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Abstract

:

The present paper is intended to show the close interrelationship between non-linear models of solids, produced with additive manufacturing, and models of solids with distributed defects. The common feature of these models is the incompatibility of local deformations. Meanwhile, in contrast with the conventional statement of the problems for solids with defects, the distribution for incompatible local deformations in additively created deformable body is not known a priori, and can be found from the solution of the specific evolutionary problem. The statement of the problem is related to the mechanical and physical peculiarities of the additive process. The specific character of incompatible deformations, evolved in additive manufactured solids, could be completely characterized within a differential-geometric approach by specific affine connection. This approach results in a global definition of the unstressed reference shape in non-Euclidean space. The paper is focused on such a formalism. One more common factor is the dataset which yields a full description of the response of a hyperelastic solid with distributed defects and a similar dataset for the additively manufactured one. In both cases, one can define a triple: elastic potential, gauged at stress-free state, and reference shape, and some specific field of incompatible relaxing distortion, related to the given stressed shape. Optionally, the last element of the triple may be replaced by some geometrical characteristics of the non-Euclidean reference shape, such as torsion, curvature, or, equivalently, as the density of defects. All the mentioned conformities are illustrated in the paper with a non-linear problem for a hyperelastic hollow ball.
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1. Introduction


Additive manufacturing technologies, which are often referred to as 3D printing, comprise a promising avenue in modern industrial world [1]. Particular branches that are of great importance are: laser sintering [2], stereolithography [3], and a generalization of the latter, namely polymer-based additive manufacturing [4]. Methods for mathematical modeling of materials, produced with additive technologies, have been intensively developed in last decades. This is related to the urgent need of forecasting and optimization of additively manufactured parts quality [5]. One can find the recent results concerning the problem of residual stresses prediction in [6], the challenge of matching the initial shape compensation, aimed at lowering of their intensity in [7], and optimization problems with account of various parameters of additive processes in [8,9,10]. Notably, special attention is paid to geometrical effect [11], which has significant influence on the internal stress distributions and should be taken into account in processes modeling and in matching the optimal control for them [12].



The major theoretical efforts involve advancing the theory of surface growth, based upon the basic principles, which had been formulated in the middle of previous century. In them, the conception of growing deformable body, that is the body, which is subjected to deformation and influx of additional material to its boundary during the same time, was introduced [13]. These ideas have subsequently been reflected in various applications, even in astrophysical problems [14]. The theory of growing solids has greatly advanced in the works of the Soviet school [15]. A detailed survey of the works prior to 1985 can be found in [16].



To date, the state of the art of the surface growth theory can be illustrated with results, obtained from several areas. One of them covers the modeling of 3D printed solids with specific features, related with controllable distribution of incompatible deformations. This new branch in technology was very aptly named as printing of non-Euclidean solids [17,18]. The general approach is based on the non-Euclidean geometry of the reference shape. This approach has been considerably developed in recent works [19,20,21]. Special attention is paid to non-linear theory of surface growth [22]. One can find the statement and model solutions for the evolutionary problem that relates the specificity of internal geometry with scenario of body fabrication in [23,24].



The primary ideas, that provide the backbone of the theory of surface growth, are related to the non-Euclidean mechanics of continua. The literature on this subject is very extensive. We just outline a few monographs [25,26,27] and papers [28,29], which are directly relevant to the present study. The same approach has been already proved to be very fruitful in mathematical theory of distributed defects. It had been decisively demonstrated in classical works [30,31], related to continuously distributed dislocations and disclinations, as well as in their modern generalizations [32,33], that are able to take into account more generic types like topological defects and extra matter [34,35].



The present paper is aimed to show close interrelationship between non-linear models of solids, produced with additive manufacturing and models of solids with continuously distributed defects. It could be seen as a continuation of [23], focused on interpretation of incompatibility, induced by additive manufacture process, in terms of distributed defects.



Body manifold. The body manifold (or more shortly, the body)  B  is a smooth manifold that serves as an abstract descriptor for the collection of material particles, which together constitute a solid (basic definitions for smooth manifolds and the elements of calculus on them can be found in [36,37]). The applications of modern differential-geometric approach in continuum mechanics were firstly developed by W. Noll and C.-C. Wang in [38,39]. One can find the state of the art in regard to this approach in [26,28,29,33,35,40,41,42,43,44,45,46]). It is relevant to note here, that the body manifold does not contain information about the positions of material points in physical space. In the case when physical attributes of material points, such as mass, do not matter, the body manifold might be regarded as the collection of labels like a list of particle identifiers, commonly used in conventional analytical mechanics. The only difference being that the underlying set of the body manifold is infinite and its cardinality is equal to the cardinality of continuum. To indicate the abstract character of the elements of the body manifold we will denote them by Fraktur majuscules   X ,  Y ,  Z ,  ⋯   In the whole paper we assume that the dimension of body manifold is equal to 3.



Shapes. A body is not directly observable, nonetheless one can observe the regions which are occupied by material points that constitute the body. We believe that these regions can be regarded as submanifolds of some ambient smooth three-dimensional manifold  P . We will just call them shapes, while  P  will be referred to as physical space. The elements of  P  will be called places and denoted by Latin script minuscules   X ,  Y ,  Z ,  ⋯   We also suppose that body  B  and all its shapes are topologically isomorphic.



Configurations and deformations. The correspondence between the body and its shapes is given by a set of injective mappings   ϰ :  B → P  . We suppose that they are smooth embeddings [37] and refer to them as configurations. Since a configuration  ϰ  is not necessary a bijection, it cannot be regarded as a diffeomorphism. Meanwhile, a slight modification fixes this challenge. The codomain of  ϰ  is narrowed to the image   ϰ ( B )  . This results to the mapping    ϰ ^  :  B → ϰ  ( B )    which will already be a homeomorphism and, with some smoothness assumptions, will be also a diffeomorphism (For a mapping   f :  X → Y   the symbol   f ^   stands for new map which is the result of restricting the codomain Y of f to   f ( X )  . That is,    f ^  :  X → f  ( X )  ,  f ^  :  x ↦ f  ( x )   ).



For two given configurations   ϰ 1  ,   ϰ 2   the composition   γ =   ϰ ^  2  ∘   ϰ ^  1  − 1    , which brings one shape,    ϰ 1   ( B )   , to another,    ϰ 2   ( B )   , will be called a deformation.



Non-Euclidean reference shape. In order to obtain a suitable mathematical formalization for finite incompatible deformations, we use the methods of geometrical mechanics of continuum [25,26,27,28,33,38]. To this end, together with body manifold and physical space we define one more smooth manifold, i.e., non-Euclidean reference space  R , which can contain global stress-free shapes   S R   due to additional geometrical degrees of freedom, namely, curvature, torsion and nonmetricity. The elements of  R  are denoted by typewriter letters, like   X ,  Y ,  Z  .



The embedding   λ :   S R  → P   may be interpreted as generalized deformation. Indeed, if   S R   and  P  both are Euclidean, this embedding defines deformation in conventional sense. To show this one has to identify   S R   with a region in  P  and consider  λ  as shape distortion. In general non-Euclidean case similar visual understanding becomes more cumbersome since one has to imagine three-dimensional surfaces in higher dimensional Euclidean space. To overcome this issue it is reasonable to illustrate key geometrical ideas with fewer dimensional model. Such an illustration can be given with a problem for nonlinear elastic membrane. From one hand side one can imagine the process of deformation in ambient three dimensional space as some stretching and bending of thin elastic curved film. This viewpoint is familiar to inhabitants of three-dimensional world. Another viewpoint does not allow the use of a third dimension. In that view one has to imagine himself as an inhabitant of a two-dimensional world, of which the geometry, generally, is non-Euclidean and reproduces the curvilinear shape of the membrane. In geometrical terms it means that the inhabitants feel only the inner geometry of the membrane surface. Here it would be good, perhaps, to remind ourselves of the creatures who inhabit “Sphereland”, pictorially described in a fiction story by Dionys Burger [47].



Imagine now that, for some unknown reasons, that the inhabitants of the initially curved relaxed membrane are forced to stay on a plane forever. They can change their world with planar stretching, but this gives them no satisfaction, because their world on the whole remains tense. Just some of them can enjoy it in a relaxed way, while the others carry tension. A perfectly relaxed world does not exist beyond their memory. However they refer to such an ephemeral world to determine the distribution of tension in their planar reality. They can even tentatively reconstruct a totally relaxed world upon the experience of the lucky ones, who enjoy local relaxation, but such a world would prove incompatible with the geometry of the plane that cannot be violated.



To come back to the considered problem, one can identify those stretchings of the film, that are planar, with shapes which exist in physical space, while totally relaxed curved film can be identified with a non-Euclidean reference shape. The non-Euclidean reference shape has rather unusual properties for planar geometry and can be totally visualized only from the first viewpoint in the ambient three-dimensional world. Meanwhile, its formal reconstruction can be provided analytically with local definitions in planar geometry, available to those who share the second viewpoint.



To define strain and stress measures, posed by generalized deformations, one has to obtain non-Euclidean generalizations for such measures. In what follows, we use the approach, developed in [40,41,42].



Multilayered and laminated bodies. The foregoing relates to the general case of a body with incompatible deformations, caused, for example, by arbitrary continually distributed defects [30]. In the present paper, we consider some specific case of defect distributions, related with additive manufacturing peculiarities. To reflect this, we define additional structure on body manifold. More particulary, we admit that the body manifold either may be disassembled into finite number of finite parts, all of which, separately from others, has non-stressed shape in Euclidean space, or may be represented as foliation over one-dimensional interval with two-dimensional foils that separately have stress-free two-dimensional shapes in Euclidean space. In the first instance, one could speak about multilayered self-stressed solid, while in the second one has laminated body [48].



Local relaxation. The assumption of the possibility of layer-by-layer release from stresses is justified by the nature of the additive manufacturing process. Such layer-by-layer stress relaxation can have, at least, two interpretations. On the one hand, one can imagine the disassembling process, in which the whole body disintegrates into either finite number of finite parts, namely, layers, or into continual family of surfaces. Upon such disassembling, each layer or surface can be deformed into a stress-free shape in physical space.



On the other hand, one can construct a finite or continual family of shapes, such that each mentioned above constituent, i.e., layer or surface, can be transformed into stress-free state within some element of the family without disassembling. Obviously, this relaxation from stresses is carried out only locally: the rest of the shape remains stressed. We prefer to draw the latter interpretation because it does not require the disassembling and leaves aside vagueness related with energy distribution on cut surfaces.



Evolutionary problem. When the family of locally stress-free reference shapes is given, it is fairly easy to calculate stress–strain state of the shape under given external forces. Meanwhile, in the modeling of additive manufactured solids such a family is unknown and should be defined from the solution of a special evolutionary problem [23,24]. In general, such a problem for the continual family can be classified as a non-linear boundary value problem with delay [49,50], and its solution stands as a high mathematical challenge. One way to overcome these challenges is to supersede the evolutionary problem for the continuous family via a much more simpler problem for a finite number of layers, which can be solved recursively. We will follow this assumption within present paper.



Euclidean structure of physical space. With certain loss of generality in what follows we suppose that the physical space  P  has Euclidean structure, i.e., it has to be Euclidean affine space defined by triple   ( E ,  V ,  · )  . Here  E  is an underlying set which elements are regarded as places,  V  is three-dimensional real vector space that plays role of translation space over  E  and fulfills Weyl axioms [51], and   ( · )   is inner product on  V . Translation vectors, i.e., elements of  V , are denoted by Latin boldface lowercase symbols   u ,  v ,  w ,  ⋯  , and linear mappings from  V  to  V  (second order tensors) are denoted by Latin boldface uppercase symbols   P ,  R ,  S ,  ⋯   The symbol  I  is reserved for the identity tensor.




2. Evolution of Multilayered Body


2.1. Solid with Variable Material Composition


Family of assemblies. To give a mathematical definition for growing body, consider the family   G =   {  B α  }   α ∈ I     of body manifolds [27]. We assume that the index set   I ⊂ R   is compact and has either finite or continuum cardinality (In present paper we do not consider the cases for countable cardinality for the index set  I . Some relevant observations can be found in [19,24]). With respect to additive manufacturing process, that is under modelling, one can associate the elements from  I  with time labels that characterize the process evolution.



In what follows we will consider only processes that can be classified as pure growth. In this regard, we assume that members of the family are ordered by inclusion [27]:


  ∀ α ,  β ∈ I :   ( α < β )  ⇒  (  B α  ⊂  B β  )  .  



