, 0.3, 0.5, 0.6, 0.9),
with EXy; = 3.1070, EXy; = 1.5722,
VarXy; = 3.6837, VarXy = 1.6654, Corr(Xy, Xpt) = 0.1005;
Case C. (n, yal,yaz,yﬂl,yﬂz,y%,yn) = (7,09, 0.2, 0.3, 05, 0.7, 0.8),
with EXy; = 59119, EXo; = 0.4263,
VarXy = 1.2003, VarXy; = 0.4269, Corr(Xy;, Xor) = —0.1124;
Case D. (n, yal,yaz,yﬁl,yﬁyy%,yn) = (7,09, 0.2, 04, 0.7, 0.1, 0.8),
with EXy; = 51532, EXy = 1.1021,
VarXy; = 4.0181, VarXy = 1.8506, Corr(Xy;, Xop) = —0.6112;

The sample paths of X;j; in Figure 1 fluctuate steadily around the mean of X;; for
i = 1,2. The ACFs of Xj; display the correlation of data. In addition, the related simulation
results of the empirical biased (bias) and mean squared errors (MSE) are summarized in
Tables 1 and 2. These values are shown within parenthesis as the format (/i2".) in following
tables. All simulations for parameter combinations above are calculated under MATLAB
software based on 1000 replications.

Clearly, with the sample size N increasing, the bias and MSE of three kinds of estima-
tors considered almost decrease as expected. That is to say, the three estimation methods
discussed above are consistent for all parameters. Furthermore, the simulation results
of WCLS estimation performed better than those of CLS estimation, which means that
using Equation (11) as the weight function is a satisfactory choice. The WCLS estimation
method can effectively improve the results of the CLS estimation method. On the whole,
the CML estimators 8¢y, have the smallest MSE and the best robustness within all three
methods. Thus, we can conclude that the CML estimators have the best performances
when compared with other two methods.

Furthermore, Figures 2—4 show the boxplots of the biases for CLS, WCLS and CML
estimations with Case B with sample sizes of N = 100, 200, 500, 1000. We can find that the
estimates for parameters tend to be unbiased and consistent. Figures 5-7 display the QQ
plots of three kinds of estimators for Case B with sample size N = 500, which imply that all
the CLS, WCLS and CML estimators are asymptotically normal for all the parameters. The
related histograms of the three kinds of estimators are shown in Appendix D. For other
parameter combinations, the QQ plots and boxplots of simulation results should be similar,
which will be omitted here.
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Figure 1. The sample paths and ACFs of Xj; and Xp; for Cases A, B, C and D with the sample size

equal to 100. The horizontal lines in sample paths are the mean of X;; and Xy;.
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Table 1. Empirical bias and MSE of estimators of 6 for cases A, B, C and D.

Case A n =750 Poy =0.05  pp, =005 ppg =01  pg, =01 p, =06 py =09
N=100  CLS (0003¢) (00028) (3.0050) (00048) (o) (o)
WCLS (6.00%3) (6.0028) (6.0042) Coooss) — (oooso)  Codort)
CML (30008 @0010) (©.0058) Cooom)  (oooe)  Caoons)
N=200  CLS (3.0013) (d.0013) (6.0040) (o) (oom0)  Coooss)
WCLS (@.0013) (@.0013) (6.0058) Cooogt)  Cooor)  Coodas)
CML (3.0003) (3.0008) (o) Comd) (b)) Conoos)
N=500  CLS (3.0006) Cooo0s) (6.0012) (3.0015) Conor) (o)
WCLS (3.6008) (o0005) (6.00r0) (.012) (ot (i)
CML (3.0002) (Cooo0z) (6.0005) (3.0008) Cooos) (o)
N=1000  CLS (3.0002) (©0003) (oo (3.0008) Coooa) (o)
WCLS (3.0002) (@0008) (00006 (3.0005) Cooos) (o)
CML (o001 (3.0001) (o) Cos) (o) Cooooe’)
Case B n=7 Moy = 0.4 Mo, = 0.1 pg, =03  ppg, =05 py =06  p,, =09
N=100  CLS (o0ss) (20025 (6.0098) (©0120) Covoss)  (obisa)
WCLS  (goon) (0.0013) (6.0057) (©.0137) Copo)  (go1s?)
CML (00039 (0002¢) (6.0071) (00078) (o) (o)
N=200  CLS (6.00%) (©0021) (6.0048) (3.0050) Coooss)  (obort)
WCLS 0091 (3.00%0) (6.005) (3.0018) (o) (o)
CML (3.0013) (B0012) (6.0033) (3.0033) Cooo)  Coboas)
N=500  CLS (o009 ) (20008 (6.0020) (3.0093) (ooo2) (o)
WCLS  (4h00d) (3.0008) (6.0020) (3.0022) o) (o)
CML (3.0008) (oo00s) (6.0012) (3.0015) (o) (oed)
N=1000  CLS (o000 (3.6000) (6:0009) Coont)  Cooooe) o)
WCLS  (gooot) (6.0008) (6:0008) Cooot0)  Covoos)  Caoom)
CML (30002 (20008 (6.0008) Cooooe)  Covoot)  Caooos)
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Figure 2. The bias of CLS estimators (ﬁgf“s, flay” Big”s gy A ﬁ%S)T for Case B with the
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Table 2. Empirical bias and MSE of estimators of 6 for cases A, B, C and D.

