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Abstract: Recently, Kim-Kim (J. Math. Anal. Appl. (2021), Vol. 493(1), 124521) introduced the
A-Sheffer sequence and the degenerate Sheffer sequence. In addition, Kim et al. (arXiv:2011.08535v1
17 November 2020) studied the degenerate derangement polynomials and numbers, and investigated
some properties of those polynomials without using degenerate umbral calculus. In this paper, the y
the degenerate derangement polynomials of order s (s € N) and give a combinatorial meaning about
higher order derangement numbers. In addition, the author gives some interesting identities related
to the degenerate derangement polynomials of order s and special polynomials and numbers by using
degenerate Sheffer sequences, and at the same time derive the inversion formulas of these identities.
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1. Introduction

Beginning with Carlitz’s degenerate Bernoulli polynomial and degenerate Euler poly-
nomial [1], many scholars in the field of mathematics have been working on degenerate
versions of special polynomials and numbers which include the degenerate Stirling num-
bers of the first and second kinds, the degenerate Bernstein polynomials, the degenerate
Bell numbers and polynomials, the degenerate gamma function, the degenerate gamma
random variables, degenerate coloring and so on [2-17]. They have been studied by vari-
ous ways like combinatorial methods, umbral calculus techniques, generating functions,
differential equations and probability theory, etc. We can find the motivation to study
degenerate polynomials and numbers in the following real world examples. Suppose the
probability of a baseball player getting a hit in a match is p. We wonder if the probability
that the player will succeed in the 6th trial after failing 4 times in 5 trials is still p. We can
see cases where the probability is less than p because of the psychological burden that the
player must succeed in the 6th trial.

In particular, the umbral calculus, based on the modern idea of linear functions, linear
operators and adjoints, began to build a rigorous foundation by Rota in the 1970s, primarily
as symbolic techniques for the manipulation of numerical and polynomial sequences [18].
One of the important tools in the study of degenerate polynomials and numbers is the
umbral calculus [16-21]. Kim Kim recently introduced the degenerate umbral calculus [15].
Furthermore, Kim et al. [13] studied the degenerate derangement polynomials of order
s (s € N) and numbers, investigate some properties of those polynomials without using
degenerate umbral calculus. Motivated by Kim et al.’s work, the author considers the
degenerate derangement polynomials of order s (s € N) and give an example of the
derangement number of order s in real-life. In addition, the author gives their connections
with the degenerate derangement polynomials of order s and the well-known special
polynomials and numbers.

First, we provide the definitions and properties required for this paper. Let 1 objects
be labelled 1,2, ...,n. An arrangement or permutation in which object 7 is not placed in the
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i-th place for any i is called a derangement. The number of derangements of an n-element
set is called the nth derangement number and denoted by d,,. The nth derangement number
is given by [13,22-24]

We note that the generating function of the nth derangement number is given
by [12,13,25]

)

=) _ 1)k n o) n
zz<mz(k}) >;|:¥d;!

From (1), Kim et al. naturally considered the derangement polynomials and degener-
ate derangement polynomials, respectively, which are given by [13,24]

1 _
- 1 et — Z d (2)
and
L NN J t"
When x =0, d,(0) = d,, n > 0 is the n-th derangement numbers.
When x = 0, d,,(0) := d,, is called the degenerate derangement numbers and
dop = 1.

For any nonzero A € R, the degenerate exponential function is defined by [1,3-13]
() = (1+A0F, er(t) = (1+ A8

By Taylor expansion, we get

[e) tn

= Y (nary @

n=0

where (x)or =1, (x)0 =x(x —A)(x =2A)--- (x —(n —1)A), (n > 1).
It was known [25] that

(1—1)~ Z( ) ltl:l§<m>lﬂ' (5)
where < x >=1, <x>,=x(x+1)(x+2)---(x+n—-1),(n > 1).

