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Abstract: The outcome of the research presented in this paper is the definition and investigation
of two new subclasses of meromorphic functions. The new subclasses are introduced using a
differential operator defined considering second-order differential polynomials of meromorphic
functions in U\{0} = {z € C: 0 < |z| < 1}. The investigation of the two new subclasses leads to
establishing inclusion relations and the proof of convexity and convolution properties regarding each
of the two subclasses. Further, involving the concept of subordination, the Fekete-Szego problem is
also discussed for the aforementioned subclasses. Symmetry properties derive from the use of the
convolution and from the convexity proved for the new subclasses of functions.
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1. Introduction

The results presented in this paper are obtained considering the general context of
geometric function theory and involve the class of meromorphic functions, a differential
operator and certain well-known and intensely used tools for investigation, namely the
concepts of subordination and convolution.

The basic classes involved in this study are introduced in the unit disc of the complex
plane U ={z € C: |z| < 1}.

Let A denote the class of analytic functions in U of the form

f@) =2+ Y ad M
k=2

which satisfies the relations f(0) = 0, f/(0) = 1. The subclass of A containing the univalent
functions in U is denoted by S. The subclasses of A referred to as the class of starlike
functions and the class of convex functions are denoted by S* and K, respectively, and are

defined as S* = {f cA: Rezﬁg) > 0} and K = {f cA: Re(zj:,u((zz)) + 1) > 0}.

Another special class of analytic and univalent functions is the class of meromorphic
functions denoted by X and containing functions of the form:

1 1
f(Z):;vLZanZ”:E+alz+azzz+a3z3+..., @)

analytic and univalentin U* = U\{0} = {z € C: 0 < |z| < 1}.
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A function f € X is said to be in the class S* of meromorphic starlike functions in U*
if and only if
2f (2) :
—-R >0, (zelU). ®)
{f(Z) } (el

A function f € X is said to be in the class C of meromorphic convex functions in U* if
and only if

f@

We note that f € C & —zf € S*.
Considering two meromorphic functions having the form presented in (2) written as

—R{l—l— Zfﬂ(z>} >0, (zeU. )

1 ad 1 ad
flz) ==+ Z anz", g(z) = -+ Z b,z",
n=1 n=1

Tz Tz

f * g denotes the Hadamard product (or convolution) of f and g defined as [1]:

1 (€]
x9)(z) ==+ apbyz", ze U
(8)(z) =+ L, mb

The class of meromorphic functions generates many interesting results when consid-
ered in studies regarding geometric function theory. Subclasses of meromorphic functions
with positive coefficients were introduced and studied [2-5]. Certain differential operators
were involved in the studies related to meromorphic functions [6-10]; integral operators
were also added to research [11-13], and linear operators are also present in investiga-
tions [14-16]. The results presented in this paper concern a differential operator, which is
introduced here by using differential polynomials of meromorphic functions.

2. Preliminaries

Definition 1. For n > 1, let f be a meromorphic function, a € C and a # 0, oo, the differential
polynomials f*,k =1,2,3,... . Then, the differential polynomials of meromorphic functions can be
written as follows:

1
f(z):g+ﬂ12+0222+a3z3—|—...,

—1
fz)= ZT+a1—|—2azz—|—3a322+4a4z3+...

1 = -
=+ Ztlmznz” L (5)
n=

2
f(z)= 3 + 2a; + 6a3z + 12a422 + 20a5z3 +...

2 ad _
=5 + ) n(n+1)a, 2" L (6)
n=1

I

—6
f (z)= i 603+ 2404z + 60a5z> + 120a62° + . ..