B with the sample size N = 100, 200, 500 and 1000.
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Noo as G G @B (R @ G
wes G GRD AR b @m os
SYARNC' VRN B NGB G
veo as G AR am) om0 )
wes G R A R dmy  amd
o @) G o R @
Neso o cs i gmh  amy e one o
weLs (ooor)  Goms)  Gows)  Coos) (o) Coomts)
oG WD oE R @ D
N=1000  CLS (o)  (©o0r0) G0  Coosd) Qoo Conose)
wes iR dED  AED @ dm
o @D G AR @D o
Case D n=7 Moy = 0.9 Pay =02  pg =04  pg, =07 p, =01 Hqy, = 0.8
N =100 cLs iy Gws)  Coomo) (o) ©oss®  Cootos)
WCLS (oot (00157) (60101) G0 Goze)  Cooms)
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B with the sample size equals to 500.
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Figure 7. QQplots of CML estimators (ﬁglML, ﬁEZML, ﬁglML, ﬁgZML, ﬁglML, ﬁ?rZML)T for Case B with

the sample size equals to 500.

5. Real Data Example

As an application, we use the F-RCMAR(1) model to fit a set of monthly incomes
data. The data set represents the number of 34 employees with different levels of monthly
incomes in a financial institution in China (Jan 2017-May 2021).

For each month t, X1; represents the number of employees whose monthly incomes
are between 5000 to 8000 (people at this level are required to pay 3% personal income
tax), Xo; means the number of employees between 8000 to 17,000 (they need to pay 10%
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personal income tax) and n — x1; — xp; is the number of employees whose incomes are less
than 5000 (they do not need to pay any tax). Therefore, the data set has finite range with
fixed upper limit n = 34, and the series contains 53 observations. We plot the sample path
and the ACF of the observations in Figure 8.

><'_15, 10
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: g s M L] |
%— 5t %— G cﬁg w Wy
: = R Y
T 0 T 0 ‘ ‘
» D o 20 40
1 1
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Figure 8. The sample paths and ACFs of the monthly incomes data from January 2017 to May 2021.
The horizontal lines in sample paths are the mean of X;; and Xp;. If the vertical lines in ACFs fall
within two horizontal lines, it can be considered that the ACF is approximately 0.

According to the data set, the minimum of Xj; is 0, the median is 5, and the maximum
is 16. The corresponding values of Xp; are 0, 3 and 10. In order to verify that the F-
RCMAR(1) process can be better applied to the real data, we compare our model with
F-MAR model in Ref. [15] and BVB;;-AR(1) model in Ref. [9]. We use the CML method to
estimate the parameters of the fitted models.

The related results are listed in Table 3. From Table 3, it is clear that the F-RCMAR(1)
model has the smaller Akaike information criterion (AIC) and Bayesian information cri-
terion (BIC) than other two models, which means that our model can be well adapted to
the data set with three states and possesses better fitting performance compared to other
two models. Therefore, it is necessary and significant to study the extension of random
coefficient situation.

Table 3. Estimates of the parameters and goodness-of-fit statistics for the monthly income dataset.

