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Modeling 3D-1D Junction via Very-Weak Formulation
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Abstract: We study the potential flow of an ideal fluid through a domain that consists of a reservoir
and a pipe connected to it. The ratio of the pipe’s thickness and its length is considered as a small
parameter. Using the rigorous asymptotic analysis with respect to that small parameter, we derive
an effective model governing the the junction between a 1D and a 3D fluid domain. The obtained
boundary-value problem has a measure boundary condition with Dirac mass concentrated in the
junction point and is understood in the very-weak sense.
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1. Introduction

Fluid flows in pipes are important because they appear in many applications. For
their description, we typically use one-dimensional approximations. In the case of single
pipe, that matter has been extensively studied by various authors (see, e.g., [1-11] and the
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references therein). A variant of the two-scale convergence for thin domain is developed
in [4] for that kind of problems. When there is a structure consisting of several pipes,
the main problem is how to derive the effective junction condition. Junctions of elastic
structures have been extensively studied for more than 30 years (see, e.g., [12,13] ). The
study of similar problems in fluid mechanics started a bit later. However, in the last
25 years, several papers can be found, and we mention some of them. The problem of a
structure consisting of several pipes is addressed in [7] (see also [1,14,15]) using the classical
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approach of matched asymptotic expansions or in [16] using the two-scale convergence
approach. A particular method of partial domain decomposition was proposed for such
problems by Panasenko et al. (see, e.g., [1,17]).

Junction of thin domains of different kind, such as pipe and fracture or a thin domain
and a thick 3D domain, is more difficult, from the technical point of view, as the problem
of the definition of traces appears. If there is a junction of pipe and 3D reservoir, we
can derive the 1D model for the pipe via asymptotic analysis, as the ratio between the
pipe’s thickness and length tends to zero. However, the junction becomes one point and,
in the classical weak formulation setting, the trace of a function defined in 3D reservoir
cannot be appropriately defined in one point. Furthermore, the boundary value becomes
a measure and not a function. Thus, the usual Sobolev space setting and the weak for-
mulation is not appropriate. Therefore, in this paper, we propose using the very-weak
formulation (see, e.g., [18,19]), which appears to be natural tool for our multi-dimensional
asymptotic analysis.

That kind of problems, with 3D-1D junction domains, was rigorously studied by
Kozlov et al. [20], using the asymptotic expansions and their justification. In fact, Section 2
is devoted to the boundary value problem for the Laplace equation in 3D domain with sev-
eral thin outlets. Complete asymptotic expansion is derived and the reminder is estimated
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10/). the expansion. One difference, compared to the problem treated by Kozlov et al. [20], is
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that in their original problem the boundary condition is mixed. It is Neumann, except on
the end of the thin cylinders, where the condition is Dirichlet (while we have Neumann
condition all over). That leads to a different effective model. Another difference is that we
use completely a different technique, based on the weak convergence and the very-weak
formulation. In comparison, since they derived the complete asymptotics, the information
they obtained on the asymptotic behavior of the solution is richer. On the other hand, our
method is much simpler and more intuitive. That makes our approach more suitable for
further application to more complex problems, such as the Navier-Stokes system.

Thus, the main novelty of the paper is the method. We use of the very-weak formu-
lation of the problem, which allows a direct application of the weak and the two-scale
convergence for thin domains and the straightforward rigorous derivation of the singular
effective problem. Due to the difference in dimension, the effective model has singular
measure boundary data. Unlike the standard weak formulation, the very-weak formulation
is designed for treatment of such problems with data lacking regularity.

For the sake of simplicity, we consider the incompressible, potential flow of an ideal
fluid. We assume that the fluid is injected in the pipe P, with thickness ¢ < 1, by strong
injection g.. The pipe is connected to the reservoir (), so that the fluid enters (). Due to the
incompressibility it must go out somewhere. We assume that it exits the reservoir on the
other side through some part of its boundary.

Using the rigorous asymptotic analysis, as the thickness of the pipe tends to zero,
we obtain the effective junction condition in the form of a Dirac mass concentrated in the
junction point. Such problem cannot have a weak solution, but it is uniquely solvable in
the very-weak sense.

1.1. The Geometry

Let QO C R3 be a smooth bounded domain, such that the point O(0,0,0) € 9Q). We
assume that there there is a flat part of the boundary around O, i.e., there exists some § > 0
such that

T;={(0,x2,x3) €R®; x5+ 13 <%} CoQ) .

For w C R? smooth and convex domain contained in the unit ball B(0,1), and a small
parameter € < 1 such that ¢ < J, we define the small set

We = €W

and the thin pipe
P =]0,L] X we .

The fluid domain is now defined as
Q. =QUP, .
We denote

Y =]0,L[ X dw, — the pipe’s wall
7e ={L} X we — the pipe’s entrance
I' = 90\ (7e UX¢) — the reservoir’s boundary.

