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Abstract: In view of the complexity and asymmetry of finite range multi-state integer-valued time
series data, we propose a first-order random coefficient multinomial autoregressive model in this
paper. Basic probabilistic and statistical properties of the model are discussed. Conditional least
squares (CLS) and weighted conditional least squares (WCLS) estimators of the model parameters
are derived, and their asymptotic properties are established. In simulation studies, we compare
these two methods with the conditional maximum likelihood (CML) method to verify the proposed
procedure. A real example is applied to illustrate the advantages of our model.

Keywords: multinomial autoregressive process; random coefficient; binomial thinning; parameter
estimation

1. Introduction

Integer-valued time series data are fairly common in practice. For example, the
number of major global earthquakes per year; the number of road accidents in successive
months; the number of births at hospital per month, etc. The structure of this kind of
data is complex and asymmetrical, and thus many statistical methods may not be suitable.
In order to describe this kind of data more effectively, Ref. [1] proposed a binomial thinning
operator “◦” defined as:

ρ ◦ X =
X

∑
i=1

Yi, (1)

where {Yi} is a sequence of independent and identically distributed (i.i.d.) Bernoulli
random variables with distribution B(1, ρ).

Based on the thinning operator (1), Refs. [2,3] introduced a most widely used INAR(1)
process; Ref. [4] extended INAR(1) process to the case of random coefficients and proposed
the RCINAR(1) process; Ref. [5] discussed the generalized RCINAR(p) process with signed
thinning operator; Ref. [6] introduced the threshold RCINAR(1) process and the related
forecasting problems; Ref. [7] discussed the RCINAR(1) process with generalized negative
binomal marginals.

Comparing the INAR(1) model and its extension, the studies of integer-valued time
series with a finite range are relatively few. Ref. [3] attempted to replace INAR(1) process
by binomial AR(1) process to describe this kind of data in 1985. Moreover, Ref. [8] studied
the threshold autoregressive analysis for a finite-range time series of counts and applied it
on measles data. Ref. [9] extended the BAR(1) model to some types of bivariate binomial
autoregressive models. A new bivariate binomial time series model with two identical
binomial distributions was introduced by Ref. [10].

The models discussed above are all aimed at the integer-valued time series data of
up to two states, but there is little research on the integer-valued time series of mult-
states. Ref. [11] considered the specification tests for the multinomial logit model. Ref. [12]
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introduced an INAR(1) negative multinomial regression model for longitudinal count
data, and Ref. [13] used the autoregressive negative multinomial regression models to
analyze multiple emotions over time. Ref. [14] studied a comparison of choice models for
voting research by multinomial probit and multinomial logit. Recently, Ref. [15] extended
the binomial AR(1) process to a multinomial autoregressive model, which can describe
finite-range integer-valued data with three states. The definition of the F-MAR(1) process
is as follows:

X1t = Z1t + Z2t + Z3t,

X2t = α2 ◦ (X1,t−1 − Z1t) + β2 ◦ (X2,t−1 − Z2t) (2)

+ γ2 ◦ (n− X1,t−1 − X2,t−1 − Z3t),

where αi, βi and γi ∈ (0, 1) for i = 1, 2. Z1t = α1 ◦ X1,t−1, Z2t = β1 ◦ X2,t−1, and
Z3t = γ1 ◦ (n− X1,t−1 − X2,t−1).

The F-MAR(1) process is easy to interpret. For a closed group of Alzheimer’s disease
subjects with n mutually independent subjects, each of these subjects may be in one of
three states: cognitively normal (CN), mild cognitive impairment (MCI) and diagnosed
with Alzheimer’s disease (AD). With drug treatment or other means, these three states
can interchange mutually with a certain probability. X1t and X2t represent the number of
subjects in states CN and MCI at time t, respectively. Clearly, the number of subjects in
states AD can be obtained directly from n− X1t − X2t. Although the data is not symmetric,
good properties and conclusions can still be obtained due to the stationarity and ergodicity
of the model.

However, similar to the RCINAR(1) process, in most situations, the coefficients in
F-MAR(1) process can also be affected by many factors. As in the above example, the
transition probabilities among the three states should be affected by the patients’ age,
physical condition, economic conditions, and so on. In this paper, we attempt to extend
the F-MAR(1) process to a case with random coefficients, where the fixed αi, βi and
γi in Equation (2) are replaced by i.i.d. random variables αit, βit and γit. This type of
extension will lead to more complex model structure and more difficult derivation of
relevant probabilistic and statistical properties. Correspondingly, the extended model can
be applied to more practical problems, and the data fitting results may also be better than
the model with fixed coefficients.

The rest of the paper is organized as follows: In Section 2, we introduce the first order
finite-range random coefficient multinomial autoregressive (F-RCMAR(1)) process, and
investigate some basic properties. In Section 3, we discuss the estimations of model and
establish the related theoretical properties. The related simulation studies are presented
in Section 4. In Section 5, we apply the proposed model to a real example. The results
demonstrate the availability and advantage of the proposed model in fitting finite-range
data with three states. Some concluding remarks are provided in Section 6. All proof
details and some figures are reported in Appendices A–D.

2. Definition and Basic Properties of the F-RCMAR(1) Process

In this section, we introduce a first order finite-range random coefficients multinomial
autoregressive (F-RCMAR(1)) process, which is defined as the following recursive equation:

Definition 1. Let X t = [X1t, X2t]
T be a bivariate random variable, the F-RCMAR(1) process

defined as:

X1t =Z1t + Z2t + Z3t,

X2t =α2t ◦ (X1,t−1 − Z1t) + β2t ◦ (X2,t−1 − Z2t)

+ γ2t ◦ (n− X1,t−1 − X2,t−1 − Z3t), (3)

where
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(1) Z1t = α1t ◦ X1,t−1, Z2t = β1t ◦ X2,t−1, Z3t = γ1t ◦ (n− X1,t−1 − X2,t−1);
(2) n ∈ N is a given number denoted the upper limit for the multinomial range;
(3) {αit}, {βit} and {γit} are i.i.d. random sequence with cumulative distribution functions

(CDF) Pαi , Pβi and Pγi on (0,1) for i = 1, 2, respectively, and they are independent of each
other;

(4) let µαi = E(αit), µβi = E(βit), µγi = E(γit), σ2
αi

= Var(αit), σ2
βi

= Var(βit), and
σ2

γi
= Var(γit) for i = 1, 2, note that they are all assumed to exist and be finite;

(5) all thinnings are performed independently of each other, and the thinnings at time t are
independent of (Xs)s<t where Xs = [X1s, X2s]

T.

For a fixed population containing n individuals, each individual can only be in one of
the three states of I, II and III. X1t in Definition 1 represents the number of individuals in
state I in the population at time t, where Zit represents the number of individuals transiting
from the ith state at time t− 1 to the state I at time t.

The corresponding transition probability will be affected by random coefficients.
X2t and (n − X1t − X2t) represent the number of individuals in state II and III at time
t, respectively. X2t is expressed as shown in Definition 1 to ensure that α1t ◦ X1,t−1 +
α2t ◦ (X1,t−1 − α1t ◦ X1,t−1) ≤ X1,t−1, β1t ◦ X2,t−1 + β2t ◦ (X2,t−1 − β1t ◦ X2,t−1) ≤ X2,t−1,
and γ1t ◦ (n−X1,t−1−X2,t−1) + γ2t ◦ (n−X1,t−1−X2,t−1− γ1t ◦ (n−X1,t−1−X2,t−1)) ≤
n− X1,t−1 − X2,t−1, so as to ensure that the condition of X1t + X2t ≤ n is established.

Proposition 1. If {X t} is generated from F-RCMAR(1) process presented in Equation (3), the
related transition probability function is deduced as follows,

P(X1t = x1t, X2t = x2t | X1,t−1 = x1,t−1, X2,t−1 = x2,t−1)

=
min{x1t ,x1,t−1+x2,t−1}

∑
k=max{0,x1t+x1,t−1+x2,t−1−n}

min{x1,t−1,k}

∑
j1=max{0,k−x2,t−1}{[ ∫ 1

0
Cj1

x1,t−1 α
j1
1t(1− α1t)

x1,t−1−j1 dPα1t ·
∫ 1

0
Ck−j1

x2,t−1 β
k−j1
1t (1− β1t)

x2,t−1−k+j1 dPβ1t

·
∫ 1

0
Cx1t−k

n−x1,t−1−x2,t−1
γ

x1t−k
1t (1− γ1t)

n−x1,t−1−x2,t−1−x1t+kdPγ1t

]
· (4)

min{x2t ,x1,t−1+x2,t−1−k}

∑
s=max{0,x1t+x2t+x1,t−1+x2,t−1−k−n}

min{s,x2,t−1−k+j1}

∑
j2=max{0,s+j1−x1,t−1}[ ∫ 1

0
Cs−j2

x1,t−1−j1
α

s−j2
2t (1− α2t)

x1,t−1−j1−s+j2 dPα2t

·
∫ 1

0
Cj2

x2,t−1−k+j1
β

j2
2t(1− β2t)

x2,t−1−k+j1−j2 dPβ2t

·
∫ 1

0
Cx2t−s

n−x1,t−1−x2,t−1−x1t+kγx2t−s
2t (1− γ2t)

n−x1,t−1−x2,t−1−x1t+k−x2t+sdPγ2t

]}
,

where Cj1
x1,t−1 = (x1,t−1

j1
) =

x1,t−1!
j1!(x1,t−1−j1)!

.

Theorem 1. The process {X t} in Equation (3) is an irreducible, aperiodic and positive recurrent
(i.e., ergodic) Markov chain. Hence, there exists a strictly stationary process satisfying the F-
RCMAR(1) process.

The proof of Theorem 1 is similar to the proof of Theorem 1 in Ref. [15]. Furthermore,
the following properties can be obtained.