Model Estimators AIC BIC
fia, = 04777, fia, = 0.4337

F-RCMAR(1) fig, = 0.1367, fig, = 0.3328 560.4151 572.2369
fly, = 0.1609, fi,, = 0.1211
&1 = 0.4141, &, = 0.2207
F-MAR(1) B1 = 0.1520, B, = 0.3246 603.8675 615.6892
41 = 0.1070, 4, = 0.0806
p = 0.4347, § = 0.3025
BVB-AR(1) B1 = 0.2603, B, = 0.1084 581.4334 593.2552

o = 0.0802, §5 = 0.0175

6. Conclusions

This article introduced a finite-range random coefficient multinomial autoregressive
process. The stationarity and ergodicity of the process were established. Some probabilistic
and statistical properties of the new model were explored. CLS-estimators and WCLS-
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estimators of the model parameters were derived, and the related asymptotic properties
were obtained.

In simulation studies, we compared these two methods with CML estimators. The
results showed that it is better to use the CML method to estimate the parameters 0
because of its great effect and robustness. Comparing with F-MAR model and BVB;;-AR(1)
model in the literature, the brilliant performance of the new model was illustrated by an
application to the number of employees at different levels of monthly incomes. We can
conclude that the F-RCMAR(1) model is a significant process and a necessary extension of
the F-MAR process.
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Appendix A
Proof of Proposition 1. Based on the definition of FFRCMAR(1) process, we have:

P(Xyp =x1p, Xop = x0¢ | Xip—1 = X1,0—1, Xop—1 = Xp4-1)
=P(ayp o Xyp—1+BrroXop—1+ 10 (n— X1 — Xpp—1) = 11,
aop o (Xq,p-1 — g0 Xq,p-1) + Bor o (Xop-1 — P1r o Xop-1)
Fyo(mn =Xy —Xop1— 0o (m— Xy —Xop1)) = x2 | Xy = x4-1)
min{xq;, X1 14+X2-1}
= ) Plagpo Xpp1+BrioXop1 =k| Xp1 =x1)
k=max{0,x1;+x1-1+x2;-1—n}
“P(yypo(n— X1 — Xop-1) = x1¢ —k | Xpm1 = x1)
“P(ags o (Xqp—1 — a1 0 Xy 0—1) + Bor o (Xop—1 — B1r 0 Xpp—1)
o (=X —Xopq —x1p+k) = x| Xpq = x41)
min{xq,X1¢-1+X26-1} min{xy_1,k}
= Y ) PlajpoXyp1=j1 | Xp—1=2x4-1)
k=max{0,x1;+x1,4-1+x2s-1—n} ji=max{0k—2x2;_1}
P(BrroXos1=k—j1| X1 =x_1) - P(yiro(n—Xpp—1 — Xpp1) =
x1p—k | Xp1 = x21) - Pagr o (Xy -1 — j1) + Bor o (Xpp—1 — k4 j1)+
Yoro(n—Xyp1 — Xop1 —X1p+k) = x0¢ | Xp1 = x41)

min{xi, X1 14+X2-1} min{x;1,k}
= Y ) {P(“lt o X1 =J1 | Xpo1 =x-1)
k=max{0,x1;+x1,s—1+x2¢—1—n} j1=max{0k—xz:_1}
“P(BrroXpp1=k—j1 | Xe—1=x1) P(yir0(n—Xpp-1— Xo4-1) =
min{xy;, X1 14+X2,-1—k}
xyp—k [ X1 =x-1) - ) [P(“Zf ° (Xyp-1— i)+

s=max{0,x1+xo¢+x1-1+X21—k—n}

Baro (Xop1—k+j1)=s|Xi1=2x-1) - Plyaro(n— Xy 1 —Xpp1 — x4 +k) =

Xop— 5| Xp 1 = xt—l)] }
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min{x,X1-1+%261} min{xy ¢ 1,k}

- )y Y {P("‘lt oXipo1=j1| Xp1 =x41)

k=max{0,x1;+x1-1+x2¢-1—n} j1=max{0,k—xz;_1}

P(BrroXos1=k—j1 | X1 =x-1) Plypro(n— Xy o1 — Xpp1) =

min{x,x11+x2-1—k} min{s,xp,—1—k+ji }
xyp—k| X1 =x1)-
s=max{0,x1;+xp+x1,1—1+X2—1—k—n} jp=max{0,5-+j; —x1,-1}