Please see Figure 1.
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Figure 1. The reservoir () and the pipe P.

1.2. The Equations

We denote by 6° the velocity potential and study the Neumann problem for the Laplace
equation. For the boundary condition, we first define the entering velocity as

1 Xy X
sl =58(2.7) M)

where ¢ € L?(w). We denote the total flux through the entrance of the pipe by
T = [ ge(x2,x3) dxpdxs =
Jwe

/w (Y2, y3) dyr dys. )

Next, we choose the function € L?(T) such that

/ hds—=—1 . @)
Jr
Now, our problem reads
AGF =0 in O (4)
d06°¢
3o 8 on e ®)
€
3% =0 on X 6)
a0°
e h onT . (7)

It is well posed due to (2) and (3) .

2. A Priori Estimates

We start with H' (Q);) estimate.
Proposition 1. Let 6° be the solution of the problem (4)—(7). Then, there exists C > 0, independent
on ¢, such that

161k (0 < C(L+eT) ®)

Proof. We test (4) with ¢°. It gives

/ Ve = /hes—F g6 .
J Qe JT Ve
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Using the trace theorem, we obviously have

‘/heﬁ
T

By direct integration, it is easy to prove that

< hle2ry 16°] 20y < ClO () -

100 124) < ClOpy -

with C > 0, independent from ¢. Thus,

s
Ye

< Clgeli2(y) 61k (0, < Ce 6 () -

< |gs|L2(%) |9£|L2("r£) <

O

2.1. L*(Q) Estimate
We proceed with sharp (and essential) L?(Q)) estimate.

Proposition 2. Let 6° be the solution of the problem (4)—(7). Then, there exists C > 0, independent

on ¢, such that
1
o — / 6
Q] Ja

Proof. We assume, at the beginning, that fQ 0c = 0.
We need an auxiliary problem:

<C ©)
L2(0)

Ap=0° in Q (10)
9P _
P 0 on 0Q) . (11

Since the right hand-side is an H'(Q) N L3(Q) function, the solution ¢ € H3(Q)
(standard elliptic regularity; see, e.g., [21]). Thus, ¢ € C(Q) for some o > 0. Furthermore,
there exists some C > 0, independent on ¢, such that

P12y < Cl6°2(q)
|l < Cl6° 1200
#1300y < ClO°| ()

C
[V¢lioia) < ClO ) = 7 -

Testing (10) with 0° gives

/Qwsz:/rhm/%(mqogj .

The first integral is easily estimated as above, and

’/r’“l" < Cloliq) < Cl6°l2q) - (12)
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For the second one, we proceed as follows:

N
/| 0 P05 = (13)

[, Vab(0,)Vob 4 [ 59(0,x) <
(3 Ye

< Ce| V| o) Vbl 200(p,)
F18el1(1) 1Pl L) < CA+ 16 12(qr)) -

so that
0°120) <C (14)

of course under the condition that f a 6¢ = 0. Thus, in general,

1
€_7 t
0 |Q|/09

<cC (15)
12(Q)

O

2.2. L?(P;) Estimate

The estimate in L?(P;) is less complicated and follows from the Ponicaré inequality:

Lemma 1. There exists a constant C > 0, independent from e, such that ¥ i € H'(P;)

< Ce|Viplap,y - (16)
L2(Pe)

= v
‘P€| Pe
Proof. The classical Ponicaré inequality on w yields that V¥ = ¥ (y,y3) € H' (w)

“I’—l/‘i’
[

with C > 0 depending only on w. Let ¢y € H'(P). Then,

< C|V, ¥ , 17
L2(w) - ‘ y ‘Lz(w) ( )

D(y2,y3) = P(x1, ey, ey3) € H' (w)
forall 0 < x; < L. A simple change of variables and (17) imply the claim. O

3. The Limit

The very-weak formulation of the problems (4) and (7) reads:
Find 6¢ € L3(Q) = {v € L*(Q) ; Ja, v = 0} such that

/§)€95A¢+/rhgb+/%gg<p:0, (18)

for any ¢ € H?(Q,) such that g—i = 0 on 9Q).
It is easy to see that it has a unique solution (see, e.g., [18]).
Our main result is the following convergence theorem:

Theorem 1. Let 0° be the solution to the problems (4) and (7). Then, its restriction on () satisfies

0° — 0 weakly in L2(Q) , (19)
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where 0 € L3(QY) is the unique very-weak solution to the problem
AG =0 in Q (20)
00
ﬁzh—l—ré on T, (21)

6 is the Dirac measure defined by

(61y)=y(0) forany y € C(Q) ,
and T € Ris the boundary flux defined by (2).