(1)







Being a compact set,  I  has minimal and maximal elements. The minimal element corresponds to the beginning of the evolutionary process, while the maximal element corresponds to the termination of the process. Without loss of generality we can suppose that all   B α  ,   α ∈ I  , are submanifolds of some ambient three-dimensional manifold, namely, material manifold (A smooth manifold N is a smooth submanifold of M if   N ⊂ M  , N is a topological subspace of M and smooth structures of N and M are related via the requirement: the inclusion map    ι N  :  N → M   is a smooth embedding [37].).



In present section we consider bodies formed from finite number of layers such that each layer apart from the others could be deformed from actual shape into stress-free shape still in Euclidean space. Of course, to the whole solid, such a possibility does not exist. With such assumption no generality is lost if one put   I = { 0 ,  1 ,  ⋯ ,  N }  ,   N ⩾ 1  .



To index bodies from the family  G  as well as the layers we use Latin minuscules like n, k, instead of Greek letters which we will reserve for the general case. In order to be consistent with the terminology adopted in [23], we will refer to   B 0   as initial body and to   B N   as final body. In terms of application to additive manufacturing,   B 0   may be called the substrate. It follows from the subset relation (1) that:


   B 0  =  ⋂  n = 0  N   B n  ,   B N  =  ⋃  n = 0  N   B n  .  











Since   B N   is the maximal element of the family  G , one can interpret it as an ambient (material) manifold, that contains all particles ever joined to the growing body.



Decomposition of assembly into layers. As noted above, we would prefer to construe the concept of layer-by-layer stress relaxation with the family of locally relaxed shapes. At the same time, it has been aptly to explain how one can interpret assembling and disassembling of a multilayered or laminated body into disjoint parts, namely, layers or laminae. To this end we use the joining operation ∨, introduced in [27]. This operation allows one to determine the joining of two parts as follows (At first glance such operation appears to be equal with theoretical set union or the interior of the union of closures. However, this may result in an error. The following example is sufficient to verify this. Let A be an open annulus and B be an open disk with punctured center defined on Euclidean plane. Suppose that internal radius of the annulus and radius of the disk are equal. Then the union   A ∪ B   as well as the interior of the union of closures,   Int (  A ¯  ∪  B ¯  )  , are not equal to the desired result,   A ∨ B  , because in the first construction the circular boundary between A and B is lost, while in the second construction the result contains an extra point at punctured center.):


   B n  ∨  L  n + 1   : =  B n  ∪  L  n + 1   ∪  ∂  B  n + 1     (  B  n + 1   ∖  B n  )  =  B  n + 1   .  



(2)







Here    L  n + 1   = Int  (  B  n + 1   \  B n  )    is a layer which complements assembly   B n   to the assembly   B  n + 1   ,   Int  Z   is the interior of the set  Z  in the topology of   B N  , and    ∂  B  n + 1    Z   is the boundary of the set  Z  in the topology of   B  n + 1    (recall that   B  n + 1    is a subset of   B N   and its topology is induced from   B N  ). The expression (2) has the clear geometric interpretation: the assembly   B  n + 1    is the union of three sets: the preceding assembly   B n  , the layer   L  n + 1    and the common part of the boundary of   B n   and   L  n + 1   . Thus, the joining operation ∨ formalizes the process of “gluing” of two bodies with common boundary. The points of this boundary are included in the composition of body and change their status from boundary points to interior points. Thus, the decomposition of the assembly into layers can be written in the form [27] (The choice of the number of the first assembly is the matter of taste. In [23], we begin numeration with 1, while in the present paper we use 0 for the first assembly, i.e., the substrate.)


   B  n + 1   =  ( ⋯  (  B 0  ∨  L 1  )  ∨ ⋯ ∨  L n  )  ∨  L  n + 1   ,   L 0  : =  B 0  .  











Shapes. Under the present paper we sought the majority of results in analytical form. In this regard, we suppose that all shapes of layers and assemblies are centrally symmetric and can be regarded as hollow balls in Euclidean space. In particular, actual shapes   S n   of assembly and   L  n ,  k    of layer in this assembly are represented by the sets:


     S n     = { x ∈ E  |   r  n  i  < ∥ x − O ∥ <  r  n  e  } ,       L  n ,  k      = { x ∈ E  |   r  n ,  k  i  < ∥ x − O ∥ <  r  n ,  k  e  } .     











Hereafter the stand-alone index n refers to the assembly number, while the pair of indexes,   n ,  k  , points to the assembly number n and the number k of the layer within the assembly. The relations between layers and assemblies are illustrated on Figure 1 (equatorial sections are shown). The mapping    ϰ n  :   B n  → E  ,   n ∈ { 0 ,  ⋯ ,  N }  , is the actual configuration.



It is assumed that for every value   k ∈ { 0 ,  ⋯ ,  N }   one can find configuration    ϰ  k  r  :   B N  → E   of the final body, that transforms the layer    L k  ⊂  B N    into stress-free shape    L k  =  ϰ  k  r   (  L k  )    which, as a region in  E , is a hollow ball:


   L k  =  { x ∈ E  |    r  k  i   < ∥ x − O ∥ <   r  k  e   } .   











For   N = 2   this assumption is illustrated on Figure 2. Symbols   S  R ;  k   ,   k = 0 ,  1 ,  2  , denote shapes of the body   B 2  , that contain stress-free shapes   L k   of layers. The layers, highlighted by black in corresponding shape of the assembly, are in stress-free state. Note, that the remaining parts of the whole shape, generally, are stressed.



Internal and external radii   r 0 i  ,   r 0 e  , of the initial body are known, while internal,   r  n + 1  i  , and external,   r  n + 1  e  , radii of stress-free shape of   L  n + 1    are need to be determined. We suppose that the process is performed in two stages. Assume that we already have obtained internal,   r  n ,  n  i  , and external,   r  n ,  n  e  , actual radii of the layer   L n  . At first stage, the layer   L  n + 1    is joined to the body   B n  . The internal,    r ˜   n + 1 ,  n + 1  i  , and external,    r ˜   n + 1 ,  n + 1  e  , radii of the joined layer are set to be equal:


    r ˜   n + 1 ,  n + 1  i  =  r  n ,  n  e  ,    r ˜   n + 1 ,  n + 1  e  =   r ˜   n + 1 ,  n + 1  i  +  Δ  n + 1   ,  








where   Δ  n + 1    is the prescribed thickness. At the second stage, the layer   L  n + 1    is subjected to shrinkage with parameter   ζ  n + 1   :


   r  n + 1  i  =  ζ  n + 1     r ˜   n + 1 ,  n + 1  i  ,   r  n + 1  e  =  ζ  n + 1     r ˜   n + 1 ,  n + 1  e  .  











These two stages are closely related with technological process, when thin polymeric film is joined to the substrate and is subjected to UV-radiation after joining [3]. As it would be shown in the paper, the knowledge of reference radii   r 0 i  ,   r 0 e   of the initial body, intermediate thicknesses   Δ  n + 1    and shrinkage parameters   ζ  n + 1   , as well as the central symmetry of deformations allow one to obtain all reference radii successively, during solution of evolutionary problem.




2.2. Coordinates and Deformation


Coordinates. Due to Euclidean structure of the physical space one can introduce Cartesian frame   ( O ;    (  i s  )   s = 1  3  )   where   O ∈ E   is the origin and    (  i s  )   s = 1  3   is an orthonormal basis:    i s  ∈ V  ,   s ∈ { 1 ,  2 ,  3 }   and    i s  ·  i p  =  δ  s p    . The symbol   δ  s p    is the Kronecker delta. To benefit from central symmetry, proposed for all shapes, it would be worthwhile to adopt a spherical chart   ( r ,  θ ,  φ )   that related with Cartesian one,   (  x 1  ,   x 2  ,   x 3  )  , as


   x 1  = r sin θ cos φ ,   x 2  = r sin θ sin φ ,   x 3  = r cos θ ,  



(3)




where   r > 0  ,   θ ∈  ] 0 ,  π [   ,   φ ∈ [ 0 ,  2 π [  . The coordinates of the places, occupied by points within the shape   L k  , are denoted by   (  r k  ,   t k  ,   f k  )  , while the coordinates of places, occupied by the same points within the shape   S n   are denoted by   (  r n  ,   θ n  ,   φ n  )  . The field of local bases, related with spherical chart, will be denoted by   (  e r  ,   e θ  ,   e φ  )  . For the elements of the corresponding field of dual bases we use the following notation:   (  e r  ,   e θ  ,   e φ  )   (Recall that    e c  =    ∂  x k    ∂ c     i k   ,    e s  ·  e c  =  δ c s  =      1 ,     s = c       0 ,     s ≠ c .       ;   s ,  c ∈ { r ,  θ ,  φ }  .).



Representation of deformation. In view of central symmetry of deformations    γ  n ,  k   :   L k  →  S n   , one can obtain the coordinate representation for them in the following form:


    γ ˜   n ,  k   = ψ ∘  γ  n ,  k   ∘  ψ  − 1   :   (  r k  ,   t k  ,   f k  )  ↦  (  r n  ,   θ n  ,   φ n  )  ,  








where   ψ :  x ↦ ( r ,  θ ,  φ )   is spherical coordinate map,


   r n  =  u  n ,  k    (  r k  )  ,   θ n  =  t k  ,   φ n  =  f k  .  



(4)







It is supposed that functions    u  n ,  k   :   [  r  k  i  ,   r  k  e  ]  →  [  r  n ,  k  i  ,   r  n ,  k  e  ]   , which return the distance from the frame origin  O  to actual positions of material particles within the shape   L  n ,  k   , are diffeomorphisms.




2.3. Strain Measures


Deformation gradient and left Cauchy–Green strain. Under the assumptions stated above one can define the deformation gradient    F  n ,  k   = D  γ  n ,  k   :   L k  → Lin  ( V ;  V )    as diagonal dyadic decomposition at a point   X ∈  L k   :


   F  n ,  k     |  X  =  u  n ,  k  ′   (  r k  )   e r    |    γ  n ,  k    ( X )    ⊗  e r    |  X  +  e θ    |    γ  n ,  k    ( X )    ⊗  e θ    |  X  +  e φ     |   γ  n ,  k    ( X )    ⊗  e φ  |  X  .  



(5)







We use here vertical bars after base elements to clarify that they are defined with respect to spatial positions  X  or    γ  n ,  k    ( X )   . Here and in what follows the symbol   Lin ( U ;  V )   denotes the vector space of linear mappings from U to V. The symbol D in   D  γ  n ,  k     means operation of derivative applied to point-to-point mapping   γ  n ,  k   . That is, for any point   X ∈  L k    and for every translation vector   h ∈ V  , sufficiently small, one has    γ  n ,  k    ( X + h )  =  γ  n ,  k    ( X )  + D  γ  n ,  k     |  X   [ h ]  + o  ( ∥ h ∥ )   . The discussion on various dyadic representations of deformation gradient    F  n ,  k   = D  γ  n ,  k     can be found in [24].



Remaining within the classical provisions of continuum mechanics and taking into account the principle of material frame indifference [52], in what follows, instead of deformation gradient   F  n ,  k   , we use left Cauchy–Green strain tensor   B  n ,  k    defined as    B  n ,  k   =  F  n ,  k    F  n ,  k  T   , where   F  n ,  k  T   is the transpose for   F  n ,  k    (That is,   v ·  F  n ,  k    [ u ]  = u ·  F  n ,  k  T   [ v ]   , for all vectors   u ,  v ∈ V  .), which dyadic representation is (This representation is based on the following: (1) the dyads    e i     | X  ⊗  e j  |    γ  n ,  k    ( X )      were chosen (note, that they differ from dyads    e i     |   γ  n ,  k    ( X )    ⊗  e j  |  X    used for deformation gradient), (2) the matrix of metric tensor  g  in spherical coordinates is diagonal, (3) the matrix of   F  n ,  k   , as it can be seen from (5), is diagonal, (4) the coordinate representation (4) of   γ  n ,  k    is used.)


      F  n ,  k  T    |  X  =  u  n ,  k  ′   (  r k  )   e r     | X  ⊗  e r  |    γ  n ,  k    ( X )    +         +       u  n ,  k    (  r k  )    r k     2    e θ    |  X  ⊗  e θ    |    γ  n ,  k    ( X )    +  e φ     | X  ⊗  e φ  |    γ  n ,  k    ( X )     ,     








for   X ∈  L k   . Thus, we obtain the following decompositions for left Cauchy–Green strain tensor   B  n ,  k    and its inverse,   B  n ,  k   − 1    (Note, that both decompositions are expressed in terms of dyads    e i  ⊗  e j   . The reason is the choice for the dyadic representation for the transpose   F  n ,  k  T  . Another choice of the dyads (which can be performed by virtue of Euclidean structure of translation space  V ), e.g.,    e i  ⊗  e j   , would result in different representation for   B  n ,  k   .):


     B  n ,  k      =    u  n ,  k  ′   2   e r  ⊗  e r  +      u  n ,  k    r k     2   e θ  ⊗  e θ  +      u  n ,  k    r k     2   e φ  ⊗  e φ  ,     



(6)






     B  n ,  k   − 1      =     1  u  n ,  k  ′     2   e r  ⊗  e r  +      r k   u  n ,  k      2   e θ  ⊗  e θ  +      r k   u  n ,  k      2   e φ  ⊗  e φ  .     