[P(O‘Zt o(Xip1—j1)=5—jo | Xe—1 = x¢—1) - P(Bar o (Xpp—1 —k+j1) =
ol Xeci =x1) Plyyro(n—Xyp1 —Xop1 —X1p+k) =20 —5 | X4 1 = xtfl)] }

min{xi, X1 14+X2-1} min{x;1,k}

k=max{0,x1;+x1,4—1+x24-1—n} ji=max{0,k—x2;_1}

k k— ki
{ / C"H 1“1t (1= aq)™1™ hdp"‘ / sz;h1 1t ]l(l_ﬁlt)sz kﬂldpﬁu

x11—k xi—k n—x14-1—Xp¢-1—X11+k
/0 Cn“x“ 1= X2t 171;[ (1 7')/“) v dP’Ylt}'
min{xp, X1 1+x21—k} min{s,xp; 1—k-+j1}
S:maX{O,X1t+X2¢+X1,t71+X2,f,17’(771} jzimax{0,5+]'1*3(1/t,1}
1 . .
S—J2 S=farq _ Xpp-1—J1—5+]2
[/0 Cormin %t (1—ay) dPy,,

ki
/0 Xop-1— k+]1ﬁ2t( :BZt)xz" ! h ]zdPBZt

1
. Xot—$ Xor—S$ (1 _ n—X14-1—X2,4-1—X1t+k—X2+s
/0 Cn X141 = X241~ XlHrk’th (1 ’)/Zt) dP'YZt} }

Therefore, Proposition 1 is established. [

Appendix B

Proof of Proposition 2. Based on Definition 1, we have

E(Xyt | X¢—1) = E(ap0 Xy 41+ BrroXop1+71e0(n—Xypm1 — Xop1) | Xp—1)
=E(apoXyp1 | Xp—1) +E(BrroXps—1 | Xe—1) +E(yiro(n—Xup-1 — Xop-1) | Xp-1)

Xyt Xot-1 (B1r) n—Xi-1—Xo-1 (120
_ ( 2 let | X;_ 1) +E( Z Yiﬂlt | Xpl) + E( Z Yi’ht | thl)/
i=1 i=1 i=1

where {Yi(““)} is a sequence of i.i.d. Bernoulli random variables with distribution B(1, ay;).
Other {Y;} follows the similar distributions. Therefore, the above equation is equal to:

= X4 1E(Yl(““)) + Xoi- 1E(Y(ﬁ“)) +(n—Xpp1— Xopo 1)E(Y(W))
= Xp EE™ | ann)] + Xo, E[EQPY | Boy)]

+(n — X141 — Xo4-1)E[E(Y; 1) | p)]

= X1t 1pay + Xop-1pp, + (1 — Xpp-1 — Xop-1) iy

= Ny + (.uﬂél - V’Yl)Xl,t—l + (Vﬁ1 - ‘u’h)XZ,t—l‘
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Moreover, in order to solve Var(Xy; | X;_1), we need to calculate Var(Xy; | X;_1, aq4,
B1t, Y1) first.

Var(Xyt | X1, @11, B, Y1)
= Var(ay o Xy -1+ Pre o Xop1 + 710 (= Xy 1 — Xop1) | X1, 10, B, Y1)
= Var(ayr o Xyp-1 | Xe1, 016, Bie,1e) + Var(Bre o Xop1 | Xeov, 1e Paes 11e)

+ Var(yipo (n — X1 p-1 — Xo0-1) | Xe—1, @18, B1es 11¢)
X141 (&11) X1 ™
=Var( Y ;" | Xyoq,aq0) + Var( Y 7| Xioq, i)
i—1 i—1
n—Xy 4 1—Xo4-1

+var( Y Y X )
i=1

= X0 (1 —agp) + Xop1B16(1 — B1e) + (n — Xy p—1 — Xop—1)v1e (1 — 71e),
Therefore, we have:

Var(Xy; | X—1) = E[Var(Xy | X1, 011, B1e, v1e)| + Var[E(Xay | Xi—1, 211, B, 111)]
= Eqyp e X i—121 (1 — agp) + X 1814 (1 — B1r)
+ (n— X1,-1 — Xo,0-1)716(1 = 71¢)]
+ Vary,, iy 016 X1+ BreXo—1 +y1e(n — X1 — Xo-1)]
= Xy41[E(ar) — E(af))] + Xo1[E(B1r) — E(BT,)]
+ (n— X121 — Xo4-1)[E(11e) — E(vip)] + X3 4_1 Var(azy)
+ X%lt_lwzr(ﬁu) +(n—Xyp1— Xop1)*Var(vy)
= X1 -1(pay — ‘70%1 - V%q) + X -1(pp, — ‘7;%1 - V;zsl)
+(n—= X1 — Xop—1) (g, — U% - Vgn) + X%,t—10§1 + X%,t—l‘T/%l

+(n— X1 — Xo1)%03,.

