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Abstract

:

In this paper, some sufficient conditions of almost Yamabe solitons are established, such that the solitons are Yamabe metrics, by which we mean metrics of constant scalar curvature. This is achieved by imposing fewer topological constraints. The properties of the conformal vector fields are exploited for the purpose of establishing various necessary criteria on the soliton vector fields of gradient almost Yamabe solitons so as to obtain Yamabe metrics.
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1. Introduction


The notion of Yamabe flow was established by R. Hamilton [1] on a Riemannian manifold   M n   of dimension n, in which the given family of time-dependent metrics   g ( t )   is warped by development according to the governing equation


      ∂  ∂ t   g  ( t )  = − R  ( t )  g  ( t )  ,     



(1)




where   R ( t )   denotes the scalar curvature of   g ( t )  . It is well known that this flow exists globally and converges to a fixed point of constant scalar curvature in the conformal class [1,2,3]. Yamabe solitons naturally carry detailed descriptions of singularities which arise in Yamabe flow, meaning that they represent auto-identical solutions of (1) in the conformal class (self-similar conformal solutions). We also know that Yamabe flow and Ricci flow coincide when the dimension of the underlying manifold is 2; thus, in this case, a Yamabe soliton is a Ricci soliton. This is not the case in general, since Yamabe flow preserves the conformal class of   g ( t )  , while the Ricci flow does not for   n > 2  . Let  ζ  be a complete smooth vector field and  λ  be a scalar. A quadruple   ( M , g , ζ , λ )   of a connected n-dimensional Riemannian manifold together with  ζ  and  λ  is called a Yamabe soliton if it satisfies the following equation:


      1 2   L ζ  g =  R − λ  g ,     



(2)




where   L ζ   represents the Lie derivative in the direction of  ζ . The vector field  ζ  in the definition above is referred to as a soliton vector field and  λ  as a soliton constant for   ( M , g )  . If the soliton vector field  ζ  is the gradient of a smooth function, then a Yamabe soliton is considered a gradient Yamabe soliton. Let us remark that in [4,5], solitons are studied.



Now we consider a generalized situation when   λ : M ⟶ R   is a smooth variable function. In this case the quadruple   ( M , g , ζ , λ )   is known as an almost Yamabe soliton if it recognizes a smooth function  λ  into (2); that is,


      1 2   L ζ  g =  R − λ  g .     



(3)




In the sequel, a Yamabe soliton (resp. almost Yamabe soliton) will be classified in accordance to whether the soliton constant (resp. soliton function)  λ  is negative, null or positive. That is, it is considered to be expanding if   λ < 0  , steady if   λ = 0   and shrinking if   λ > 0  ; otherwise, they are referred to as indefinite for the case where  λ  is a variable function. Almost Yamabe solitons as introduced in the famous paper [6] represent a natural extension of the Yamabe solitons [1] and Yamabe metrics [7]. Let f be a real valued function on M, and suppose that   ζ = ∇ f   for a gradient f. Then   ( M , g , f , λ )   is called a gradient almost Yamabe soliton, and (3) then reads as follows:


     H e s s ( f ) = ( R − λ ) g ,     



(4)




where   H e s s ( f )   is the Hessian of function f. It should be noted that the soliton will be called trivial if f is a constant function on M, or the vector field  ζ  or   ∇ f   is Killing.



Almost Yamabe solitons also serve as particular solutions to (1) in [1] and they are fixed points of the Yamabe flow modulo diffeomorphisms and scalings of Riemannian metrics. In this sense, understanding the behavior of the Yamabe flow requires an awareness of the analytical and geometrical characteristics of almost Yamabe solitons. Combining the above facts, it is clear that   g ( t )   will be a Yamabe metric on M if  R  is a constant scalar curvature. Finding conditions on Yamabe solitons’ vector fields so that their metrics possess constant scalar curvature is one of the most fascinating topics in Yamabe solitons’ geometry. For such a study, there are two options: imposing stronger topological limits with smaller geometric and analytic conditions, or imposing reduced topological restrictions with more analytic and geometric restrictions. The present research looks into Yamabe solitons from the second perspective, focusing solely on the linked topological restriction. Then, on the vector fields of the Yamabe solitons, we prove numerous new sufficient conditions for their metrics to be Yamabe.




