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Abstract: In this paper we introduce a generalized Laplace transform in order to work with a very
general fractional derivative, and we obtain the properties of this new transform. We also include
the corresponding convolution and inverse formula. In particular, the definition of convolution
for this generalized Laplace transform improves previous results. Additionally, we deal with the
generalized harmonic oscillator equation, showing that this transform and its properties allow one to
solve fractional differential equations.
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1. Introduction

Differential and integral calculus provide numerous tools for solving modeled prob-
lems, but there are many phenomena whose formulations are far more precise if fractional
calculus is used. Fractional calculus is as old as calculus itself, and extends derivation and
integration to arbitrary non-integer orders.

Liouville gave two definitions of derivative [1], treating the fractional order deriva-
tive as an integral, albeit with certain limitations. Anton Karl Griinwald, in 1867 [2],
and Aleksey Vasilievich Létnikov, in 1868 [3], proposed a new definition of fractional
derivative based on the definition of iterated derivative, known as the Griinwald-Létnikov
differo-integral operator. Later, in 1898, the definition given by Liouville was improved by
Riemann in a posthumously published manuscript [4]. In 1969, Michele Caputo gave a new
definition that allowed the physical interpretation of many problems, since it has ordinary
initial conditions unlike the derivative of Riemann, so it is usually used in application
problems [5].

The concept of the conformable fractional derivative was introduced in [6]; then [7-12]
proposed derivatives of local character, which opened up a new horizon in fractional
calculus.

Fractional calculus is now successfully used in a wide range of models in physics,
economics and biology. Of particular importance are the physical applications in the theory
of viscoelasticity, in the study of anomalous diffusion phenomena and in electromagnetic
theory. There is currently a growing interest in other very different fields, such as circuit
theory and the physics of the atmosphere. Additionally, among economists, the use of
fractional calculus concepts is increasing. There are well-known fractional models such
as that of the change of heat load intensity on the walls of a furnace, the Bagley—Torvik
equation, the neural fractional order model, the deformation law and the model of the
spread of Dengue fever, where the advantage of using a non-integer formulation of the
derivative is evident [13-29].
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As far as classical calculus is concerned, ordinary and partial differential equations
describe how certain quantities vary in time, such as the current in an electric circuit,
the oscillations in a vibrating membrane or the heat flow through an insulated conductor.
These equations usually have initial conditions that describe the state of the system at time
t = 0. The Laplace transform method solves most of these problems, by transforming the
original equation into an elementary algebraic expression, which can then be transformed
back into the solution of the original problem [30,31]. The Laplace transform was useful
used in the study of fractional differential equations; see, e.g., [29,32,33].

Therefore, it is interesting to extend the Laplace transform to differential equations
with non-integer orders, for the generalized fractional derivative exposed in [12]. Fur-
thermore, earlier works dealing with the Laplace transform for fractional derivatives
introduced some convolutions that have some drawbacks. We introduce here a new con-
cept of convolution that avoids the problems of the previous definitions; in particular, this
convolution uses a symmetric operator; see Theorem 8. We also include the corresponding
inverse formula in Theorem 9. Finally, we solve the generalized harmonic oscillator as an
exemplary application to show the reliability of the generalized Laplace transform method:

GH(GE)(t) + 2f(t) = u(t),

where G§ £ (t) is the conformable fractional derivative operator of order « € (0,1], and c is
a constant.

2. Preliminaries

Let us recall the definition of a local generalized fractional derivative in [12].

Given s € R, we denote by [s] the upper integer part of s, i.e., the smallest integer
greater than or equal to s.

Definition 1. Given an interval | CR, f: ] - R, a € Rt anda positive continuous function
T(t,a) on I for each w, the derivative G§.f of f of order a at the point t € I is defined by

[a]
a0 =i g (1) e e )

If a = min{t € I} (respectively, b = max{t € I}), then Gf.f(a) (respectively, G} f (b))
is defined with h — 0~ (respectively, h — 07) instead of 1 — 0 in the limit.