For Xor = g o (Xy-1 — o110 Xyp-1) + Por © (X1 — P1e 0 Xojp—1) + v2r 0 (1 —
Xyp-1—Xpp—1— 110 (n—Xq4-1—Xp¢-1)), as shown in Ref. [16], we can draw a conclu-

. d .
sion as: ap; 0 (Xq -1 —agr 0 Xq4-1) = ap(1 — aq¢) 0 Xq 4—1. Thus, we can find

E(agt o (Xpp—1 — a0 Xpp-1) | Xi—1)
= E(ap(1 —ayp) 0o X1 | X¢-1)

X101
_ E( | yle2(1=a11)) | Xt—l) — Xlrt_lE(Yi(ﬂQt(lfmr)))

1
i=1

= X1, 1E [E () ) | = X 1ptag (1= pay);

Similarly, E(Xy; | X;_1) can be obtained as:

E(Xot | X;-1) = Efagr o (X101 — 150 Xp,-1) + Bor o (Xo-1 — P10 Xo 1)
+y2r0(n—Xip1— X1 =0 (n— X1 — Xop-1)) | Xe-1]
= Elags(1 —agp) 0 Xy 41+ Bor(1 = B1r) 0 Xop-1 | Xp1]
+ E[y2t(1 = 71¢) o (n = Xy -1 — Xop-1)) | Xi-1]
= X1,t-1pay (1 = poy) + Xo 1, (1 — g, )
+(n = X101 = Xo 1)y, (L= pryy) = A+ (T = )Xy -1 + (0 — M) Xop-1,
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where 7T = pu, (1 — pay), 0 = pp, (1 — ppg, ), A = poy (1 — phoyy).

Varlags o (Xq,p-1 — a1p 0 Xqp-1) | X1, 00¢] = Var[oge(1 — aqg) 0 Xy 01 | Xp—1, ¢

l

= Var Z NZt (1= lxlt | Xt—lr“Zt} = Xllt_1Var[Yi(“2t(17““)) ‘ Dézt]

= X101 { By, [Var(Y** ) gy a0)] + Var, (B 1) |y, )]}
= X1t 1{Eay, [(@2e (1 — 1) (1 — @ (1 — agy) )] + Varg, [wor (1 — aq4)]}

= X 1{02r — 03 + 2o 05 — Poy X2t — (‘7031 + Vﬁl)“%t + "‘%t%%l}

= Xup—1[00r — 054 + 2ptay 05; — Jlag s — .ugzl“%t]/

and then we have

Var[ags o (X121 — @110 X14-1) | Xi-1] = Eny {Varfags o (X141 — 110 X16-1) |
Xi1, 001} + Varay, {Efags o (X101 — 10 Xy p-1) | Xp—1, 0] }

= Enp { X1,4-1[o2r — “%t + 240, D‘%t — Hay &2t — .”il“%t]} + Vary, [ X 1( — Hay )@24]
= Xpt-1[(1 — pay ) phay — (1 — P‘M)z(ﬂiz + ‘7::%2)] + Xlt 1(1— P‘ﬂq) uczr

and

Var(Xos | Xi—1) = Varfage o (Xy0-1 — agp 0 X10-1) | Xe-1]
+ Var[Bar o (X241 — Brr o Xop—1) | X¢-1]
+ Var[yy o (n— Xy -1 = X1 —v1e0 (n— Xy -1 — Xo 1)) | X 1]
= { X1, [(1 = pag oy — (1= ppay )2 (12, + 0] + X341 (1= oy )0,
+ { X1 [(1 = pp gy, — (1= g, )2 (5, + 05,)] + X5, 1 (1 — pp, )03, }
+{(n = Xy o1 = Xop—1)[(1 = po gy — (1= )2 (13, + 03,)]
+ (1= X1 = Xo-1)* (1 = oy )07, ).

