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Abstract

:

We use the natural invariant density of the map and the Perron–Frobenius operator to analytically evaluate the statistical properties for chaotic intermittency. This study can be understood as an improvement of the previous ones because it does not introduce assumptions about the reinjection probability density function in the laminar interval or the map density at pre-reinjection points. To validate the new theoretical equations, we study a symmetric map and a non-symmetric one. The cusp map has symmetry about   x = 0  , but the Manneville map has no symmetry. We carry out several comparisons between the theoretical equations here presented, the M function methodology, the classical theory of intermittency, and numerical data. The new theoretical equations show more accuracy than those calculated with other techniques.
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1. Introduction


In chaotic intermittency, the solutions of the dynamical systems exhibit the alternation between chaotic and laminar behaviors. The laminar phases, also called regular phases, are related to pseudo-equilibrium regions or pseudo-periodic solutions. The bursts correspond to chaotic behavior [1,2,3,4]. Intermittency has been observed in engineering, physics, medicine, chemistry, and economy [5,6,7,8,9,10,11,12,13,14]. In addition, intermittency has been associated with the symmetry breaking in chaotic and stochastic systems [15,16]. Therefore, a more complete and accurate description of the intermittency phenomenon would be applied in several subjects. In the classic theory, intermittency was classified into three types, I, II and III, and later, other types were introduced [17,18,19,20,21,22,23].



One-dimensional maps are widely used to study chaotic intermittency [1,2,3,4]. These maps have a mechanism to reinject the trajectories from the chaotic region to the laminar one, which determines the reinjection probability density (RPD) function [1,3]. The RPD function describes the probability of the trajectories to be reinjected at each point of the laminar interval. Usually, once the RPD is calculated, other statistical functions can be obtained as the probability density of the laminar lengths (PDLLs), the characteristic relation, etc. The reinjection process can be very complex as indicated in [24]. Accordingly, an accurate calculation of the RPD function and other statistical properties is essential to explain the intermittency phenomenon.



We note that there was not a general methodology to obtain the RPD, and distinct schemes were utilized. The classical theory of intermittency considers a uniform RPD function. This assumption generates the classic characteristic relations, which establish how the average laminar length tends to infinity as a control parameter tends to zero [1,2,25]. A more general RPD has been introduced in the last few years. Accordingly, the characteristic relations were generalized too. To calculate this general RPD, the M function methodology was developed, which has worked accurately for maps with types I, II, III and V intermittencies without and with noise. The M function methodology uses a less restrictive assumption of a constant density at points that govern the reinjection process, i.e., pre-reinjection points [3,26,27,28,29,30,31,32,33,34,35].



In this paper, we introduce a new methodology to evaluate the RPD function,   ϕ ( x )  , and other statistical properties. We call it the density technique. To develop this technique, we use the Perron–Frobenius operator and the invariant density of the map. This study does not introduce assumptions about the RPD in the laminar interval, as does the classical theory, or the map density at pre-reinjection points, as does the M function methodology, because it uses the invariant density of the map. To validate the new theoretical equations, we analyze the cusp map [36,37] and the classical Manneville map [4,38]. The cusp map is symmetric about the axis   x = 0  , and the Manneville map has no geometric symmetry. Therefore, we study the new methodology in symmetric and non-symmetric maps. We carry out several comparisons between the theoretical results here presented, the classical theory of intermittency, the M function methodology, and numerical data.




2. The Perron–Frobenius Operator


The Perron–Frobenius operator is used here to transform random variables. Therefore, we briefly describe this operator. A more complete explanation about the Perron–Frobenius operator can be found in [37,39].



Let us study a family of evolution operators    F t   ( x )  : D → D  , such as    F 0  =   identity and    F   t 1  +  t 2    =  F  t 1   ∘  F  t 2    , where  D  is a compact manifold,   x ∈ D  , and t is the evolution variable. If t takes only discrete values, the operator    F t   ( x )    is a map. There are, at least, two formulations to describe the behavior of    F t   ( x )   . One formulation corresponds to study the evolution of individual trajectories, the other one considers the evolution of the trajectories’ density.



For    F t   ( x )  : R → R  , the Perron–Frobenius operator evaluates the evolution of the trajectories’ density. We analyze a map   y = F ( x )  , which transforms some interval    Δ 0  ⊂ R   in another interval   Δ ⊂ R  . Then,   x ∈  Δ 0    and   y ∈ Δ  . In   Δ 0  , the density of trajectories is    ρ 0   ( x )   , while in  Δ  the trajectories’ density is   ρ ( y )  . The Perron–Frobenius operator,  L , evaluates the density  ρ  from   ρ 0  , and we write   ρ = L ∘  ρ 0   . If   Δ = [ a , y ]  , where y is variable, the Perron–Frobenius operator calculates the density   ρ ( y )  


  ρ  ( y )  =  d  d y    ∫   F  − 1    [ a , y ]      ρ 0   ( x )   d x  =  ρ 0   (  F  − 1    ( y )  )     d  F  − 1    ( y )    d y     .  



(1)







Note that Equation (1) supposes that   F ( x )   is differentiable and invertible with continuous    d   F  − 1    ( x )    d  x    [39]. On the other hand, the theoretical formulation of the M function methodology requires that    d  F ( x )   d  x    exists [3,30].