If we choose the function T(t,a) = t/*1=%, then we obtain the following particular
case of Gf, defined in [6]. Note that T(t,a) = tlal—a — 1 for every « € N.

Definition 2. Let I be an interval I C (0,00), f : I — Randa € Rt. The conformable derivative
G*f of f of order a at the point t € I is defined by

(o] .
10 = g LV (- @

We know from the classical calculus that if f is a function defined in a neighborhood
of the point ¢, and there exists D" f(t), then

D"f(0) = Jim 3 32 (~1" () £t = k).

=1
h—0 =0

Therefore, if « = n € N and f is smooth enough, then Definition 2 coincides with the
classical definition of the n-th derivative.
In [6], a conformable derivative is defined in the following way.
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Definition 3. Given f : (0,00) — Rand « € (0, 1], the derivative of f of order w at the point t is
defined by

Tuf(1) = tim JO ST )

It is clear then that T, is a particular case of G* when a € (0,1] and T(t,a) = t'~*.
See [9,34,35] for more information on T.
The following results in [12] contain some basic properties of the derivative G7.

Lemma 1. Let [ beaninterval  C R, f : I — Rand a € R,

(1) If there exists DI*I f at the point t € I, then f is Gi-differentiable at t and Gif(t) =
T(t,a)l*I DI £ ().

(2) Ifa € (0,1], then f is G}-differentiable at t € I if and only if f is differentiable at t; in this
case, we have G} f (t) = T(t,a)f'(t).

Lemma 2. Let [ be an interval | C R, f,¢ : I — Rand « € R*. Assume that f,g are

Gf-differentiable functions at t € I. Then the following statements hold:

(1) af +bg is Gy-differentiable at t for every a,b € R, and G} (af +bg)(t) = aG}f(t) +
bGhg(t).

(2) Ifszg((g,l], then fg is Gf-differentiable at t and G}(fg)(t) = f(t)Gfg(t) + g(t

(3) Ifa € (0,1] and g(t) # 0, then f/g is Gi-differentiable at t and GF(
8(H)GLf (1)~ f(H)Grg(f)

g(t)? '
(4)  GF(A) =0, for every A € R.

(5) GH(t) = oyl 7= T (1, ) 2], for every p € R\ 27,

6) GH(t™") = (—1)(“]% t== 1T (¢, )], for every n € 7T,

~—

Grf(#)-
)(8) =

09 [~

Lemma 3. Let a € (0,1], g be a G}-differentiable function at t and f be a differentiable function
at g(t). Then f o g is G}-differentiable at t, and GF(f o g)(t) = f'(g(t)) G3g(t).

3. On the Generalized Laplace Transform

In this section, we assume that the function T is positive and continuous on (0, c0),
and satisfies for some ¢ > 0

/Sdiw<oo and /wdiw—oo
0 T(w,a) ’ o T(w,ea)

foreach0 < a < 1.
Let us define foreach0 < « <landc,t € R

Ex(c,t) =exp (c/ot:r(i%).

Note that E,(c, t) is an eigenfunction for the operator G¥, since

GF(Ex(c,t)) = T(t,oc)(exP (C/OtT(i%))/
:T(t,a)eXP(C/Ot]m>T(:M:cEa(c,t)_

Thus,

(Eu(c,t)) = cEu(c,t) TR
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Given 0 < « < 1 and a measurable function f : [0,00) — R, we define its generalized

Laplace transform as
LHAE = [ B FO a7

if L241[f]](s) < oo, i.e., Ex(—s,t) f(t)/T(t,a) € L}([0,0)). If we consider complex-valued
functions instead of real-valued functions, then we can obtain similar results.
The following properties of the generalized Laplace transform are elementary.

Proposition 1. Letc,k € R,0 <a < 1and f,g: [0,00) — R be functions such that there exist
L5[f1(s) and L5[g](s) for some s.

(1)  Then
Lrlef +kgl(s) = c LE[f](s) + k LT[g](s).
(2)  If there exists L. [Ex(c, t)f(t)](s), then

LT [Ea(e, 1) f(D)](5) = LF[f1(s — ).