(7)







Note that the components of decompositions above depend on the values of functions   u  n ,  k    and their derivatives, calculated at point   X ∈  L k   , while the dyads    e i  ⊗  e j    are composed by the elements of local bases, corresponded to spherical chart at point    γ  n ,  k    ( X )    of the shape   L  n ,  k   .



Within the paper only isotropic materials are considered. In this regard the response can be formalized as the function of principal invariants of   B  n ,  k   . Taking (6) into account, it is easy to represent them in terms of functions   u  n ,  k    and their derivatives as:


     I  n ,  k   ( 1 )      = tr   B  n ,  k   =    u  n ,  k  ′   2  + 2      u  n ,  k    r k     2  ,       I  n ,  k   ( 2 )      =   1 2    tr   2   B  n ,  k   − tr   B  n ,  k  2   = 2   (  u  n ,  k  ′  )  2       u  n ,  k    r k     2  +      u  n ,  k    r k     4  ,       I  n ,  k   ( 3 )      = det  B  n ,  k   =    u  n ,  k  ′   2       u  n ,  k    r k     4  .     



(8)








2.4. Compressible Material


Compressible Mooney–Rivlin solid. To obtain results which can be applicable for numerical analysis, specify the general representation for elastic potential    W  n ,  k    (   I  n ,  k   ( 1 )   ,   I  n ,  k   ( 2 )   ,      I  n ,  k   ( 3 )    )    in three-parametric Mooney–Rivlin form (Note that hyperelastic models of compressible and incompressible materials allow one to describe deformation of real solids, in particular, of rubber, with high accuracy [53]. Rubber-like polymeric materials, that are frequently used in stereolithography, also belong to such class of media.)


   W  n ,  k   =  C 1    J  n ,  k   − 2 / 3    I  n ,  k   ( 1 )   − 3  +  C 2    J  n ,  k   − 4 / 3    I  n ,  k   ( 2 )   − 3  +   d 2     (  J  n ,  k   − 1 )  2  ,  



(9)






   J  n ,  k   = det  F  n ,  k   =  u  n ,  k  ′     u  n ,  k   /  r k   2  .  








where   C 1  ,   C 2   and d are parameters that define the elastic properties of the material. Note that the parameters   C 1  ,   C 2   and d can be expressed in terms of “engineering” elastic moduli:    C 1  =  ( 1 + b )  μ / 4  ,    C 2  =  ( 1 − b )  μ / 4  , where  μ  is a shear modulus, b is specific coefficient related with nonlinear behavior of the material, while d is a bulk modulus in the limit of small strains.



One can calculate Cauchy stress tensor   T  n ,  k    with Doyle–Ericksen relation [52]


   T  n ,  k   =   2  J  n ,  k      B  n ,  k      ∂  W  n ,  k     ∂  B  n ,  k      =  ℶ 0  I +  ℶ 1   B  n ,  k   +  ℶ  − 1    B  n ,  k   − 1   ,  



(10)




where   ℶ 0  ,   ℶ 1  ,   ℶ  − 1    are scalar response functions,


      ℶ 0  = 2    ∂  W  n ,  k     ∂  i 2      I  n ,  k   ( 2 )     (  I  n ,  k   ( 3 )   )   − 1 / 2      + 2    ∂  W  n ,  k     ∂  i 3       (  I  n ,  k   ( 3 )   )   1 / 2   =       =    3 d    (  I  n ,  k   ( 3 )   )   1 / 2   − 1    (  I  n ,  k   ( 3 )   )   7 / 6   − 2  C 1   I  n ,  k   ( 1 )     (  I  n ,  k   ( 3 )   )   1 / 3   + 2  C 2   I  n ,  k   ( 2 )     3   (  I  n ,  k   ( 3 )   )   7 / 6      ,     










   ℶ 1  = 2    ∂  W  n ,  k     ∂  i 1       (  I  n ,  k   ( 3 )   )   − 1 / 2   =    2  C 1     (  I  n ,  k   ( 3 )   )   5 / 6     ,  



(11)






   ℶ  − 1   = − 2    ∂  W  n ,  k     ∂  i 2       (  I  n ,  k   ( 3 )   )   1 / 2   = −    2  C 2     (  I  n ,  k   ( 3 )   )   1 / 6     .  











After substitution of expressions (6), (7), (8) and (11) into (10) one can obtain the following formulas for Cauchy stresses in k-th layer within n-th assembly:


   T  n ,  k   =  (  T  n ,  k   )    r r    e r  ⊗  e r  +  (  T  n ,  k   )    θ θ    e θ  ⊗  e θ  +  (  T  n ,  k   )    φ φ    e φ  ⊗  e φ  ,  



(12)




where


      (  T  n ,  k   )    r r  =   4 3    r  k   − 4    J  n ,  k   − 7 / 3   {  u  n ,  k  4     3 4    d   J  n ,  k   1 / 3     J  n ,  k   − 1    (  u  n ,  k  ′  )  2  −  C 2   +       +  C 1    r  k  8    J  n ,  k   8 / 3     u  n ,  k   − 4   −  r  k  2    u  n ,  k  2    C 1   J  n ,  k   2 / 3   −  C 2    (  u  n ,  k  ′  )  2   } ,     










      (  T  n ,  k   )    φ φ  =  (  T  n ,  k   )    θ θ  =   2 3    r  k   − 4    J  n ,  k   − 7 / 3   {  u  n ,  k  4      3 2   d  J  n ,  k   1 / 3      J  n ,  k    −  1    (  u  n ,  k  ′  )  2   +   C 2   −       −  C 1    r  k  8    J  n ,  k   8 / 3     u  n ,  k   − 4   +  r  k  2    u  n ,  k  2    C 1   J  n ,  k   2 / 3   −  C 2    (  u  n ,  k  ′  )  2   } .     











Boundary value problem. The Cauchy stress field (12) should meet the equilibrium condition   div   T  n ,  k   = 0   (here,  div  denotes divergence operation defined on actual shape   S n  ), which, in a view of central symmetry, results in only one non-trivial scalar equation that can be written in actual coordinates as:


     ∂  (  T  n ,  k   )    r r    ∂ r    +   2 r     (  T  n ,  k   )    r r  −  (  T  n ,  k   )    θ θ   = 0 ,  



(13)




where    (  T  n ,  k   )    r r    and    (  T  n ,  k   )    θ θ    can be regarded as shorthand for expressions (12). After the change of variables   r ↦  r k    Equation (13) takes the form:


     ∂  (  T  n ,  k   )    r r    ∂  r k     + 2    u  n ,  k  ′   u  n ,  k       (  T  n ,  k   )    r r  −  (  T  n ,  k   )    θ θ   = 0 .  



(14)







To complete the statement of the boundary-value problem (BVP) one has to specify boundary conditions on the interior and exterior boundaries of multilayered structure as well as on the interfaces between them. Again keeping in mind the central symmetry of discussed problem we assume that the outer boundaries of multilayered structure are homogeneously loaded with normal traction, i.e.,


     (  T  n ,  0   )    r r    r =  r  n ,  0  i    =  q  n  i  ,     (  T  n ,  n   )    r r    r =  r  n ,  n  e    =  q  n  e  ,  



(15)




and on the interface surfaces between layers the ideal contact conditions hold:


     T  n ,  k   ·  e r    r =  r  n ,  k  e    =    T  n ,  k + 1   ·  e r    r =  r  n ,  k + 1  i    ,   r  n ,  k  e  =  r  n ,  k + 1  i  .  



(16)







The substitution of the relations (12) into Equation (14) and boundary conditions (15) and (16) after straightforward calculations results in the following quasilinear system of equations:


     ∀ r ∈   ]   r  k  i  ,   r  k  e   [   :   u  n ,  k   ″   + Y  (  u  n ,  k   ,   u  n ,  k  ′  )  = 0 ,       Ψ  (  u  n ,  0   ,   u  n ,  0  ′  )   |  r =  r  0  i    =  q  n  i  ,  Ψ  (  u  n ,  n   ,   u  n ,  n  ′  )   |  r =  r  n  e    =  q  n  e  ,       ∀ k ∈  { 0 ,  1 ,  ⋯ ,  n − 1 }  :   u  n ,  k    |  r =  r  k  e    =  u  n ,  k + 1    |  r =  r  k + 1  i    ,       Ψ  (  u  n ,  k   ,   u  n ,  k  ′  )   |  r =  r  k  e    = Ψ  (  u  n ,  k + 1   ,   u  n ,  k + 1  ′  )   |  r =  r  k + 1  i    ,     



(17)




where


     Υ ( u ,   u ′  ) =         r u {  u 8   9 / 4  d   u  ′ 2    J  4 / 3   − 7  C 2   +  C 1   r 8   J  8 / 3   +  r 2   u 6   5  C 1   J  2 / 3   +  C 2   u  ′ 2    }   − 1   ×       ×   u ′   u − r  u ′    ( 2   u 8    C 2  − 9 / 4  d   u  ′ 2    J  4 / 3    +  C 1   r 8   J  8 / 3   − 9  C 1   r 3   u 5   u ′   J  2 / 3   −         − {  r 2   u 6   4  C 1   J  2 / 3   −  C 2   u  ′ 2    + 9  C 2  r  u 7   u ′  } )  ,     










     Ψ  ( u ,   u ′  )  = 2   ( 3  u 8    u ′  4  )   − 1    J  5 / 3      r 4   u 4   − 3  C 2    u ′  6  −  C 2  + 3 / 2  d   J  1 / 3    J − 1    u ′  2   +         +  r 8    u ′  2   2  C 1   J  2 / 3   + 3  C 2    u ′  2   − 2  r 6   u 2    C 1   J  2 / 3   +  C 2    u ′  2   + 3  C 2   u 8    u ′  2   .     











Note that the reference radii   r k i  ,   r k e  ,   k = 1 ,  ⋯ ,  N  , of the layers, as well as their actual radii   r  n ,  k  i  ,   r  n ,  k  e   are initially unknown. All what we know are reference radii   r 0 i  ,   r 0 e   of the first layer, actual thicknesses   Δ k  ,   k = 1 ,  ⋯ ,  N  , of layers and the sine qua non for sequential joining: a new layer is always created upon the last one in already constituted assembly and just after creation it undergoes shrinkage with given ratio  ζ . In order to take the sequentiality into account one can consider the sequence of BVP that begins from the first one:


     ∀ r ∈   ]   r  0  i  ,   r  0  e   [   :   u  0 ,  0   ″   + Υ  (  u  0 ,  0   ,   u  0 ,  0  ′  )  = 0 ,       Ψ  (  u  0 ,  0   ,   u  0 ,  0  ′  )   |  r =  r  0  i    =  q  0  i  ,  Ψ  (  u  0 ,  0   ,   u  0 ,  0  ′  )   |  r =  r  0  e    =  q  0  e  ,     



(18)







Since the initial radii   r 0 i  ,   r 0 e   of the first layer as well as the densities   q  0  i  ,   q  0  e   of normal loadings are given, this problem is correctly stated with respect to unknown function   u  0 ,  0   . The solution of the problem (18) defines the actual outer radius of the first layer,    r  0 ,  0  e  =  u  0 ,  0    (  r  0  e  )   . Thus, after deposition to the first assembly, the actual inner and outer radii    r ˜   1 ,  1  i   and    r ˜   1 ,  1  e   of the second layer with given actual thickness   Δ 1   are equal to:


    r ˜   1 ,  1  i  =  r  0 ,  0  e  ,    r ˜   1 ,  1  e  =   r ˜   1 ,  1  i  +  Δ 1  .  