2. Preliminaries


Let   ( M , g )   be a Riemannian manifold. It should be recalled that a smooth vector field  ζ  on   ( M , g )   is said to be a conformal if the local flow of  ζ  is composed of local conformal transformations of   ( M , g )  , which commensurate with the notion that the vector field  ζ  is adequate; that is,


      1 2   L ζ  g = β g ,     



(5)




where  β  lies in    C ∞   ( M )    and is called the potential function of U. Many theoretical aspects of conformal and homothetic (  β = c o n s t  ) transformations can be found, for example in [8,9]. Utilizing Koszul’s formula [10,11], we obtain the following for a vector field  ζ  on  M :


     2 g  (  ∇ U  ζ , V )  =  (  L ζ  g )   ( U , V )  + d η  ( U , V )  ,     



(6)




for all   U , V ∈ Γ ( T M )  , where  η  denotes the 1-dual form to  ζ , which has the relation   η ( U ) = g ( U , ζ )  . Classifying skew symmetric tensor fields  φ  of type one-one on  M ,


     d η ( U , V ) = 2 g ( φ U , V ) ,     



(7)




where d is a differential operator and  η  is a 1-dual form. Now, using (2), (6) and (7), we get the following equation:


      ∇ U  ζ =  ( R − λ )  U + φ U .     



(8)




With the help of Equation (8), a direct calculation results in the next equation with respect to the Riemannian curvature tensor of the almost Yamabe soliton


     R ( U , V ) ζ = U ( R − λ ) V − V ( R − λ ) U + ( ∇ φ ) ( U , V ) − ( ∇ φ ) ( V , U ) ,     



(9)




such that the covariant derivative of  φ  is defined as


      ( ∇ φ )   ( U , V )  =  ∇ U  φ V − φ  ∇ U  V ,     



(10)




with a closed 2-form  Ω  such that   Ω ( U , V ) = g ( φ U , V )  . Taking advantage of (9), one direct calculation leads to the following:


     ( ∇ φ ) ( U , V ) = R ( U , ζ ) V + V ( R − λ ) U − g ( U , V ) ∇ ( R − λ ) ,     



(11)




where   ∇ R   stands for the gradient of the scalar curvature  R . The Ricci operator  Q  of the Yamabe soliton is defined as


     g ( Q U , V ) = R i c ( U , V ) ,     



(12)




where   R i c   denotes the Ricci tensor of an almost Yamabe soliton   ( M , λ , ζ , g )  . As  Q  is symmetric, then we have


     ∑  ( ∇ Q )  =  1 2  ∇ R ,     



(13)




where   {  e 1  ,  e 2  , · ,  e n  }   denotes a local orthonormal frame with respect to an almost Yamabe soliton   ( M , λ , ζ , g )  . Applying the skew symmetric properties of the operator  φ  and utilizing (9), we derive


     R i c  ( V , ζ )  = −  ( n − 1 )  V  ( R − λ )  − g  V , ∑  ( ∇ φ )   (  e i  ,  e i  )   ,     








which is equivalent to the following


     Q  ( ζ )  = −  ( n − 1 )  ∇  ( R − λ )  − ∑  ( ∇ φ )   (  e i  ,  e i  )  .     



(14)




An operator   Δ : Γ ( T M ) ⟶ Γ ( T M )   is called a Laplace operator and defined as


     Δ U = ∑   ∇  e i    ∇  e i   U ,  ∇  ∇  e i     e i  U  .     








Therefore, using (8), we have


     Δ ζ = ∇  ( R − λ )  + ∑  ( ∇ φ )   (  e i  ,  e i  )  .     



(15)








3. Main Results


Theorem 1.