—6 0
=+ L n(n+1)(n+2)ay 2" @)
n=1
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k (71)kk! o~ n—1
f(z) = ) + Y nn+1)(n+2)...(n+k—1)a, 1z
1

k

Following the same procedure as seen in [17] and used by many other authors, the
following operator is defined:

Definition 2. Considering f € X and f” (z) given by (6), a new differential operator is defined as:

Dozzf”(z) — sz”(z)

2(,2 ¢l / ,
Dlzzf”(z) =1 */\)sz"(Z) +A(Z (Z ]; (Z))) _ (1+/\)22fﬁ(2) +)\(sz//(2)>
=DZ2f"(z), A>0 8)
DkZZf//(Z) — D/\ (Dkflsz//(z>)‘ (9)
Then, from (8) and (9), we see that
Dk22f" (2 % i (n+ 1)1+ (n+1)Afa,q12", ze U (10)

n=1

For the investigation presented in this paper, the following two subclasses of mero-
morphic functions are introduced using the operator given by (10):

Definition 3. In conjunction with (3) and (10),

S (A\) = {f: f € L and D*2*f" (z) € S*}. (11)
Definition 4. In conjunction with (4) and (10),

CK(A\) = {f: f €L and z(D'z2f"(z)) € C}. (12)

In order to obtain the new results contained in Section 3, the following lemmas
are necessary:

Lemma 1 ([18]). Let p be analytic in U with p(0) = 1, and suppose that

R{P(Z) - ZS;S')} >0, zel

Then we have
R(p(z)) > 01in U.

Lemma 2 ([1]). Ifg € S*and f € C, then f x g € S*.

Having in mind the very recent papers where the well-known Fekete-Szegt inequali-
ties are evaluated for different subclasses of meromorphic functions [19-21], in Section 4 of
the paper, the Fekete-Szego problem is investigated concerning the classes defined by (11)
and (12). In order to conduct the study, the notion of subordination is applied, and the
classes are redefined in terms of subordination.

Let f and g be two analytic functions in U. We say that f is subordinate to g, written
f(z) < g(z), if there exists a Schwarz function w, analytic in U with w(0) = 0and |w(z)| < 1
such that f(z) = g(w(z)); see [22]. If ¢ is univalent in U, then f(z) < g(z) is equivalent to

f(0) = ¢(0) and f(U) C g(U).
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Definition 5. Consider ®(z) an analytic function with Re®(z) > 0,z € U, satisfying ®(0) = 1,
®'(0) > 1. Sucha function maps U onto a region that is symmetric with respect to the real axis
and is starlike with respect to 1. Denote by S**(®, \) the class of functions f € S that satisfy the
subordination given by:
2(D*22f"(2))
— ———a < < P(z), A e C\{0}). 13

Dy <9C),  (AeC\[o}) (13)
Definition 6. Consider ®(z) an analytic function with Re®(z) > 0,z € U, satisfying ®(0) =1,
®'(0) > 1. Sucha function maps U onto a region which is symmetric with respect to the real axis

and is starlike with respect to 1. Denote by C*(®, A) the class of functions f € S that satisfy the
subordination given by:

z(DF22 " (2))”
— {1 + (<Dkzzj:” ((z))))' } < ®(z), (A e C\{0}). (14)
We also note that
DF22f"(z) € CF(A) & z(D*22f (2)) € S™F(A). (15)

For obtaining the Fekete-Szeg0 inequalities related to the classes given in Definitions 5
and 6, the following lemmas are applied:

Lemma 3 ([23]). If p(z) = 1+ c1z + 22 + c32% + . ... is a function with a positive real part in
Uand o € R, then
‘cz - Ucﬂ <2max{1;|20 —1|}.

Lemma 4 ([23]). If p(z) = 1+ c1z + 22 + c32° + . ... is a function with a positive real part in
Uand o € R, then
—40 + 2, oc<0
‘cz—ac%‘g 2 , 0<oc<1.
40— 2, c>1

Now, after all the preliminary notations, definitions and lemmas are listed, the next
two sections contain the new results, which the authors want to bring to researchers’
attention. In Section 3, containment relations are established for the classes $*(1) and
Ck(A) introduced in Definitions 3 and 4. It is proved that the functions belonging to
those classes are convex, and also, convolution properties are obtained using the functions
f,g € S*f(A) and f,g € Ck()), respectively. In Section 4, the Fekete-Szegd problem is
considered for the classes $**(®) and C¥(®) seen in Definitions 5 and 6.

3. Inclusion and Convolution Theorems

The results presented in this section refer to inclusion relations established for the
classes S*k(A) and C¥(A) introduced in Definitions 3 and 4, respectively. Convexity proper-
ties are stated for classes S*¥(1) and C¥(A), and convolution properties involving functions
from the two classes are also proved easily by using the iterative-type operator seen in
Definition 2.