Proposition 2. For the stationary F-RCMAR(1) process defined in Equation (3), we have
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(1) E(X1t | X t−1) = nµγ1 + (µα1 − µγ1)X1,t−1 + (µβ1 − µγ1)X2,t−1,
E(X2t | X t−1) = nµγ2(1− µγ1) + [µα2(1− µα1)− µγ2(1− µγ1)]X1,t−1

+ [µβ2(1− µβ1)− µγ2(1− µγ1)]X2,t−1;

(2) Var(X1t | X t−1) = (µα1 − σ2
α1
− µ2

α1
)X1,t−1 + (µβ1 − σ2

β1
− µ2

β1
)X2,t−1

+ (µγ1 − σ2
γ1
− µ2

γ1
)(n− X1,t−1 − X2,t−1) + σ2

α1
X2

1,t−1
+ σ2

β1
X2

2,t−1 + σ2
γ1
(n− X1,t−1 − X2,t−1)

2,
Var(X2t | X t−1) = [π − (µ2

α2
+ σ2

α2
)(1− µα1)

2]X1,t−1

+ [ρ− (µ2
β2

+ σ2
β2
)(1− µβ1)

2]X2,t−1

+ [λ− (µ2
γ2

+ σ2
γ2
)(1− µγ1)

2](n− X1,t−1 − X2,t−1)

+ σ2
α2
(1− µα1)

2X2
1,t−1 + σ2

β2
(1− µβ1)

2X2
2,t−1

+ σ2
γ2
(1− µγ1)

2(n− X1,t−1 − X2,t−1)
2;

(3) E(X1t) =
n[µγ1 (1−ρ)+µβ1

λ]
1+µγ1−µα1+(1−µα1+µβ1

)λ+(µα1−µγ1−1)ρ+(µγ1−µβ1
)π

,

E(X2t) =
n[µγ1 π+(1−µα1 )λ]

1+µγ1−µα1+(1−µα1+µβ1
)λ+(µα1−µγ1−1)ρ+(µγ1−µβ1

)π
;

(4) Var(X1t) =

{
(µα1 − σ2

α1
− µ2

α1
− µγ1 + σ2

γ1
+ µ2

γ1
− 2nσ2

γ1
) · E(X1t) + (µβ1 − σ2

β1
−

µ2
β1
− µγ1 + σ2

γ1
+ µ2

γ1
− 2nσ2

γ1
) · E(X2t) + (σ2

α1
+ σ2

γ1
)E2(X1t) + (σ2

β1
+ σ2

γ1
)E2(X2t)

+ 2σ2
γ1

E(X1t)E(X2t) + n(µγ1 − σ2
γ1
− µ2

γ1
) + n2σ2

γ1
+
[
σ2

β1
+ σ2

γ1
+ (µβ1 − µγ1)

2 +

2σ2
γ1
(µβ1 − µγ1)(ρ− λ)/A

]
Var(X2t)

}
/

{
1− σ2

α1
− σ2

γ1
− (µα1 − µγ1)

2

− 2σ2
γ1
(µα1 − µγ1)(ρ− λ)/A

}
,

Var(X2t) =

{[
π− (µ2

α2
+σ2

α2
)(1−µα1)

2−λ+(µ2
γ2
+σ2

γ2
− 2nσ2

γ2
)(1−µγ1)

2
]
·E(X1t)

+
[
ρ− (µ2

β2
+ σ2

β2
)(1− µβ1)

2 − λ + (µ2
γ2

+ σ2
γ2
− 2nσ2

γ2
)(1− µγ1)

2
]
· E(X2t)

+
[
σ2

α2
(1− µα1)

2 + σ2
γ2
(1− µγ1)

2
]

E2(X1t) +
[
σ2

β2
(1− µβ1)

2 + σ2
γ2
(1− µγ1)

2
]

E2(X2t)

+ 2σ2
γ2
(1− µγ1)

2E(X1t)E(X2t) + nλ + (n2σ2
γ2
− nσ2

γ2
− nµ2

γ2
)(1− µγ1)

2

+
{

σ2
α2
(1− µα1)

2 + σ2
γ2
(1− µγ1)

2 + (π − λ)2 + [2σ2
γ2
(1− µγ1)

2 + 2(π − λ)(ρ− λ)]

(µα1 − µγ1)(π − λ)/A
}[

(µα1 − σ2
α1
− µ2

α1
− µγ1 + σ2

γ1
+ µ2

γ1
− 2nσ2

γ1
)E(X1t)

+ (µβ1 − σ2
β1
− µ2

β1
− µγ1 + σ2

γ1
+ µ2

γ1
− 2nσ2

γ1
)E(X2t) + (σ2

α1

+ σ2
γ1
)E2(X1t) + (σ2

β1
+ σ2

γ1
)E2(X2t) + 2σ2

γ1
E(X1t)E(X2t) + n(µγ1 − σ2

γ1
− µ2

γ1
)

+ n2σ2
γ1

]
/
[
1− σ2

α1
− σ2

γ1
− (µα1 −µγ1)

2− 2σ2
γ1
(µα1 −µγ1)(π−λ)/A

]}
/

{
1− σ2

β2
(1−

µβ1)
2−σ2

γ2
(1−µγ1)

2− (ρ−λ)2−
[
2σ2

γ2
(1−µγ1)

2 + 2(π−λ)(ρ−λ)
]
(µβ1 −µγ1)(ρ−

λ)/A−
{

σ2
α2
(1− µα1)

2 + σ2
γ2
(1− µγ1)

2 + (π− λ)2 + [2σ2
γ2
(1− µγ1)

2 + 2(π− λ)(ρ−

λ)](µα1 − µγ1)(π − λ)/A
}[

σ2
β1

+ σ2
γ1

+ (µβ1 − µγ1)
2 + 2σ2

γ1
(µβ1 − µγ1)(ρ− λ)/A

]
/[

1− σ2
α1
− σ2

γ1
− (µα1 − µγ1)

2 − 2σ2
γ1
(µα1 − µγ1)(π − λ)/A

]}
;

(5) Cov(X1t, X2t) =
(µα1−µγ1 )(π−λ)Var(X1t)+(µβ1

−µγ1 )(ρ−λ)Var(X2t)]

A ,
Cov(X1t, X2,t+1) = (π − λ)Var(X1t) + (ρ− λ)Cov(X1t, X2t),
Cov(X1t, X2,t+2) = [(µα1 − µγ1)(π − λ) + (π − λ)(ρ− λ)]Var(X1t)

+ [(µβ1 − µγ1)(π − λ) + (ρ− λ)2]Cov(X1t, X2t),
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Cov(X2t, X1,t+1) = (µα1 − µγ1)Cov(X1t, X2t) + (µβ1 − µγ1)Var(X2t),
Cov(X2t, X1,t+2) = [(µα1 − µγ1)

2 + (µβ1 − µγ1)(π − λ)]Cov(X1t, X2t)
+ [(µα1 − µγ1)(µβ1 − µγ1) + (µβ1 − µγ1)(ρ− λ)]Var(X2t),

Cov(X1t, X1,t+1) = (µα1 − µγ1)Var(X1t) + (µβ1 − µγ1)Cov(X1t, X2t),
Cov(X1t, X1,t+2) = [(µα1 − µγ1)

2 + (µβ1 − µγ1)(π − λ)]Var(X1t)
+ [(µα1 − µγ1)(µβ1 − µγ1) + (µβ1 − µγ1)(π − λ)]Cov(X1t, X2t),

Cov(X2t, X2,t+1) = (π − λ)Cov(X1t, X2t) + (ρ− λ)Var(X2t),
Cov(X2t, X2,t+2) = [(µα1 − µγ1)(π − λ) + (π − λ)(ρ− λ)]Cov(X1t, X2t)

+ [(µβ1 − µγ1)(π − λ) + (ρ− λ)2]Var(X2t).

Since the forms of variance and covariance are so complicated, the derivation procedure is
simple and similar, we only present the covariance up to two steps. The corresponding correlations
can be solved by the formula of covariance and variance. The rest steps can be deduced by analogy.
Here, π = µα2(1− µα1), ρ = µβ2(1− µβ1), λ = µγ2(1− µγ1), A = 1− (µα1 − µγ1)(ρ− λ)−
(µβ1 − µγ1)(π − λ).

Remark 1. Based on the statistical properties in Proposition 2, the autocorrelation function
{Corr(Xit, Xi,t+k)}i=1,2; k=1,2,··· of F-RCMAR(1) process can be negative or positive for different
parameter combinations, which means that model (3) can describe both positively correlated and
negatively correlated data.

3. Parameter Estimation

Suppose that {X t}N
t=1 is a strictly stationary and ergodic solution of the F-RCMAR(1)

process. The parameter n is assumed to be known. Our major interest lies in the estima-
tion of parameters θ = (µα1 , µα2 , µβ1 , µβ2 , µγ1 , µγ2)

T. We mainly discuss three different
methods to estimate the unknown parameters: conditional least squares (CLS), weighted
conditional least squares (WCLS) and compared with conditional maximum likelihood
(CML), in next section.

3.1. Conditional Least Squares Estimation

From Proposition 2, the CLS-estimators can be obtained by minimizing the following
expression over θ ∈ (0, 1)6:

S(θ) =
N

∑
t=1

(X t − E(X t | X t−1))
T(X t − E(X t | X t−1))

=
N

∑
t=1

[X1t − nµγ1 − (µα1 − µγ1)X1,t−1 − (µβ1 − µγ1)X2,t−1]
2

+
N

∑
t=1

[X2t − nµγ2(1− µγ1)− (µα2(1− µα1)− µγ2(1− µγ1))X1,t−1

− (µβ2(1− µβ1)− µγ2(1− µγ1))X2,t−1]
2. (5)

Take the partial derivative of Equation (5) with respect to parameters θ, the CLS
estimators of θ1 = (µα1 , µβ1 , µγ1)

T can be obtained first as follows:

 µ̂CLS
α1

µ̂CLS
β1

µ̂CLS
γ1

 = B−1



N
∑

t=1
X1,t−1X1t

N
∑

t=1
X2,t−1X1t

N
∑

t=1
(n− X1,t−1 − X2,t−1)X1t

, (6)

where
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B =


N
∑

t=1
X2

1,t−1
N
∑

t=1
X1,t−1 X2,t−1

N
∑

t=1
X1,t−1(n− X1,t−1 − X2,t−1)

N
∑

t=1
X1,t−1 X2,t−1

N
∑

t=1
X2

2,t−1
N
∑

t=1
X2,t−1(n− X1,t−1 − X2,t−1)

N
∑

t=1
X1,t−1(n− X1,t−1 − X2,t−1)

N
∑

t=1
X2,t−1(n− X1,t−1 − X2,t−1)

N
∑

t=1
(n− X1,t−1 − X2,t−1)

2

.

With the representations of θ̂1
CLS

, based on the expressions of − 1
2

∂S(θ)
∂µα2

, − 1
2

∂S(θ)
∂µβ2

and

− 1
2

∂S(θ)
∂µγ2

, we can find the CLS estimators of θ2 = (µα2 , µβ2 , µγ2)
T as:

θ̂2
CLS

=

 µ̂CLS
α2

µ̂CLS
β2

µ̂CLS
γ2

 = D−1



N
∑

t=1
X1,t−1X2t

N
∑

t=1
X2,t−1X2t

N
∑

t=1
(n− X1,t−1 − X2,t−1)X2t

, (7)

where

D = B×

 1− µ̂CLS
α1

0 0
0 1− µ̂CLS

β1
0

0 0 1− µ̂CLS
γ1

.