If the scalar curvature  R  and the soliton field ζ satisfy the following conditions


      Q  ( ζ )  + Δ  ( ζ )  = ν ζ ,     a n d ,       n − 2   2 ν      g ( ∇ λ , ∇ R )   R − λ    + R ≤    n ( n − 1 )   n − 2    ν ,      



(16)




respectively, for an n-dimensional connected almost Yamabe soliton   ( M , λ , ζ , g )   with   n > 2  , then the scalar curvature  R  of an almost Yamabe soliton   ( M , λ , ζ , g )   is constant.





Proof. 

Utilizing Equations (14) and (15), we provide


     Q ( ζ ) + Δ ( ζ ) = − ( n − 2 ) ∇ ( R − λ ) .     








This implies the following by using   Q ( ζ ) + Δ ( ζ ) = ν ζ  


     ∇  ( R − λ )  = −   ν ζ   n − 2   .     



(17)




The Hessian   A R   operator of the scalar curvature  R  is computed by using (8) and (17) as


      A R  U = −   ν ( R − λ )   n − 2   U −  ν  n − 2   φ U +  ∇ U  ∇ λ .     








The last expression leads to the following:


      A R  U +   ν ( R − λ )   n − 2   U −  ∇ U  ∇ λ =  ν  n − 2   φ U .     








Observe that the left-hand side of the last equation is symmetrical, while the right-hand side is skew symmetrical; as a result, we obtain


      A R  U = −   ν ( R − λ )   n − 2   U +  ∇ U  ∇ λ     and    φ U = 0 .     



(18)




Taking advantage of the final conclusion that   φ = 0   in (14), one can derive


     Q ( ζ ) = − ( n − 1 ) ∇ ( R − λ ) .     



(19)




The divergence of   Q ( ζ )   is defined as


     d i v ( Q ( ζ ) ) =      ∑  i = 1  n  g  (  ∇  e i   Q  ( ζ )  ,  e i  )       =     ∑  i = 1  n   e i  g  ζ , Q (  e i  )       =     ∑  i = 1  n   g  ∇  e i   ζ , Q  (  e i  )   +  ∑  i = 1  n   g ( ζ ,  ( ∇ Q )    (  e i  ,  e i  )  )      =     ∑  i = 1  n    ( R − λ )   e i  + φ  e i  , Q  (  e i  )   +  1 2  ζ  ( R )  .     








Applying the skew-symmetry property of the tensor  φ  and a local orthonormal frame that diagonalizes the symmetric operator  Q , we arrive at    ∑  i = 1  n   g ( φ   e i  , Q  (  e i  )  ) = 0  , which, when combined with the preceding equation, provides


     d i v  ( Q  ( ζ )  )  =  ( R − λ )  R +  1 2  ζ  ( R )  .     



(20)




Taking the divergence of both sides in the Equation (19) and using (20), we provide


      ( R − λ )  R +  1 2  g  ( ∇ R , ζ )  = −  ( n − 1 )  Δ  ( R − λ )  .     



(21)




Inserting (17) in (21), we get


      ( R − λ )  R −   n − 2   2 ν     ∥ ∇ R ∥  2  +   n − 2   2 ν   g  ( ∇ λ , ∇ R )  = −  ( n − 1 )  Δ  ( R − λ )  .     








Taking the trace of (18) for computing the term   Δ ( R − λ )  , and then using it in the above equation, we get


      ( R − λ )  R −   n − 2   2 ν     ∥ ∇ R ∥  2  +   n − 2   2 ν   g  ( ∇ λ , ∇ R )  =   n ( n − 1 ) ν   n − 2    ( R − λ )  .     








The above equation leads to the following:


      ( R − λ )   R −   n ( n − 1 ) ν   n − 2    +   n − 2   2 ν   g  ( ∇ λ , ∇ R )  =   n − 2   2 ν     ∥ ∇ R ∥  2  .     



(22)




By hypothesis of theorem, our assumption holds; we get     ∥ ∇ R ∥  2  ≤ 0   as   n > 2   and we finally obtain   ∇ R = 0  . This implies that  R  is constant. This competes the proof of theorem. □





Theorem 2.