The first two theorems from this section include containment relations obtained for
classes S**(A) and C¥(A) given by (12) and (13).

Theorem 1.
S*FHL(A) € §7F(A). (16)
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Proof. Letz2f" (z) € $*¥*1(A) and suppose that
2(DF222f"(2))
R ———=—— 7, >0, u. 17
{ Dk+122f” (Z) z€ (17)

Set

_ [2(DF22f7(z))
p(z) = (DkZZfH(Z)) >0, zel (18)

The analytic function p(z) satisfies conditions p(0) = 1 and p(z) # 0 forall z € U.
Differentiating logarithmically (18), and after manipulations, we obtain

zp'(2) _ 2(D2F1(2))  2(DM2(2)

pz) — DR22f'(2) D¥z2f"(z)
Since z(D¥22f" (2)) = —z(D**122f" (2)) coupled with (18) yields
() A ()
p(z) DEH122f"(2)

R<p(z)—zpl(z)> >0, zel.

p(z)
that is

p(z)
Now, by applying Lemma 1, we obtain that 22" (z) € $*k(1),z € U*. O

Theorem 2. Let A € C\ {0}. Then
CH(A) c CRa). (19)
Proof. Applying (15) and Theorem 1, the following can be written:

2f'(z) € (L) & DF22f"(z) € C(A)
o z2(DF2f(2)) € S* (M)
& DF(z(22f"(2))) € S*(A)
& 2(2f (2)) € S (A)
= 2(f (2)) € S*(A)
& DF(z(22f"(2))) € S*(A)
s z(DM e st (M)
& DF e cf(n)
& 22f (z) e CF(N),

which evidently proves Theorem 2. O

The next two theorems prove the property of the sets of functions $*¥(1) and C*(A)
to be convex.

Theorem 3. The set S**(A) is convex.
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Proof. Consider the function z2f" (z) € $*K*1(A) and suppose that

1 2 ©
2fi (@) =S+ ) n(n+Dagz"™, (i=12), (20)
n=1

belongs to the class $** (). The proof requires to show that the function (z) = uy f1(z) +
us f>(z), with 11 and u, nonnegative and u; + uy = 1, belongs to the class S*¥(A).

[0 9)

2 .
h(z) = i Yo n(n+1)(uag, ) + a2, (1=1,2), (21)

n=1

Then, from (11), we have
/ —6 s
2(D'2h(2)) = — + ) n(n+1)(n+2)[1+ (n+ DAV (a0t + 128(11112) 2" (22)
n=1

Hence

—R(Z(Dkzzh(z))’) =R (;6 +u wl n(n+1)(n+2)[1+ (n+ 1)A]ka(n+1)1z"+1> (23)

n=

—6 ©
—R <z3 +up Yy n(n+1)(n+2)[1+ (n+ 1)/\]k“(n+1)2zn> :
n=1

Since f1, f» € S**(A), this implies that

n=1

—R <_z6 + u; i nn+1)(n+2)[1+ (n+ l)A}ka(nH)lz"H) >1—u;. (24)

Using (24) in (23), we obtain
— R(z(D*2%1(2))) > 1 — (17 + up) (25)
and since u; + up = 1, the theorem is proved. [
Theorem 4. The set C¥(A) is convex.

Proof. From Theorem 3 and (15), it follows easily that Theorem 4 is true. O

In the next four theorems, results related to convolution properties for the classes
S**(A) and CK(A) are derived.