The second layer acquires the shrinkage   ζ 1  ; its reference radii are equal to:


   r  1  i  =  ζ 1    r ˜   1 ,  1  i  ,   r 1 e  =  ζ 1    r ˜   1 ,  1  e  ,  








while its actual radii   r  1 ,  1  i   and   r  1 ,  1  e   in assembly after shrinkage are unknown. With obtained results the second problem in sequence can be stated as follows:


     ∀ r ∈   ]   r  0  i  ,   r  0  e   [   :   u  1 ,  0   ″   + Y  (  u  1 ,  0   ,   u  1 ,  0  ′  )  = 0 ,       ∀ r ∈   ]   r  1  i  ,   r  1  e   [   :   u  1 ,  1   ″   + Y  (  u  1 ,  1   ,   u  1 ,  1  ′  )  = 0 ,       Ψ  (  u  1 ,  0   ,   u  1 ,  0  ′  )   |  r =  r  0  i    =  q  1  i  ,  Ψ  (  u  1 ,  1   ,   u  1 ,  1  ′  )   |  r =  r  1  e    =  q  1  e  ,        u  1 ,  0    |  r =  r  0  e    =  u  1 ,  1    |  r =  r  1  i    ,       Ψ  (  u  1 ,  0   ,   u  1 ,  0  ′  )   |  r =  r  0  e    = Ψ  (  u  1 ,  1   ,   u  1 ,  1  ′  )   |  r =  r  1  i    .     











The above equations and boundary conditions constitute together the correct statement for BVP with respect to two unknown functions   u  1 ,  0    and   u  1 ,  1   . One can obtain the solution of this BVP numerically and calculate the value for actual outer radius   r  1 ,  1  e   of the second assembly as    r  1 ,  1  e  =  u  1 ,  1    (  r  1  e  )   . The actual inner and outer radii    r ˜   2 ,  2  i   and    r ˜   2 ,  2  e   of the third layer after deposition to the second assembly are equal to:


    r ˜   2 ,  2  i  =  r  1 ,  1  e  ,    r ˜   2 ,  2  e  =   r ˜   2 ,  2  i  +  Δ 2  .  











The third layer acquires the shrinkage   ζ 2  ; its reference radii are equal to:


   r  2  i  =  ζ 2    r ˜   2 ,  2  i  ,   r 2 e  =  ζ 2    r ˜   2 ,  2  e  ,  








while its actual radii   r  2 ,  2  i   and   r  2 ,  2  e   in assembly after shrinkage are unknown. The repetition of such evaluations results in n-th step to the BVP:


     ∀ r ∈   ]   r  0  i  ,   r  0  e   [   :   u  n ,  0   ″   + Υ  (  u  n ,  0   ,   u  n ,  0  ′  )  = 0 ,       ∀ r ∈   ]   r  1  i  ,   r  1  e   [   :   u  n ,  1   ″   + Υ  (  u  n ,  1   ,   u  n ,  1  ′  )  = 0 ,      ⋯      ∀ r ∈   ]   r  n  i  ,   r  n  e   [   :   u  n ,  n   ″   + Υ  (  u  n ,  n   ,   u  n ,  n  ′  )  = 0 ,       Ψ  (  u  n ,  0   ,   u  n ,  0  ′  )   |  r =  r  0  i    =  q  n  i  ,  Ψ  (  u  n ,  n   ,   u  n ,  n  ′  )   |  r =  r  n  e    =  q  n  e  ,        u  n ,  0    |  r =  r  0  e    =  u  n ,  1    |  r =  r  1  i    ,  Ψ  (  u  n ,  0   ,   u  n ,  0  ′  )   |  r =  r  0  e    = Ψ  (  u  n ,  1   ,   u  n ,  1  ′  )   |  r =  r  1  i    ,        u  n ,  1    |  r =  r  1  e    =  u  n ,  2    |  r =  r  2  i    ,  Ψ  (  u  n ,  1   ,   u  n ,  1  ′  )   |  r =  r  1  e    = Ψ  (  u  n ,  2   ,   u  n ,  2  ′  )   |  r =  r  2  i    ,      ⋯       u  n ,  n − 1    |  r =  r  n − 1  e    =  u  n ,  n    |  r =  r  n  i    ,  Ψ  (  u  n ,  n − 1   ,   u  n ,  n − 1  ′  )   |  r =  r  n − 1  e    = Ψ  (  u  n ,  n   ,   u  n ,  n  ′  )   |  r =  r  n  i    ,     








that is correctly stated with respect to sought functions    u  n ,  0   ,   u  n ,  1   ,  ⋯ ,   u  n ,  n    . The iterative evaluation is completed when the number n reaches the value N. In result we get the following sequences of functions:


         u  0 ,  0   ;           u  1 ,  0   ,   u  1 ,  1   ;           u  2 ,  0   ,   u  2 ,  1   ,   u  2 ,  2   ;         ⋯          u  N ,  0   ,   u  N ,  1   ,  ⋯ ,   u  N ,  N   .     



(19)







Each of these sequences defines the distribution of deformation parameters in layers within assemblies corresponded to certain steps of additive process.




2.5. Incompressible Material


Incompressible Mooney–Rivlin solid. Described above algorithm requires the application of some numerical method for solution of quasilinear two-point BVP at each step. To that end we use the shooting method [54] that demonstrates good convergency subject to the availability of fine initial approach. For problems under consideration one can obtain such fine initial approach as the solution of related BVP for incompressible material which is substantially simpler and allows for an analytical solution. The case of layers of incompressible homogeneous isotropic material is considered in [23] in detail. Here we present only an outline of main formulas.



Since    J  n ,  k   = det  F  n ,  k   =  u  n ,  k  ′     u  n ,  k   /  r k   2  = 1  , one has ordinary differential equation    u  n ,  k  ′     u  n ,  k   /  r k   2  = 1  . Its solution has the form:


  r =   [   (  r k  )  3  +  a  n ,  k   ]   1 / 3   ,  θ =  t k  ,  φ =  f k  ,  








and represents the particular case of the deformation law (4). Here   a  n ,  k    are parameters of deformation that are constants.



Taking into account the central symmetry    ] 0 ,  ∞ [  ∋ r ↦ x :  x = O + r  e r   , one can construct the mapping    ] 0 ,  ∞ [  ∋ r ↦  B  n ,  k    ( r )   , which is the tilt of the left Cauchy–Green tensor field:


   B  n ,  k   :   L  n ,  k   → Lin  ( V ;  V )  ,   B  n ,  k   :   L  n ,  k   ∋ x ↦  B  n ,  k    ( x )  ∈ Lin  ( V ;  V )  .  











Beyond that it is convenient to decompose tensor    B  n ,  k    ( x )    in dyadic basis    e i  ⊗  e j   , generated by spherical chart at point  x . All this results in the following representations for left Cauchy–Green tensor field and its inverse:


     B  n ,  k      =     (  r 3  −  a  n ,  k   )   4 / 3    r 4     e r  ⊗  e r  +    r 2    (  r 3  −  a  n ,  k   )   2 / 3       e θ  ⊗  e θ  +  e φ  ⊗  e φ   ,       B  n ,  k   − 1      =    r 4    (  r 3  −  a  n ,  k   )   4 / 3      e r  ⊗  e r  +     (  r 3  −  a  n ,  k   )   2 / 3    r 2      e θ  ⊗  e θ  +  e φ  ⊗  e φ   .     











Because of adopted incompressibility of the material, the functional (9) reduces to the expression:


   W  n ,  k   =  C 1    I  n ,  k   ( 1 )   − 3  +  C 2    I  n ,  k   ( 2 )   − 3  ,  








where   C 1   and   C 2   are the same as in (9). Straightforward calculations, based on Doyle–Ericksen Formula (10), give the representation for Cauchy stress fields   T  n ,  k    up to unknown scalar functions   p  n ,  k    that define the hydrostatic (spherical) component of   T  n ,  k   :


   T  n ,  k   = −  p  n ,  k   I + 2  C 1   B  n ,  k   − 2  C 2   B  n ,  k   − 1   .  











Boundary value problem. The functions   p  n ,  k    can be found in closed form from the solution of two-point equilibrium BVP that consists of scalar Equation (13) and boundary conditions (15) and (16). This allows one to obtain the components of Cauchy stress tensor field   T  n ,  k    [52]:


         (  T  n ,  k   )    r r  =   p  0    n ,  k   +     C 1   ( 5  r 3  −  a  n ,  k   )    (  r 3  −  a  n ,  k   )   2 / 3   − 2  C 2   r 2   (  r 3  +  a  n ,  k   )     r 4    (  r 3  −  a  n ,  k   )   1 / 3      ,           (  T  n ,  k   )    φ φ   =   (  T  n ,  k   )    θ θ   =   (  T  n ,  k   )    r r   +  2     a  n ,  k    ( 2  r 3   −   a  n ,  k   )     r 4    (  r 3   −   a  n ,  k   )   4 / 3        C 1    (  r 3   −   a  n ,  k   )   2 / 3    +   C 2   r 2   ,     



(20)




where the constant    p  0    n ,  k    plays role of hydrostatic component, while the constant   a  n ,  k    plays role of deformation parameter.



The substitution of (20) into boundary conditions (15) and (16) results in system of nonlinear equations, which is algebraic counterpart for the system (17) of differential equations in compressible case. For initial body (  n = 0  ) the system contains two equations only:


    p  0    0 ,  0   + T  [  r  0  i  ;   a  0 ,  0   ]  =  q  0  i  ,    p  0    0 ,  0   + T  [  r  0  e  ;   a  0 ,  0   ]  =  q  0  e  .  



(21)







Hereinafter


  T  [ r ;  a ]  =     C 1   ( 5  r 3  + 4 a )   r 2  − 2  C 2    (  r 3  + a )   2 / 3    (  r 3  + 2 a )    r   (  r 3  + a )   4 / 3      .  











In equations (21) radii   r  0  i  ,   r  0  e   are known as well as densities   q  0  i  ,   q  0  e   of normal loadings. Thus, the problem is correctly stated with respect to unknown parameters    p  0    0 ,  0    and   a  0 ,  0   . The solution of the system (21) allows to obtain the actual outer radius of the first layer:    r  0 ,  0  e  =   [   (  r  0  e  )  3  +  a  0 ,  0   ]   1 / 3    . In the next step, when the second layer is deposited to the first assembly, just before the solidification we have values:


    r ˜   1 ,  1  i  =  r  0 ,  0  e  ,    r ˜   1 ,  1  e  =   r ˜   1 ,  1  i  +  Δ 1  ,  








for the actual inner and outer radii    r ˜   1 ,  1  i   and    r ˜   1 ,  1  e   of the second layer with known actual thickness   Δ 1  . Reference radii of the second layer are equal to:


   r  1  i  =  ζ 1    r ˜   1 ,  1  i  ,   r 1 e  =  ζ 1    r ˜   1 ,  1  e  ,  








where   ζ 1   is the shrinkage which the layer undergoes after joining.



With known reference radii   r  1  i   and   r 1 e   the system of equations


       p  0    1 ,  0   + T  [  r  0  i  ;   a  1 ,  0   ]  =  q  1  i  ,    p  0    1 ,  1   + T  [  r  1  e  ;   a  1 ,  1   ]  =  q  1  e  ,         p  0    1 ,  0   + T  [  r  0  e  ;   a  1 ,  0   ]  =   p  0    1 ,  1   + T  [  r  1  i  ;   a  1 ,  1   ]  ,         (  r  0  e  )  3  +  a  1 ,  0   =   (  r  1  i  )  3  +  a  1 ,  1   ,     








for assembly with two layers is well-defined with respect to unknowns    p  0    1 ,  0   ,    p  0    1 ,  1   ,   a  1 ,  0    and   a  1 ,  1   . Solving this system, we can calculate the actual outer radius of the second layer:    r  1 ,  1  e  =   [   (  r  1  e  )  3  +  a  1 ,  1   ]   1 / 3    . After joining of the third layer, just before solidification, its instantaneous inner and outer radii are equal to:


    r ˜   2 ,  2  i  =  r  1 ,  1  e  ,    r ˜   2 ,  2  e  =   r ˜   2 ,  2  i  +  Δ 2  ,  








respectively. Reference radii of the third layer can be calculated as follows:


   r  2  i  =  ζ 2    r ˜   2 ,  2  i  ,   r 2 e  =  ζ 2    r ˜   2 ,  2  e  .  