Assume that the soliton field ζ annihilates the Hessian operator   A  R − λ   , which satisfies   Δ ζ = − ν ζ   for positive constant ν of an   ( n > 2 )  -dimensional connected gradient almost Yamabe soliton   ( M , λ , ζ , g , ∇ f )  . If the Ricci curvature in the direction of the soliton field is a constant, then the Laplacian of the potential function is constant.





Proof. 

As we assumed that the Ricci curvature is constant with respect to  ζ , then   R i c  ( ζ , ζ )  =   ϵ | ζ |  2   , where  ϵ  is constant. Utilizing (14) and (15) with   Δ ζ = − ν ζ  , we get


     Q ( ζ ) = ν ζ − ( n − 2 ) ∇ ( R − λ ) .     








Taking an inner product with  ζ  in the proceeding equation, we derive


        ( ν − ϵ )  ∥ ζ ∥  2  =  ( n − 2 )  g  ζ , ∇ ( R − λ )  .     








Taking the co-variant derivative along U in above equation, we obtain


     2  ( ν − ϵ )  g  (  ∇ U  ζ , ζ )  =  ( n − 2 )  g  (  ∇ U  ζ , ∇  ( R − λ )  )   + g ( ζ ,   ∇ U  ∇  ( R − λ )  .     








As  ζ  is annihilated to   A  R − λ   , then we get


     2  ( ν − ϵ )  g  (  ∇ U  ζ , ζ )  =  ( n − 2 )  g  (  ∇ U  ζ , ∇  ( R − λ )  )  .     








Inserting (8) in the above equation and simplifying that, we obtain


     2 ( ν − ϵ ) ( R − λ ) ζ −     ( n − 2 ) ∇ ( R − λ )      =    φ  2 ( ν − ϵ ) ( R − λ ) ζ − ( n − 2 ) ∇ ( R − λ )  .     



(23)




Applying the inner product property with the term   2 ( ν − ϵ ) ( R − λ ) ζ − ( n − 2 ) ∇ ( R − λ )   in (23) and implementing the skew symmetric property of  φ , we derive


     ∇  ( R − λ )  =    2 ( ν − ϵ ) ( R − λ )   n − 2    ζ .     








This implies the following:


     ∇ ( R − λ ) = h ζ ,     



(24)




where   h =    2 ( ν − ϵ ) ( R − λ )   n − 2    .   Applying the co-variant derivative in (24) with respect to U, we obtain


      A  R − λ   U =    2 ( ν − ϵ )   n − 2    U  ( R − λ )  ζ + h  ( R − λ )  U + h φ U .     








The symmetric property of   A  R − λ    gives


     2 h φ U =        2 ( ν − ϵ )   n − 2     g ( U , ζ ) ∇ ( R − λ ) − g ( U , ∇ ( R − λ ) ) ζ       =        ( ν − ϵ )   n − 2    2   ( R − λ )   g ( U , ζ ) ζ − g ( U , ζ ) ζ       =    0 .     



(25)




This means that either   φ = 0   or   h = 0  . Meanwhile, if   h = 0  , we get from (24) that


     ( R − λ ) = A ,     



(26)




where A is constant. Now tracing the fundamental Equation (4), we have


     Δ f = ( R − λ ) n .     



(27)




Joining (26) and (27), we conclude that the Laplacian  Δ  of the potential function f is constant. Now for the second case, if we assume that   φ = 0  , we get from (14)


     Q ( ζ ) = − ( n − 1 ) ∇ ( R − λ ) .     








Taking the inner product with  ζ  and using (12), we arrive at


       ϵ ∥ ζ ∥  2  = −  ( n − 1 )   ζ ( R − λ )  .     



(28)




Combining Equations (24) and (28), we derive


      ϵ +   2 ( n − 1 ) ( ν − ϵ ) ( R − λ )   n − 2      ∥ ζ ∥  2  = 0 .     



(29)




From the above equation, if we choose   ν = ϵ  , then we conclude from (24), (26) and (27) that the Laplacian of f (the potential function) is again constant. If we choose   ζ = 0  , then Equations (24), (26) and (27) give the same conclusion. Now, we consider   ν ≠ ϵ   and   ζ ≠ 0  ; then we have


     R − λ = −   ϵ ( n − 2 )   2 ( n − 1 ) ( ν − ϵ )   .     