Let us now introduce a map   y = F ( x )  , which is piecewise differentiable and satisfies     F ′   ( x )   ≠ 0  , except in a finite number of critical points. Suppose that  Δ  is an interval containing no critical values, and suppose that    F  − 1    ( Δ )    is the union of finitely many intervals,   I j  , each of which is mapped monotonically onto  Δ , then the Perron-Frobenius operator allows us to evaluate the density evolution:


  ρ  ( y )  =    ∑   y = F ( x )   I j       ρ 0   ( x )      d F ( x )   d x       I j   ,  with  j = 1 , … , z  



(2)




where z is the number of intervals.




3. Evaluation of Statistical Properties


In this section, we calculate several functions and parameters to describe chaotic intermittency. First, we study the RPD function, then we analyze other statistical properties: the PDLL function, the characteristic relation, the intermittency factor, the number of iterations in the laminar and non-laminar phases, and the number of times that a trajectory crosses the boundary between laminar and non-laminar zones.



3.1. Evaluation of the RPD


The probability measure in an interval S can be written as


  P  ( S )  =  lim  N → ∞    1 N   ∑  n = 0  N   J S   (  x n  )   ,  



(3)




where    J S   ( x )    is the characteristic function of the interval S


   J S   ( x )  =      1 ,    if    x ∈ S       0 ,    if    x ∉ S  .       



(4)







Therefore, the probability measure shows the frequency that the trajectory reaches the interval. We can relate the invariant density,   ρ ( x )  , with the probability measure,   P ( S )  , by


  P  ( S )  =  ∫ S  ρ  ( x )  d x  .  



(5)







Now, we divide the whole data series into three subsets


   {  x n  }  =  {  x  n ′   }  ∪  {  x  n  ″    }  ∪  {  x  n  ‴    }   .  



(6)







First, we select    x   n ′  + 1   ∈ S   and in the preceding iteration it has already been there, that is    J S   (  x   n ′  + 1   )  = 1   and    J S   (  x  n ′   )  = 1  . For the next one, we have    x   n  ″   + 1   ∈ S   but in the preceding period it has not been there, that is    J S   (  x   n  ″   + 1   )  = 1   and    J S   (  x  n  ″    )  = 0  . Finally,    x  n  ‴    ∉ S  . Note that there is no intersection between them.


   {  x  n ′   }  ∩  {  x  n  ″    }  =  {  x  n  ″    }  ∩  {  x  n  ‴    }  =  {  x  n  ‴    }  ∩  {  x  n ′   }  = ∅  .  



(7)







Therefore, the probability measure   P ( S )   can be written as


  P  ( S )  =  lim  N → ∞    1 N   ∑   n ′  = 0  N   J S   (  x  n ′   )  +  lim  N → ∞    1 N   ∑   n  ″   = 0  N   J S   (  x  n  ″    )   .  



(8)







The first term in the RHS is the probability for the trajectory to be in S when in the previous iteration it has been there. If   S =  I L    (where   I L   is the laminar interval), then, only the second term in the RHS determines the RPD function,   ϕ ( x )  , through the relation


   lim  N → ∞    1 N   ∑  n = 0  N   J  I L    (  x  n  ″    )  = w  ∫  I L   ϕ  ( x )  d x  .  



(9)







The weight w is included because it is current to normalize the RPD function over the laminar interval   I L   as    ∫  I L   ϕ  ( x )  d x = 1  . Therefore, to obtain the RPD function, the sum in Equation (2) must exclude the contributions that do not generate reinjection in the laminar zone [3,40]


  ϕ  ( x )  = w  ∑  j ≠ l  n      d  F j  − 1    ( x )    d x    ρ  (  F j  − 1    ( x )  )   ,  



(10)




where l indicates the intervals that do not generate reinjection and   ρ (  F j  − 1    ( x )  )   is the density in the preceding iteration to reinjection. The weight w can be calculated from the normalization condition:


   ∫  I L    ϕ ( x )  d x  =  ∑  j ≠ l  n   ∫  I L  − 1     ρ (  F j  − 1    ( x )  )  d x  = 1  .  



(11)







We can organize the intervals   I j   following


       x   n ′  − 1   ∈  I j  ,    with    j = 1 , … h        x   n  ″   − 1   ∈  I k  ,    with    k = h + 1 , … z  .      



(12)







Therefore, Equation (2) can be written as


     ρ  ( y )  =    ∑   y = F ( x )   I j       ρ 0   ( x )      d F ( x )   d x       I j   +    ∑   y = F ( x )   I k       ρ 0   ( x )      d F ( x )   d x       I k         with  j = 1 , … , h ,   and  k = h + 1 , … , z  .     



(13)







If the map   F ( x )   has an invariant density,  ρ , it verifies   ρ = L ∘ ρ  . Then, Equation (13) becomes


     ρ  ( y )  =    ∑   y = F ( x )   I j      ρ ( x )     d F ( x )   d x       I j   +    ∑   y = F ( x )   I k      ρ ( x )     d F ( x )   d x       I k         with  j = 1 , … , h ,   and  k = h + 1 , … , z  .     



(14)







Using Equations (10) and (14), the RPD function can be calculated by two alternative equations. The first one is


  ϕ  ( y )  = w    ∑   y = F ( x )   I k      ρ ( x )     d F ( x )   d x       I k    with  k = h + 1 , … , z  ,  



(15)




and the second one results


  ϕ  ( y )  = w  ρ  ( y )  −    ∑   y = F ( x )   I j      ρ ( x )     d F ( x )   d x       I j     with  j = 1 , … , h  .  