Proof. Next, we take the function ¥ € C2(Q)) such that g—ﬁ = 0on dQ). Then,

/efmp /h1p+/ (Ox)d

The L?(Q)) bound for #¢ implies the existence of a subsequence (denoted by the same
symbol) and function § € L?(Q) , such that (19) holds. Then, for the first integral, we have

/()98A¢—>/09A¢.

For the last integral, we obtain

€

/ ai IN A
/E(O)I/J(O,x) = (0,x)dx' =

/ d0¢ N
) /mm (0 = 9(0)] G (O’ +
96

—HP(O) /5(0) g(o,x/)dx’ —

! d0¢ o
N /%(0) [$(0.x") = 9(0)] g(O,x Ydx' +
+79(0) .

On the other hand,

S |¢(0/x/) - IP(O)IHZ('V( )) X
&
X ai(O,x') . < Ce
ox H 2 (7:(0))
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We use here two estimates:
/ 06° w
Ye (0 ax

/Ae£ /VGSVw—

= [ V0V < V6| ) [Vl 2y <

C
) = Slwlmagg) -

VY we HY(Q),
2.) [p(0,x") —p(0)] <

H2(7:(0)) —

C
< 2|Vl q

< J7¢(0)|2¢| D?

Finally,
a E
/7(0) $(0,x') S (0,2')dx' > 7 (0) . (22)

We conclude from the above that the limit 0 satisfies
0 Ap = / ho+79(0) , 23
Joay= [+ (23)

which is exactly the very-weak formulation of the problems (20) and (21). It remains to
prove that it has a unique solution (implying that the whole sequence 6 converges, and
not only a subsequence) in L3(Q)). However, (22) is the very weak formulation of the linear
boundary value problem for the Laplace equation with non-smooth data, and it is well
known that it has the unique very weak solution in L3(Q) = {v € L*(Q) ; [v =0} (see,
eg.,[18]). O

4. Example

To illustrate the obtained model, we solve the effective problems (20) and (21) with
measure boundary data for rectangular domain Q) = (—1,1) x (0,1). The problem reads

AG—Ofor—1<x,y<1 0<z<1

3 (-Lyz2) =LMyz) =P (x,-12)=%(x,1,z2)=0 ,0<z<1
agxy,) 0, -1<x<1,-1<y<1

y( L Y,0)=h(x,y)+716, -1<x<1 —-1<y<1

(24)

We assume, for simplicity, that /1 is a smooth even function defined on [—1,1]2.

Of course,
1 1 1
_7/ / h(s, ) dsdt .
4/)-1/)4

Due to the simple geometry, we can solve the problem (in the very-weak sense) using
the Fourier method. We look for the solution of the form

0(x,y) = i Ay cos(kmx) cos(jmy) [sinh(nz VK2 +%) —

k,j=0

—tanh(7r /K2 + 2) sinh(7z /K2 + 2)] (25)

where the coefficients Ay; are picked such that

Ak

]77'[\/k2+] tanhn k2+] [//

cos(krtt) cos(]ns)dtds+r} . (26)
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If, in particular, we choose h as a constant
h = Hy = const. ,
then H
Agi 0

- VK2 + 2 tanh(r \/k2 + j2)

5. Conclusions

We rigorously derive a model for describing the potential flow of an ideal fluid
through a reservoir with several pipes connected to it. The flow through the pipes is,
usually, described by mono-dimensional models, while the flow through the reservoir is
described by a three-dimensional model. The effective junction condition between the
pipe and the reservoir is described by a Dirac delta measure concentrated in a junction
point. The obtained problem has unique solution, but only in the very-weak sense, since
the boundary value is not a function but a measure. The future goal is to do the same for
the viscous flow using the concept of the very-weak solution for the Navier-Stokes system
developed in [19].

Funding: This work was supported by the Croatian Science Foundation under the project AsAn
(IP-2018-01-2735).

Institutional Review Board Statement: Not applicable.

Informed Consent Statement: Not applicable.

Data Availability Statement: Not applicable.

Conflicts of Interest: The author declares no conflict of interest.

References

1. Blang, F; Gipouloux, O.; Panasenko, G.; Zine, A.M. Asymptotic analysis and partial asymptotic decomposition of domain for
Stokes equation in tube structure. Math. Models Methods Appl. Sci. 1999, 9, 1351-1378. [CrossRef]

2. Bourgeat, A.; Marus$i¢-Paloka, E. Non-Linear Effects for flow in periodically constricted channel caused by high injection rate.
Math. Models Methods Appl. Sci. 1998, 9, 1-25.

3.  Gipouloux O.; Marusi¢-Paloka, E. Asymptotic behaviour of the incompressible Newtonian flow through thin constricted
fracture. In Multiscale Problems in Science and Technology; Antoni¢, N., Duijin, C.J.V,, Jaeger, W., Mikelixcx, A., Eds.; Springer:
Berlin/Heidelberg, Germany, 2000; pp. 189-202.