For n > 0, it is well known that the Stirling numbers of the first and second kind,
respectively, are given by [1,4-7]

1 o0 n
plloB(1+0) = L 510k, ©
and
Loy kF_ v t"
ale -1 = Zsz(n,k)a, @)
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where (x)g =1, (x)p =x(x—1)...(x —n+1), (n >1).
Moreover, the degenerate Stirling numbers of the first and second kind, respectively,
are given by [4-7]

(logA1+t) Zsunk (k>0), (8)
and

1 [ "

H(E)\(t) — 1) = Z SZ,/\(TI,k)a, (k > 0) 9)

Let C be the complex number field and let F be the set of all power series in the
variable t over C with

=] i’k
F={10= Log

ay € (C}

Let P = C[x] and IP* be the vector space all linear functional on P.

P, = { P(x) € C[x] | degP(x) < n}, (n>0).

Then P, is an (1 + 1)-dimensional vector space over C.
Recently, Kim-Kim [15] considered A-linear functional and A-differential operator

as follows: L

For f(t) Z ak% € F and a fixed nonzero real number A, each A gives rise to
k=0
the linear functional (f(t) | -), on P, called A-linear functional given by f(t), which is

defined by

(f(&) | (x)ur)r = an, forall n>0. (10)

For A = 0, we observe that the linear functional (f(t) | -)o agrees with the one in
(f(t) [ x") = ay, (k > 0).
From (£(1)g() | (¥)an)a = (F() | (3(£)2(x)n2)a and (10), we note that

(] () nada = 1] () na)r = (1] (W (x)n_ga)r = 1l (11)

forall n, k > 0, where J,  is the Kronecker’s symbol.
From (11), for each A € R, and each nonnegative integer k, the differential operator on
IPis given by [15]
(n)k(x)n k,Ar if k< n,

k B —k, <
(F)a(x)up = {0 if k> (12)

k n

and for any power series f(t) 2 ak% eF, (fE)r(x)pr = k;) <Z> a(X)p—rr, (1 >0).

The order o(f(t)) of a power series f(t)(# 0) is the smallest integer k for which the
coefficient of t* does not vanish. The series f(t) is called invertible if o(f(t)) = 0. f(t)
is called a delta series if o(f(t)) = 1 and it has a compositional inverse f(t) of f(t) with
fF®) = f(f(1) =t

Let f(t) and g(t) be a delta series and an invertible series, respectively, and s, ,(x) be
a degenerate polynomial of a degree n. Then there exists a unique sequences s, 5 (x) such
that the orthogonality conditions [15]

(8O (FO) | sur(x))a = nbp,  (n,k > 0). (13)



Symmetry 2021, 13, 176 40of 16

The sequences s, 5 (x) are called the A-Sheffer sequences for (g(t), f(t)), which are

denoted by sy, 1 (x) ~ (8(t), f())A-
The sequence s, 5 (x) ~ (g(t), f(t)) if and only if

ST = LI ez, (14

Assume that for each A € R* of the set of nonzero real numbers, s, ) (x) is A-Sheffer
for (gx(t), fA(t)). Assume also that lim, o fA(t) = f(¢) and lim, ¢ g (t) = g(¢), for some
delta series f(t) and an invertible series g(t). Then limy o f,(t) = f(t), where is the
compositional inverse of f(t) with f(f(t)) = f(f(t)) = t. Let limy g s 1 (x) = sp(x).

In this case, Kim-Kim called that the family {s,, A (x) } s er—{0} of A-Sheffer sequences
sn A are the degenerate (Sheffer) sequences for the Sheffer polynomial s, (x).

Let s, (x) ~ (g(t), f(£))x and 1y 1 (x) ~ (h(t),g(t)), (n > 0). Then

n
spa(x) = Z Hnitea(x), (n>0),
k=0

- (15)
where :l h(f (1) (7 e n
here iz k!<g(f(t))(l(f(t))) |<>M>A, (n,k > 0).

2. Degenerate Derangement Polynomials Order s Arising from Degenerate
Sheffer Sequences

In this section, we consider the degenerate derangement polynomials of order s,
and give a combinatorial meaning of these numbers and noble identities related to these
polynomials and the well-known special polynomials and numbers arising from degenerate
Sheffer sequences.