In the n-th step we get the nonlinear algebraic system:


       p  0    n ,  0   + T  [  r  0  i  ;   a  n ,  0   ]  =  q  n  i  ,    p  0    n ,  n   + T  [  r  n  e  ;   a  n ,  n   ]  =  q  n  e  ,         p  0    n ,  0   + T  [  r  0  e  ;   a  n ,  0   ]  =   p  0    n ,  1   + T  [  r  1  i  ;   a  n ,  1   ]  ,         (  r  0  e  )  3  +  a  n ,  0   =   (  r  1  i  )  3  +  a  n ,  1   ,      ⋯        p  0    n ,  n − 1   + T  [  r  n − 1  e  ;   a  n ,  n − 1   ]  =   p  0    n ,  n   + T  [  r  n  i  ;   a  n ,  n   ]  ,         (  r  n − 1  e  )  3  +  a  n ,  n − 1   =   (  r  n  i  )  3  +  a  n ,  n   ,     



(22)




with unknowns     p  0    n ,  0   ,    p  0    n ,  1   ,  ⋯ ,    p  0    n ,  n    ,    a  n ,  0   ,   a  n ,  1   ,  ⋯ ,   a  n ,  n    . The system (22) is well-defined since densities   q  n  i  ,   q  n  e   of normal loadings as well as reference radii    r  0  i  ,  ⋯ ,   r  n  i   ,    r  0  e  ,  ⋯ ,   r  n  e   , are known. The iterative process is completed when the step n reaches the value N. As a result, we arrive at the algebraic counterpart of (19):


          p  0    0 ,  0   ;   a  0 ,  0   ;            p  0    1 ,  0   ,    p  0    1 ,  1   ;   a  1 ,  0   ,   a  1 ,  1   ;            p  0    2 ,  0   ,    p  0    2 ,  1   ,    p  0    2 ,  2   ;   a  2 ,  0   ,   a  2 ,  1   ,   a  2 ,  2   ;         ⋯           p  0    N ,  0   ,    p  0    N ,  1   ,  ⋯ ,    p  0    N ,  N   ,   a  N ,  0   ,   a  N ,  1   ,  ⋯ ,   a  N ,  N   .     











Each of these rows completely determines the stress–strain state of the assembly in certain step of additive process.



The algebraic system (22) can be solved numerically. The solution of the related system for linear model may be chosen as the initial approach, i.e.,


   (  T  n ,  k   )    r r  = q    r 2 3    r 1 3  −  r 2 3         r 1 3   r 3    − 1  ,   (  T  n ,  k   )    θ θ  = − q    r 2 3    r 1 3  −  r 2 3      1 +    r 1 3   2  r 3      .  











Here q is hydrostatic loading,    r 1  <  r 2    are reference radii of hollow ball.





3. Laminated Structure


Numerical simulation. Now we can use algorithms formulated above for numerical simulation of stress and strain distributions in additively produced bodies whose layers undergo shrinkage just after adhering. We will take this opportunity to clarify the question: can one approach discontinuous fields in multilayered structure by continuous distributions? Furthermore, if it is relevant, what inaccuracy should be expected? To answer these questions, a series of computations was fulfilled by following a strategy of decreasing thickness of a layer with fixed total thickness of the final assembly. To that end the stress–strain state of the assemblies with final number of layers equal to 5, 20, 50, 100 and 200 were numerically studied.



The distributions for the components of Cauchy stresses for the cases of 5 and 20 layers are shown on Figure 3 and Figure 4, respectively. Analysis of patterns of these distributions clearly demonstrates the possibility of continuous approach. Indeed, the most disturbing tendency to ebb and flow inherent in circumferential stresses, decreases with decreasing of a layer thickness. Actually, these distributions tend to functions that are not differentiable anywhere similar to well-known Weierstrass function [55]   w  ( x )  =  ∑  n = 0  ∞   a n  cos  (  b n  π x )   , where   0 < a < 1   and   b ≠ 1   is a positive odd number. However, the impact of such discontinuity decreases with increasing of total amount of layers.



Considered examples of multilayered structures can be completely clarified within conventional non-linear elasticity. Meanwhile the reference shapes of final assemblies have some fairly unorthodox feature: they do not constitute a topologically connected sets. In this regard it is possible to image them as a number of regions that either overlap each other or can be situated with gaps. The pictorial representation of such alternatives is given in Figure 5. In this figure one can see quarters of equatorial section of spherical layers. They are placed in such a way that nearby layers touch each other in points on horizontal axis.



The provided analysis allows to draw the following conclusion: the continuous approach for multilayered structure with large number of thin layers is conceivable. All one has to do is to choose appropriate smoothing procedure. The simplest and natural way is the constructing of the approximation for deformation gradient   F N   with continuous functions, for instance, with polynomials.



Gluing. The representation of the totality of values   F  N ,  k    (5) by a single field is rendered difficulty by a lack of connected domain, resulted in joining of individual domains for all   F  N ,  k   . Nevertheless, this difficulty can be overcome if such field will be defined piecewise from the “tilts”    F  N ,  k   ∘  g  N ,  k   − 1     of each individual field   F  N ,  k    onto actual variables. Here    g  N ,  k   :   [  r  N ,  k  i  ,   r  N ,  k  e  ]  ∋ r ↦ r ∈  [  r N i  ,   r N e  ]    is the change of variables. Thus, we obtain the field    F N  :   [  r N i  ,   r N e  ]  → Lin   ( V ;  V )   ,


   F N  =  A N   e r  ⊗  e r  +  a N   e θ  ⊗  e θ  +  a N   e φ  ⊗  e φ  .  



(23)




where   A N   and   a N   are piecewise continuous distributions whose domains coincide with actual shape of final assembly (Coefficients of decomposition (5) are functions defined on the reference shape, while coefficients of decomposition (23) are defined on the actual shape. Both these decompositions represent one and the same deformation gradient in reference or actual variables, respectively):


   A N   ( r )  =        1    {  u  N ,  0   − 1   }  ′   ( r )     ,     r ∈  I  N ,  0   ,      ⋯   ⋯        1    {  u  N ,  N   − 1   }  ′   ( r )     ,     r ∈  I  N ,  N   ,        a N   ( r )  =        r   u  N ,  0   − 1    ( r )     ,     r ∈  I  N ,  0   ,      ⋯   ⋯        r   u  N ,  N   − 1    ( r )     ,     r ∈  I  N ,  N   .       











Here we use designation    I  N ,  k   =  [  r  N ,  k  i  ,   r  N ,  k  e  ]   . So, in a manner of speaking, the field   F N   is obtained by “gluing” of individual deformation gradients    F  N ,  k   ∘  g  N ,  k   − 1    , which had been made possible through the fact that the interiors of their domains do not intersect and in union results in an interval. Note, that except for a finite number of discontinuity points, the field   F N   represents compatible deformations from stress-free shapes of individual layers (which in combination do not constitute a joint set) into actual shape of final assembly.



Smoothing. All is now ready to define the smooth counterpart to   F N   (23). This can be achieved with various averaging (smoothing) procedures. In present paper the polynomial averaging is used. It results in smooth tensorial field


   H  − 1   = A  e r  ⊗  e r  + a  e θ  ⊗  e θ  + a  e φ  ⊗  e φ  .  



(24)







The field  H  is referred to as distortion field. The components A and a of  H  are smooth functions that are related with   A N   and   a N   by fourth-order spline interpolation. Note, that the field  H , in general, represents incompatible local deformations, because functions A and a are no longer satisfy compatibility conditions. Consequently, there is no deformation that brings some stress-free shape onto actual one for final assembly, whose gradient would be equal to   H  − 1   . It is easily shown that the result, i.e., the body    B ˜  N  , whose actual shape coincides with   S N   and local deformations, that bring the infinitesimal neighborhoods of its points into stress-free state, are defined by  H , is nothing but a body with continuously distributed defects.



To compare stress–strain distributions the numerical analysis for assemblies with 5, 10, 30, 100 and 200 layers was provided. Total thicknesses of all layers within assemblies in stress-free state are equal to   0.3  R 0   . For elastic moduli the following values were taken:   λ = 2 μ  ,   d = 4 μ  ,   b = μ / 2  , stress-free shapes of layers coincide with stress free shapes of the substrate (initial body),    q  n  i  =  q  n  e  = 0  .



The comparison of graphs of piecewise functions and approximations for 5, 10, 30 layers is shown on Figure 6. For more layers the graphs of these functions are typographically indistinguishable.



Laminated body. Due to the smoothing, the multilayered body   B N   is replaced by the laminated body    B ˜  N   with shape   S N   and distortion tensor field  H  defined on it. This field is inverse to (24) and provides the local relaxation of stressed state.



The formalization of the property that the body    B ˜  N   is laminated, i.e., it has foliated structure, may be performed in the framework of smooth bundles theory developed in differential geometry [56]. It is supposed that one can define a smooth trivial fiber bundle   (   B ˜  N  ,  I ,  π ,  F )  . Here  I  is a smooth one-dimensional base manifold,   π :    B ˜  N  → I   is a smooth surjective projection map and  F  is a two-dimensional smooth fiber manifold.



It is assumed that the base  I  is a connected manifold, i.e., it cannot be disjoint union of two one-dimensional manifolds. Due to classification theorem for one-dimensional manifolds [57],  I  is either the unit circle   S 1   or the unit interval   ] 0 ,  1 [  . The first case corresponds to the cyclic process and then, in particular, the laminated body can be diffeomorphic to a solid torus. With certain loss of generality we restrict ourselves with the second case and put   I = ] 0 ,  1 [  .



Each fiber    L α  : =  π  − 1    (  { α }  )    is referred to as lamina [48]. The fact that   (   B ˜  N  ,  I ,  π ,  F )   is fiber bundle implies that lamina   L α   is two-dimensional submanifold of    B ˜  N  , diffeomorphic to model fiber  F . Moreover, the body    B ˜  N   is represented as the disjoint union


    B ˜  N  =  ∐  α ∈ ] 0 ,  1 [    L α  ,  








of laminae   L α  , which completely reflects the property of being “laminated”. The spatial counterpart of such representation is that the actual shape   S N   is a disjoint union of spheres.



According to the smoothing procedure, since the laminated body    B ˜  N   was obtained from the multilayered body   B N  , which layers have stress-free shapes, then for each lamina   L α   there exists configuration    ϰ α r  :    B ˜  N  → E   such that Cauchy stress tensor  T  vanishes at    ϰ α r   (  L α  )   . This allows one to synthesize the distortion tensor field, which coincides with field  H  obtained from (24).




4. Non-Euclidean Stress-Free Shape


Euclidean reference and actual shapes. The shape of a body  B  that can be observed in physical space  E , being three-dimensional submanifold of  E , inherits its geometrical properties such as metric, connection, surface and volume measures, as well as specific coordinate representations, related with particular charts that cover  E . This circumstance, that is perfect for conventional qualitative attributes of deformations that transform one region of ambient Euclidean space onto another, limits the potential to generalize the notion of deformations on non-Euclidean case. Meanwhile it would be unwise not to take advantage of Euclidean shapes, using their structure as “building blocks” for suitable definitions. To this end recall that smooth manifold, related with the body  B  and physical space  E , can be regarded as following tuples [58,59]


    B    = ( B ,   T B  ,   D B  ) ,      E    = ( E ,   T E  ,   D E  ,   g E  ,   ∇ E  ) .     











Here B and E are the basic elements of tuples, namely, underlying sets, which characterize the most fundamental properties of the structures. All that is required from them is to be of continuum cardinality. These sets are becoming topological spaces after introducing the corresponding collections   T B  ,   T E   of open subsets on them. The third elements of the tuples,   D B  ,   D E  , endow B and E with smooth structures and turn them into smooth manifolds. At this stage no geometry is defined on B and E although the definition for the body manifold  B  is being completed. Metric, that defines linear, surface and volume measures, and connection, related with parallel transport for vector fields and covariant differentiation, are specified on physical manifold   ( E ,   T E  ,   D E  )   with additional smooth fields   g E  , and   ∇ E  . Thereby, the body  B , being no more than an abstract smooth manifold, is rather general, but, in the same time, poorer structure than the physical space  E .



The shapes of the body, being its images under smooth mappings (more precisely, embeddings [37]), which we refer to as configurations, are topologically indistinguishable from each other and from the body itself. If we treat them as an abstract smooth submanifolds of  E , all we got are some specific coordinate representation for them and, consequently, for the body itself, that we can glean from the spatial coordinates defined in some specific chart on physical space  E . However, we can give a more detailed description for the shapes, if we extend triples   ( S ,   T S  ,   D S  )  , that define shapes, with specific metric and connection fields:


  S = ( S ,   T S  ,   D S  ,   g S  ,   ∇ S  ) ,  








where   T S   and   D S   are no more than restrictions of the formal objects defined on E to the region   S ⊂ E   occupied by shape. In general, metric   g S   and connection   ∇ S   are completely independent from the geometry, defined on  E . In this case we have non-Euclidean shape, that was already mentioned in Introduction. All what is in common among such shapes and physical space  E  are similarity of their topologies and possible sharing of coordinate charts, defined by spatial positions of points, that constitute particular shapes.



In specific case, related to conventional considerations in continuum mechanics, metric and connection on a shape are induced by geometry, defined in physical space  E , that can be done as follows:


  S = ( S ,   T S  ,   D S  ,   ι  S  *   g E  ,   ι  S  *   ∇ E  ) .  