(30)




It should be noticed that the right-hand side in (30) is constant; then,   R − λ   is also constant. Hence, we finally reach the conclusion that the Laplacian  Δ  of function f is constant with our assumption. This competes the proof of theorem. □





Theorem 3.

Let   ( M , λ , ζ , g , ∇ f )   be a connected n-dimensional gradient almost Yamabe soliton with   n > 2 .   If the soliton field ζ satisfies   Δ ζ = − ν ζ   and   Q ( ζ ) = ϵ ζ   for constants   ν ≥ 0   and   ϵ ,   then the gradient almost Yamabe soliton is not blue in the domain of a round sphere; if the scalar curvature is constant, then the gradient almost Yamabe soliton is a gradient Yamabe soliton.





Proof. 

Implementing the Equations (14) and (15), we have


     Q ( ζ ) + Δ ζ = − ( n − 2 ) ∇ ( R − λ ) .     








which implies that


     ∇  ( R − λ )  =   ν − ϵ   n − 2   ζ .     



(31)







Using Equation (8) and the co-variant derivative in the previous equation with respect to U, we get


      A  R − λ   U −   ( ν − ϵ ) ( R − λ ) U   n − 2   −   ( ν − ϵ ) U   n − 2   = 0 .     











Comparing the symmetric and skew symmetric parts in both sides, then we derive


     ϵ ζ =     − ( n − 1 ) ∇ ( R − λ )       ν ζ =     − ∇ ( R − λ ) ,     








which is equivalent to the following:


     ϵ = − ( n − 1 ) ν .     



(32)







Substituting  ϵ  in (31) and in   Q ( ζ ) = ϵ ζ  , respectively,


     ∇ ( R − λ ) =     − ν ζ       Q ( ζ ) =     ( n − 1 ) ν ζ .     



(33)







If we consider   ν = 0  , then we get   ∇ ( R − λ ) = 0  , and using (27), we finish with the Laplacian of the potential function f being a constant. Hence,   ( M , λ , ζ , g , ∇ f )   is not a round sphere. Therefore, we will now use   ν > 0  . Taking the divergence in the second part of Equation (33), and utilizing (8) and (13), we obtain


     R  ( R − λ )  +  1 2  ζ  ( R )  = n  ( n − 1 )  ν  ( R − λ )  .     











Multiplying above by   − ν  , we derive


     − ν R  ( R − λ )  −  ν 2  g  ( ∇ R , ζ )  = − n  ( n − 1 )   ν 2   ( R − λ )  .     



(34)







Inserting the first part of Equation (33) in (34), one derives


     ν  ( R − λ )   n ( n − 1 ) ν − R  +  1 2    ∥ ∇ R ∥  2  +  1 2  g  ( ∇ R , ∇ λ )  = 0 .     



(35)







If we assume that the scalar curvature is constant, then   ∇ R = 0  . Therefore, the proceeding equation is equal to the following:


     ν  ( R − λ )   n ( n − 1 ) ν − R  = 0 .     



(36)







There are two possibilities:   n ( n − 1 ) ν = R   or   ( R − λ ) = 0  . If   R = n ( n − 1 ) ν  , then it is obvious. If   R = λ  , then it leads to a contradiction, because  λ  is a smooth function; therefore, the gradient almost Yamabe soliton is reduced to a gradient Yamabe soliton. □






4. Conclusions


The preceding studies show that by selecting a suitable soliton vector field [10,12,13,14,15,16], we can achieve important geometric findings. In this regard, a vector field created by the gradient of the height function from the immersion has already proven to be a rich source for producing examples of soliton fields. Gradient almost Yamabe solitons, in which the height function is chosen as the potential, may be intriguing for further exploration based on recent work. Furthermore, it appears that considering immersions into a sufficiently large family of manifolds, which include spaces with constant sectional curvature, is a handy way to expand the previous studies to a broader class of ambient spaces. Warped product metrics explain a natural metric that includes spaces with constant sectional curvature throughout its range [17,18,19,20,21,22,23,24,25,26].
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