The following results summarize the main properties of the generalized Laplace
transform.

Theorem 1. Let f : [0,00) — R be a function such that there exists L%[f](s) for some s and

0<a <1 Then
LT[f(t)](s) = LIf (u(x))](s),

where L denotes the usual Laplace transform, and u(x) is the inverse function of

x(t) = / f_dw
Jo T(w,a)”
Proof. Since T(t,«) is a positive continuous function on (0, c0), and it satisfies for some
e>0
/s dw <o /°° dw .
0 T(w,a) ’ 0o T(w,a)
the function x : [0,00) — [0, o0) given by
todw
= [ —
x(#) /0 T(w,a)
is continuous and strictly increasing, x(0) = 0 and lim; 0 x(t) = co. Thus, x(t) is a

homeomorphism on [0, c0) and so is its inverse function.
The change of variable

todw dt
x—/o T(wa)’ dx = t=u(x),

allows one to obtain

£471(6) = [ (=00 T(ﬂtlt 7= ) O T(i,t %)

J0

_ /0°° e f(u(x)) dx = L[f(u(x))](s)-
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Corollary 1. Let f : [0,00) — R be a function such that there exists L[f](s) for some s and
0 < & < 1. Then there exists the generalized Laplace transform at s of

todw
1 o)

ﬁ”%[f(/ot%)}(s) — LIf)Gs).

Corollary 1 has the following consequence.

and

Proposition 2. There exists the generalized Laplace transform of the following functions for
0<a<l:

(1) Ifs >0, then

(2) IfaeRands > a,then

(3) Ifb> —lands > 0, then

o [( [ s Y o - FEE.

(4) Ifb>0ands > 0, then

ol . Eodw b
£T{Sm(b/o T(w,zx))}(s)_#—i—bz'
(5) Ifb>0ands > 0, then

dw S

t
C‘%[cos (b/o m)}(s) =g

(6) IfaeR,b>—1ands >0, then

£t [Eale, t)(/ot T(Ccls,]a) )b](s) = m :

(7) IfaeR,b>0ands > a,then

£ [Eua ) sin (b/o Tm)}(s)zww.
(8) IfaeR,b>0ands > a,then
E%[Ea(a,t)cos (b/()t%)}(s) = (s—sa;ﬁ’

(9) Ifa>0ands > a,then

E"f{sinh(a/ot%)}(s) = ﬁ.
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(10) Ifa > O0ands > a, then

S

E%‘«[cosh(a/otm)](s) =22

The following result gives a sufficient condition for the existence of the generalized
Laplace transform.

Theorem 2. Let f : [0,00) — R be a measurable function and 0 < a < 1. If there exist constants
k > 0and c € R such that

[f(5)] < kEa(c,t)

for every t > 0, then there exists L{[f](s) for every s > c and

E41A16)] < .
—c
Proof. If s > ¢, then Proposition 2 gives
Ey(—s Ex(—s,t)Ex(c,t)
o < Lo\ ™5,/ b) JF) <
|£T[f](s)]_/0 \ :r( ‘dt k/ B ot
" k
= kﬁT[Ea(Crt)](S) = s_¢’

and there exists L%[f](s). O

The following result shows that L7 is the appropriate Laplace transform in order to
work with the fractional derivative G7.

Theorem 3. Let f : [0,00) — R be a locally absolutely continuous function such that there exist
L5[f1(s) and LGS f](s) for some s and 0 < a < 1. Then

Lr[GrfI(s) = s L1 [f](s) = f(0).

Proof. If we apply integration by parts to the integral

LHOH) = [ El=s ) GHF ) gy = [0 Eal=s) F (0t

with
u = Ey(—s,t), du = —sE,(—s,t)

do=f'(t)dt, ©=f(t),

we obtain

L1 = [Eu=s 0 £0] s [T E=s) £ 75
= lim Eo(—s,t) f(t) — £(0) +s LF[f](s)

t—o0
Note that there exists lim; o Ex(—S, t) f(t) and it is finite, since there exist L}[f](s)
and £3[G}£1(5).
When seeking a contradiction, assume that lim;_,e E4(—s5,t) f(t) = k # 0. Thus,

Ea(=s,t) f(t) T<t1,a) ~ T(f,vé)




Symmetry 2021, 13, 669

7 of 14

as t — oo. Since

©  dw 1
/ Twa) & 7 Ea(*sff)f(t)T(t’a)eéLl([o,oo))

and L} [f](s) does not exist, there is a contradiction. Hence, lim; o Ex(—s,t) f(t) = 0 and
the conclusion holds. O

We can iterate this formula.