Here    ι S  :  S → E   is the inclusion map and   ι  S  *   denotes pullback operation [36]. If we use the same coordinate representation on the shape  S  and physical space  E  then we obtain in coordinate form completely the same definitions of all geometric properties of  E , only narrowed on the region, occupied by S:


  S = ( S ,   T S  ,   D S  ,   g E   | S  ,   ∇ E   | S  ) .  











Here it is taken into account that the shape of the body, as well as physical space, have the same dimensions. One can do things slightly differently: he can share coordinate representation with one shape, say   S R   (“reference shape”), and glean metric from another one, say   S t   (“actual shape”), by pullback transformation:


   g  S R   =  γ *   g  S t   ,   g  S R    ( u ,  v )  : =  g  S t    D γ [ u ] ,  D γ [ v ]  ,  








where   γ :   S R  →  S t    is the deformation that brings   S R   to   S t  . This results into two different tensor fields: the first one,    G  S R   =  g E    |   S R    , corresponds to reference metric, while the second,   g  S R   , determines the metric of actual (deformed) shape. The difference    g  S R   −  G  S R     between them represents conventional strain measure.



The connection also can be either duplicated or gleaned from another shape with pullback transformation [60]:


   ∇  S R   =  γ *   ∇  S t   ,    (  ∇  S R   )  u  v : =  γ *   {   (  ∇  S t   )    γ *  u    (  γ *  v )  }  ,  








where  u ,  v  are vector fields on   S R  ,   γ :   S R  →  S t    is the deformation and   γ *  ,   γ *   denote pullback and pushforward of vector fields [36] (Pullback and pushforward are operations defined for arbitrary smooth manifolds. Below we use the fact that the space is Euclidean and shapes are three-dimensional as well as the physical space. Meanwhile, in general, one needs to use tangent map operation T instead of total derivative D.):


      γ *  u     = ( D  γ  − 1   ) ∘ u ∘ γ ,        γ *  v     =  ( D γ )  ∘ v ∘  γ  − 1   ,     








for vector field  u  on   S t   and vector field  v  on   S R  . In standard textbooks covariant derivative, defined by connection    ∇ E    |  S    is referred to as reference nabla operator, while its counterpart, defined by connection    γ *   ∇  S t    , as spatial nabla operator [61]. Thus, we obtain at least two alternatives to introduce geometry on a shape in conventional way:


     S R     = (  S R  ,   T  S R   ,   D  S R   ,   g E   |  S R   ,   ∇ E   |  S R   ) ,       S R ′     = (  S R  ,   T  S R   ,   D  S R   ,   γ *   g  S t   ,   γ *   ∇  S t   ) .     











All of them are used in conventional continuum mechanics. Obviously the manifold   (  S R  ,   T  S R   ,   D  S R   )  , geometrized in such a manner, conserves the qualitative properties of ambient physical space  E . In particular, since  E  is Euclidean, then all two defined above   S R  ’s are Euclidean spaces also.



Meanwhile one can use another way of thinking, regarding local deformation  H  as linear transformation of vectorial triads    (  e i  )   i = 1  3  , induced on reference shape   S R   by local coordinate bases in physical space  E . Generally, new fields    (  z i  )   i = 1  3   of vectorial triads determine some new connection, or, in other words, infinitesimal transport for vector fields, or, alternatively, covariant differentiation, that all relates to so called space with absolute parallelism [62]:


   ∇  z i    z j  = 0 ,  i ,  j = 1 ,  2 ,  3 .  











However, if such transformations are no more than total derivative   D γ   of some smooth function   γ :   S R  → E   that acts on coordinates shared by   S R   and  E  (in the domain, occupied by   S R  ), then it results in some new field of vectorial triades, that just also happened to be local bases for new coordinate chart on  E  (in the domain, occupied by    S t  = γ  (  S R  )   ).



Non-Euclidean reference shape. Let us go now to defining peculiar geometry on laminated body. For further reasonings it is convenient to specify explicitly geometric structures of the laminated body    B ˜  N  , physical space  E  and the actual shape   S N  :


      B ˜  N     = (   B ˜  N  ,   T   B ˜  N   ,   D   B ˜  N   ) ,      E    = ( E ,   T E  ,   D E  ,   g E  ,   ∇ E  ) ,       S N     = (  S N  ,   T  S N   ,   D  S N   ,   ι   S N   *   g E  ,   ι   S N   *   ∇ E  ) ,     








where    B ˜  N  , E,   S N   are underlying sets of the body, physical space and the actual shape, respectively, symbols   T #   and   D #   denote topology and smooth structure on the set #,   g E   is Euclidean metric and   ∇ E   is Euclidean connection. Symbol   ι  S N    stands for the inclusion map from   S N   to  E  and the asterisk over it denotes the pullback operation [36]. Fields    ι   S N   *   g E    and    ι   S N   *   ∇ E    are metric and connection on the shape   S N  , induced by Euclidean structure of the ambient space.



The body    B ˜  N  , being the result of discrete self-stressed structure smoothing, is lacked of stress-free shape in Euclidean space  E  due to geometric restrictions imposed by Euclidean structure on all its shapes. The geometric approach might dilute the requirements that all shapes of the body must be subspaces of Euclidean space. To clarify the matter, suppose that some shape, which is the image of embedding    ϰ R  :    B ˜  N  → E  ,


   S R  =  (  S R  ,   T  S R   ,   D  S R   ,   ι   S R   *   g E  ,   ι   S R   *   ∇ E  )  ,  








is fixed, and is subjected to relaxation process. This means that for each point   x ∈  S R    we determine such the shape   S  ( x )    of the body    B ˜  N  , that is, the image of embedding    ϰ x r  :    B ˜  N  → E  , that the infinitesimal neighborhood of the point    γ  ( x )    ( x )  ∈  S  ( x )     is in stress-free state. Here    γ  ( x )   =   ϰ ^  x r  ∘   ϰ ^  R  − 1   :   S R  →  S  ( x )     is deformation from the shape   S R   to the shape   S  ( x )   . At the same time, infinitesimal neighborhoods of other points    γ  ( x )    ( y )  ∈  S  ( x )    ,   y ≠ x  , are not in stress-free state, in general. Thus, we arrive at the family    {  γ  ( x )   }   x ∈  S R     of deformations which perform local relaxation. For each element of this family we can obtain the deformation gradient field:


  D  γ  ( x )   :   S R  → Lin  ( V ;  V )  ,  D  γ  ( x )   :  y ↦  D y   γ  ( x )   .  











The value    D y   γ  ( x )     |   y = x     of deformation gradient   D  γ  ( x )     characterizes the relaxation of the infinitesimal neighborhood of  x . With the totality of all linear mappings    D y   γ  ( x )     |   y = x    , we synthesize the distortion tensor field:


  H :   S R  → Lin  ( V ;  V )  ,  H =  D y   γ  ( x )     |   y = x   ,  








which is, by construction, the field of invertible linear mappings. Although each deformation gradient   D  γ  ( x )     is generated by some deformation, generally, the distortion tensor field  H  is not the gradient of any deformation.



Following geometric approach, we wipe out the information of Euclidean structure from the shape   S R   and replace it by some peculiar metric and connection. With a view to clarify the way of metric and the connection overriding, consider the manifold    M R  =  (  S R  ,   T  S R   ,   D  S R   )   , which can be obtained from   S R   after wiping on it the geometry induced by the physical space. To highlight the difference between the elements of   M R   and their counterparts on   S R   we will use the typewriter font for the former. Of course, the points on   M R   and on   S R   are not distinguishable as manifold elements, but it should be kept in mind that their neighbourhoods carry different geometry. Note, that at a point   X ∈  M R    translation vector space  V  is represented with tangent space    T X   M R   . Structures    T X   M R    and  V  are isomorphic as vector spaces. The chart-dependent isomorphism    p X  :  T X   M R  → V   acts like    p X  :  u =  u k   ∂ k    |  X  ↦ u =  u k   e k   . Using it, we replace the Euclidean tensor field  H  by tensor field  H , defined as    H X  =  H x  ∘  p X   . Here   x =  ι  M R    ( X )   , where    ι  M R   :   M R  → E   is the inclusion map.



Using the field   H :  X ↦  H X   , we introduce the Riemannian metric   G :   M R  →  T *   M R  ⊗  T *   M R    as [38]


  ∀ X ∈  M R   ∀ u ,  v ∈  T X   M R  :   G X   ( u ,  v )  =  H X   [ u ]  ·  H X   [ v ]  .  



(25)







The metric  G  has clear physical interpretation. With each point   X ∈  M R    it associates such the device   G X  , that returns lengths of differential elements emanating at  X  and angles between two such differential elements in their natural state.



There are two alternatives to introduce connection ∇ on   M R   in the case of simple body [38]. One of them is to define the Levi-Civita connection   ∇ L   from the metric (25). Coefficients of the connection in a coordinate frame can be calculated as:


  Γ    i k  j  =    G  k l   2     ∂ i   G  j l   +  ∂ j   G  i l   −  ∂ l   G  i j    ,  



(26)




where    G  i j   =  g  s p   H   i s  H   j p   . In these formulae    [  G  i j   ]  =   [  G  i j   ]   − 1    , while   g  s p    are components of the metric of physical space in curvilinear coordinates.



The deviation of the connection   ∇ L   from the Euclidean one as well as the presence of inhomogeneities in the solid is characterized only by Riemann curvature tensor  R , because torsion and nonmetricity of   ∇ L   are equal to zero. In coordinate frame components of curvature tensor can be calculated as follows:


  R    i   j k t   =  ∂ i  Γ    j t  k  −  ∂ j  Γ    i t  k  + Γ    j l  k  Γ    i t  l  − Γ    i l  k  Γ    j t  l  .  











Upon Riemann curvature tensor  R , using contraction over upper index and second lower index, one can obtain second-rank Ricci curvature tensor   Ric :   M R  →  T *   M R  ⊗  T *   M R    with components    R  i j   = R    i   l j l     with respect to coordinate frame. Since  Ric  is the second-order tensor field in the three-dimensional manifold, it has three principal invariants. The first invariant, the trace


  Scal =  G  i j    R  i j   ,  



(27)




is called the scalar curvature [60].



Geometric features of Riemann space are expressed in terms of scalar invariants of Riemann curvature tensor  R . Since  R  is 4-th rank tensor field, the explicit expressions for principal invariants are rather complicated. Meanwhile, due to the fact that   dim  M R  = 3  , the second rank Ricci tensor can be used instead of Riemann curvature without loss of generality. Indeed, in dimension 3 one has the following formula [60]:


 [image: Symmetry 13 02331 i004]








where the operator  [image: Symmetry 13 02331 i005] is Kulkarni–Nomizu product [60]
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for symmetric tensors   h ,  k :   M R  →  T *   M R  ⊗  T *   M R   ;    ( · )  ♭   denotes musical isomorphism (Thus,   R ♭   has components   R    i   j k  l  =  G  l m   R    i   j k m    ). Particularly,   R = 0   if and only if   Ric = 0  .



Other way for definition of connection over the manifold   M R   uses Cartan’s moving frame method [63]. The essence of this method is as follows. Suppose that    H  − 1   :  X ↦   (  H X  )   − 1     is the field of linear mappings that are inverse to   H X  ,   X ∈  M R   . This field defines moving crystallographic frame    (  z k  )   k = 1  3   on   M R  ,


   z k  : =  H  − 1    (  i k  )  ,  where   H  − 1   =  [  H  − 1   ]    k s   ∂ s  ⊗  i k  .  











That is,    z k  =  [  H  − 1   ]    k s   ∂ s   . Introduce the new connection on   M R   by declaring:


   ∇  z i    z j  = 0 ,  i ,  j ∈  { 1 ,  2 ,  3 }  .  











The connection   ∇ W   is referred to as Weitzenböck connection [33,64]. Its coefficients in the frame    (  z i  )   i = 1  3   are equal to zero, while in the coordinate frame they are represented by expressions [27]:


  Γ    j i  k  = − H   k c   ∂ j   [  H  − 1   ]    c i  =  [  H  − 1   ]    c i   ∂ j  H   k c  .  



(28)







Riemann curvature and nonmetricity for constructed connection   ∇ W   are equal to zero. That is, the deviation of   ∇ W   from the Euclidean one is fully characterized by torsion  T . It can be represented within coordinate frame by following formula:


  T    j i  k  = Γ    j i  k  − Γ    k i  j  .  