The following Theorem 2 and Theorem 3 show the asymptotic normality of θ̂CLS.

Theorem 2. Considering {X t} obtained from model (3), the CLS-estimators θ̂
CLS
1 given in

Equation (6) are the consistent estimators of θ1 and asymptotically normal as:

√
N
(

θ̂
CLS
1 − θ1

)
d→ N

(
0, V−1

1 W1V−1
1

)
. (8)

Theorem 3. Let {X t} represent a process satisfying Equation (3), θ̂
CLS
1 are the consistent estima-

tors of θ1. Then, the CLS-estimators θ̂
CLS
2 also satisfy the asymptotic normality as:

√
N
(

θ̂
CLS
2 − θ2

)
d→ N

(
0, V−1

2 W2V−1
2

)
. (9)

3.2. Weighted Conditional Least Squares Estimation

In this section, we consider adjusting function (5) by weights to improve the effect
of CLS estimation. The related weighted conditional least squares (WCLS) estimators
θ̂WCLS := (µ̂WCLS

α1
, µ̂WCLS

α2
, µ̂WCLS

β1
, µ̂WCLS

β2
, µ̂WCLS

γ1
, µ̂WCLS

γ2
)T can be obtained by minimizing

the following function:

Q(θ) =
N

∑
t=1

V−1
τ (X t − E(X t | X t−1))

T(X t − E(X t | X t−1)). (10)

The weight Vτ in Equation (10) is expressed as follows:

Vτ =
{
[µ̂α1(1− µ̂α1)X1,t−1 + µ̂β1(1− µ̂β1)X2,t−1 + µ̂γ1(1− µ̂γ1)

(n− X1,t−1 − X2,t−1)]
2 + [µ̂α2(1− µ̂α1)(1− µ̂α2)X1,t−1

+ µ̂β2(1− µ̂β1)(1− µ̂β2)X2,t−1+

µ̂γ2(1− µ̂γ1)(1− µ̂γ2)(n− X1,t−1 − X2,t−1)]
2} 1

2 . (11)

The expression of Vτ is based on the one-step conditional variance of F-MAR(1)
process in Ref. [15], i.e., the related model with fixed coefficients, and the fixed coefficients
in one-step conditional variance are replaced by the expectation of random coefficients.
τ = (µ̂α1 , µ̂α2 , µ̂β1 , µ̂β2 , µ̂γ1 , µ̂γ2)

T are the consistent estimators of θ. In the simulation,
we use the CLS estimators to replace them.
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Through the similar algebraic operations, we can find the WCLS estimators θ̂WCLS as:

θ̂
WCLS
1 =

 µ̂WCLS
α1

µ̂WCLS
β1

µ̂WCLS
γ1

 = B−1
1



N
∑

t=1

1
Vτ

X1,t−1X1t

N
∑

t=1

1
Vτ

X2,t−1X1t

N
∑

t=1

1
Vτ

(n− X1,t−1 − X2,t−1)X1t

, (12)

where B1 = (B(ij)
1 )3×3 with

B(11)
1 =

N

∑
t=1

1
Vτ

X2
1,t−1, B(12)

1 = B(21)
1 =

N

∑
t=1

1
Vτ

X1,t−1X2,t−1,

B(22)
1 =

N

∑
t=1

1
Vτ

X2
2,t−1, B(13)

1 = B(31)
1 =

N

∑
t=1

1
Vτ

X1,t−1(n− X1,t−1 − X2,t−1),

B(33)
1 =

N

∑
t=1

1
Vτ

(n− X1,t−1 − X2,t−1)
2,

B(23)
1 = B(32)

1 =
N

∑
t=1

1
Vτ

X2,t−1(n− X1,t−1 − X2,t−1).

θ̂2
WCLS

=

 µ̂WCLS
α2

µ̂WCLS
β2

µ̂WCLS
γ2

 = D−1
1



N
∑

t=1

1
Vτ

X1,t−1X2t

N
∑

t=1

1
Vτ

X2,t−1X2t

N
∑

t=1

1
Vτ

(n− X1,t−1 − X2,t−1)X2t

, (13)

where

D1 = B1 ×

 1− µ̂WCLS
α1

0 0
0 1− µ̂WCLS

β1
0

0 0 1− µ̂WCLS
γ1

.

Theorem 4. For the WCLS estimators θ̂
WCLS
1 = (µ̂WCLS

α1
, µ̂WCLS

β1
, µ̂WCLS

γ1
)T and θ̂

WCLS
2 =

(µ̂WCLS
α2

, µ̂WCLS
β2

, µ̂WCLS
γ2

)T given by Equations (12) and (13), we have

√
N
(

θ̂
WCLS
1 − θ1

)
d→ N

(
0, V−1

3 W3V−1
3

)
, (14)

and √
N
(

θ̂
WCLS
2 − θ2

)
d→ N

(
0, V−1

4 W4V−1
4

)
, (15)

where

V (11)
3 =(1− 2µα1)E

[
X2

10
Vτ

]
+ E

[
[X11 − µγ1(n− X10 − X20)− µβ1 X20]X10

Vτ

]
,

V (22)
3 =(1− 2µβ1)E

[
X2

20
Vτ

]
+ E

[
(X11 − µγ1(n− X10 − X20)− µα1 X10)X20

Vτ

]
,

V (33)
3 =(1− 2µγ1)E

[
(n− X10 − X20)

2

Vτ

]
+

E
[
(X11 − µα1 X10 − µβ1 X20)(n− X10 − X20)

Vτ

]
,



Symmetry 2021, 13, 2271 8 of 27

V (12)
3 =(1− µα1)E

[
X10X20

Vτ

]
, V (21)

3 = (1− µβ1)E
[

X10X20

Vτ

]
,

V (13)
3 =(1− µα1)E

[
X10(n− X10 − X20)

Vτ

]
,

V (23)
3 =(1− µβ1)E

[
X20(n− X10 − X20)

Vτ

]
,

V (31)
3 =(1− µγ1)E

[
X10(n− X10 − X20)

Vτ

]
,

V (32)
3 =(1− µγ1)E

[
X20(n− X10 − X20)

Vτ

]
;

and

W (11)
3 = E

[
1

V2
τ
[X11 − nµγ1 − (µα1 − µγ1)X10 − (µβ1 − µγ1)X20]

2(1− µα1)
2X2

10

]
,

W (22)
3 = E

[
1

V2
τ
[X11 − nµγ1 − (µα1 − µγ1)X10 − (µβ1 − µγ1)X20]

2(1− µβ1)
2X2

20

]
,

W (33)
3 = E

[ 1
V2

τ
[X11 − nµγ1 − (µα1 − µγ1)X10 − (µβ1 − µγ1)X20]

2

(1− µγ1)
2(n− X10 − X20)

2
]
,

W (12)
3 = W (21)

3 = E
[ 1

V2
τ
[X11 − nµγ1 − (µα1 − µγ1)X10 − (µβ1 − µγ1)X20]

2

(1− µα1)(1− µβ1)X10X20

]
,

W (13)
3 = W (31)

3 = E
[ 1

V2
τ
[X11 − nµγ1 − (µα1 − µγ1)X10 − (µβ1 − µγ1)X20]

2

(1− µα1)(1− µγ1)X10(n− X10 − X20)
]
,

W (23)
3 = W (32)

3 = E
[ 1

V2
τ
[X11 − nµγ1 − (µα1 − µγ1)X10 − (µβ1 − µγ1)X20]

2

(1− µβ1)(1− µγ1)X20(n− X10 − X20)
]
.

V (11)
4 =(1− µα1)

2E

[
X2

10
Vτ

]
, V (22)

4 = (1− µβ1)
2E

[
X2

20
Vτ

]
,

V (33)
4 =(1− µγ1)

2E
[
(n− X10 − X20)

2

Vτ

]
,

V (12)
4 =V (21)

4 = (1− µα1)(1− µβ1)E
[

X10X20

Vτ

]
,

V (13)
4 =V (31)

4 = (1− µα1)(1− µγ1)E
[

X10(n− X10 − X20)

Vτ

]
,

V (23)
4 =V (32)

4 = (1− µβ1)(1− µγ1)E
[

X20(n− X10 − X20)

Vτ

]
;

and

W (11)
4 = E{ 1

V2
τ
[X21 − nµγ2(1− µγ1)− (µα2(1− µα1)− µγ2(1− µγ1))X10

− (µβ2(1− µβ1)− µγ2(1− µγ1))X20]
2(1− µα1)

2X2
10};
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W (22)
4 = E{ 1

V2
τ
[X21 − nµγ2(1− µγ1)− (µα2(1− µα1)− µγ2(1− µγ1))X10

− (µβ2(1− µβ1)− µγ2(1− µγ1))X20]
2(1− µβ1)

2X2
20};

W (33)
4 = E{ 1

V2
τ
[X21 − nµγ2(1− µγ1)− (µα2(1− µα1)− µγ2(1− µγ1))X10

− (µβ2(1− µβ1)− µγ2(1− µγ1))X20]
2(1− µγ1)

2(n− X10 − X20)
2};

W (12)
4 = W (21)

4 = E{ 1
V2

τ
[X21 − nµγ2(1− µγ1)− (µα2(1− µα1)− µγ2(1− µγ1))X10

− (µβ2(1− µβ1)− µγ2(1− µγ1))X20]
2(1− µα1)(1− µβ1)X10X20};

W (13)
4 = W (31)

4 = E{ 1
V2

τ
[X21 − nµγ2(1− µγ1)− (µα2(1− µα1)− µγ2(1− µγ1))X10

− (µβ2(1− µβ1)− µγ2(1− µγ1))X20]
2(1− µα1)(1− µγ1)X10(n− X10 − X20)};

W (23)
4 = W (32)

4 = E{ 1
V2

τ
[X21 − nµγ2(1− µγ1)− (µα2(1− µα1)− µγ2(1− µγ1))X10

− (µβ2(1− µβ1)− µγ2(1− µγ1))X20]
2(1− µβ1)(1− µγ1)X20(n− X10 − X20)}.

Theorem 4 is similar in proof to the Theorem 2 and Theorem 3. Therefore, we will not
prove this theorem any more.