(16)







Equation (15) calculates the RPD from points outside the laminar interval that are reinjected inside it, i.e., points   x  n  ″     that verify    J S   (  x   n  ″   + 1   )  = 1   and    J S   (  x  n  ″    )  = 0  . In contrast, Equation (16) evaluates the RPD function by subtracting from the invariant density points that were in the laminar interval at the previous iteration and that remain in it, i.e., points   x  n ′    that verify    J S   (  x   n ′  + 1   )  = 1   and    J S   (  x  n ′   )  = 1  . Finally, the RPD function must satisfy the normalization condition given by Equation (11).



We emphasize that Equations (15) and (16) establish new analytical relationships between the invariant density,  ρ , and the RPD function,  ϕ , for chaotic intermittency.




3.2. Evaluation of Other Statistical Properties


For each reinjected point x, there is a laminar length   l ( x )  , which determines the number of iterations that the trajectory needs to move from x to the boundary of the laminar interval c. Thus, the PDLL function establishes the probability of finding laminar intervals of length l. Usually, the PDLL function is obtained from the RPD function as follows [1,3]


  ψ  ( l , c )  = ϕ  ( y  ( l )  )      d y ( l )   d l     .  



(17)







Here, we evaluate the PDLL function using the invariant density of the map without calculating previously the RPD function. If we introduce Equation (15) in Equation (17), we obtain


  ψ  ( l , c )  = w     ∑   y = F ( x )   I k    ρ  ( x  ( l )  )      d x ( l )   d l      I k    with  k = h + 1 , … , z  ,  



(18)




where x represents the pre-reinjection points,   y = F ( x )   and   y ∈  I L   . From the last equation, we calculate the probability density of the laminar lengths directly from the invariant density of the map.



In addition, the characteristic relation,   L = L ( ε )  , can be calculated from the invariant density


  L =  ∫  l ∈  I L    ψ  ( l , c )   l  d l = w   ∫   F  − 1    (  I L  )        ∑      y = F ( x )   I k    l  ( x )   ρ  ( x )    I k   d x  with  k = h + 1 , … , z  ,  



(19)




where L is the average laminar length.



Directly from the invariant density, we can determine the “time” that the trajectory spends in laminar and non-laminar behaviors. Let us consider a process with    N t  =  N l  +  N c    iterations. Where   N l   and   N c   are the numbers of iterations inside and outside of the laminar interval, respectively,


   N l  =  ∫  I L   ρ  ( x )   d x  ,   N c  =  ∫  I C   ρ  ( x )   d x  ,  



(20)




   I T  =  I L  ∪  I C    is the interval where the map is defined, and there is no intersection between   I L   and   I C  :    I L  ∩  I C  = ∅  . The relation between them is


  σ =    ∫  I L   ρ  ( x )   d x    ∫  I C   ρ  ( x )   d x    .  



(21)







Note that   σ = σ ( ε )  , where  ε  is the parameter controlling the route from regular to chaotic behavior.



From the previous relation, we can obtain the average non-laminar length, C


  C =  L σ   ,  



(22)




where the average laminar length, L, is given by Equation (19).



The intermittency factor,  γ , determines the probability that a trajectory is outside the laminar interval. It can be calculated from the invariant density as


  γ =    ∫  I C   ρ  ( x )   d x    ∫  I T   ρ  ( x )   d x   =  ∫  I C   ρ  ( x )   d x  .  



(23)







Finally, the number of times a trajectory crosses the boundary between the laminar and non-laminar interval results


   N  l c   =   N t   L    1 σ  + 1     .  



(24)







Note that  γ  and   N  l c    also depend on  ε .



For a map with intermittency, Equations (18)–(24) allow us to directly calculate the probability density of the laminar lengths, the average laminar and non-laminar lengths, the characteristic relation, the number of iterations in laminar and non-laminar phases, the intermittency factor, and the number of crosses between the laminar and non-laminar zones without the evaluation of the reinjection probability density function.





4. Application to the Cusp Map


Let us introduce the following map:


  F  ( x )  = 1 + ε − 2    | x |      .  



(25)







Note that for   ε = 0  , the cusp map is recovering [36,37]. For   ε = 0  , the map has a fixed point at    x 0  = − 1  , which disappears for   ε > 0  , and for   0 < ε ≪ 1   type-I intermittency occurs. Figure 1 shows the map given by Equation (25) for   ε = 0.0001  . Note that the cusp map given by Equation (25) has symmetry about   x = 0  .



The cusp map has an invariant density   ρ ( x )   [37]


  ρ  ( x )  =   1 − x  2   .  



(26)







For the map (25), the number of intervals is   z = 2  , and   j = 1  ,   k = 2  . In accordance with Equation (15), the RPD function results


  ϕ  ( y )  = w     ρ ( x )     d F ( x )   d x       I 2    ,  



(27)




and using Equation (16), the RPD function can be calculated as


  ϕ  ( y )  = w  ρ  ( y )  −     ρ ( x )     d F ( x )   d x       I 1     ,  



(28)




if   y = 1 − 2    | x |    ,   I 1   is defined as


   x 1  =  F 1  − 1    ( y )  = −     1 − y  2   2  ,   x 1  ∈  I 1  =  [ − 1 , 0 )   ,  



(29)




and   I 2  


   x 2  =  F 2  − 1    ( y )  =     1 − y  2   2  ,   x 2  ∈  I 2  =  ( 0 , 1 ]   .  