Theorem 5. Consider the function z22f" (z) € $**(A). The following equality holds:

k2¢" N 1 ([ 2w(t)
D"z°f (z) =z exp/O (t(w(t)—l)dt’ , (26)
where w is analytic in U with |w(z)| < 1and w(z) = 0.
Proof. For z2f" (z) € 5*%(A), we write the following:

—2(D¥22f" (2))  1+w(z)
DF22f"(z)  1—w(z)’
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where w is analytic in U with |w(z)| < 1 and w(z) = 0. From this, we obtain
D2 ) 1 2w()
Dkz2f"(z) z  z(w(z) — 1)’
which upon integration yields
In(DF22f" (z)) = exp/ ( dt). (27)
Assertion (27) can easily be obtained from (26). O
Theorem 6. If22f" (z) € CK(A), then
2(D*2f"(2) = ¢, (28)

and i 20()
¢ = 71 exp/O (t(w(t)—l)dt)'
where w is analytic in U with |w(z)| < 1and w(z) = 0.
Proof. Suppose that z2f" (z) € Ck(A); then (12) can be written as follows:

—2(D*2%f"(2))" _ 1+ w(z)
(Dk22f"(2)) 1-w(z)

where w is analytic in U with |w(z)| < 1 and w(z) = 0. From this, we obtain

—2(D*22f"(2))"
(D*22f"(2))'

By integrating the above relation, we obtain:

In(z(D*2%f —exp/ ( t). (29)
(D2 / e, (30)

2(D*22f (2) :/ (e p/ ( ))dt. @31)

The equality given by relation (28) of Theorem 6 is easily obtained from (18)
and (31). O

"

1+

1+

It follows that

Theorem 7. Consider functions z2f (z) and z2g" (z) from the class S*¥(A). Then, z22f " (z) *
228" (z) € §*F(A).

Proof. Knowing that g” (z) is convex univalent in U, from (11), we have

_R{(zgﬂ(z))l} > 0. (32)

DFz28"(z)
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By applying convolution properties, we deduce:
k 2 /! ! 2 " !
I ECETAE) R U £ 40
Dk f"(z) Dkz2¢"(2)
z(DF22f" (2)) z(Dk22£¢" (2))
_p(ERELE)) | HD2 @))) -
DFz2f"(z) Dkz2¢"(z)

The proof is concluded by applying Lemma 2. O

Theorem 8. Consider the functions z2f " (z) and z2g" (z) from the class CK(A). Then, 22f" (z) *
22¢"(z) e Ck(A).

Proof. Applying (15), Lemma 2 and Theorem 7, we have

zzf”(z),zzg”(z) € Ck()\) & Dkzzf” (z) € C(A),and DkZZg” (z) € C(A)
& z2(D*22f"(2)) € S*(A),and z(D*z%g" (z)) € S*(A)
@M@wﬂ@we*<wmnw<yunesm
& z2(22f (2)) € S*F(A),and z(2%¢ (z)) € S7F(A)

= (2(2%f " (2)) N§MMevﬂm
& (DF(2(2f(2))) * DM (2(2%8 " (2))) € S°(
& (DM(z(2f'(2))) * DM (2(2%¢ (2))) € CF(A
<%<>ugu»edw,

which evidently proves Theorem 8. O

4. Fekete-Szego Problem

Fekete-Szego inequalities are obtained in this section considering functions from
classes $*(®) and C¥(®) given by Definitions 5 and 6, respectively. In order to obtain
those results, similar methods to those seen in [24] are implemented, and the proof of the
results is facilitated by the use of the iterative-type operator given by Definition 2.

Theorem 9. Let ®(z) = 1+ Bz + Byz2 + B3z® + ..., with (By # 0) and f" given in (6)
belonging to S*'k(CI), A); then, for o € C,

Proof. Consider the function f ! (z) € S*}(®, A). In this case, an analytic Schwarz function
w exists with w(0) = 0 and |w(z)| < 1in U such that

o2 < Bl . 130y
|as — a3 saraaf maxq L 1+ D) I+2A%

By
E"’U

The result is sharp.

DkZ”
- A = o)) &0

We define the function p(z) by
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since w(z) is a Schwartz function. Therefore,
p(z) - 1)
O(w(z)) =P ——
wiz) = o( 55
1 2 c3
—pf 1 a2 - R
(2 clz+<cz 2)2 +<C3 dico + 4>z +
—1—1—1Bcz+1 B c—ﬁ +ch2 2+ (36)
= yb1az+ 5 b2 =5 5 P26 cee
By substituting (34) in (36), we obtain
z(DF22f" (2)) Bicy By 2 Byc?\ ,
—— L =14 — —|o—= — e 37
DE2f7(2) tozt e -5 |t | (37)
From Equation (37), we obtain
g - Bin
2T Al 420
_ 1 Bl C% BQC%
3= 3[1+3/\]k<2 [CZ 2|t )
Therefore,
B
o2 b g2
as —oa; = 6711 3AF {cz vcl}, (38)
where
1 B, [1+43A]FB;
v=z|1++~—0 . 39
2 Bi (14 1)[1+2A]% 39