Therefore, based on the equations: E(X) = Ey(E(X | Y)) and Var(X) = Vary(E(X |

Y))+ Ey(Var(X | Y)), the properties (3) and (4) in Proposition 2 can be derived. Cov (X1, Xot)
can be solved by the following equations:

Cov(Xyy, Xo¢) = Cov <“1t o X1+ BrroXos1+re0(n— X1 — Xop1),
a0 (X1 — w10 Xy 1) + Bar o (Xop—1 — B1r o Xo—1)
+y20(n—Xpp1— X1 —v10(n—Xypo1 — Xz,tfl)))

= Covlay; 0 Xy,4-1,09¢ © (X1,4-1 — @11 © X1,6-1)]

+ Covlays 0 Xy4-1, B2t © (Xa,4-1 — P11 0 X2 p-1)]

+ Covfay 0 Xy -1, 7200 (0 — X101 — Xop1 — 10 (n — Xy o1 — Xop-1))]
+ Cov[B1y 0 Xpp—1, 06 © (X141 — a4 0 X7 41)]

+ Cov[B1; 0 Xp 41, B2t © (Xop-1 — P11 0 Xo4-1)]

+ Cov[Brro Xo 1,726 0 (= X101 — Xop1 —y1e 0 (n— Xy 01 — Xo4-1))]
+ Cov[y1p 0 (n— Xyp-1 — Xop-1), a2t 0 (Xn -1 — 1 © Xy4-1)]

+ Cov[yrp o (n— X141 — Xp4-1), Bar 0 (Xp -1 — 11 © Xo4-1)]

+ Cov[y1o (n— X1 — Xop-1), 7260 (= X101 — Xop1 —y1e0 (n— Xy 01 — Xo0-1))],
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in this place,

Covlaqp 0 Xq,p—1,00¢ 0 (Xy 01 —agp 0 Xy 40-1)] = Covfwg 0 Xy 41, @06 (1 — wvyy) 0 Xy 4 1]
= Elagp 0 Xy 41 - (1 —aqg) 0 Xqp—1] — Efaq 0 Xy 0—1] E[aoe (1 — aq4) 0 Xy 1]

X161 X1,6-1 X1,6-1 X1

[( W("‘lt ) ) ( Z Wj("‘Zt(l_‘)‘lt)))] —E{ 2 txu] [ Z y (a2t (1=ans) }

i=1 j:l i=1 :

One known conclusion is that, when {X;} is a sequence of i.i.d. random variables,
random variable N can only take positive integer value and is independent of {X;}. Then,
we can find:

E( ixi) = E(X1)E(N).

Based on these, we have:

Covlayp 0 Xq,p—1,00¢ 0 (Xp -1 — g4 0 Xy 4-1)]
— E(X%,tfl)E(Wl(alt) . Wl("(Zt(l_“lt))) _ EZ(XLt,l)E(Yl(“”))E(Yl(az'(l_a”)))
= HaiHay (1 — Hay )Var(Xl,t—l)/

and the Cov (X, Xp¢) can be obtained as shown in property (5) in Proposition 2.
The deriving procedure of other properties is similar to these, which is not repeated
any further. O

Appendix C
Proof of Theorem 2 and Theorem 3. According to Equation (5), let
_10s(6) 1,05(0)
MNl - E a‘ual X (1 nufxl) +< E) ayaz X Hay
N
=Y (X1 — gy — (pag — po) X1 — (g, — )Xo 1](1 = prag ) X121, (A1)
t=1
10S(0) 1,05(0)
MNZ 2 a]’l‘B] X (1 ]’1,51) +( 2) a’uﬁz X ]/1‘52
N
=Y [Xqp = gy — (pay — po) X141 — (g, — Pyy) Xop—1] (1 — g ) X1, (A2)
t=1
10S(0) 1,05(0)
Mnz = —2= X (1— +(—z)=—= X
N3 2 on, (1= o) +( 2) I Kz
N
= L [Xar =gty = (ay = po) X1 = (pgy = o) Xa1] (A3)
t=1

(1= pyy)(n = Xy 41 — X p—1)-

Solving the above functions we can find the CLS estimators of 61 = (yay, Hp,, H )T
as Equation (6).