Theorem 4. Let f : [0,00) — R be a C! function such that f' is a locally absolutely continuous
function and there exist L}[f](s), L3[GFf](s) and LT[G5(GLf)](s) for some s and 0 < o < 1.

Then
LH[GH(GE)(s) = s LE[f1(s) — s £(0) — GF£(0)
= s*L3[f](s) — s f(0) — T(0,a)f'(0).

Proof. Theorem 3 and Lemma 1 give

Lr[Grf](s) = s LTf1(s) = f(0),
LT[GT(GTf)I(5) = s LT[GTf](s) — GTf(0) = s LT[GFfI(s) — T(0,a) f'(0),

and these equalities give the conclusion. [

Theorem 5 below shows that the following integral operator plays an important role
in our study.

B0 = [ £ b

Theorem 5. Let f : [0,00) — R be a function such that there exist L5 [f](s) and LE[JF(f)](s)
for some s and 0 < o < 1. Then

LAURNI(6) = £ L31A165)

Proof. Since there exists L}[f](s), we have that there exists J§(f)(t) for every t > 0.
Additionally, J$(f)(t) is locally absolutely continuous on [0, c0) and

ROV = h0, GHENO = 1),

for almost every t € [0,00). Thus, Theorem 3 applied to the function J%(f) gives

Lr[f1(s) = LY[GTr(Ur(f)](s) = s LTUT(N](s) = J1(f)(0) = s LT[J7(£)](s)-
O

Let us prove some regularity properties of the generalized Laplace transform.

Theorem 6. Let f : [0,00) — R be a function such that there exists LF[f](so) for some sy € R,
and 0 < & < 1. Then:

(1) There exists LL[f](s) for every s € C with real part Res > s.

(2)  L%[f](s) is continuous on the closed halfplane {s € C : Res > s¢}.

(3)  L%[f](s) is analytic on the open halfplane H(sg) = {s € C : Res > s¢}.

(4) Ifs € H(sp) and n is a positive integer, then

e = [Tean o ) e
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Proof. If Res > si, then

‘ Eu(=s,t) f(t) ‘ _ Ea(=Res, ) [f(t)] _ Ea(=s0,) [f()]

Tha) = T(ha) @

Since Ey(—so, t) f(t)/T(t, ) € L'([0,00)), we conclude that E,(—s,t) f(t)/T(t,a) €
L1([0,0)), and so, there exists L£%[f](s).

Since (4) holds for every s with Res > sg and En(—so, t) f(t)/T(t,«) is an integrable
function on [0, o0) which does not depend on s, the dominated convergence theorem gives
that £4[f](s) is a continuous function on this closed halfplane.

Let v : [a,b] — C be a closed curve contained in the open halfplane H(sg). Fubini’s

theorem gives
dt
L5 ds—// Ey(—s,t) f ds
/y T[ IX ) T(t DC)

:/O LE“(—s,t)dsf(t) T

Since E,(—s,t) is an analytic function in the variable s for each fixed t, Cauchy’s
theorem gives fﬁr Ex(—s,t)ds = 0and so,

. B © dt - 0 dt _
[t ds = [ ] Ealostyds 10 g = [ 050 75 =0

Since v is an arbitrary closed curve contained in the open halfplane H(s(), Morera’s
theorem gives that L{[f](s) is analytic on H(sp).
Fix s; > so and a positive integer n. If s € H(s7), then

Ea ~ Eu(— Res t
/ T(w B / T(w
E,x( 51, / daJ "
- T(w
_ Eu(=s0, )If( )| dw ”
- T(()t,a) Ea(=(51 =s0), / T(w,a) )