4. Simulation

Consider the F-RCMAR(1) process (3):

X1t =Z1t + Z2t + Z3t,

X2t =α2t ◦ (X1,t−1 − Z1t) + β2t ◦ (X2,t−1 − Z2t)

+ γ2t ◦ (n− X1,t−1 − X2,t−1 − Z3t),

where Z1t = α1t ◦ X1,t−1, Z2t = β1t ◦ X2,t−1, Z3t = γ1t ◦ (n− X1,t−1 − X2,t−1).
In this section, we assume that αit, βit and γit follow the power function distributions

PF(1, αi), PF(1, βi), and PF(1, γi) for i = 1, 2, respectively. Under these assumptions, we
compare the performances of the CML estimators with those of the CLS estimators and
WCLS estimators described above.

The probability density function of the power function distribution PF(θ, c) is:

p(x; θ, c) = cxc−1θ−c, 0 < x < θ, θ > 0, c > 0.

We have E(X) = cθ
c+1 and Var(X) = cθ2

(c+1)2(c+2) . Here, we make θ = 1 so that αit, βit

and γit ∈ (0,1) for i = 1, 2. According to the expression of expectation and variance, we can
also find the relationship between them as:

Var(X) =
cθ2

(c + 1)2(c + 2)
=

E(X)

(c + 1)(c + 2)
=

E(X)(1− E(X))2

2− E(X)
.

Therefore, when we find the estimators of {µαi , µβi , µγi , i = 1, 2}, the related
estimators of {σ2

αi
, σ2

βi
, σ2

γi
, i = 1, 2} can also be obtained directly. The estimation of

variance is not given in the simulation any more.
For a fixed value of x0, it is easy to derive the conditional likelihood function of

process (3) as:

L(η) =
N

∏
t=1

P(X t = xt | X t−1 = xt−1).

The transition probability P(X t = xt | X t−1 = xt−1) is:
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P(X t | X t−1) =
min{X1t ,X1,t−1+X2,t−1}

∑
k=max{0,X1t+X1,t−1+X2,t−1−n}

min{X1,t−1,k}

∑
j1=max{0,k−X2,t−1}{[

Cj1
X1,t−1

α1B(α1 + j1, X1,t−1 − j1 + 1)

· Ck−j1
X2,t−1

β1B(β1 + k− j1, X2,t−1 − k + j1 + 1)

· CX1t−k
n−X1,t−1−X2,t−1

γ1

B(γ1 + X1t − k, n− X1,t−1 − X2,t−1 − X1t + k + 1)
]
·

min{X2t ,X1,t−1+X2,t−1−k}

∑
s=max{0,X1t+X2t+X1,t−1+X2,t−1−k−n}

min{s,X2,t−1−k+j1}

∑
j2=max{0,s+j1−X1,t−1}[

Cs−j2
X1,t−1−j1

α2B(α2 + s− j2, X1,t−1 − j1 − s + j2 + 1)

· Cj2
X2,t−1−k+j1

β2B(β2 + j2, X2,t−1 − k + j1 − j2 + 1)

· CX2t−s
n−X1,t−1−X2,t−1−X1t+kγ2

· B(γ2 + X2t − s, n− X1,t−1 − X2,t−1 − X1t + k− X2t + s + 1)
]}

,

where the Beta function B(a, b) =
∫ 1

0 xa−1(1− x)b−1dx, and η = (α1, α2, β1, β2, γ1, γ2)
T.

The CML-estimators

η̂CML := (α̂CML
1 , α̂CML

2 , β̂CML
1 , β̂CML

2 , γ̂CML
1 , γ̂CML

2 )T

can be easily obtained by solving the following equation:

η̂CML = arg inf
η∈(0,+∞)6

{− log L(η)}.

The consistency and the asymptotic normality of the CML-estimators η̂CML are estab-
lished in Theorem 5.

Theorem 5. Let {X t} be a F-RCMAR(1) process satisfying Equation (3). Then, there exists
consistent CML estimators of η, which are also asymptotically normally distributed as

√
N(η̂CML − η)

d→ N
(

0, I−1(η)
)

, (16)

where I−1(η) is the Fisher information matrix.

Furthermore, the CML estimators of θ = (µα1 , µα2 , µβ1 , µβ2 , µγ1 , µγ2)
T can be ob-

tained by(
µ̂CML

α1
, µ̂CML

α2
, µ̂CML

β1
, µ̂CML

β2
, µ̂CML

γ1
, µ̂CML

γ2

)T

=

(
α̂CML

1

1 + α̂CML
1

,
α̂CML

2

1 + α̂CML
2

,
β̂CML

1

1 + β̂CML
1

,
β̂CML

2

1 + β̂CML
2

,
γ̂CML

1

1 + γ̂CML
1

,
γ̂CML

2

1 + γ̂CML
2

)T

.

To report the performances of the proposed methods described above, we conduct
simulation studies under the following various combinations of the F-RCMAR(1) model
with sample size N = 100, 200, 500, 1000. The corresponding moments can be obtained
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according to Proposition 2. The related sample paths and autocorrelation function (ACF)
of X1t and X2t are provided in Figure 1.

Case A. (n, µα1 , µα2 , µβ1 , µβ2 , µγ1 , µγ2) = (50, 0.05, 0.05, 0.1, 0.1, 0.6, 0.9),

with EX1t = 16.0574, EX2t = 10.2221,

VarX1t = 122.7455, VarX2t = 41.9010, Corr(X1t, X2t) = 0.5366;

Case B. (n, µα1 , µα2 , µβ1 , µβ2 , µγ1 , µγ2) = (7, 0.4, 0.1, 0.3, 0.5, 0.6, 0.9),

with EX1t = 3.1070, EX2t = 1.5722,

VarX1t = 3.6837, VarX2t = 1.6654, Corr(X1t, X2t) = 0.1005;

Case C. (n, µα1 , µα2 , µβ1 , µβ2 , µγ1 , µγ2) = (7, 0.9, 0.2, 0.3, 0.5, 0.7, 0.8),

with EX1t = 5.9119, EX2t = 0.4263,

VarX1t = 1.2003, VarX2t = 0.4269, Corr(X1t, X2t) = −0.1124;

Case D. (n, µα1 , µα2 , µβ1 , µβ2 , µγ1 , µγ2) = (7, 0.9, 0.2, 0.4, 0.7, 0.1, 0.8),

with EX1t = 5.1532, EX2t = 1.1021,

VarX1t = 4.0181, VarX2t = 1.8506, Corr(X1t, X2t) = −0.6112;

The sample paths of Xit in Figure 1 fluctuate steadily around the mean of Xit for
i = 1, 2. The ACFs of Xit display the correlation of data. In addition, the related simulation
results of the empirical biased (bias) and mean squared errors (MSE) are summarized in
Tables 1 and 2. These values are shown within parenthesis as the format ( bias

MSE) in following
tables. All simulations for parameter combinations above are calculated under MATLAB
software based on 1000 replications.

Clearly, with the sample size N increasing, the bias and MSE of three kinds of estima-
tors considered almost decrease as expected. That is to say, the three estimation methods
discussed above are consistent for all parameters. Furthermore, the simulation results
of WCLS estimation performed better than those of CLS estimation, which means that
using Equation (11) as the weight function is a satisfactory choice. The WCLS estimation
method can effectively improve the results of the CLS estimation method. On the whole,
the CML estimators θ̂CML have the smallest MSE and the best robustness within all three
methods. Thus, we can conclude that the CML estimators have the best performances
when compared with other two methods.

Furthermore, Figures 2–4 show the boxplots of the biases for CLS, WCLS and CML
estimations with Case B with sample sizes of N = 100, 200, 500, 1000. We can find that the
estimates for parameters tend to be unbiased and consistent. Figures 5–7 display the QQ
plots of three kinds of estimators for Case B with sample size N = 500, which imply that all
the CLS, WCLS and CML estimators are asymptotically normal for all the parameters. The
related histograms of the three kinds of estimators are shown in Appendix D. For other
parameter combinations, the QQ plots and boxplots of simulation results should be similar,
which will be omitted here.
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Figure 1. The sample paths and ACFs of X1t and X2t for Cases A, B, C and D with the sample size
equal to 100. The horizontal lines in sample paths are the mean of X1t and X2t.
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Table 1. Empirical bias and MSE of estimators of θ for cases A, B, C and D.

Case A n = 50 µα1 = 0.05 µα2 = 0.05 µβ1 = 0.1 µβ2 = 0.1 µγ1 = 0.6 µγ2 = 0.9

N = 100 CLS (0.0126
0.0036) (0.0058

0.0028) (0.0182
0.0050) (0.0009

0.0048) (−0.0183
0.0033 ) (−0.0672

0.0091 )

WCLS (0.0108
0.0033) (0.0009

0.0026) (0.0129
0.0044) (−0.0048

0.0045 ) (−0.0149
0.0030 ) (−0.0462

0.0071 )

CML (0.0026
0.0008) (0.0016

0.0010) (0.0009
0.0018) (−0.0024

0.0022 ) (−0.0036
0.0010 ) (−0.0247

0.0012 )

N = 200 CLS (0.0123
0.0015) (0.0014

0.0013) (0.0189
0.0040) (−0.0030

0.0032 ) (−0.0187
0.0020 ) (−0.0450

0.0048 )

WCLS (0.0089
0.0013) (0.0004

0.0013) (0.0171
0.0038) (−0.0045

0.0031 ) (−0.0158
0.0017 ) (−0.0351

0.0046 )

CML (0.0035
0.0005) (0.0019

0.0005) (−0.0020
0.0013 ) (−0.0006

0.0013 ) (−0.0023
0.0005 ) (−0.0149

0.0004 )

N = 500 CLS (0.0081
0.0006) (−0.0031

0.0005 ) (0.0090
0.0012) (0.0018

0.0012) (−0.0104
0.0007 ) (−0.0183

0.0014 )

WCLS (0.0068
0.0006) (−0.0039

0.0005 ) (0.0068
0.0011) (0.0014

0.0012) (−0.0086
0.0006 ) (−0.0126

0.0016 )

CML (0.0031
0.0002) (−0.0021

0.0002 ) (0.0021
0.0005) (0.0016

0.0004) (−0.0028
0.0002 ) (−0.0058

0.0001 )

N = 1000 CLS (0.0009
0.0002) (0.0035

0.0003) (−0.0001
0.0007 ) (0.0014

0.0005) (−0.0021
0.0003 ) (−0.0120

0.0006 )

WCLS (0.0004
0.0002) (0.0039

0.0004) (−0.0010
0.0006 ) (0.0007

0.0005) (−0.0013
0.0003 ) (−0.0100

0.0008 )