From (3), naturally, we can consider the degenerate derangement polynomials of order
s (c.f. [13]) which is given by

1 o
Ao 00 = Lan ey (16)

When x =0, dff;\(O) =d 5152\ is called the degenerate derangement numbers of order s

and d((]si =1.Whens =1, dEll/)\(x) =d,,(x),and lim,_,od, ,(0) =d,, n > 0.
From (16), we get '
d) (x) = n! y @ (17)
1=0 :
It is known (see [15]) that for f(t),g(t) € F,
(F00)|0a)s = 1 () (0] @ea)s (80| ) (18)
=0

From (18), by the mathematical induction, for f1(t), f2(t),- - -, fu(t) € F, we get

(Xnp), = i ( " ><f1(f)

iyt tig=n L1277 I

(fr(t)fa(t) - fu(t)

(©)iga)y - (fn(t)

(x>im,A>A/ (19)

where

n _(n\ [(n—i n—iy—ip s —ip_1\ n!
ivin---im/)  \§ in im Coiglin! i)
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Therefore, from (19), we get

<<<1it>ixl<t>)s (¥)un)
- i1+-§i,:n (il i2}~1~ ) is> < 1 i t)eil(t) (X)i],/\>A . <(1 i t)egl(t)

1 n
) ( , )dil,Adiz,/\ ceedi )

iyt tiy=n N1 1270 s

From (20), we have
(5) 3 L
dn,A = Z (1’ in e )dilr/\dim e dig ) (21)
ipotip=n N1 12 s
From (21), when A — 0, we can give a combinatorial meaning about derangement

numbers of order s in real-life.

Example 1. Suppose n players play a card game randomly divided into s rooms. In addition,
assume everyone wears a hat and hangs it on the entrance wall when entering a room. If all the

lights suddenly turn out during the game, how many ways no one takes his hat when everyone
comes out at same time?

2.1. Connection with the Degenerate Lah—Bell Polynomials

The unsigned Lah number L(#, k) counts the number of ways of all distributions of
n balls, labelled 1,2, - - - ,n, among k unlabelled, contents-ordered boxes, with no box left
empty and have an explicit formula [26,27]

n—1\n!
L(n k) = (k - 1) o (22)
From (22), the generating function of L(#, k) is given by [6,23]
k
1 t > "
—(—) = = > 0).
k!<1_t) E{L(n'k)n!' (k>0) (23)

From (23), Kim-Kim naturally introduced the Lah-Bell polynomials and the degener-
ate Lah—Bell polynomials, respectively, which are given by [26,27]

x(i—l) RN
e = Z B, (x)ﬁl (n, k >0).
n=0 .
and
x 1 o L #
e/\ m o 1 = Z Bfl,)\(x);/ (n/ k Z 0) (24)
n=0 .

When x = 1, BL = BL(1) are called the Lah-Bell numbers.
Whenx =1, B,%’ )= B%’ ) (1) are called the n-th degenerate Lah—Bell numbers.
When A — 0, lim,_o B,%/ A= BL are the n-th Lah-Bell numbers.

Theorem 1. Forn € NU {0} and s € N, we have

k=0

A0 =3 (L renen ), ) s @
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As the inversion formula of (25), we have

s = ¥ (£ 8 5 (1)een(",") ()20 <o . @)

1=k m=0j=0

Proof. From (14), (16) and (24), we consider the following two Sheffer sequence as follows:

500 ~ (=080, 1, and Bh@) ~ (1 55 ) - )

From (15), (16), (23) and (27), we have

d(s ZﬂnkBkA( )- (28)
k=0
where
k
i = (0= 0(55) | @)
- iL(z,k><—1>lk<<1—t> e5 () <x>w> 29)
1=k A
~ Y LR (1),

N
Il
~

Therefore, from (28) and (29) we have the identity (25).
To find the inversion formula of (25), from (15) and (27), we have

BL ()= ) iy K (x), (30)
k=0

where, by using (5), (23) and (24)

=i (73) 4(75) (75) [ ),
£ ()ren{(=F) ale) [onn),
£ (o 5 (oo (2= [ron),

L (uen & (" oo £ ()00 <o

Therefore, from (30) and (31), we have the identity (26). O

(31)