It is well-known that there exists a positive constant ¢, such that e™* < ¢,x™" for
every x > 1. As in Theorem 1, denote by u(x) the inverse function of

todw
x(8) = /0 T(w,u)

If we define

and t > ty, then

/otT(ia,)vc):x(t)Zx(fo)= ! = (s1—s0) LA

= Eu(—(s1 —5s0),t) =exp (— (s1 —s0)

Cn b dw —n
= (s1 —sp)" ( 0 T(a),zx)) '



Symmetry 2021, 13, 669 9 of 14

Thus, we obtain

t 4 n
! (/0 T(wwzx))

Ea(=s0,1) | f(1)]
< T((Jt,a) Eo(—(51 = s0), / T(w,a)

Cn so, t) | f(1)]
= (s1—50)" T(()t/“)

for every t > t). Additionally, we have for every 0 < t < ty
f) Eodw
(/0 T(w, ) )
B Cn o dw n
M= max{ (s1 —so)"’ ( 0o T(w,a) ) }’

St)f(t a(=so,t) |f(t)]
([ )| = Mg
forevery t > 0.

T(t, a)
Since Eq4(—s0,t) f(t)/T(t, &) € L'([0,00)), the function

t) Eodw 7
(/0 T(w,a) )
is bounded by an integrable function on [0, o) which does not depend on s € H(sy).
Therefore, the dominated convergence theorem gives that

dndﬁﬁm (s) = %(/ CEd=sS0) T(ctl,t )
-/ aa (Bal=s:) FO) 7 5

- (71)”/0 En(=s,t) f(t) (/Ot T(i,aja) )nT(ifoc) '

Since this formula holds for s € H(s1) and every s; > sy, it holds for every s €
H (So). U

o dw  \m Ey(—so,t) |f(t)]
= ( 0 T(w,oc)) T(()t/"‘) '

If we define

then

Theorem 7. Let f : [0,00) — R be a function such that there exists LT[ f](so) for some sp € R
and 0 < a« < 1. Then
lim £%[f](s) = 0.

S—r00

Proof. Since there exists £.[f](sp), we have

L)

o T(ta) dt < oo

Thus, for each ¢ > 0 there exists § > 0 with

o 1)l €
D Tea <

If s > sg, then

Etx(_srt)f(t) ‘ _ ( ;((];/ilf( )| Ea(_(S_SO)rt)'
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Hence,

L7 [f1(s

Eo(—s,t) |f(t © Ex(—s,t) |f(t)]
=) W‘“/ B (o

<§+/ Ea 50' ()|Ea( (s —s0), 1) dt

<+ OOE"‘ SO’ ()|E,x( (s — s0),8) dt

= §+£"H £l ]<s0> Ea<—<s —50),6).

Since lims_ye0 Ex(—(s — 50),8) = 0, there exists N with

for s > N. Thus,

LE[1f11(s0) Ea(=(s —s0),0) < &/2

t[f](s)| < efors > Nand limsye0 L5 [f](s) =0. O

Let f,g : [0,00) — R be measurable functions and 0 < a < 1. Recall that we

have defined

= | o

and u(x) as the inverse function of x(t). Let us define the generalized convolution of f and

gas

= [0 = x(@) 510) s

If T(t,x) = t=%, then

b dw ot 1,
)_/oT(w,tx)_/ow dw—&t

and u(x) = (ax)!/®. Thus, we have in this case

; dw
:/ flu(x(t) —x(w))) g(w) T(w, )
_/ FU(E = ) g(w) 0t dew.

Our definition of convolution has the advantage that it is symmetric, unlike the one
in [32] (Theorem 3). Another symmetric convolution is defined in [33] (Theorem 3.8), but
this result contains a mistake (in the proof of Theorem 3.8 it is shown that the Laplace
transform of the convolution is the product of two functions which are not the Laplace
transform of the factors, since the integrals involve the functions ¢(¢“/w) and (v /w)
instead of ¢(¢) and ¢ (v), respectively).