CML (−0.0006
0.0001 ) (0.0016

0.0001) (−0.0019
0.0002 ) (−0.0019

0.0002 ) (−0.0002
0.0001 ) (−0.0016

0.0000 )

Case B n = 7 µα1 = 0.4 µα2 = 0.1 µβ1 = 0.3 µβ2 = 0.5 µγ1 = 0.6 µγ2 = 0.9

N = 100 CLS (−0.0033
0.0044 ) (0.0051

0.0045) (0.0195
0.0098) (0.0087

0.0120) (−0.0145
0.0053 ) (−0.0426

0.0138 )

WCLS (−0.0031
0.0042 ) (0.0049

0.0043) (0.0192
0.0097) (0.0084

0.0117) (−0.0142
0.0052 ) (−0.0422

0.0137 )

CML (0.0016
0.0039) (0.0038

0.0026) (0.0147
0.0071) (0.0090

0.0078) (−0.0118
0.0033 ) (−0.0450

0.0068 )

N = 200 CLS (0.0008
0.0022) (0.0010

0.0021) (0.0028
0.0048) (0.0020

0.0050) (−0.0060
0.0030 ) (−0.0197

0.0071 )

WCLS (0.0007
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0.0047) (0.0018
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0.0029 ) (−0.0195

0.0069 )
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0.0023) (−0.0040
0.0012 ) (−0.0087

0.0025 )

WCLS (−0.0007
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0.0008) (0.0025
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0.0022) (−0.0039
0.0010 ) (−0.0086

0.0024 )

CML (0.0006
0.0005) (−0.0002

0.0004 ) (0.0021
0.0012) (0.0007

0.0013) (−0.0038
0.0006 ) (−0.0094

0.0009 )
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Figure 2. The bias of CLS estimators (µ̂CLS
α1

, µ̂CLS
α2

, µ̂CLS
β1

, µ̂CLS
β2

, µ̂CLS
γ1

, µ̂CLS
γ2

)T for Case B with the
sample size N = 100, 200, 500 and 1000.
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Table 2. Empirical bias and MSE of estimators of θ for cases A, B, C and D.

Case C n = 7 µα1 = 0.9 µα2 = 0.2 µβ1 = 0.3 µβ2 = 0.5 µγ1 = 0.7 µγ2 = 0.8

N = 100 CLS (−0.0066
0.0005 ) (0.0474

0.0105) (0.0220
0.0253) (−0.0057

0.0261 ) (0.0564
0.0115) (−0.0413

0.1911 )

WCLS (−0.0055
0.0005 ) (0.0342

0.0088) (0.0209
0.0245) (−0.0038

0.0244 ) (0.0474
0.0111) (−0.0256

0.2247 )

CML (−0.0004
0.0003 ) (0.0092

0.0061) (0.0123
0.0124) (−0.0045

0.0166 ) (0.0066
0.0073) (−0.0295

0.0304 )

N = 200 CLS (−0.0039
0.0002 ) (0.0313

0.0056) (0.0094
0.0128) (−0.0028

0.0143 ) (0.0373
0.0065) (−0.0155

0.0338 )

WCLS (−0.0030
0.0002 ) (0.0219

0.0047) (0.0083
0.0121) (−0.0024

0.0128 ) (0.0298
0.0063) (0.0005

0.0319)

CML (0.0001
0.0001) (0.0083

0.0029) (0.0039
0.0057) (−0.0016

0.0079 ) (0.0026
0.0040) (−0.0185

0.0171 )

N = 500 CLS (−0.0013
0.0001 ) (0.0131

0.0022) (0.0018
0.0048) (−0.0042

0.0048 ) (0.0169
0.0029) (−0.0090

0.0121 )

WCLS (−0.0009
0.0001 ) (0.0082

0.0018) (0.0017
0.0045) (−0.0037

0.0043 ) (0.0129
0.0027) (−0.0007

0.0115 )

CML (0.0002
0.0001) (0.0017

0.0011) (0.0022
0.0022) (−0.0020

0.0029 ) (0.0017
0.0018) (−0.0045

0.0073 )

N = 1000 CLS (−0.0007
0.0000 ) (0.0062

0.0010) (0.0028
0.0025) (−0.0001

0.0024 ) (0.0064
0.0014) (−0.0073

0.0056 )

WCLS (−0.0004
0.0000 ) (0.0038

0.0008) (0.0023
0.0023) (−0.0002

0.0021 ) (0.0037
0.0013) (−0.0041

0.0056 )

CML (0.0002
0.0000) (0.0006

0.0006) (0.0009
0.0012) (−0.0000

0.0014 ) (−0.0013
0.0009 ) (−0.0050

0.0039 )

Case D n = 7 µα1 = 0.9 µα2 = 0.2 µβ1 = 0.4 µβ2 = 0.7 µγ1 = 0.1 µγ2 = 0.8

N = 100 CLS (−0.0245
0.0013 ) (0.0901

0.0257) (−0.0028
0.0110 ) (0.0163

0.0135) (0.1689
0.0588) (−0.0099

0.0106 )

WCLS (−0.0181
0.0011 ) (0.0780

0.0187) (0.0024
0.0101) (0.0162

0.0132) (0.1385
0.0376) (−0.0026

0.0095 )

CML (−0.0026
0.0004 ) (0.0044

0.0078) (−0.0000
0.0059 ) (0.0055

0.0088) (0.0365
0.0047) (0.0035

0.0055)

N = 200 CLS (−0.0143
0.0006 ) (0.0694

0.0133) (−0.0006
0.0059 ) (0.0060

0.0070) (0.1265
0.0213) (−0.0035

0.0050 )

WCLS (−0.0103
0.0005 ) (0.0474

0.0096) (0.0010
0.0053) (0.0061

0.0067) (0.0958
0.0138) (0.0003

0.0045)

CML (−0.0014
0.0002 ) (0.0005

0.0038) (−0.0011
0.0030 ) (0.0018

0.0043) (0.0191
0.0021) (0.0038

0.0023)

N = 500 CLS (−0.0052
0.0002 ) (0.0301

0.0050) (−0.0018
0.0021 ) (0.0018

0.0025) (0.0545
0.0052) (−0.0001

0.0021 )

WCLS (−0.0037
0.0001 ) (0.0202

0.0037) (−0.0004
0.0019 ) (0.0024

0.0023) (0.0412
0.0037) (0.0013

0.0019)

CML (0.0001
0.0001) (0.0007

0.0015) (0.0001
0.0011) (−0.0004

0.0016 ) (0.0064
0.0008) (0.0019

0.0010)

N = 1000 CLS (−0.0030
0.0001 ) (0.0164

0.0024) (−0.0018
0.0010 ) (0.0016

0.0012) (0.0280
0.0019) (−0.0016

0.0009 )

WCLS (−0.0023
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Figure 3. The bias of WCLS estimators (µ̂WCLS
α1

, µ̂WCLS
α2

, µ̂WCLS
β1

, µ̂WCLS
β2

, µ̂WCLS
γ1

, µ̂WCLS
γ2

)T for Case
B with the sample size N = 100, 200, 500 and 1000.
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Figure 4. The bias of CML estimators (µ̂CML
α1

, µ̂CML
α2

, µ̂CML
β1

, µ̂CML
β2

, µ̂CML
γ1

, µ̂CML
γ2

)T for Case B with
the sample size N = 100, 200, 500 and 1000.
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Figure 5. QQplots of CLS estimators (µ̂CLS
α1

, µ̂CLS
α2

, µ̂CLS
β1

, µ̂CLS
β2

, µ̂CLS
γ1

, µ̂CLS
γ2

)T for Case B with the
sample size equals to 500.
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Figure 6. QQplots of WCLS estimators (µ̂WCLS
α1

, µ̂WCLS
α2

, µ̂WCLS
β1

, µ̂WCLS
β2

, µ̂WCLS
γ1

, µ̂WCLS
γ2

)T for Case
B with the sample size equals to 500.
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Figure 7. QQplots of CML estimators (µ̂CML
α1

, µ̂CML
α2

, µ̂CML
β1

, µ̂CML
β2

, µ̂CML
γ1

, µ̂CML
γ2

)T for Case B with
the sample size equals to 500.

5. Real Data Example

As an application, we use the F-RCMAR(1) model to fit a set of monthly incomes
data. The data set represents the number of 34 employees with different levels of monthly
incomes in a financial institution in China (Jan 2017–May 2021).

For each month t, X1t represents the number of employees whose monthly incomes
are between 5000 to 8000 (people at this level are required to pay 3% personal income
tax), X2t means the number of employees between 8000 to 17,000 (they need to pay 10%
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personal income tax) and n− x1t − x2t is the number of employees whose incomes are less
than 5000 (they do not need to pay any tax). Therefore, the data set has finite range with
fixed upper limit n = 34, and the series contains 53 observations. We plot the sample path
and the ACF of the observations in Figure 8.
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Figure 8. The sample paths and ACFs of the monthly incomes data from January 2017 to May 2021.
The horizontal lines in sample paths are the mean of X1t and X2t. If the vertical lines in ACFs fall
within two horizontal lines, it can be considered that the ACF is approximately 0.

According to the data set, the minimum of X1t is 0, the median is 5, and the maximum
is 16. The corresponding values of X2t are 0, 3 and 10. In order to verify that the F-
RCMAR(1) process can be better applied to the real data, we compare our model with
F-MAR model in Ref. [15] and BVBI I-AR(1) model in Ref. [9]. We use the CML method to
estimate the parameters of the fitted models.

The related results are listed in Table 3. From Table 3, it is clear that the F-RCMAR(1)
model has the smaller Akaike information criterion (AIC) and Bayesian information cri-
terion (BIC) than other two models, which means that our model can be well adapted to
the data set with three states and possesses better fitting performance compared to other
two models. Therefore, it is necessary and significant to study the extension of random
coefficient situation.

Table 3. Estimates of the parameters and goodness-of-fit statistics for the monthly income dataset.

Model Estimators AIC BIC

F-RCMAR(1)
µ̂α1 = 0.4777, µ̂α2 = 0.4337

560.4151 572.2369µ̂β1 = 0.1367, µ̂β2 = 0.3328
µ̂γ1 = 0.1609, µ̂γ2 = 0.1211

F-MAR(1)
α̂1 = 0.4141, α̂2 = 0.2207

603.8675 615.6892β̂1 = 0.1520, β̂2 = 0.3246
γ̂1 = 0.1070, γ̂2 = 0.0806

BVBI I-AR(1)
p̂ = 0.4347, q̂ = 0.3025

581.4334 593.2552β̂1 = 0.2603, β̂2 = 0.1084
φ̂α = 0.0802, φ̂β = 0.0175

6. Conclusions

This article introduced a finite-range random coefficient multinomial autoregressive
process. The stationarity and ergodicity of the process were established. Some probabilistic
and statistical properties of the new model were explored. CLS-estimators and WCLS-
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estimators of the model parameters were derived, and the related asymptotic properties
were obtained.