The proof is concluded by applying Lemma 3. The sharpness of the results is obtained
for the functions o
_z(DZ*f (2))

DF22f7(z) (=)

and
2(D*22f"(2)) _
- Dkzzf// (Z) - (I)(Z)

All the assertions of Theorem 9 are now proved. [

Theorem 10. Let ®(z) = 1+ Byz + Boz® + B3z® + ... with (By # 0) and let " given in (6)
belong to Ck(CD, A). Then, for o € C,

|B1]

8[1+3A]*B;
< 8[1+3A]

[1+2A]2%

|a3—(m%|

By
1

3 max{l; o

The result is sharp.

Proof. Consider the function f "(z) € CK(®, ). In this case, an analytic Schwarz function
w exists with w(0) = 0 and |w(z)| < 1in U such that

2(DF22f"(2)" | _
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Along Equations (35), (36) and (40), we have

z(Dk22f" (2))" _ Bicy By cf Byc}

From Equation (41), we obtain

a —_— _&
2T 20

B 1 1,B; 2|  Bayc?
= 2[1+3A]k{2(2 lcz 2]+ [
Therefore,
B
as — aa% = _71]"{@ — vlcf}, (42)

where

(43)

By 81+ 3A%B,
B, [1+ 2A]2%

The proof is concluded by applying Lemma 3. Sharpness of the results is obtained for
the functions
2(D*2f " (2))” 2
N+ === =D

and

(D22 f"(2)" | _
|y e

This completes the proof of Theorem 10. [

Taking A = 0 in Theorems 9 and 10, we obtain the following results for functions
belonging to the classes $**(®) and C¥(®).

Corollary 1. Let ®(z) = 14 Byz + Byz? 4 Baz® + ... with (By # 0). If f* given in (6) belongs
to the class S** (D), then, for o, a real number,

2(DF22f"(2)) 2(DF22f" ()" _
_Wf”(z) =®(z%) and — DRI D(z).

B B B
’ag,—aa%’ggmax L2 40 11

Sharpness of the results is obtained for the functions

Corollary 2. Let ®(z) = 14 Byz + Byz? 4 Baz® + ... with (By # 0). If f* given in (6) belongs
to the class Ck(CD), then, for o, a real number,
Sharpness of the results is obtained for the functions

By | B,
—{1 + —Z(Dkzzfﬂ @) } =®(z%) and - {1 + —Z(Dkzzf”<z))u } = P(z).

8B
Bl + 08B1

‘613 —Uﬂ%‘ < |81max{1;
(DFz2f"(2))’ (DF22f"(2))’
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Theorem 11. Let ®(z) = 1+ Bz + Byz? 4+ B3z® +... with By > 0, B, > 0 and f” be given
by (6), which belongs to S**(®, A). Then, for o € R,

B, oB? .
SI3AF T (1 D2 ifo<x,
B .
‘as—aa%‘ < W if x1 <o <xo, (44)

By _ 0B} lf o>
6[1+3ATF — (14 1)[1+20]% = X2

where
M [1+2A]%*{(By + By) + B3}
! 3[1 + 3A]kB2 '
= _ L 2A{(B1 — Ba) + B}
3[1+ 3AJkB?

Proof. Applying Lemma 4 to Equations (38) and (39), we obtain three cases:
Case (1): If 0 < x1, then

|az — aa%] < 1+3A]k {2 4v}
B, By [1+3A]%B;
= [1+3A1k I "mg)muw}
O’B%
< [1+3/\]k + 6(1+3)[1+2A]%
Case (2): If x1 < ¢ < x», then
B
2 1
jas — e < 6[1+ 3AF
Case (3): If o > x», then
lag —oa3| < 1+3/\]k {2 —4v}
By By [143A]"By
< 6[14+3A]F | B (1+;)[1+2A]2k}
< B, oB?