2.2. Connection with the Degenerate r-Extended Lah—Bell Polynomials

The r-Lah number L, (1, k) counts the number of partitions of a set with n + r elements
into k + r ordered blocks such that r distinguished elements have to be in distinct ordered
blocks and an explicit formula of L,(n, k) (see [8,24,26,28-30]) given by

n—+2r—1\n!
Ly(n,k) = <k+2r—1>k! (k>0). (32)
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From (32), we have the generating function of L, (1, k) given by [28-30]

;(1:)2<1it> ZLnk (k> 0). (33)

Recently, Kim-Kim introduced the r-extended Lah-Bell polynomials, respectively,
as follows [30]:

2r 00 n
(1) () =y B (), (k2 0). (34)

1—-t¢ Tk

When x = 1, Bl = BL(1) and BL, = BL, (1) are called the Lah-Bell numbers and
r-extended Lah—Bell numbers respectively.
From (34), naturally, KL defined a degenerate r-extended Lah—Bell polynomials [31] by

2r
() @i 1) = LB @)

When x =1, BL A= =BL r (1) is called the n-th degenerate r-extended Lah-Bell number.
As A — 0, lim,_,o BL raA = B,,n is the n-th r-extended Lah—Bell number.

Theorem 2. Forn € NU{0} andr, s € N, we have

dfj 2 ( Y Lo(Lk)(~1)F dfjjl» BL, (%) (36)

k=0

As the inversion formula of (36), we have

8= 5 (LT 2 () () () <imw b is,0)ilw. @

k=0

Proof. From (14), (16) (35), we consider the following two degenerate Sheffer sequences.

s 1 2r
A0~ (=00, and B~ ((F5) ) 69

From (15), (16), (33) and (38), we have

d(s) Z M iBria (%), (39)
k=0
where
1 2r ¢ k
mi= {00700 (55) (755) | 0),
= VLR 00| (1a ) (40)
=k A
:iLr(l/k)( )l kd(>
s

Therefore, from (39) and (40), we have the identity (36).
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To find the inversion formula of (36), from (15) and (38), we have

BJ, A (x) Zunkd,(fi (x). (41)
k=0

where, by using (5), (24) and (34)

1—2tses t 1
1—t) M1—-t)\1-t

(42)

(x)nlm,)\>/\

=3 (D0 (" )BhaE X (5)2 91 <o

j=0
Therefore, from (41) and (42) we have the identity (37). O

2.3. Connection with the Degenerate Bernoulli Polynomials of Higher Order r

The degenerate Bernoulli polynomials of order r are given by the generating
function [1,6,21] to be

<8A(t)t_1> ex(t) = Zﬁfﬂ(x);!. 43)

n=0

We note that ,B ", A = ﬁ(r) (0) are called the degenerate Bernoulli numbers of order r.
From (20), we observe that

(=) o),
ORI Eros

(95)1‘1,A>)l e <w§_1‘(x)ir,A>A (44)

n
= 2 <1112 e lr> 'Bilz/\lBiZI/\ e 'Bir’/\'

T —

Theorem 3. Forn € NU{0} and r,s € N, we have
r—1 n k n-=I
(s) _ 1 'l' k n—1 ‘
hw-L(aL X e robm ) ( o
(s) )
Sor(l+r—kr—kyd,’ M) +z(k, k+r> (45)

25 () vt (") ) s
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In particular, when s = 1, as the inversion formula of (45), we have

n n—k 1
) x) = Z (;Ok!m!(n i'k —m)! (DAl —m+ mz/\)

(46)

n—k—m

x Y (lllzk m)ﬁzlx\ﬁzz/\ ﬁi,,A)dk,A(x)-

i1+ +ip=n—k—m

Proof. From (14), (16) and (43), we consider the following two degenerate Sheffer sequences.