(29)







Thus, we arrive at the structure:


   S R  =  (  M R  ,  G ,  ∇ )  ,  








to which we refer to as non-Euclidean reference shape. Here the substructure    M R  =  (  S R  ,   T  S R   ,   D  S R   )    is similar to the corresponding substructure of   S R  . In particular, both structures have the same underlying set   S R  . Symbols  G  and ∇ stand for non-Euclidean Riemannian metric and affine connection on   S R   referred to as, respectively, material metric and material connection. Both  G  and ∇ are not directly attributable with physical space: this gives one certain geometric degrees of freedom which are mathematically formalized by invariants of affine connection: torsion, curvature and nonmetricity.



Generalized deformation. Although structure   S R   was obtained from the structure   S R  , it is not a subspace of Euclidean space. In this regard, each embedding   λ :   S R  → E  , to which we refer as generalized deformation, can be decomposed into two mappings:


  λ = γ ∘  λ R  ,  



(30)




where transformation    λ R  :   S R  →  S R    maps structure   S R   to the structure   S R  , while   γ :   S R  → E   is conventional deformation. Metaphorically speaking,  λ  is accompanied by “imprinting” of   S R   into  E , provided by   λ R  , and deformation  γ  of the Euclidean shape to other Euclidean shape. The following diagram illustrates composition (30) and its representation in charts:
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On the diagram:   S = ( S ,   T S  ,   D S  ,   ι  S  *   g E  ,   ι  S  *   ∇ E  )   is the actual shape, which is equal to the image   γ (  S R  )   of the conventional deformation  γ . Moreover, mappings  φ ,   ψ R  ,  ψ  are coordinate homeomorphisms of, respectively,   S R  ,   S R  ,  S . Mappings    λ ˜  R  ,   γ ˜   and   λ ˜   are coordinate representations of   λ R  ,  γ  and  λ :


    λ ˜  R  =  ψ R  ∘  λ R  ∘  φ  − 1   ,   γ ˜  = ψ ∘ γ ∘  ψ R  − 1   ,   λ ˜  = ψ ∘ λ ∘  φ  − 1   .  











The coordinate counterpart of (30) is    λ ˜  =  γ ˜  ∘   λ ˜  R   .



With a view to show that the distinction between mappings   λ R   and  γ  in decomposition (30) appears not only in their different domains and codomains, we consider gradients of these mappings. The gradient of the mapping  γ  at   x ∈  S R    is a two-point tensor:


   D x  γ =      ∂  γ i    ∂  q j      x   e i     |  γ ( x )   ⊗  e j  |  x  ,  








where   (  q 1  ,   q 2  ,   q 3  )   are curvilinear coordinates in  E ,    (  e k  )   k = 1  3   is the corresponding field of local bases, while   γ i   is the component map of the representation   γ ˜  . Each “leg” of the dyad    e i     |  γ ( x )   ⊗  e j  |  x    is the element of translation vector space  V . Similarly, the gradient of   λ R   at a point   X ∈  S R    is a two-point tensor as well:


   T X   λ R  =      ∂  λ R i    ∂  X j      X   e i     |   λ R   ( x )    ⊗ d  X j  |  X  ,  








where   λ R i   is the component map of    λ ˜  R  . Meanwhile, the dyad    e i     |   λ R   ( x )    ⊗ d  X j  |  X    consists of dissimilar “legs”. The left “leg” belongs to Euclidean space, while the right “leg” is element of the non-Euclidean structure. This reflects the incompatibility of   λ R   with respect to deformations in Euclidean space. Moreover, the gradients    D x  γ   and    T X   λ R    act in dissimilar way also. The former transforms infinitesimal stressed neighborhood to another infinitesimal stressed neighborhood. Both neighborhoods are in Euclidean space. The latter acts essentially different: it transforms infinitesimal stress-free neighborhood in non-Euclidean space to stressed neighborhood in Euclidean space. Following terminology of [26,65], we refer to    K X  =  T X   λ R    as implant.



Applying the chain rule to decomposition (30), we get:


   L X  =  F   λ R   ( X )     K X  .  



(31)







The left hand side of the decomposition is the gradient of generalized deformation,    L X  =  T X  λ  , which represents the local deformation. Both fields   L :  X ↦  L X    and   K :  X ↦  K X    are incompatible with deformations in Euclidean space, while  F  is the gradient of convectional deformation. Relation (31) is illustrated on the diagram (since the substructure   M R   of non-Euclidean shape   S R   is an open submanifold of  E , each of its tangent spaces is naturally isomorphic to the translation space  V  [37]):


 [image: Symmetry 13 02331 i002]











Note the similarity between decomposition (31) and the multiplicative Lee decomposition used in nonlinear plasticity theory [66]. Meanwhile, these decompositions are based on different approaches. We adopt the approach, in which intermediate shape, that is, the shape   S R  , is Euclidean, while the reference shape   S R   is non-Euclidean. In contrast, the plasticity theory approach presupposes that the reference shape, being an ideal crystal, is Euclidean, while the global intermediate shape, being obtained from incompatible elastic relaxations, does not exist in Euclidean space.



Implant vs. distortion tensor. In our reasonings similar notions arose: distortion tensor field  H  and implant field  K . At first glance, their values   H x  ,   K X  ,   x =  λ R   ( X )   , can be recognized as being mutually inverse. Indeed, both are linear operators that transform stressed neighborhood to stress-free one, or, respectively, vice versa. At the smooth manifolds level these mappings act between vector spaces  V . Meanwhile, if we fast ourselves forward to the upper levels, where the geometry is taken into account, then we could see that mappings   H x   and   K X   are distinct.



Indeed, the mapping   H x   acts between vector spaces  V , endowed with inner product   ( · )  . In contrast, the mapping   K X   acts between vector spaces  V , where the domain is endowed with inner product   G X  , while the codomain is endowed with the inner product   ( · )  . Due to different structure of domain and codomain, it is feasible to use designation    T X   S R    for the domain of   K X  . Operators   H x   and   K X   are related as follows:


   H   λ R   ( X )     K X  =   I ˜  X  ,  



(32)




where     I ˜  X  =  e i  ⊗ d  X i  :   T X   S R  → V   is linear mapping, that preserves infinitesimal stress-free neighborhood, but changes its status from part of some non-Euclidean space to the element of crystal reference [65] in Euclidean space. We used twiddle over  I  to highlight that it is not the identity tensor. In components, the relation (32) takes the form    [  H   λ R   ( X )    ]    k i   [  K X  ]    j k  =  δ j i   , while the description of peculiar geometry is represented by the elements of dyadic bases. These relations can be illustrated with the following diagram:


 [image: Symmetry 13 02331 i003]











Example—non-Euclidean reference shape for laminated ball. To illustrate above formalism let us apply it to the laminated ball problem, discussed in Section 3. Since the inverse to distortion tensor field  H  was defined in the actual shape   S N   by (24), in what follows we identify shapes   S R   and   S N  . Thus,


  H =   1 A     e r  ⊗ d r +   1 a     e θ  ⊗ d θ +   1 a     e φ  ⊗ d φ .  



(33)







Here, the triple   ( r ,  θ ,  φ )   denotes spherical coordinates of places occupied by points within the shape   S N  . Hereinafter the smooth manifold substructure of   S N   is denoted by   M N  .



By virtue of (33), the material metric (25) on   M N   has the following dyadic decomposition:


  G =   1  A 2     d r ⊗ d r +     r a    2   d θ ⊗ d θ +      r sin θ  a    2   d φ ⊗ d φ .  



(34)







The first way for affine connection defining on   M N  , lies in determining the Levi-Civita connection   ∇ L   obtained in the result of the synthesized material metric (34). For the problem in question the nonzero connection coefficients (26) with respect to   (  ∂ r  ,   ∂ θ  ,   ∂ φ  )   have the form:


     Γ       11  1   = −    A ′  A   ,  Γ       22  1   =    r  A 2   ( r  a ′  − a )    a 3    ,       Γ       33  1   =    r  A 2   sin 2  θ  ( r  a ′  − a )    a 3    ,  Γ       12  2   = Γ    21 2   = Γ       13  3   = Γ       31  3   =   1 r   −    a ′  a   ,       Γ       33  2   = − sin θ cos θ ,  Γ       23  3   = Γ       32  3   = cot θ .     











Corresponding scalar curvature (27) can be calculated as follows:


  Scal = 2    − 5  r 2   A 2    (  a ′  )  2  + 2 r a A  ( r A  a  ″   +  a ′   ( r  A ′  + 3 A )  )  −  a 2  A  ( 2 r  A ′  + A )  +  a 4     r 2   a 2     .  



(35)







The distribution for numerical values of scalar curvature (35), computed for data, used in Section 3, paragraph “Smoothing”, is shown on Figure 7.



As a result of such definition for peculiar (internal) geometry one can represent the reference non-Euclidean shape of the laminated body    B ˜  N   as Riemannian manifold    S R  =  (  M N  ,  G ,   ∇ L  )   .



Another way for constructing connection on the manifold   M N   is related with the method of moving frame and Weitzenböck connection. Represent the field   H  − 1   , defined by (24), as    H  − 1   =  [  H  − 1   ]    k s   ∂ s  ⊗  i k   . Here    [  H  − 1   ]    k s    are elements of the matrix defined as the product:


   [  H  − 1   ]  = diag  ( A ,  a ,  a )  .      sin θ cos φ     sin θ sin φ     cos θ         1 r   cos θ cos φ       1 r   cos θ sin φ     −   1 r   sin θ       −   1  r sin θ    sin φ       1  r sin θ    cos φ    0     .  











Introduce Weitzenböck connection   ∇ W   on   M N   as follows. According to (28), in the frame   (  ∂ r  ,   ∂ θ  ,   ∂ φ  )   one has:


     Γ       11  1   = −    A ′  A   ,  Γ       22  1   = −    r A  a   ,  Γ       33  1   = −    r A  sin 2  θ  a   ,       Γ       12  2   = Γ       13  3   =   1 r   −    a ′  a   ,  Γ       21  2   = Γ       31  3   =   a  r A    ,       Γ       33  2   = − sin θ cos θ ,  Γ       23  3   = Γ       32  3   = cot θ .     











With these connection coefficients one can construct non-Euclidean space    S R  =  (  M N  ,  G ,   ∇ W  )   , which represents an alternative way for non-Euclidean stress-free shape definition. Torsion  T  (29) of the connection   ∇ W   in coordinate frame is given below (only nonzero functions are shown):


  T       12  2   = T       13  3   = − T       21  2   = − T       31  3   = −    a ′  a   −   a  r A    +   1 r   .  











On Figure 8 the distribution of torsion tensor component   T       12  2     is shown.



Interpretation of the dislocation density tensor. From the viewpoint of continual defects theory, Weitzenböck space   (  M N  ,  G ,   ∇ W  )   and Riemann space   (  M N  ,  G ,   ∇ L  )   represent solids with distributions of dislocations and disclinations, respectively, [30,34,67]. Torsion tensor  T  is related with density of dislocations, while curvature tensor  R  directly represents density of disclinations. For given torsion  T  the dislocation density can be expressed equivalently as second rank tensor field   ℵ =  ℵ  i j    ∂ i  ⊗  ∂ j   , where [33]:


   ℵ  i j   =   1 2   T    m i  k   ϵ  j m k   .  



(36)







Here  ϵ  is Levi-Civita tensor with components


   ϵ  i j k   =   1  G     e  i j k   ,  








where   G = det [  G  i j   ]   is determinant of material Riemannian metric  G  and   e  i j k    is the alternator. The field ℵ defines Burgers vector   b =  b k   i k   ,


   b i  =  ∫ S   ℵ  i j    N j   d A ,  








which complements contour in  E , formed by relaxed differential elements of   ∂ S  , into closed one. The integration is performed over two-dimensional submanifold   S ⊂  S R   .



For the problem in question, the field ℵ (36) has the following dyadic decomposition:


  ℵ = −    a csc θ (  a 2  − A  a + r A   a ′  )   r 3      ∂ θ  ⊗  ∂ φ  −  ∂ φ  ⊗  ∂ θ   .  











In order to give interpretation of the obtained field ℵ we recall that    B ˜  N   has laminated structure. This induces the laminated structure of the shape   S R  , that is,


   S R  =  ∐  α ∈ I    L α  ,  








where    L α  =  ϰ R   (  L α  )    are two-dimensional submanifolds of   S R  , the images of   L α   under generalized reference configuration. The relaxation of each lamina   L α   to the stress-free state is governed by the field  H  (33).