(30)







The derivative    d  F ( x ) / d x    x 1  ,  x 2     is


      d  F ( x )   d x      x 1  ,  x 2    =  2  1 − x    .  



(31)







Then, from Equations (26), (27) or (28) and (31), the RPD can be obtained


  ϕ  ( x )  = w     1 − x  2    1 2  −    ( 1 − x )  2  8     ,  



(32)




where w is calculated from the normalization condition, Equation (11)


   ∫   F 2  − 1    (  x 0  )     F 2  − 1    (  x 0  + c )    ρ  (  F 2  − 1    ( x )  )   d x =  ∫   x 0     x 0  + c   ϕ  ( x )   d x = 1  ,  



(33)




  x 0   is the fixed point, and c is the semi-amplitude of the laminar interval,    I L  =  [  x 0  ,  x 0  + c ]   .



Results


To validate the previous theoretical equations, we perform the comparison between the RPD function given by Equation (32) with those calculated by the M function methodology, the classical theory, and with numerical data. A detailed explanation of the M function methodology can be found in Refs. [3,29,30,31,32,33,34,35]. The RPD calculated using the M function methodology results


  ϕ  ( x )  =   α + 1   c  α + 1       ( x −  x 0  )  α   .  



(34)







To evaluate the Equation (34), we use the function   M ( x )   defined as


  M  ( x )  =        ∫   x s   x   τ  ϕ ( τ )  d τ     ∫   x s   x   ϕ ( τ )  d τ       if  ∫   x s   x  ϕ  ( τ )  d τ ≠ 0      0    if  ∫   x s   x  ϕ  ( τ )  d τ = 0 ,       



(35)




where    x s  < x   for all reinjected points x. Note that the function   M ( x )   can be calculated as the average of reinjection points in the interval   [  x s  , x ]  , then, if we arrange the reinjections following the relation    x j  <  x  j + 1    , a very simple evaluation of the function   M ( x )   can be obtained


  M  (  x r  )  ≈    ∑  j = 1  r   x j   r   .  



(36)







We emphasize that Equation (36) does not need to know the function   ϕ ( x )  . For the RPD given by Equation (34),   M ( x )   is a linear function


  M  ( x )  = m   ( x −  x 0  )   x >  x 0   



(37)




where  α  in Equation (34) is obtained from the slope m


  α =   2  m − 1   1 − m   .  



(38)







On the other hand, the classical theory of intermittency assumes uniform reinjection,   ϕ ( x ) = constant  . Note that the classical theory is only a particular case of Equation (34) for   α = 0   (  m = 1 / 2  ).



We emphasize that, to obtain Equation (34), the assumption of constant density at pre-reinjection points was introduced (see [3,30]).



To calculate the numerical data, we generate an iterative process for the map given by Equation (25); also, we divide the laminar interval into   N s   sub-intervals, then we calculate the histogram of reinjections and the numerical RPD function. To obtain the histogram, we consider at least   50   N s    reinjections, which implies millions of iterations.



We develop several numerical tests for a different number of reinjected points N, and we split the laminar interval into   N s   sub-intervals where the RPD functions are evaluated. To study the convergence process of the theoretical RPD functions given by Equations (32) and (34) and the classical theory of intermittency regarding the numerical data, we evaluate


   E r  =    ∑  j = 1   j =  N s       ϕ t   ( j )  −  ϕ n   ( j )     ϕ t   ( j )      N s    ,   D r  =     ∑  j = 1   j =  N s       (  ϕ t   ( j )  −  ϕ n   ( j )  )  2    (  ϕ t   ( j )  )  2     N s 2     ,  



(39)




where    ϕ t   ( j )    and    ϕ n   ( j )    are the theoretical and numerical values of the RPD in the sub-interval j.



We study two sets of tests. For the first one, we consider the following parameters    N s  = 500  ,   ε = 0.0001  , and   c = 0.2  . Figure 2a,b show   ln (  D r  )   and   ln (  E r  )   respectively, for different numbers of reinjected points, N from 100,000 to 2,500,000. We emphasize that as the number of reinjected points increases, the accuracy of the density technique and the M function methodology increases too. In addition, we note that the errors generated by Equation (32) are lower than those obtained from Equation (34). On the other hand, the M function methodology obtains   α ≈ 0.9056  . Theoretical and numerical RPDs are shown in Figure 3, the black points are the numerical data, the blue, green, and red lines are the RPD functions given by Equations (32) and (34) and the classical theory, respectively. From Figure 2a,b and Figure 3, we can observe the convergence and accuracy of the theoretical formulation here presented.



To calculate the rate of convergence of the results, we utilize the sequence    {  1  N p   }   N = 1  ∞   that tends to zero when N tends to infinite, and we must verify


    D r   ≤  K d   1  N  p d    ,    E r   ≤  K e   1  N  p e    ,  



(40)




where   K d  ,   K e  ,   p d   and   p e   are positive real numbers. Then, we can say that    {  D r  }   N = 1  ∞   and    {  E r  }   N = 1  ∞   converge to zero with rate, or order, of convergence   O (  1  N  p d    )   and   O (  1  N  p e    )  , respectively [41]. For this test, we find that    p d  ≈ 0.45   and    p e  ≈ 0.5  . Therefore,   D r   and   E r   converge to zero when N tends to infinity.