4 (x) ~ (L= 16 (1), 1), and ﬁ,i’,ﬁ<x>~(<wi_1)'t>x @)

From (15) and (47), we have

d?) (x) Z By (48)

o= (42 (s

For r > n, from (9), we note that

where

(x>n,A>A. (49)

o tl oo tl+rfk!
—_ 1)k = 2 = = 2 _ B A P
(r_k)'(e/\(t) 1) l:r_kSZ’)L(Z,T’ k)l' 1:052//\(1—'—1’ k,?’ k) (l—‘,—?’—k)' (50)

Now, by using (4), (16) and (50), we have

s = (2971) () | )

#(( te?(t))sm(t) D er(t) -1 0 <x)M>A
*%é%su(lﬂ—kr—k)(’{ l'<(1itq ())S(em—l) (i) 1)

(r—k)!

= % imsz,/\(l—kr—l@r—k) (7) It i <:1>(_1)k—m

TE

Let)

- % y %Sm(l +r—kr—k) (’;) I f <1’;> (,Uk_m"z‘:’ (n - 1) i

m=0 =0 ]

Forr > nand 0 < k < r, we have the same result when r > n.
Forr <k, wenote thatk —r > 0and n — k + r > 0. Thus, we have
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— 2 (e @) e -5 | )
= 131 (k ! r> (k — r)!< (1 i teAl(t))s(eA(t) -1 (x)nk+r,)\>/\ (52)
= e (1) ((iLe'0) 4w (Or-tina)

r . n—k+r n—k+r s
G  SRUTN (g Lo

n! Z’:
o k'(n-k+7’) j=0 )

!
T 1=0
Therefore, from (48), (49), (51) and (52), we have the identity (45).
In particular, when s = 1, to find the inversion formula of (45), from (4), (15), (44)
and (47), we have

BU(X) = Y Fupdl) (%), (53)
k=0
where
i = (=000 (5= ) # | 0a)

(x)n—k,)L>A - <f6’A(f) (E)\(tﬁ)r (x)n—k,A>A}
E () om=E (P (=) [ som)

A
(54)

n—k—m n
X Y ( )ﬁimﬁim B

i =n—k—m NP2

- (Z) nik (" B k) (1)ur (1 —m +m*A) nikzim (n ok m) BisABis - - - Bi -

iy iy =n—k—m iniy iy
Therefore, from (53) and (54), we have the identity (46). O

2.4. Connection with the Degenerate Frobenius—Euler Polynomials of Order r

Kim et al. introduced the degenerate Frobenius—Euler polynomials of order r [20]
defined by

n

1-— 4 ®©
(M) ealt) = ghf,}‘(x\u);!, (u#1,ueC, k>0). (55)

When x =0, hi(;g\ (u) = h](:)A(0|u) are called the degenerate Frobenius-Euler numbers
of order r.

When x = Oand r = 1, hy, 2 (1) = h, (0[u) are called the degenerate Frobenius—
Euler numbers.

When u = —1, the degenerate Euler polynomials of order r respectively are given by
the generating function [1,21] to be

(@\(é“) (0 = ¥ Q)L (56)
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We note that E;(:)A =E nrg\(O) (n > 0), are called the degenerate Euler numbers of
order r.

Whenx =0andr =1, E, , = E; 1(0) are called the degenerate Euler numbers.

From (20), in the same way as (44), we have

(Gts)

and
2y ) _ ¥ n o . -
ex(t) —1 "t A iy —n \i1E2 i1 ALy, A ir, A (58)

Theorem 4. Forn € NU {0}, r,s € N we have

40 = o & (lz]z () (") C) e Gaadi . 9

J

(x)n,/\>/\: Y. <i1i;..ir>hi1,A(u)hi2,A(u)...hi,,A(u), (57)

T —

In particular, when s = 1, as the inversion formula of (59), we have

- = n!
) (xlu) = Z (Eommm(lfmw%

(60)

n—k—m
n—k—m
X D (i1i2~--i >hi1,A(u)hiz,A(u) - 'hz‘,,A(u))dk,A(x)-
r

i+t =n—k—m

Proof. From (15), (16) and (55), we consider the following two degenerate Sheffer sequences.