To clarify the geometric meaning of the torsion on laminated structure consider one of laminae, say,   L α  . For each its point  X  the tangent space    T X   L α    is spanned over   (  ∂ θ   | X  ,   ∂ φ   | X  )  . The covector     N |  X    = d r |  X    annihilates this space, i.e.,    N X   (  T X   L α  )  =  { 0 }   . Thus,   N = d r   is field of annihilators for each vector space tangent to lamina. The direct consequence is that    ℵ  m n    N n  =  ℵ  m 1   = 0  . It means, that for each two-dimensional submanifold  S  that completely lies on some lamina   L α  , the Burgers vector  b  vanishes. This fact is the consequence of local compatibility: each lamina   L α   has stress-free shape. At the same time, if the manifold  S  passes through several laminae, the Burgers vector does not vanish. Indeed, there does not exist stress-free shape of  S . Note, that  S , in turn, is disjoint union of one-dimensional segments from laminae. Each such segment has stress-free shape.




5. Recovering of Local Deformation Field


Statement of the problem. It was shown in Section 4 that field of local deformations  H  allows to synthesize non-Euclidean reference shape and, in particular, calculate geometric invariants of material connection ∇, which can be expressed in terms of incompatibility measures. If ∇ is Levi-Civita connection, then one can derive components of Ricci tensor, and if ∇ is Weitzenböck connection, then one can obtain components of dislocation density tensor. It is natural to consider the inverse problem, when one knows either curvature, or dislocation density tensor and is aimed at recovering of local deformation field.



To illustrate these derivations with application to central-symmetric laminated ball problem suppose that field  H  is unknown, but the curvature or torsion for non-Euclidean stress-free shape are given. Keeping in mind the central antisymmetry one can take into account only scalar curvature and suppose that unknown family of locally stress-free shapes can be represented as continuous con-central family of balls. The reference shape (stressed intermediate shape)   S R   can be one of them, or, perhaps, some other hollow ball with the same centre:


   S R  =  { x ∈ E  |    R i   < ∥ x − O ∥ <   R e   } ,   








where   R i   and   R e   are, respectively, internal and external radii, and   O ∈ E   is the origin. Spherical coordinates   ( r ,  θ ,  φ )   with origin at  O , related with Cartesian coordinates   (  x 1  ,   x 2  ,   x 3  )   by formulae (3) are used. Values of spherical coordinates of points from   S R   are denoted as   ( R ,  Θ ,  Φ )  .



To obtain  H  suppose that it is continuous and the following assumptions are valid:




	(a)

	
For each value    ρ ∈ ]   R i  ,   R e   [    there exists a centrally-symmetric deformation    γ  ( ρ )   :   S R  →  S  ( ρ )    , such that the image    γ  ( ρ )    (  L ρ  )    of the sphere    L ρ  =  { x ∈ E  |  ∥ x − O ∥ = ρ }    is stress-free (It means that the whole shape    S  ( ρ )   =  γ  ( ρ )    (  S R  )    is globally self-stressed, while its subset, the sphere    γ  ( ρ )    (  L ρ  )   , is stress-free, i.e., values of Cauchy stress-tensor vanish at its points).




	(b)

	
In spherical coordinates   ( R ,  Θ ,  Φ )   the deformation   γ  ( ρ )    has the following representation (Note, that   γ  ( ρ )    is abstract map that transforms point of one shape to point of another shape, while    γ ˜   ( ρ )    deals with tuples, i.e., it transforms triple of coordinates of point from reference shape to triple of coordinates of point from actual shape. If   ψ :  E →  R 3    denotes spherical coordinate map, then     γ ˜   ( ρ )   = ψ ∘  γ  ( ρ )   ∘  ψ  − 1     |   ψ (  S R  )    ):


    γ ˜   ( ρ )    ( R ,  Θ ,  Φ )  =  ω  ( ρ )   f 0   ( R )  ,  Θ ,  Φ  ,  








where   ω :   [  R i  ,   R e  ]  →  R  > 0     and    f 0  :   [  R i  ,   R e  ]  →  R  > 0     are smooth functions.









Function  ω  has to be determined from given curvature or torsion while function   f 0   describes the deformation from reference to actual shapes embedded in Euclidean physical space. The latter can be obtained as the solution of conventional problem for hyperelastic solid.



Equations for  ω . Focus attention on the equations for  ω . For a fixed  ρ  the deformation gradient (Recall that symbol D denotes derivative operation; see comment on page 8.)    K  ( ρ )   = D  γ  ( ρ )   :   S R  → Lin  ( V ;  V )    has the following dyadic representation:


   K  ( ρ )     |  X  = ω  ( ρ )    f 0 ′   ( R )   e r    |    γ  ( ρ )    ( X )    ⊗  e r    |  X  +  e θ    |    γ  ( ρ )    ( X )    ⊗  e θ    |  X  +  e φ     |   γ  ( ρ )    ( X )    ⊗  e φ  |  X  .  











Here   (  e r  ,   e θ  ,   e φ  )   is field of local bases that corresponds to spherical coordinates   ( r ,  θ ,  φ )   and   (  e r  ,   e θ  ,   e φ  )   is field of dual bases. For every point   X ∈  L ρ    the linear mapping    K  ( ρ )     |  X  :  V → V   transforms stressed infinitesimal neighborhood of  X  into infinitesimal stress-free neighborhood of point    γ  ( ρ )    ( X )   .



In the dyadic representation of    K  ( ρ )     |  X    the left “leg” of    e i     |   γ  ( ρ )    ( X )    ⊗  e j  |  X    is defined on point from intermediate shape, while the right “leg” is defined on point from reference one. Since both “legs” are vectors from one and the same translation space  V , one can use tilt [40] to define them on reference shape   S R  . Indeed, the following formulae hold:


   e r    |    γ  ( ρ )    ( X )    =  e r    |  X  ,   e θ    |    γ  ( ρ )    ( X )    = ω  ( ρ )      f 0   ( R )   R    e θ    |  X  ,   e φ     |   γ  ( ρ )    ( X )    = ω  ( ρ )      f 0   ( R )   R    e φ  |  X  .  











Then, it follows that:


   K  ( ρ )     |  X  = ω  ( ρ )    f 0 ′   ( R )   e r     | X  ⊗  e r  |  X  + ω  ( ρ )       f 0   ( R )   R     e θ    |  X  ⊗  e θ    |  X  +  e φ     | X  ⊗  e φ  |  X   .  



(37)







Thus, to each sphere   L ρ   there corresponds local deformation   K  ( ρ )   , generated by global deformation   γ  ( ρ )   . The field of local deformations   H :   S R  → Lin  ( V ;  V )    is synthesized upon family    {  K  ( ρ )   }    ρ ∈ ]   R i  ,   R e   [     of deformation gradients (37) as follows:


  H  ( ρ )  : =  K  ( ρ )     |   R = ρ   .  











Now, it is convenient to replace all occurrences of symbol  ρ  by R. Since   f 0   does not contain variable  ρ , the functional dependence would not be changed. Thus, one arrives at the following dyadic decomposition:


    H |  X  = ω  ( R )    f 0 ′   ( R )   e r     | X  ⊗  e r  |  X  + ω  ( R )       f 0   ( R )   R     e θ    |  X  ⊗  e θ    |  X  +  e φ     | X  ⊗  e φ  |  X   .  



(38)







As it was discussed above,   M R   denotes underlying manifold of the shape   S R  , i.e., it is the structure, obtained upon the shape   S R   by erasing Euclidean geometry from it.



Material metric  G  on   M R  , that corresponds to tensor field (38), can be obtained via the general relation (25). Its dyadic representation has the form:


     G =   [ ω  ( R )   f 0 ′   ( R )  ]  2  d R ⊗ d R +   [ ω  ( R )   f 0   ( R )  ]  2  d Θ ⊗ d Θ +       +   [ ω  ( R )   f 0   ( R )  sin Θ ]  2  d Φ ⊗ d Φ .     



(39)







Here   ( d R ,  d Θ ,  d Φ )   is coordinate coframe, dual to coordinate frame   (  ∂ R  ,   ∂ Θ  ,   ∂ Φ  )   generated by coordinates   ( R ,  Θ ,  Φ )  .



Recall that  ω  is still unknown. To obtain equation with respect to  ω  one can use the expression for Levi-Civita connection   ∇ L   on manifold   M R   that is related with Riemannian metric (39). Nonzero connection coefficients (26) with respect to coordinates   ( R ,  Θ ,  Φ )   have the form:


     Γ       11  1   =    f 0  ′ ′    f 0 ′    +    ω ′  ω   ,  Γ       22  1   = −     f 0   ( ω  f 0 ′  +  f 0   ω ′  )    ω    [  f 0 ′  ]  2     ,       Γ       33  1   = −     f 0   sin 2  Θ  ( ω  f 0 ′  +  f 0   ω ′  )    ω    [  f 0 ′  ]  2     ,  Γ       12  2   = Γ       21  2   = Γ       13  3   = Γ       31  3   =    f 0 ′   f 0    +    ω ′  ω   ,       Γ       33  2   = − sin Θ cos Θ ,  Γ       23  3   = Γ       32  3   = cot Θ .     











Thus, one obtains the following expression for scalar curvature (27):


  Scal =    2  f 0   f 0 ′    [  ω ′  ]  2  − 4 ω  (  f 0   f 0 ′   ω  ″   +  ω ′   ( 2   [  f 0 ′  ]  2  −  f 0   f 0  ″   )  )     f 0   ω 4    [  f 0 ′  ]  3     .  



(40)







For given scalar curvature (or, equivalently, the density of disclinations) one can treat the (40) as the equation with respect to  ω . Together with the momentum equation with respect to   f 0   one obtains complete system of equations, which solution determines  H  with respect to arbitrary chosen intermediate shape and its deformation into actual shape, balanced with given external fields.



A slightly different equation arises if Weitzenböck connection   ∇ W   is introduced on   M R  . According to (28), in the frame   (  ∂ R  ,   ∂ Θ  ,   ∂ Φ  )   one has:


     Γ       11  1  1  =    f 0  ″    f 0 ′    +    ω ′  ω   ,  Γ       22  1   = −    f 0   f 0 ′    ,       Γ       33  1   = −     f 0   sin 2  Θ   f 0 ′    ,  Γ       12  2   = Γ       13  3   =    f 0 ′   f 0    +    ω ′  ω   ,  Γ       21  2   = Γ       31  3   =    f 0 ′   f 0    ,       Γ       33  2   = − sin Θ cos Θ ,  Γ       23  3   = Γ       32  3   = cot Θ .     











Components (29) of torsion tensor  T  of the connection   ∇ W   in coordinate frame are given below (only nonzero functions are shown):


  T       12  2   = T       13  3   = − T       21  2   = − T       31  3   =    ω ′  ω   .  











It may seem desirable to use torsion tensor as field, upon which one can obtain the distribution of reference shapes expressed in terms of function  ω . Meanwhile, torsion tensor is not suitable for this purpose since it does not contain any metric information. By this reason, we use dislocation density tensor with components (36), that contains metric in its definition. Taking into account the expression (39) for metric, one gets:


  ℵ =    ω ′    f 0 2   ω 4   f 0 ′  sin Θ      ∂ Θ  ⊗  ∂ Φ  −  ∂ Φ  ⊗  ∂ Θ   .  



(41)







Again, for the given ℵ (the density of dislocations) one can treat the relation (41) as the equation with respect to unknown  ω  and   f 0  . Complementing this equation with the impulse balance equation, one obtains two equations with respect to two unknowns. The solution of this system, corresponding to suitable boundary conditions, determines the field  H  and compatible deformations that bring intermediate shape into actual one.




6. Conclusions


The above discussion makes it clear that the global stress-free shape of the body, produced with some additive process, can be found on a smooth manifold endowed with non-Euclidean affine connection, which turns it into non-Euclidean space, for instance, into Riemannian or Weitzenböck spaces. At the same time, the non-Euclidean geometry become a valid alternative to geometrical relations adopted nowadays in non-linear theory of distributed defects [32,33,34]. Although in the framework of this theory the density of defects, or, similarly, the explicit form of material connection, is considered to be predefined. In this regard, it seems to be natural to interpret the final body with non-Euclidean material connection, obtained by smoothing procedure, described above, as the elastic body with some predefined distribution of defects. It enables to encode specific mechanical features, related either with self-stressed structure of additively produced bodies, or, in other terms, with nonholonomy of local reference configuration, or, ultimately, with specific material connection in a manner, customary in non-linear theory of distributed defects.
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Figure 1. Layers and Assemblies. 
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Figure 2. Locally stress-free shapes. 
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Figure 3. Stress distributions for an assembly of 5 layers. 
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Figure 4. Stress distributions for an assembly of 20 layers. 
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Figure 5. Rendering self-intersecting reference shapes. 
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Figure 6. Distortion parameters for continuous and discrete assemblies. 
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Figure 7. Scalar curvature for data, given in Section 3. 
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Figure 8. Torsion tensor component   T       12  2     for data, given in Section 3. 
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