Let Fy = 0{Xo, X1, -, Xn} be the o-filed generated by {Xy, Xy, - -, Xn}, Then,
we have

E(Mn1 | Fn-1) = E(Mn—1)1 + [Xin = gy — (Hay — By )X N1 — (g, — Hoyy) X2 N-1]
(1 = pay) X1,N—1 | FN-1)
= Mn_1n + E([Xan = npyy — (Hay — pyy) Xi,n—1 — (ppy — Moy ) XoN—1]
(1= pa)) XaN-1 | Fn-1) = M(n—1)1-
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As a consequence, {My1, Fn, N > 1} is a martingale. Via the Theorem 1.1 in Billings-
ley (1961) and the Corollary 3.2 from Hall and Heyde (1980), we can find

N
¥ t—1[Xlt — 1ty — (pay — Pog) Xnp-1 — (g, — Hop) Xop—1]2(1 — ey )2 X34
s. A
B E[[Xn — npgy — (poy — py) Xa0 — (g, — poy) Xo0)2(1 = pay )2 X%] = 011,
and ﬁMm LA N(0, o1) is established.
Similarly, we can prove that {Myp, Fn, N > 1} and {Mny3, Fn, N > 1} are both

martingales, as N — oo,
N

(X1t = 1ty = (bay = Py X101 = (g, — o) Xop 1P (1 = g, )* X3, 4

1
N t=1
.S. A
Y E[[X11 — nptyy — (pay — M) X0 — (g, — poy) X202 (1 — pp, )* X3 = 02,
L Mus % N0, 0m0);
\/N N2 1 V22)s
anIEl]
¥ El[xlt — Ny — (g = Pg) X1-1 = (g, — Ho) Xop1]2(1 = iy )2 (n = Xup1 — Xop1)
. AN
=¥ E[[Xa1 = nptyy — (pay — oy) X0 — (i, — poy ) X20]2 (1 — gy )*(n — Xao — X20)*] = 03,
1 d
M3 5 N(0, 033).
\/N N3 ( 33)

Thus, we have:
1 Mn 0 o1 012 013
d
i Myy | @ N 0 |, | 12 022 o023
Mns3 0 013 023 033
where

012 = E[[Xll — Nl — (.ulxl - ‘u’Yl)XlO - (.uﬁl - ‘u’h)XZO]Z(l - ‘ulxl)(l - Vﬂl)XlOXZO]r

(>

N(0, Wy),

013 = E[[X11 — npy; — (Hay — Py ) X120 — (l/‘ﬁl - V%)Xzo]z
(1 = pay ) (1 = pay ) X10(n — X10 — X20)],

093 = E[[X11 — 1y — (Hay — P X10 — (pp, — pon) Xo0)* (1 — pg,)
(1 = pyy ) X20(n — X109 — X20)]-

Furthermore, by making the first-order Taylor expansion at 91CL5 = 0 for the function:

N
I, X =SS - (S — 519Xy a = (G — 515X )0 = )X
N
[El[xn - "ﬁ%s - (ﬂgfs - ﬁ%s)xl,tq - (ﬁgf‘s - ﬁ%s)xz,z—l](l - l7§1LS>X2,t71 =0
N
I, B =S — (S — 510X a = (051 = 151X, )0 = A= X141~ Xpp0)
we have that
~CLS
;uOt]LS - ]’lal 1 MNl
N _ 1
:u‘Bl - ]’lﬁl - X7 V] MNZ ’
~CLS _
nu’)/l I/l'71 MN3

where
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(1= 2ptay + poy ) E(X3p) + E(X11X10) — npto, E(X10) — (g, — poyy ) E(X20X10),
1—2pp, + oy )E(X3) + E(X11X20) — 1pin E(X20) — (pay — poy ) E(X10X20),
1 — 210, )E[(n — X190 — X20)?] + E[(X11 — oy X10 — 1, X20) (1 — X10 — Xo0)],

(22 (
(
(1 — pay ) E(X10X20), ng = (1 — pp,)E(X10X20),
(1
(1

V<13>

— May ) E[X10(n — X109 — X20)], V§31) = (1 = pyy ) E[X10(n — X190 — X20)),
— g, ) E[X20 (1 — X10 — X20)], V§32) = E(1 — py, ) E[Xo0(n — Xq0 — X20)]-

Finally, the Equation (8) is established. Similar to the proof of Theorem 2, according to
Equation (5), let