The second set of tests uses the following parameters    N s  = 500  ,   ε = 0.001  , and   c = 0.5  . Figure 4a,b show   ln (  D r  )   and   ln (  E r  )  , respectively, for N = 100,000–2,500,000. Similar to the previous tests, as the number of reinjected points increases the accuracy of RPD calculated by the M function and the new theoretical formulation increases too. Again, the classical theory has the worst behavior. Additionally, we note that the errors generated by Equation (32) are lower than those obtained from Equation (34). As in the previous set of tests, the M function methodology obtains   α ≈ 0.9056  . Theoretical and numerical RPDs are shown in Figure 5, the black points are the numerical data, the blue, green, and red lines are the RPD functions given by Equations (32) and (34) and the classical theory, respectively.



If we apply Equation (40) for the density technique, we obtain    p d  ≈  p e  ≈ 0.5  , then   D r   and   E r   converge to zero for   N → ∞  .





5. Application to the Manneville Map


The following map


  F  ( x )  =  ( 1 + ε )   x +  ( 1 − ε )    x 2      ( mod  1 )   



(41)




is the classical map introduced by Manneville [4]. For this map,    x 0  = 0   is a stable fixed point for   − 2 < ε < 0  , and for   0 < ε ≪ 1  , the point loses its stability and type II intermittency occurs. The map is shown in Figure 6 for   ε = 0.001  . We highlight that the Manneville map given by Equation (41) has no geometric symmetry.



The invariant density for this map was deduced in [42]


  ρ  ( x )  = K   1  ε + ( 1 − ε )  x   +  1  1 + ( 1 − ε )  x    ,  x ∈  [ 0 , 1 )   ,  



(42)




we have introduced K to normalize the density inside the interval   [ 0 , 1 )  


   ∫  0  1  ρ  ( x )   d x = 1    ⇒    K =   1 − ε   ln ( 2 − ε ) − ln ( ε )    .  



(43)







The number of intervals is   z = 2  , with   j = 1  , and   k = 2  . From Equation (15), the RPD function can be obtained as:


  ϕ  ( y )  = w     ρ (  x 2  )     d F ( x )   d x       I 2    .  



(44)







The points   x 2   inside the interval   I 2   are


   x 2   ( y )  =  F 2  − 1    ( y )  =   1 + ε −   ( 5 +  ε 2  + 4 y − 2 ε  ( 1 + 2 y )  )   0.5     2 ( ε − 1 )    ,  



(45)




where    x 2  ∈  I 2  =  [  x m  , 1 )    and   y =  F 2   ( x )  =  ( 1 + ε )   x +  ( 1 − ε )    x 2  − 1  .



The density   ρ (  x 2  )   is written in function of y as


  ρ  (  x 2   ( y )  )  =    ( − 1 + ε )    5 +  ε 2  + 4 y − 2 ε  ( 1 + 2 y )      ( − 1 + ( − 1 + ε ) y ) ( ln ( 2 − ε ) − ln ( ε ) )    ,  



(46)




and


      d F ( x )   d x     x 2   =   5 +  ε 2  + 4 y − 2 ε  ( 1 + 2 y )       .  



(47)







From these last equations and the normalization condition, we obtain


  ϕ  ( y )  =   ( 1 − ε )   ( ( 1 − ε ) y + 1 )  ln ( 1 + c ( 1 − ε ) )    .  



(48)







Results


We present some numerical and theoretical results for the Manneville map (Equation (41)). We study two sets of tests with different parameters. The first set uses   ε = 0.001  ,   c = 0.1  , N = 100,000–2,500,000 and    N s  = 500  . The results are shown in Figure 7a,b and Figure 8. Figure 7a,b show the evolution of   ln (  D r  )   and   ln (  E r  )   vs. N. The results evaluated by the density technique are the dashed blue line, the green line corresponds to the M function methodology, and the red line to the classical theory. From these figures, we observe that the density technique approximates more accurately the RPD than the M function methodology and the classical theory. Figure 8 shows the RPD functions, the blue line is the RPD calculated by the density technique (Equation (48)), the green line is the RPD obtained by M function methodology (Equation (34)), the red line represents the classical RPD, and the black points are the numerical data. We note that the theoretical RPD calculated by Equation (48) captures accurately the numerical data. In addition, we emphasize that the RPD is approximately constant.



To evaluate the rate of convergence of these results, we use the Equation (40). For this set of tests, we obtain    p d  ≈ 0.45   and    p e  ≈ 0.4  . Then,   D r   and   E r   converge to zero when N tends to infinity with a rate of convergence   O (  1  N  0.45    )   and   O (  1  N  0.4    )  , respectively.



For this test, with   N t   = 500,000,000, we also calculate   N l  ,   N c  ,  σ , C,  γ , and   N  l c   . The comparison between numerical and theoretical results is shown in Table 1. The first file has the theoretical values calculated using Equations (18)–(24), the second file shows the numerical data, and the third one contains the percentage error


  E =    V t  −  V n    V n    100  .  



(49)




where   V t   and   V n   are the theoretical and numerical values, respectively.



From Table 1, good accuracy can be observed between theoretical results and numerical data.