4 () ~ (1=t (1), 1), and K (xlu) ~ ((‘W)_“) t)A. ©61)

1—u

By using (4), (15), (16) and (61), we have

4500 = X st ), )
where
o) (B2 ),
- (; )<(1_teA ) (A25) [ 0hoosa).

(63)

- = (}) l;f (")t eato = | )

—— lzz (")l ]ZO (1) o T

Therefore, from (62) and (63), we get the identity (59).

In particular, when s = 1, to find the inversion formula of (59), by (4), (13), (15)
and (61),

We have

= Y fgd) (). (64)
k=0
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(x)n—k—nl,A>/\ (65)

n-k_m n—k—m
x Y <z‘1i2 L )hil,/\(u)hiz,)\(”) <o hia (u).

i1+ +ip=n—k—m b
Therefore, from (64) and (65), we have the identity (60). O

When 1 = —1 in Theorem 3, we have the following corollary.

Corollary 1. Forn € NU{0} andr, s € N, we have
—k\ [r\,.
0= L (X () (") () nd) el 6o
1=0 j=0

In particular, when s = 1, the inversion formula of (66), we have

—k
EV) (x i Y (- mt )
na =\ =okim!(n —k —m)! ’
n—k—m
n—k—m
X ) ( . . >Ei],AEi2,/\ e Ei,,A>dk,A(x)-
i1+ tip=n—k—m figeeclr

2.5. Connection with the Degenerate Daehee Polynomials of Order r
The degenerate Daehee polynomials of order r [11] is defined by

log, (1 o 0 0"
<°gA(t+t)) (144 Z t 67)

where log, (1+t) = 1((14#)* — 1) and log, (ex(t)) = ex(log, (t)) = t. When x =0, D;lr/)\

= Dr(lrg\ (0) are called the degenerate Daehee numbers of order r.

Theorem 5. Forn € NU{0} andr, s € N, we have

s nontl g rin! ;
()= Y (Z T ( - ) T A ) Saalm 0, mA)D}E/;(x). (68)

k=0 \NI=0m=k

As the inversion formula of (68), we have

e (LR R 5000

S\ . . ..
o ()10 1 = 510D 5100616 ) 1)

(69)

Proof. From (14), (16) and (67), we consider the following two degenerate Sheffer sequences.
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©) (x) ~ (1= t)%€5 an ") (x) ~ elt) =1 r er(t) —
50~ (=080, 1, and DG~ (=) aw-1) . o0

t

In addition, from (9), we note that

1 tlJr’r'!
ﬁ( 252/\11’“ 252/\1+r7)(l+r)!. (71)
Thus from (15), (16), (70) and (71), we have
296 = Y- pasD) (). (72)
k=0
where
1 1 S _ r
s =l (e @) (2972 -1 [ ).
| n 1 1 s '
=B LS+ (l+r)!<<1_teAl(t)> (en(t) = ) (x)n,,\>/\
n s (73)
! 1 1 _
= %lgosl)\(H—r,r) ] (7) It <(1 — te/\l(t)) (en(t) —1)" (x)n_,,,\>)\
& rin! n-l n—1\ (s)
_ESZA(Z-{-T,T’)W mX_:ksz,A(m,k)( - >dnlm’)\,
Therefore, from (72) and (73), we get the identity (68).
g y
To find the inversion formula of (68), from (8), (13), (15) and (67) we have
DI (x) = kZ i) (). (74)
=0
where,
Tl = <(1+ e (1+1ogA(1+t))s(w) (log, (14 1) (x)M>A
¢ (10 log, (1+1)\"
_IZOSLA(Z/k)( )< 1+f (1 g/\ 1+i’ +l) (7t ) (x)n_l,A>A
:0 <?)51Alk ZOD7(:3\<n l)< (log(1+t)+1> (x)n,l,m,)\>/\
& (n D (1= N & j .
—l§<l)5u (k) A< )]Z;,)< )< (1+1) <10gA(1+t)) ( )nflfm,)\>/\ o
" (n ) (n—1\ &
£ (suen Zon (") £
= n—I1—-—m\ & (s
S ] i ? n—l—m—i
SR o (") E e rs),
n n—I s
— (n(n—1 s\ .
ZO( )SlA(l k) ODM< . )];)(j)]!
n—Il—m n—1—m s
S ] ; n—Il—m-— '571 m—i,v
E () (v
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2.6. Connection with the Degenerate Bell Polynomials