N
Mys =30 = L Xt = mpiay (1= i)
= A4
(e (1= pay) = a1 = iy )) X1 (ad)
— (g, (1= ppy) = Hop (1= piyy ) X 41 (1 — phay ) X101,
N
Mns :—%%i;i = L Xt =iy (1= pioy)
- A5
(a1 = pay) = s (1= iy ) X1 — (s, (1= i) (83)
—Hyy (1= piyy ) X p—1)( —.“ﬁl)th 1
N
Mns =352 = T [Xot = iy (1= piy) = (ta(1 = )
=1 (A6)

—Hy (1 - V’h))Xl,t—l
— (g, (L= ppgy) = pp (L= iy )) X p 1] (1 = oy ) (n — Xy o1 — Xop-1)-

By replacing the parameters 6; in the above functions with their consistent estimators
in Equation (6), the CLS estimators of 0 = (pa,, Hp,, Moy )T can be obtained as Equation (7).

Therefore, {Mn4, Fn, N > 1}, {Mys, Fn, N > 1} and {Mpg, Fn, N > 1} are all
martingales and

1
L Ms & N, W), =

L M B NG, W), -

VN

Thus, we have:

Mye 5 N(0, W),

where

W = E{[Xo1 — iy (1= pyy) — (tay (1 = o) — iy (1 = )Xo
— (pp, (1= pgy) = popy (1= 1y )) X202 (1 — ey )* X0},
W = E{[Xa1 — iy, (1 pyy) — (o (1 iay) — iy (1= iy )) X0
— (ppy (1 = pg)) = poy (1= 1)) Xo02(1 — g, )* X530}
W) = E{[Xo1 — njiay (1~ piyy) — (o (1~ pay) — by (1 = i) Xo
— (ppy (1 = pg,) = poyy (1= 1)) Xo0]*(1 = py )% (n — X1g — X20)*},
Wi = WS = E{[Xa1 — 0, (1= i) — (s (1= iay) — o (1 = p19,)) X0
— (pp, (1 = pg)) = popy (1 = 1)) X202 (1 = piay ) (1 = i, ) X10X20},
= WY = E{[Xa1 — oy (1= pyy) — (o (1= pay) — by (1= py,)) X0
— (g, (1= pp,) — oy (1 — Ml))xzo}z
(1 = pay ) (1 = pyy ) Xa0(n — X190 — X20) },

W£13)
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W) = W = E{[Xo1 — njiy (1= ) — (g (1 pay) — pis (1= i) X0

— (up, (1= pip,) — popy (1 = o)) X0
(1= pp, ) (1 — pryy ) Xo0(n — X109 — X20) }-

Furthermore, through the first-order Taylor expansion at 8, = 6,, we have:

ﬁng - ]’l“2 1 MN4
Hg,” —Hp, | = Nvfl Mns |,
ﬁCLS —u MN6

72 72

where

PE(XR), V5D = (1— g, PE(X3),

VEY =(1 = iy, E((n = X10 — Xo0)?),

Vélz) :V;ﬂ) = (1 — ptay ) (1 — pp, ) E(X10X20),

V¥ =V = (1= pa, ) (1 = g, ) E[X10(n — X0 — Xa0)],
(

(23) _/(32) _ (1 _ pp, ) (1 =ty )E[Xoo(n — X109 — Xo0)];

V=V =
As a consequence, the proof of Theorem 3 is completed. [

Appendix D. The Histograms of Estimation

In this section, we give the histograms of three estimators of 8 for Case B with N = 500.
The abscissas of the vertical lines are the true values of the parameters. It is not difficult
to see that the CLS, WCLS and CML estimation can obtain great simulation results. The
distributions of the estimators are similar to the normal distributions, where the mean of
the normal distribution is the true value of parameter.

100

100

1007

04 0.5 0.6 0.7 0.8 0.7 08 0.9 1 1.1

Figure A1. Histograms of CLS estimators (55, aSLS, ﬁg]LS, ﬁgZLS, ﬁ%s, ﬁ%S)T for Case B with

the sample size equals to 500. The abscissas of the vertical lines are the true values of the parameters.
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Figure A2. Histograms of WCLS estimators (f1}YL5, alVCLS, ﬁg\{CLS, ﬁg\iCLS, ﬁ,‘;‘{as, ﬁ,‘;‘;CLS)T for

Case B with the sample size equals to 500. The abscissas of the vertical lines are the true values of
the parameters.
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Figure A3. Histograms of CML estimators (fiy,"", flg," fig " fgy s By B,
B with the sample size equals to 500. The abscissas of the vertical lines are the true values of

the parameters.
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