Using Equation (19), we calculate the characteristic relation for   c = 0.1  . Figure 9 shows the numerical (red points) and theoretical (blue points) results. Note that the characteristic relation can be written as


  L =  l 0  + A ln  ( ε )   ,  



(50)







The dashed red and blue lines are the linear interpolation for the numerical and theoretical data with   A = − 10.24   and   A = − 10.38  , respectively. Note that   A ≅ − 1 / c  . Therefore, the characteristic relation verifies   L ∝ ln ( ε )  .



Note that for   c ≪ 1  , Equation (48) can be approximated in the laminar interval   [ 0 , c )   by a constant function


  ϕ ( x ) ≈ 1 / c  .  



(51)







For an RPD that satisfies the last equation, the characteristic relation is given by Equation (50) with   A = − 1 / c   (see Ref. [38]).



For the second set, we use the following parameters,   ε = 0.0001  ,   c = 0.05  , N = 100,000–2,500,000 and    N s  = 350  . Figure 10a,b and Figure 11 show the results. The evolution of   ln (  D r  )   and   ln (  E r  )   for different N is shown in Figure 10a,b. The blue, green, and red lines correspond to the density technique, the M function methodology, and the classical theory, respectively. The best results are obtained for the density technique. Figure 11 shows the RPD functions, the blue, green and, red lines are the RPDs calculated by the density technique (Equation (48)), the M function methodology (Equation (34)), and the classical theory, respectively, the black points are the numerical data. The theoretical RPD calculated by density technique captures accurately the numerical data.



The rate of convergence of these results is evaluated by Equation (40). We obtain    p d  ≈  p e  ≈ 0.45  . Accordingly,    D r  ,   E r  → 0   for   N → ∞   with a rate of convergence   O (  1  N  0.45    )  .



We observe that the better results are calculated using the density technique here introduced.



In addition, we calculate with   N t   = 500,000,000 the following variables:   N l  ,   N c  ,  σ , C,  γ , and   N  l c   . The comparison between numerical and theoretical results is shown in Table 2. The first, second, and third files show the theoretical values calculated using Equations (18)–(24), the numerical data, and the percentage error given by Equation (49), respectively.



From Table 2, high accuracy can be observed between calculated numerical and theoretical results.



We evaluate, using Equation (19), the characteristic relation for   c = 0.05  . Figure 12 shows the numerical (red points) and theoretical (blue points) results. The red and blue dashed lines are the linear interpolations of the numerical and theoretical data, respectively. The characteristic relation calculated by the numerical data can be approximated by (red dashed line)


  L = − 19.99  ln ( ε ) − 55.43  



(52)




and the characteristic relation evaluated using theoretical results is (blue dashed line)


  L = − 20.14  ln ( ε ) − 57.7  



(53)







Note that both equations verify the characteristic relation given by Equation (50) with   A ≅ − 1 / c  .



The relation between the number of iterations in laminar and non-laminar phases,  σ , can be calculated. Figure 13 shows this relation. We observe that  σ  has a linear variation with   ln ( ε )  . Remember that   σ = L / C  , where L has a linear dependence on   ln ( ε )  , and   L + C = c o n s t a n t  ; therefore, C is also a linear function of   ln ( ε )  , which implies that  σ  is a linear function with   ln ( ε )  .  σ  increases as  ε  decreases, that is, the trajectory spends more time in the laminar zone for lower  ε . From the figure, we note high accuracy between the numerical and theoretical results.



Finally, we calculate the number of crosses between the laminar and non-laminar phases by the total number of iterations for several values of the control parameter  ε 


    N  l c    N t   =  σ  L  ( σ + 1 )    ,  



(54)







Figure 14 shows the comparison between numerical and theoretical results. The red points and the red dashed line are the numerical data, blue points and the dashed blue line the theoretical ones. We observe good accuracy between them. As  ε  grows, so does   N  l c   . This behavior mainly occurs because the average laminar length, L, decreases for increasing  ε .





6. Conclusions


We presented a new methodology to evaluate the reinjection probability density, the probability density of the laminar lengths, the characteristic relation, the number of iterations in laminar and non-laminar phases, the intermittency factor, and the number of crosses between the laminar and non-laminar zones in chaotic intermittency. This methodology is obtained using the Perron–Frobenius operator to transform random variables, and we called it the density technique because it uses the invariant density of the maps. We introduced and applied this technique to calculate the statistical properties in two maps, the cusp map (Equation (25)) and the classical Manneville map (Equation (41)). The cusp map given by Equation (25) has symmetry about the axis   x = 0  ; however, the Manneville map has no symmetry. Accordingly, we applied the new methodology in symmetric and non-symmetric maps.



The classical studies about intermittency assume uniform RPD (see [1,2] and references therein). In the last few years, it has been found that the reinjection process is more complex, where uniform reinjection is only a case. This more complex process generates different characteristic relations that depend on the RPD function (see [3]). Therefore, an accurate evaluation of the RPD function is very important to calculate other statistical variables and to describe correctly the intermittency phenomenon. Recent research considers a less restrictive assumption of a constant density at points that govern the reinjection process, i.e., pre-reinjection points [3,30,40]. This assumption allows for obtaining exponential RPD functions (see Equation (34)).