6[143A1F  6(1+31)[1+2A]%

O

Theorem 12. Let ®(z) = 1+ Bz + Byz? 4+ B3z® + ... with By > 0, B, > 0 and f” be given
by (6), which belongs to CK(®, A). Then, for o € R,

2
oBj

, 8[14153/\% T T c< 7
‘ag—(mz‘ < m/ Y1 <0 <7,
B, oB? o>

8[1+3A]F ~ [1+2A]%”

where
N [1+2A]%*{(B; + By) + B3}
! 2[1 4 3AJkB2 '
[142A)*{(B; — By) + BZ}
2[1+ 3AJkB?

T2 = =

Proof. Applying Lemma 4 to Equations (42) and (43), we have the following three cases:
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Case (1): If 0 < 1, then

2
ol = 8[1;3)\]}({23 41/}8[1 3A*B
+ 1
< S {*24"27 27 }
B, 0By
< S T aE
Case (2): If y1 < 0 < 77, then
B
| It S—
’”3 ‘7”2’ = 8[1+3AJF

Case (3): If ¢ > 5, then

2
laz —oad}| < 8[1+3/\ {4v -2}
B (B 8143AB
< 8[1+3A]k{ U2
« B oB?

8[1+3A)k  [14+2A]%
O

Taking A = 0 in Theorems 11 and 12, we obtain the following results for functions
belonging to the classes $**(®) and C¥(®), respectively.

Corollary 3. Let ®(z) = 14 B1z + Byz2 4 B3z® + ... with By > 0and By > 0. If f* given
by (6) belonging to S**(®), then, for o, a real number,

2
0B}

& .
o3 —ou3| < ¢ B fxi<o<n (45)
B, oB? .
where

- 7(Bl+B2)+B%
Xl - 3B% 7
_ (Bi—By)+B}
X2 = —SB%

Corollary 4. Let ®(z) = 14 Bz + Byz2 4 B3z® + ... with By > 0 and By > 0. If f* given
by (6) belongs to C*(®), then, for o, a real number,

%2 +0B?, o<1,
‘113—0'11%‘ << B 1 <o< 7,
% - UB%/ o 2 ’)/2/
where
_ (Bi+By)+B}
T _T/
1
_ (Bi—By)+Bi
2= 282

5. Conclusions

After a few aspects regarding the lines of research involving meromorphic functions
are highlighted, the investigation presented in this paper starts with the introduction of
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a new differential operator given in Definition 2. This operator is obtained using the
second-order differential polynomials of meromorphic functions seen in Definition 1. A
new subclass of meromorphic starlike functions $*¥(1) and a new subclass of meromor-
phic convex functions C¥(A) are introduced in Definitions 3 and 4, respectively. The new
subclasses are investigated in Section 3 for inclusion relations, convexity and convolution
properties. Using the concept of subordination, classes S*¥(1) and Ck(A) are redefined
in Definitions 5 and 6, and the notations used for them become $**(®) and C*(®) with
reference to the subordinating function @ instead of the parameter A. The study is com-
pleted by establishing in Section 4 Fekete-Szego inequalities regarding the coefficients of
the functions from classes $**(®) and C¥(®).

As future directions of research where the results presented in this paper could be
used, the connection between convexity properties and symmetry could be further ex-
plored. The convolution properties proved here suggest future studies where functions
from the new subclasses S*¥(1) and C¥(A) could be combined with other functions with
remarkable geometric and symmetry properties. The means of the theory of differential
subordination could be used for further investigations on the two subclasses $**(®) and
Ck(®), which could provide interesting subordination results with a nice geometric inter-
pretation. The results obtained for multivalent meromorphic functions connected with the
Liu-Srivastava operator using the theory of strong differential subordination [25] suggest
that this theory could also be applied for the functions of classes $**(1) and C¥(A) involv-
ing the new operator defined here. Additionally, considering the strong differential results
obtained for Sdldgean and Ruscheweyh differential operators [26], the idea of applying the
means of strong differential subordination to the differential operator given in Definition 2
seems interesting.
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