In simulation studies, we compared these two methods with CML estimators. The
results showed that it is better to use the CML method to estimate the parameters θ
because of its great effect and robustness. Comparing with F-MAR model and BVBI I-AR(1)
model in the literature, the brilliant performance of the new model was illustrated by an
application to the number of employees at different levels of monthly incomes. We can
conclude that the F-RCMAR(1) model is a significant process and a necessary extension of
the F-MAR process.
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Appendix A
Proof of Proposition 1. Based on the definition of F-RCMAR(1) process, we have:

P(X1t =x1t, X2t = x2t | X1,t−1 = x1,t−1, X2,t−1 = x2,t−1)

=P(α1t ◦ X1,t−1 + β1t ◦ X2,t−1 + γ1t ◦ (n− X1,t−1 − X2,t−1) = x1t,

α2t ◦ (X1,t−1 − α1t ◦ X1,t−1) + β2t ◦ (X2,t−1 − β1t ◦ X2,t−1)

+ γ2t ◦ (n− X1,t−1 − X2,t−1 − γ1t ◦ (n− X1,t−1 − X2,t−1)) = x2t | X t−1 = xt−1)

=
min{x1t ,x1,t−1+x2,t−1}

∑
k=max{0,x1t+x1,t−1+x2,t−1−n}

P(α1t ◦ X1,t−1 + β1t ◦ X2,t−1 = k | X t−1 = xt−1)

· P(γ1t ◦ (n− X1,t−1 − X2,t−1) = x1t − k | X t−1 = xt−1)

· P(α2t ◦ (X1,t−1 − α1t ◦ X1,t−1) + β2t ◦ (X2,t−1 − β1t ◦ X2,t−1)

+ γ2t ◦ (n− X1,t−1 − X2,t−1 − x1t + k) = x2t | X t−1 = xt−1)

=
min{x1t ,x1,t−1+x2,t−1}

∑
k=max{0,x1t+x1,t−1+x2,t−1−n}

min{x1,t−1,k}

∑
j1=max{0,k−x2,t−1}

P(α1t ◦ X1,t−1 = j1 | X t−1 = xt−1)

· P(β1t ◦ X2,t−1 = k− j1 | X t−1 = xt−1) · P(γ1t ◦ (n− X1,t−1 − X2,t−1) =

x1t − k | X t−1 = xt−1) · P(α2t ◦ (X1,t−1 − j1) + β2t ◦ (X2,t−1 − k + j1)+

γ2t ◦ (n− X1,t−1 − X2,t−1 − x1t + k) = x2t | X t−1 = xt−1)

=
min{x1t ,x1,t−1+x2,t−1}

∑
k=max{0,x1t+x1,t−1+x2,t−1−n}

min{x1,t−1,k}

∑
j1=max{0,k−x2,t−1}

{
P(α1t ◦ X1,t−1 = j1 | X t−1 = xt−1)

· P(β1t ◦ X2,t−1 = k− j1 | X t−1 = xt−1) · P(γ1t ◦ (n− X1,t−1 − X2,t−1) =

x1t − k | X t−1 = xt−1) ·
min{x2t ,x1,t−1+x2,t−1−k}

∑
s=max{0,x1t+x2t+x1,t−1+x2,t−1−k−n}

[
P(α2t ◦ (X1,t−1 − j1)+

β2t ◦ (X2,t−1 − k + j1) = s | X t−1 = xt−1) · P(γ2t ◦ (n− X1,t−1 − X2,t−1 − x1t + k) =

x2t − s | X t−1 = xt−1)
]}
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=
min{x1t ,x1,t−1+x2,t−1}

∑
k=max{0,x1t+x1,t−1+x2,t−1−n}

min{x1,t−1,k}

∑
j1=max{0,k−x2,t−1}

{
P(α1t ◦ X1,t−1 = j1 | X t−1 = xt−1)

· P(β1t ◦ X2,t−1 = k− j1 | X t−1 = xt−1) · P(γ1t ◦ (n− X1,t−1 − X2,t−1) =

x1t − k | X t−1 = xt−1) ·
min{x2t ,x1,t−1+x2,t−1−k}

∑
s=max{0,x1t+x2t+x1,t−1+x2,t−1−k−n}

min{s,x2,t−1−k+j1}

∑
j2=max{0,s+j1−x1,t−1}[

P(α2t ◦ (X1,t−1 − j1) = s− j2 | X t−1 = xt−1) · P(β2t ◦ (X2,t−1 − k + j1) =

j2 | X t−1 = xt−1) · P(γ2t ◦ (n− X1,t−1 − X2,t−1 − x1t + k) = x2t − s | X t−1 = xt−1)
]}

=
min{x1t ,x1,t−1+x2,t−1}

∑
k=max{0,x1t+x1,t−1+x2,t−1−n}

min{x1,t−1,k}

∑
j1=max{0,k−x2,t−1}{[ ∫ 1

0
Cj1

x1,t−1 α
j1
1t(1− α1t)

x1,t−1−j1 dPα1t ·
∫ 1

0
Ck−j1

x2,t−1 β
k−j1
1t (1− β1t)

x2,t−1−k+j1 dPβ1t

·
∫ 1

0
Cx1t−k

n−x1,t−1−x2,t−1
γx1t−k

1t (1− γ1t)
n−x1,t−1−x2,t−1−x1t+kdPγ1t

]
·

min{x2t ,x1,t−1+x2,t−1−k}

∑
s=max{0,x1t+x2t+x1,t−1+x2,t−1−k−n}

min{s,x2,t−1−k+j1}

∑
j2=max{0,s+j1−x1,t−1}[ ∫ 1

0
Cs−j2

x1,t−1−j1
α

s−j2
2t (1− α2t)

x1,t−1−j1−s+j2 dPα2t

·
∫ 1

0
Cj2

x2,t−1−k+j1
β

j2
2t(1− β2t)

x2,t−1−k+j1−j2 dPβ2t

·
∫ 1

0
Cx2t−s

n−x1,t−1−x2,t−1−x1t+kγx2t−s
2t (1− γ2t)

n−x1,t−1−x2,t−1−x1t+k−x2t+sdPγ2t

]}
.

Therefore, Proposition 1 is established.

Appendix B

Proof of Proposition 2. Based on Definition 1, we have

E(X1t | X t−1) = E(α1t ◦ X1,t−1 + β1t ◦ X2,t−1 + γ1t ◦ (n− X1,t−1 − X2,t−1) | X t−1)

= E(α1t ◦ X1,t−1 | X t−1) + E(β1t ◦ X2,t−1 | X t−1) + E(γ1t ◦ (n− X1,t−1 − X2,t−1) | X t−1)

= E
( X1,t−1

∑
i=1

Y(α1t)
i | X t−1

)
+ E

( X2,t−1

∑
i=1

Y(β1t)
i | X t−1

)
+ E

( n−X1,t−1−X2,t−1

∑
i=1

Y(γ1t)
i | X t−1

)
,

where {Y(α1t)
i } is a sequence of i.i.d. Bernoulli random variables with distribution B(1, α1t).

Other {Yi} follows the similar distributions. Therefore, the above equation is equal to:

= X1,t−1E(Y(α1t)
i ) + X2,t−1E(Y(β1t)

i ) + (n− X1,t−1 − X2,t−1)E(Y(γ1t)
i )

= X1,t−1E[E(Y(α1t)
i | α1t)] + X2,t−1E[E(Y(β1t)

i | β1t)]

+ (n− X1,t−1 − X2,t−1)E[E(Y(γ1t)
i | γ1t)]

= X1,t−1µα1 + X2,t−1µβ1 + (n− X1,t−1 − X2,t−1)µγ1

= nµγ1 + (µα1 − µγ1)X1,t−1 + (µβ1 − µγ1)X2,t−1.
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Moreover, in order to solve Var(X1t | X t−1), we need to calculate Var(X1t | X t−1, α1t,
β1t, γ1t) first.

Var(X1t | X t−1, α1t, β1t, γ1t)

= Var(α1t ◦ X1,t−1 + β1t ◦ X2,t−1 + γ1t ◦ (n− X1,t−1 − X2,t−1) | X t−1, α1t, β1t, γ1t)

= Var(α1t ◦ X1,t−1 | X t−1, α1t, β1t, γ1t) + Var(β1t ◦ X2,t−1 | X t−1, α1t, β1t, γ1t)

+ Var(γ1t ◦ (n− X1,t−1 − X2,t−1) | X t−1, α1t, β1t, γ1t)

= Var(
X1,t−1

∑
i=1

Y(α1t)
i | X t−1, α1t) + Var(

X2,t−1

∑
i=1

Y(β1t)
i | X t−1, β1t)

+ Var(
n−X1,t−1−X2,t−1

∑
i=1

Y(γ1t)
i | X t−1, γ1t)

= X1,t−1α1t(1− α1t) + X2,t−1β1t(1− β1t) + (n− X1,t−1 − X2,t−1)γ1t(1− γ1t),

Therefore, we have:

Var(X1t | X t−1) = E[Var(X1t | X t−1, α1t, β1t, γ1t)] + Var[E(X1t | X t−1, α1t, β1t, γ1t)]

= Eα1t ,β1t ,γ1t [X1,t−1α1t(1− α1t) + X2,t−1β1t(1− β1t)

+ (n− X1,t−1 − X2,t−1)γ1t(1− γ1t)]

+ Varα1t ,β1t ,γ1t [α1tX1,t−1 + β1tX2,t−1 + γ1t(n− X1,t−1 − X2,t−1)]

= X1,t−1[E(α1t)− E(α2
1t)] + X2,t−1[E(β1t)− E(β2

1t)]

+ (n− X1,t−1 − X2,t−1)[E(γ1t)− E(γ2
1t)] + X2

1,t−1Var(α1t)

+ X2
2,t−1Var(β1t) + (n− X1,t−1 − X2,t−1)

2Var(γ1t)

= X1,t−1(µα1 − σ2
α1
− µ2

α1
) + X2,t−1(µβ1 − σ2

β1
− µ2

β1
)

+ (n− X1,t−1 − X2,t−1)(µγ1 − σ2
γ1
− µ2

γ1
) + X2

1,t−1σ2
α1
+ X2

2,t−1σ2
β1

+ (n− X1,t−1 − X2,t−1)
2σ2

γ1
.