The new methodology described in this paper does not introduce any assumption about the density at pre-reinjection points; it uses the invariant density of the map to calculate the RPD function and the other statistical properties (see Equations (15), (16), (18)–(24)). Additionally, Equations (15), (16), (18)–(24) determine explicitly the relationship between the statistical properties in chaotic intermittency and the map invariant density. Since the density technique does not introduce any hypothesis about density at pre-reinjection points, the new RPD functions are more accurate than those calculated with M function methodology and the classical theory (constant RPDs).



We carried out several comparisons of the theoretical results obtained by the density technique with those calculated by the M function methodology, by the classical theory of intermittency, and with numerical data. For all tests, the best results were obtained by the density technique. The results of the density technique are more accurate than those of the M function methodology and the classical theory. We emphasize that the RPD functions calculated with the density technique have broader behavior than the one expected by uniform reinjection, as can be seen in Equations (32) and (48) moving away from constant RPD.



To evaluate the convergence rate, we used two different error measures,   E r   and   D r  , given by Equation (39). For both studied maps, we have performed several tests with different values of the parameter  ε , the length of laminar interval c, and the number of sub-intervals   N s  . In all these tests, for the density technique, the error measures,   D r   and   E r  , decrease as the number of reinjected points increases, showing that the new theoretical evaluation approximates more accurately the random values of the numerical RPD as the number of reinjected points grows. We have calculated the rate of convergence of   D r   and   E r  , and we have found that the process is convergent with the rate of convergence   O (  1  N p   )   with   0.4 ⪅ p ⪅ 0.5  . In addition, we emphasize that the density technique works better than classical theory and obtains RPDs with more accuracy than the M function methodology.



We have evaluated the characteristic relation, the number of iterations in laminar and non-laminar phases, the intermittency factor, and the number of crosses between the laminar and non-laminar phases (see Figure 12, Figure 13 and Figure 14, and Table 1 and Table 2). In all cases, we have found high accuracy between the new theoretical results and the numerical data. Additionally, the new methodology has shown accuracy for maps with and without symmetry. Therefore, the reinjection process is independent of the map symmetry.



To predict theoretical RPD functions, the density technique has the advantage that does not need to use numerical or experimental data. However, it has the drawback that we have to know the invariant density of the map. We can conclude that the density technique is a useful tool to calculate the statistical properties of the intermittency phenomenon.
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Figure 1. Cusp map for   ε = 0.0001  . 
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Figure 2. ln(  D r  ) and ln(Er) vs. N for   ε = 0.0001  ,   c = 0.2  ,    N s  = 500  . Blue line: density technique. Green line: M function methodology. Red line: classical theory. 






Figure 2. ln(  D r  ) and ln(Er) vs. N for   ε = 0.0001  ,   c = 0.2  ,    N s  = 500  . Blue line: density technique. Green line: M function methodology. Red line: classical theory.
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Figure 3. RPD function for   ε = 0.0001  ,   c = 0.2  ,    N s  = 500  , and N = 2,500,000. Blue line: density technique. Green line: M function methodology. Red line: classical theory. Black points: numerical data. 






Figure 3. RPD function for   ε = 0.0001  ,   c = 0.2  ,    N s  = 500  , and N = 2,500,000. Blue line: density technique. Green line: M function methodology. Red line: classical theory. Black points: numerical data.
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Figure 4. ln(  D r  ) and ln(Er) vs. N for   ε = 0.001  ,   c = 0.5  ,    N s  = 500  . Blue line: density technique. Green line: M function methodology. Red line: classical theory. 






Figure 4. ln(  D r  ) and ln(Er) vs. N for   ε = 0.001  ,   c = 0.5  ,    N s  = 500  . Blue line: density technique. Green line: M function methodology. Red line: classical theory.
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Figure 5. RPD function for   ε = 0.001  ,   c = 0.5  ,    N s  = 500  , and N = 2,500,000. Blue line: density technique. Green line: M function methodology. Red line: classical theory. Black points: numerical data. 






Figure 5. RPD function for   ε = 0.001  ,   c = 0.5  ,    N s  = 500  , and N = 2,500,000. Blue line: density technique. Green line: M function methodology. Red line: classical theory. Black points: numerical data.
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Figure 6. Manneville map for   ε = 0.001  . 
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Figure 7. ln(  D r  ) and ln(Er) vs. N for   ε = 0.001  ,   c = 0.1  ,    N s  = 500  . Blue line: density technique. Green line: M function methodology. Red line: classical theory. 






Figure 7. ln(  D r  ) and ln(Er) vs. N for   ε = 0.001  ,   c = 0.1  ,    N s  = 500  . Blue line: density technique. Green line: M function methodology. Red line: classical theory.
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Figure 8. Manneville map. RPD functions for   ε = 0.001  ,   c = 0.1  ,    N s  = 500  , and N = 2,500,000. Blue line: density technique. Green line: M function methodology. Red line: classical theory. Black points: numerical data. 






Figure 8. Manneville map. RPD functions for   ε = 0.001  ,   c = 0.1  ,    N s  = 500  , and N = 2,500,000. Blue line: density technique. Green line: M function methodology. Red line: classical theory. Black points: numerical data.
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Figure 9. Manneville map. Characteristic relation for   c = 0.1  . Blue points: density technique. Red points: numerical data. Blue dashed line: linear interpolation for theoretical data,   A = − 10.38  . Red dashed line: linear interpolation for numerical data,   A = − 10.24  . 