The Bell polynomials are defined by the generating function [4-6]

x(e'=1) Z Bel,(

Kim-Kim introduced the degenerate Bell polynomial [4] given by
0 tl
eHea(t) ~1) = 1 Bl (3 76)
Theorem 6. Forn € NU{0} andr, s € N, we have

d) ( i (Zs1A (1,k) ( )dfj%) Belj, (%) (77)

As the inversion formula of (77), we have

Belya(x) = ¥ ( i(?)sz,A<z,k>’il(”;l) (b)) (5. (79

k=0 1=k j=0
Proof. From (14), (16) and (76), we consider two degenerate Sheffer sequences as follows:
d) (x) ~ (L=t (t), ), and  Bel,a(x) ~ (1, log,(1+£))x. (79)

By using (8),(15), (16), (30) and (79), we have

a () Z i Beli (x), (80)
where
1
ok = (1= 00 logy (1 + )| (1))
: ! (81)
:ZSIA(Z/k)(l)<(1_t) e (t) | (x)u- l)\> Zsmlk ( )dU
1=k
Therefore from (80) and (81), we get the identity (77).
To find inversion formula of (77), from (15) and (79) we have
Bel, (x Z TTIE: (82)
Thus, by using (4), (9) and (76), we have
Pk = g7{ ~ B0 D) =D ()
=3 () st B( ~ s ei(er ) =1 (01 )
1=k
o n—I n—1 (83)
== 3 (})s200 T ("7 O (erteatt) = o)
1=k =0 A
n n—I 1
—= ¥ (V)50 L (") Sinbela-r-ia)
I=k j=o \ J
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Therefore, from (82) and (83), we have the identity (78). O

2.7. Connection with the Falling Factorial Polynomials
Theorem 7. Forn € NU {0}, r, s € N we have

49 = Y (Zsu ah(] )dnm) (x)n, (1> 0). (54)

k=

oo

Proof. Since e} (log(1+1t)) = (1+1¢)" Z ', we have (x), ~ (1,e,(t) —1)). We

consider the two degenerate Sheffer sequences as follows:

) (x) ~ (L= tea(t), 1), and (¥ ~ (1, ex(t) = 1. (85)

Thus, from (9), (15), (16) and (85), we have

40 ( Zynk b (1>0), (86)

/

where
g = (1= S—S<t>(eA<t>—1)k ()
—ész,A(z,k>(’;)<<1—t)‘Se;%t) - u> Zsu 00 ())a,

Therefore, from (86) and (87), we have the identity (85). O

(87)

3. Conclusions

In this paper, the author considered the degenerate derangement polynomials of order
s (s € N) and expressed the degenerate derangement numbers order s as the product of s
degenerate derangement numbers (see (21)). Thus the author gave a combinatorial meaning
about higher order derangement numbers. The author represented various expressions
for the degenerate degenerate derangement polynomials of order s in terms of quite a few
well-known special polynomials and numbers by using the degenerate Sheffer sequences.
Here is the special polynomials and numbers: the Lah numbers and the degenerate Lah
polynomials; the r-Lah numbers and the degenerate r- Lah polynomials; the degenerate
Bernoulli polynomials of order r and the product of r degenerate Bernoulli numbers; the
degenerate Frobenius—-Euler polynomials of order r; the Stirling numbers of the first and
second kind, and the degenerate Deahee polynomials of order r; the Stirling numbers of
the first and second kind, and the degenerate Bell polynomials; the Stirling numbers of the
second kind and the falling factorial.

The study of the degenerate version of the well-known special polynomials and num-
bers is applied to characterize properties in various fields of mathematics (see [2-14,31]). As
one of our future projects, the author would like to continue to study degenerate versions
of certain special polynomials and numbers.
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