For X2t = α2t ◦ (X1,t−1 − α1t ◦ X1,t−1) + β2t ◦ (X2,t−1 − β1t ◦ X2,t−1) + γ2t ◦ (n −
X1,t−1 − X2,t−1 − γ1t ◦ (n− X1,t−1 − X2,t−1)), as shown in Ref. [16], we can draw a conclu-

sion as: α2t ◦ (X1,t−1 − α1t ◦ X1,t−1)
d
= α2t(1− α1t) ◦ X1,t−1. Thus, we can find

E(α2t ◦ (X1,t−1 − α1t ◦ X1,t−1) | X t−1)

= E(α2t(1− α1t) ◦ X1,t−1 | X t−1)

= E
( X1,t−1

∑
i=1

Y(α2t(1−α1t))
i | X t−1

)
= X1,t−1E

(
Y(α2t(1−α1t))

i

)
= X1,t−1E

[
E
(

Y(α2t(1−α1t))
i | α1t, α2t

)]
= X1,t−1µα2(1− µα1);

Similarly, E(X2t | X t−1) can be obtained as:

E(X2t | X t−1) = E[α2t ◦ (X1,t−1 − α1t ◦ X1,t−1) + β2t ◦ (X2,t−1 − β1t ◦ X2,t−1)

+ γ2t ◦ (n− X1,t−1 − X2,t−1 − γ1t ◦ (n− X1,t−1 − X2,t−1)) | X t−1]

= E[α2t(1− α1t) ◦ X1,t−1 + β2t(1− β1t) ◦ X2,t−1 | X t−1]

+ E[γ2t(1− γ1t) ◦ (n− X1,t−1 − X2,t−1)) | X t−1]

= X1,t−1µα2(1− µα1) + X2,t−1µβ2(1− µβ1)

+ (n− X1,t−1 − X2,t−1)µγ2(1− µγ1) = nλ + (π − λ)X1,t−1 + (ρ− λ)X2,t−1,
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where π = µα2(1− µα1), ρ = µβ2(1− µβ1), λ = µγ2(1− µγ1).

Var[α2t ◦ (X1,t−1 − α1t ◦ X1,t−1) | X t−1, α2t] = Var[α2t(1− α1t) ◦ X1,t−1 | X t−1, α2t]

= Var[
X1,t−1

∑
i=1

Y(α2t(1−α1t))
i | X t−1, α2t] = X1,t−1Var[Y(α2t(1−α1t))

i | α2t]

= X1,t−1{Eα1t [Var(Y(α2t(1−α1t))
i | α2t, α1t)] + Varα1t [E(Y

(α2t(1−α1t))
i | α2t, α1t)]}

= X1,t−1{Eα1t [(α2t(1− α1t)(1− α2t(1− α1t))] + Varα1t [α2t(1− α1t)]}
= X1,t−1{α2t − α2

2t + 2µα1 α2
2t − µα1 α2t − (σ2

α1
+ µ2

α1
)α2

2t + α2
2tσ

2
α1
}

= X1,t−1[α2t − α2
2t + 2µα1 α2

2t − µα1 α2t − µ2
α1

α2
2t],

and then we have

Var[α2t ◦ (X1,t−1 − α1t ◦ X1,t−1) | X t−1] = Eα2t{Var[α2t ◦ (X1,t−1 − α1t ◦ X1,t−1) |
X t−1, α2t]}+ Varα2t{E[α2t ◦ (X1,t−1 − α1t ◦ X1,t−1) | X t−1, α2t]}
= Eα2t{X1,t−1[α2t − α2

2t + 2µα1 α2
2t − µα1 α2t − µ2

α1
α2

2t]}+ Varα2t [X1,t−1(1− µα1)α2t]

= X1,t−1[(1− µα1)µα2 − (1− µα1)
2(µ2

α2
+ σ2

α2
)] + X2

1,t−1(1− µα1)
2σ2

α2
,

and

Var(X2t | X t−1) = Var[α2t ◦ (X1,t−1 − α1t ◦ X1,t−1) | X t−1]

+ Var[β2t ◦ (X2,t−1 − β1t ◦ X2,t−1) | X t−1]

+ Var[γ2t ◦ (n− X1,t−1 − X2,t−1 − γ1t ◦ (n− X1,t−1 − X2,t−1)) | X t−1]

= {X1,t−1[(1− µα1)µα2 − (1− µα1)
2(µ2

α2
+ σ2

α2
)] + X2

1,t−1(1− µα1)
2σ2

α2
}

+ {X2,t−1[(1− µβ1)µβ2 − (1− µβ1)
2(µ2

β2
+ σ2

β2
)] + X2

2,t−1(1− µβ1)
2σ2

β2
}

+ {(n− X1,t−1 − X2,t−1)[(1− µγ1)µγ2 − (1− µγ1)
2(µ2

γ2
+ σ2

γ2
)]

+ (n− X1,t−1 − X2,t−1)
2(1− µγ1)

2σ2
γ2
}.

Therefore, based on the equations: E(X) = EY(E(X | Y)) and Var(X) = VarY(E(X |
Y))+EY(Var(X | Y)), the properties (3) and (4) in Proposition 2 can be derived. Cov(X1t, X2t)
can be solved by the following equations:

Cov(X1t, X2t) = Cov
(

α1t ◦ X1,t−1 + β1t ◦ X2,t−1 + γ1t ◦ (n− X1,t−1 − X2,t−1),

α2t ◦ (X1,t−1 − α1t ◦ X1,t−1) + β2t ◦ (X2,t−1 − β1t ◦ X2,t−1)

+ γ2t ◦ (n− X1,t−1 − X2,t−1 − γ1t ◦ (n− X1,t−1 − X2,t−1))
)

= Cov[α1t ◦ X1,t−1, α2t ◦ (X1,t−1 − α1t ◦ X1,t−1)]

+ Cov[α1t ◦ X1,t−1, β2t ◦ (X2,t−1 − β1t ◦ X2,t−1)]

+ Cov[α1t ◦ X1,t−1, γ2t ◦ (n− X1,t−1 − X2,t−1 − γ1t ◦ (n− X1,t−1 − X2,t−1))]

+ Cov[β1t ◦ X2,t−1, α2t ◦ (X1,t−1 − α1t ◦ X1,t−1)]

+ Cov[β1t ◦ X2,t−1, β2t ◦ (X2,t−1 − β1t ◦ X2,t−1)]

+ Cov[β1t ◦ X2,t−1, γ2t ◦ (n− X1,t−1 − X2,t−1 − γ1t ◦ (n− X1,t−1 − X2,t−1))]

+ Cov[γ1t ◦ (n− X1,t−1 − X2,t−1), α2t ◦ (X1,t−1 − α1t ◦ X1,t−1)]

+ Cov[γ1t ◦ (n− X1,t−1 − X2,t−1), β2t ◦ (X2,t−1 − β1t ◦ X2,t−1)]

+ Cov[γ1t ◦ (n− X1,t−1 − X2,t−1), γ2t ◦ (n− X1,t−1 − X2,t−1 − γ1t ◦ (n− X1,t−1 − X2,t−1))],
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in this place,

Cov[α1t ◦ X1,t−1, α2t ◦ (X1,t−1 − α1t ◦ X1,t−1)] = Cov[α1t ◦ X1,t−1, α2t(1− α1t) ◦ X1,t−1]

= E[α1t ◦ X1,t−1 · α2t(1− α1t) ◦ X1,t−1]− E[α1t ◦ X1,t−1]E[α2t(1− α1t) ◦ X1,t−1]

= E
[( X1,t−1

∑
i=1

W(α1t)
i

)
·
( X1,t−1

∑
j=1

W(α2t(1−α1t))
j

)]
− E

[ X1,t−1

∑
i=1

Y(α1t)
i

]
E
[ X1,t−1

∑
j=1

Y(α2t(1−α1t))
j

]
.

One known conclusion is that, when {Xi} is a sequence of i.i.d. random variables,
random variable N can only take positive integer value and is independent of {Xi}. Then,
we can find:

E
( N

∑
i=1

Xi

)
= E(X1)E(N).

Based on these, we have:

Cov[α1t ◦ X1,t−1, α2t ◦ (X1,t−1 − α1t ◦ X1,t−1)]

= E(X2
1,t−1)E(W(α1t)

1 ·W(α2t(1−α1t))
1 )− E2(X1,t−1)E(Y(α1t)

1 )E(Y(α2t(1−α1t))
1 )

= µα1 µα2(1− µα1)Var(X1,t−1),

and the Cov(X1t, X2t) can be obtained as shown in property (5) in Proposition 2.
The deriving procedure of other properties is similar to these, which is not repeated

any further.

Appendix C

Proof of Theorem 2 and Theorem 3. According to Equation (5), let

MN1 = −1
2

∂S(θ)
∂µα1

× (1− µα1) + (−1
2
)

∂S(θ)
∂µα2

× µα2

=
N

∑
t=1

[X1t − nµγ1 − (µα1 − µγ1)X1,t−1 − (µβ1 − µγ1)X2,t−1](1− µα1)X1,t−1, (A1)

MN2 = −1
2

∂S(θ)
∂µβ1

× (1− µβ1) + (−1
2
)

∂S(θ)
∂µβ2

× µβ2

=
N

∑
t=1

[X1t − nµγ1 − (µα1 − µγ1)X1,t−1 − (µβ1 − µγ1)X2,t−1](1− µβ1)X2,t−1, (A2)

MN3 = −1
2

∂S(θ)
∂µγ1

× (1− µγ1) + (−1
2
)

∂S(θ)
∂µγ2

× µγ2

=
N

∑
t=1

[X1t − nµγ1 − (µα1 − µγ1)X1,t−1 − (µβ1 − µγ1)X2,t−1] (A3)

· (1− µγ1)(n− X1,t−1 − X2,t−1).