4. Marusi¢, S.; Marusi¢-Paloka, E. Two-scale convergence for thin domains and its applications to some lower-dimensional models
in fluid mechanics. Asym. Anal. 2000, 23, 23-57.

5. Marusi¢-Paloka, E. Fluid flow through a network of thin pipes. Comptes Rendus Acad. Sci. Paris Sér. II B 2001, 329, 103-108.
[CrossRef]

6.  Marusi¢-Paloka, E. The effects of flexion and torsion for the fluid flow through a curved pipe. Appl. Math. Optim. 2001, 44, 245-272.
[CrossRef]

7. Marusi¢-Paloka, E. Rigorous justification of the Kirchhoff law for junction of thin pipes filled with viscous fluid. Asymptot. Anal.
2003, 33, 51-66.

8.  Marusi¢-Paloka, E.; PaZanin, I. Non-isothermal fluid flow through a thin pipe with cooling. Appl. Anal. 2009, 88, 495-515.
[CrossRef]

9.  Marusi¢-Paloka, E.; PaZanin, I. On the effects of curved geometry on heat conduction through a distorted pipe. Nonlinear Anal.
Real World Appl. 2010, 11, 4554-4564. [CrossRef]

10. Marusié-Paloka, E.; PaZanin, I. Effects of boundary roughness and inertia on the fluid flow through a corrugated pipe and the
formula for the Darcy—Weisbach friction coefficient. Int. . Eng. Sci. 2020, 152, 103293. [CrossRef]

11.  Nazarov, S.A,; Piletskas, K.I. The Reynolds flow in a thin three-dimensional channel. Lith. Math. . 1991, 30, 366-375. [CrossRef]

12.  Ciarlet, P. Plates and Junctions in Elastic Multi-Structures, An Asymptotic Analysis; Recherches en Mathématiques Apliquées;
Springer: Berlin/Heidelberg, Germany, 1990; Volume 14.

13. Le Dret, H. Problemes Variationnels Dans Les Multi-Domaines ; Recherches en Mathématiques Apliquées; Masson: Paris, France,
1991; Volume 19.

14. Marusi¢-Paloka, E.; Marusi¢, S. Computation of the Permeability Tensor for a fluid Flow through a Periodic Net of Thin Channels.

Appl. Anal. 1997, 64, 27-37. [CrossRef]


http://doi.org/10.1142/S0218202599000609
http://dx.doi.org/10.1016/S1620-7742(00)01296-4
http://dx.doi.org/10.1007/s00245-001-0021-y
http://dx.doi.org/10.1080/00036810902889542
http://dx.doi.org/10.1016/j.nonrwa.2008.09.016
http://dx.doi.org/10.1016/j.ijengsci.2020.103293
http://dx.doi.org/10.1007/BF00970832
http://dx.doi.org/10.1080/00036819708840521

Symmetry 2021, 13, 831 90f9

15.

16.

17.

18.
19.

20.

21.

Marusi¢-Paloka, E.; Pazanin, I. A note on Kirchhoff’s junction rule for power-law fluids. Zeitschrift fur Naturforschung 2015,
70, 695-702. [CrossRef]

Marusi¢-Paloka, E. Mathematical modeling of junctions in fluid mechanics via two-scale convergence. |. Math. Anal. Appl. 2019,
480, 123399. [CrossRef]

Panasenko, G. Method of asymptotic partial decomposition of domain. Math. Models Methods Appl. Sci. 1998, 8, 139-156.
[CrossRef]

Lions, J.L.; Magenes, E. Problemes aux Limites Non-Homogeenes et Applications; Dunod: Paris, France 1968; Volume 1.
Marusi¢-Paloka, E. Solvability of the Navier-Stokes system with L? boundary data. Appl. Math. Optim. 2000, 41, 365-375.
[CrossRef]

Kozlov V.A; Mazy’a V.G.; Movchan A.B. Asymptotic Analysis of Fields in Multi-Structures; Oxford Science Publications: Oxford,
UK, 1999.

Gilbarg, D.; Trudinger, N.S. Elliptic Partial Differential Equations of Second Order; Springer: Berlin/Heidelberg, Germany, 2001.


http://dx.doi.org/10.1515/zna-2015-0148
http://dx.doi.org/10.1016/j.jmaa.2019.123399
http://dx.doi.org/10.1142/S021820259800007X
http://dx.doi.org/10.1007/s002459911018

	Introduction
	The Geometry
	The Equations

	A Priori Estimates
	L2 ( )  Estimate
	L2 (P )  Estimate

	The Limit
	Example
	Conclusions
	References