Theorem 8. Let f,g : [0,00) — R be functions such that there exist LF[f](s) and L5[g](s) for
somesand 0 < a < 1. Then

TLf * 8l(s) = Lr[f](s) £7(8] (s)-
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Proof. By applying Fubini’s theorem, we obtain

£ #8l(0) = [ O )0 (ifa)_/owe_sx(t)(f*g)(t)x’(t)dt
_/ = /f (@) g(w) ¥’ (w) deo ' (1) dt

:/0 /w e s¥(w) p—s(x(t)—x (‘*’))f(u(x(t) —x(w)))g(w)x’(t) dt 2 (w) dew.

The change of variable x(z) = x(t) — x(w), x'(z) dz = x/(t) dt, gives

(s) = /oo /°° efsx(“’)efsx(z)f(u(x(z)))g(w) x’(z) dz ' (w) dw

—/ TOf(2) ¥ () dz [ e gw) ¥ (w) deo
= L51)(5) £318] ).
O

4. A Mellin’s Inverse-Type Formula

The classical Mellin inverse formula gives

£ = L WA ) = g tim [ eLif](5)as,

where L denotes the usual Laplace transform, and the integration is done along the vertical
line {Rs = a} if this line is contained in the region of convergence of L[f](s).
We present here a Mellin inverse-type formula for the generalized Laplace transform:

Theorem 9. Let f : [0,00) — R be a function such that there exists LL[f](s) for some s and
0<a<1 Then

£ = g tim [ s 02 111(5) s,

where the integration is done along the vertical line {Rs = a} if this line is contained in the region
of convergence of L [f](s)

Proof. Theorem 1 gives that

Tlf(D](s) = LIf (u(x)))(s),

where u(x) is the inverse function of

- T

Mellin’s inverse formula gives

a+iT 1 a+iT

fw(t) = 5 lim [ ELf(u())(s)ds = = lim [ etL3[f](s)ds,

271 T—oo Ja—iT 2711 T—oo Ja—iT

where the integration is done along the vertical line { Rs = a} if this line is contained in the
region of convergence of L[f](s). Hence,
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1 a+iT

f(t) = fu(x(t)) = 5= lim e LY [f](s) ds

27T T—o0 Ja—iT

a+iT
= o dim [7 B (s LA s,

O

5. Generalized Harmonic Oscillator
We want to study the equation of the generalized harmonic oscillator:

GHGEA) +2f (1) = u(t), f(0)=a, GFf(0)=

witha,b,c € R, ¢ # 0.
By applying the generalized Laplace transform to this equation and using the fact that
it is a linear operator, we have:

{ LYGF(GH) F(D](s) + 2LEf(D](s) = LE[u()](s),
f(0) =a, Gff(0)=0.

Using Theorem 4, this equation transforms into

SLHF)(s) = 5F(0) = GHF(0) + LFF()(5) = L3lu(1)](5)
LHF(1)(s) —as —b+62£”f[f( ) = LHuo)s),
LHADE) = 55 + L1 0]6)

Finally, Proposition 2 and Theorem 8 give

b d b . bt dw ‘ to4
f(t)_aCOS<C/()T“(cu%)+CSIn<C/(JW)—i_iu*Sln(c/()T‘@u%)

6. Conclusions

In this paper, we developed the theory of a generalized Laplace transform on frac-
tional differential equations with a generalized fractional derivative G, and we prove its
properties. We also included the corresponding convolution and inverse formula. In partic-
ular, our definition of convolution for this Laplace transform has the advantage that it is
symmetric, unlike the one in [32] (Theorem 3); another symmetric convolution is defined
in [33] (Theorem 3.8), but this result contains a mistake (in the proof of Theorem 3.8 it
is shown that the Laplace transform of the convolution is the product of two functions
which are not the Laplace transform of the factors, since the integrals involve the functions
$(¢¥/w) and P(v¥/w) instead of ¢(&) and P(v), respectively). Additionally, we dealt
with the generalized harmonic oscillator equation, showing that this generalized Laplace
transform and its properties allow one to solve fractional differential equations.
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