Figure 9. Manneville map. Characteristic relation for   c = 0.1  . Blue points: density technique. Red points: numerical data. Blue dashed line: linear interpolation for theoretical data,   A = − 10.38  . Red dashed line: linear interpolation for numerical data,   A = − 10.24  .
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Figure 10. ln(  D r  ) and ln(Er) vs. N for   ε = 0.0001  ,   c = 0.05  ,    N s  = 350  . Blue line: density technique. Green line: M function methodology. Red line: classical theory. 






Figure 10. ln(  D r  ) and ln(Er) vs. N for   ε = 0.0001  ,   c = 0.05  ,    N s  = 350  . Blue line: density technique. Green line: M function methodology. Red line: classical theory.
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Figure 11. Manneville map. RPD functions for   ε = 0.0001  ,   c = 0.05  ,    N s  = 350  , and N = 2,500,000. Blue line: density technique. Green line: M function methodology. Red line: classical theory. Black points: numerical data. 
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Figure 12. Manneville map. Characteristic relation for   c = 0.05  . Blue points: density technique. Red points: numerical data. Blue dashed line: linear approximation for theoretical data,   A = − 20.14  . Red dashed line: linear approximation for numerical data,   A = − 19.99  . 
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Figure 13. Manneville map.   σ ( ε )   for   c = 0.05  . Blue points: density technique. Red points: numerical data. Blue dashed line: linear interpolation of the theoretical results. Red dashed line: linear interpolation of the numerical data. 
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Figure 14. Manneville map. Number of crosses between the laminar and non-laminar phases for   c = 0.05  . Blue points and line: density technique. Red points and line: numerical data. 
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Table 1. Test 1:   ε = 0.001   and   c = 0.1  . Comparison between numerical and theoretical values for   N l  ,   N c  ,  σ , L, C,  γ , and   N  l c   .
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	    N l    
	    N c    
	   σ   
	L
	C
	   γ   
	    N lc    





	Theoretical
	0.620
	0.380
	1.629
	47.97
	29.448
	0.380
	6,458,394



	Numerical
	0.622
	0.378
	1.645
	49.23
	29.076
	0.378
	6,218,278



	Error (E)
	−0.32%
	0.529%
	−0.97%
	−2.55%
	1.278%
	0.529%
	3.86%
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Table 2. Test 2:   ε = 0.0001   and   c = 0.05  . Comparison between numerical and theoretical values for   N l  ,   N c  ,  σ , L, C,  γ , and   N  l c   .






Table 2. Test 2:   ε = 0.0001   and   c = 0.05  . Comparison between numerical and theoretical values for   N l  ,   N c  ,  σ , L, C,  γ , and   N  l c   .















	
	    N l    
	    N c    
	   σ   
	L
	C
	   γ   
	    N lc    





	Theoretical
	0.6326
	0.3674
	1.722
	126.89
	73.68
	0.3674
	2,492,860



	Numerical
	0.632
	0.368
	1.717
	128.16
	74.64
	0.368
	2,468,143



	Error (E)
	0.095%
	−0.16%
	0.29%
	−0.99%
	−1.28%
	−0.16%
	1%
















	
	
Publisher’s Note: MDPI stays neutral with regard to jurisdictional claims in published maps and institutional affiliations.











© 2021 by the authors. Licensee MDPI, Basel, Switzerland. This article is an open access article distributed under the terms and conditions of the Creative Commons Attribution (CC BY) license (https://creativecommons.org/licenses/by/4.0/).






media/file13.jpg





media/file4.png
In(D,)

-3

4t
5EN
\
AN
6t N
AN
7 F T
1
N %10 ©
(a) Dy,.

Nt
L X
-3 &\
~
\\
4} \—\\\‘_
1 2
N %10 ©






media/file18.png
140

120 |
100 |
80
60
40 |
20 |

-15

-10 -5
In(e)






media/file21.jpg
0.04

0.02





media/file26.png
-15

-IIO
In(e)






media/file27.jpg
x10 73

-10
In(e)






media/file3.jpg
In(D,)

In(E,)






media/file22.png
19 |

18

0.04

0.02





media/file19.jpg





media/file7.jpg





media/file28.png
10 1

Nlc
@)\

%10 3

-15

-1I0
In(e)






media/file10.png
- I W I N I E I O S E —— -

-0.9 -0.8

-0.7 -0.6





media/file14.png





media/file11.jpg
0.8

—~ 0.6

B 0.4

0.2






media/file6.png
-1

-0.95

-0.9
x

-0.85 -0.8





media/file15.jpg
12

0 0.05 0.1





nav.xhtml


  symmetry-13-00935


  
    		
      symmetry-13-00935
    


  




  





media/file16.png
. . . N
p— = — -.H = e w, ’ . .-.*.-.—.o.: ..T.::—.-.T - — -y
o3 ) :..‘. o..'o






media/file2.png
-0.5

0.5






media/file20.png





media/file23.jpg
200

150 55
\'
"
100
50 P
4% -10 5






media/file5.jpg
-1 -0.95 -0.9 -0.85 -0.8






media/file24.png
200 |
150 | N
\.
N
100 o
-
\\
50 | <
15 .10 5






media/file1.jpg
0.5






media/file25.jpg
® 2

-15

-10
In(e)





media/file12.png
0.5





media/file9.jpg





media/file0.png





media/file8.png
In(D,)

4}

N
~
~
\\
1 2
N x10 6
(a) Dy






media/file17.jpg
140

120
100
80
60
40
20

-15