Solving the above functions we can find the CLS estimators of θ1 = (µα1 , µβ1 , µγ1)
T

as Equation (6).
Let FN = σ{X0, X1, · · ·, XN} be the σ-filed generated by {X0, X1, · · ·, XN}, Then,

we have

E(MN1 | FN−1) = E
(

M(N−1)1 + [X1N − nµγ1 − (µα1 − µγ1)X1,N−1 − (µβ1 − µγ1)X2,N−1]

(1− µα1)X1,N−1 | FN−1
)

= M(N−1)1 + E([X1N − nµγ1 − (µα1 − µγ1)X1,N−1 − (µβ1 − µγ1)X2,N−1]

(1− µα1)X1,N−1 | FN−1) = M(N−1)1.
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As a consequence, {MN1,FN , N ≥ 1} is a martingale. Via the Theorem 1.1 in Billings-
ley (1961) and the Corollary 3.2 from Hall and Heyde (1980), we can find

1
N

N
∑

t=1
[X1t − nµγ1 − (µα1 − µγ1)X1,t−1 − (µβ1 − µγ1)X2,t−1]

2(1− µα1)
2X2

1,t−1

a.s.→ E[[X11 − nµγ1 − (µα1 − µγ1)X10 − (µβ1 − µγ1)X20]
2(1− µα1)

2X2
10]
4
= σ11,

and 1√
N

MN1
d→ N(0, σ11) is established.

Similarly, we can prove that {MN2,FN , N ≥ 1} and {MN3,FN , N ≥ 1} are both
martingales, as N → ∞,

1
N

N
∑

t=1
[X1t − nµγ1 − (µα1 − µγ1)X1,t−1 − (µβ1 − µγ1)X2,t−1]

2(1− µβ1)
2X2

2,t−1

a.s.→ E[[X11 − nµγ1 − (µα1 − µγ1)X10 − (µβ1 − µγ1)X20]
2(1− µβ1)

2X2
20]
4
= σ22,

1√
N

MN2
d→ N(0, σ22);

and
1
N

N
∑

t=1
[X1t − nµγ1 − (µα1 − µγ1)X1,t−1 − (µβ1 − µγ1)X2,t−1]

2(1− µγ1)
2(n− X1,t−1 − X2,t−1)

2

a.s.→ E[[X11 − nµγ1 − (µα1 − µγ1)X10 − (µβ1 − µγ1)X20]
2(1− µγ1)

2(n− X10 − X20)
2]
4
= σ33,

1√
N

MN3
d→ N(0, σ33).

Thus, we have:

1√
N

 MN1
MN2
MN3

 d→ N

 0
0
0

,

 σ11 σ12 σ13
σ12 σ22 σ23
σ13 σ23 σ33

 , N(0, W1),

where

σ12 = E[[X11 − nµγ1 − (µα1 − µγ1)X10 − (µβ1 − µγ1)X20]
2(1− µα1)(1− µβ1)X10X20],

σ13 = E[[X11 − nµγ1 − (µα1 − µγ1)X10 − (µβ1 − µγ1)X20]
2

(1− µα1)(1− µγ1)X10(n− X10 − X20)],

σ23 = E[[X11 − nµγ1 − (µα1 − µγ1)X10 − (µβ1 − µγ1)X20]
2(1− µβ1)

(1− µγ1)X20(n− X10 − X20)].

Furthermore, by making the first-order Taylor expansion at θ̂
CLS
1 = θ1 for the function:



N
∑

t=1
[X1t − nµ̂CLS

γ1
− (µ̂CLS

α1
− µ̂CLS

γ1
)X1,t−1 − (µ̂CLS

β1
− µ̂CLS

γ1
)X2,t−1 ](1− µ̂CLS

α1
)X1,t−1

N
∑

t=1
[X1t − nµ̂CLS

γ1
− (µ̂CLS

α1
− µ̂CLS

γ1
)X1,t−1 − (µ̂CLS

β1
− µ̂CLS

γ1
)X2,t−1 ](1− µ̂CLS

β1
)X2,t−1

N
∑

t=1
[X1t − nµ̂CLS

γ1
− (µ̂CLS

α1
− µ̂CLS

γ1
)X1,t−1 − (µ̂CLS

β1
− µ̂CLS

γ1
)X2,t−1 ](1− µ̂CLS

γ1
)(n− X1,t−1 − X2,t−1)


= 0,

we have that  µ̂CLS
α1
− µα1

µ̂CLS
β1
− µβ1

µ̂CLS
γ1
− µγ1

 =
1
N

V−1
1

 MN1
MN2
MN3

,

where
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V (11)
1 =(1− 2µα1 + µγ1)E(X2

10) + E(X11X10)− nµγ1 E(X10)− (µβ1 − µγ1)E(X20X10),

V (22)
1 =(1− 2µβ1 + µγ1)E(X2

20) + E(X11X20)− nµγ1 E(X20)− (µα1 − µγ1)E(X10X20),

V (33)
1 =(1− 2µγ1)E[(n− X10 − X20)

2] + E[(X11 − µα1 X10 − µβ1 X20)(n− X10 − X20)],

V (12)
1 =(1− µα1)E(X10X20), V (21)

1 = (1− µβ1)E(X10X20),

V (13)
1 =(1− µα1)E[X10(n− X10 − X20)], V (31)

1 = (1− µγ1)E[X10(n− X10 − X20)],

V (23)
1 =(1− µβ1)E[X20(n− X10 − X20)], V (32)

1 = E(1− µγ1)E[X20(n− X10 − X20)].

Finally, the Equation (8) is established. Similar to the proof of Theorem 2, according to
Equation (5), let

MN4 = − 1
2

∂S(θ)
∂µα2

=
N
∑

t=1
[X2t − nµγ2(1− µγ1)

−(µα2(1− µα1)− µγ2(1− µγ1))X1,t−1
−(µβ2(1− µβ1)− µγ2(1− µγ1))X2,t−1](1− µα1)X1,t−1,

(A4)

MN5 = − 1
2

∂S(θ)
∂µβ2

=
N
∑

t=1
[X2t − nµγ2(1− µγ1)

−(µα2(1− µα1)− µγ2(1− µγ1))X1,t−1 − (µβ2(1− µβ1)
−µγ2(1− µγ1))X2,t−1](1− µβ1)X2,t−1,

(A5)

MN6 = − 1
2

∂S(θ)
∂µγ2

=
N
∑

t=1
[X2t − nµγ2(1− µγ1)− (µα2(1− µα1)

−µγ2(1− µγ1))X1,t−1
−(µβ2(1− µβ1)− µγ2(1− µγ1))X2,t−1](1− µγ1)(n− X1,t−1 − X2,t−1).

(A6)

By replacing the parameters θ1 in the above functions with their consistent estimators
in Equation (6), the CLS estimators of θ2 = (µα2 , µβ2 , µγ2)

T can be obtained as Equation (7).
Therefore, {MN4, FN , N ≥ 1}, {MN5, FN , N ≥ 1} and {MN6, FN , N ≥ 1} are all

martingales and

1√
N

MN4
d→ N(0, W (11)

2 ),
1√
N

MN5
d→ N(0, W (22)

2 ),
1√
N

MN6
d→ N(0, W (33)

2 ).

Thus, we have:
1√
N

 MN4
MN5
MN6

 d→ N(0, W2),

where

W (11)
2 = E{[X21 − nµγ2(1− µγ1)− (µα2(1− µα1)− µγ2(1− µγ1))X10

− (µβ2(1− µβ1)− µγ2(1− µγ1))X20]
2(1− µα1)

2X2
10},

W (22)
2 = E{[X21 − nµγ2(1− µγ1)− (µα2(1− µα1)− µγ2(1− µγ1))X10

− (µβ2(1− µβ1)− µγ2(1− µγ1))X20]
2(1− µβ1)

2X2
20},

W (33)
2 = E{[X21 − nµγ2(1− µγ1)− (µα2(1− µα1)− µγ2(1− µγ1))X10

− (µβ2(1− µβ1)− µγ2(1− µγ1))X20]
2(1− µγ1)

2(n− X10 − X20)
2},

W (12)
2 = W (21)

2 = E{[X21 − nµγ2(1− µγ1)− (µα2(1− µα1)− µγ2(1− µγ1))X10

− (µβ2(1− µβ1)− µγ2(1− µγ1))X20]
2(1− µα1)(1− µβ1)X10X20},

W (13)
2 = W (31)

2 = E{[X21 − nµγ2(1− µγ1)− (µα2(1− µα1)− µγ2(1− µγ1))X10

− (µβ2(1− µβ1)− µγ2(1− µγ1))X20]
2

(1− µα1)(1− µγ1)X10(n− X10 − X20)},
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W (23)
2 = W (32)

2 = E{[X21 − nµγ2(1− µγ1)− (µα2(1− µα1)− µγ2(1− µγ1))X10

− (µβ2(1− µβ1)− µγ2(1− µγ1))X20]
2

(1− µβ1)(1− µγ1)X20(n− X10 − X20)}.

Furthermore, through the first-order Taylor expansion at θ̂2 = θ2, we have: µ̂CLS
α2
− µα2

µ̂CLS
β2
− µβ2

µ̂CLS
γ2
− µγ2

 =
1
N

V−1
2

 MN4
MN5
MN6

,

where

V (11)
2 =(1− µα1)

2E(X2
10), V (22)

2 = (1− µβ1)
2E(X2

20),

V (33)
2 =(1− µγ1)

2E((n− X10 − X20)
2),

V (12)
2 =V (21)

2 = (1− µα1)(1− µβ1)E(X10X20),

V (13)
2 =V (31)

2 = (1− µα1)(1− µγ1)E[X10(n− X10 − X20)],

V (23)
2 =V (32)

2 = (1− µβ1)(1− µγ1)E[X20(n− X10 − X20)];

As a consequence, the proof of Theorem 3 is completed.

Appendix D. The Histograms of Estimation

In this section, we give the histograms of three estimators of θ for Case B with N = 500.
The abscissas of the vertical lines are the true values of the parameters. It is not difficult
to see that the CLS, WCLS and CML estimation can obtain great simulation results. The
distributions of the estimators are similar to the normal distributions, where the mean of
the normal distribution is the true value of parameter.
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Figure A1. Histograms of CLS estimators (µ̂CLS
α1

, µ̂CLS
α2

, µ̂CLS
β1

, µ̂CLS
β2

, µ̂CLS
γ1

, µ̂CLS
γ2

)T for Case B with
the sample size equals to 500. The abscissas of the vertical lines are the true values of the parameters.
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Figure A2. Histograms of WCLS estimators (µ̂WCLS
α1

, µ̂WCLS
α2

, µ̂WCLS
β1

, µ̂WCLS
β2

, µ̂WCLS
γ1

, µ̂WCLS
γ2

)T for
Case B with the sample size equals to 500. The abscissas of the vertical lines are the true values of
the parameters.
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Figure A3. Histograms of CML estimators (µ̂CML
α1

, µ̂CML
α2

, µ̂CML
β1

, µ̂CML
β2

, µ̂CML
γ1

, µ̂CML
γ2

)T for Case
B with the sample size equals to 500. The abscissas of the vertical lines are the true values of
the parameters.
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